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ABOUT BREZIS-MERLE PROBLEM WITH LIPSCHITZ CONDITION.

SAMY SKANDER BAHOURA

ABSTRACT. We give a blow-up analysis for Brezis-Merle problem with Dirichlet condition. As an application,
we have another proof for Brezis-Merle Problem with Lipschitz condition.
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1. INTRODUCTION AND MAIN RESULTS

We set A = — (911 + O22) on open set 2 of R? with a smooth boundary.

We consider the following equation:

Au=Ve* in QcCR?
(P)

u=20 in ON).

Here, we assume that:

0<V <b< +oo, e¥ € LYQ) and, u € W, (Q).
We can see in [6] a nice formulation to this problem (P) in the sens of the distributions. This Problem
arises in geometrical and physical problems, see for example [1, 2, 16, 17]. The above equation was studied

by many authors, with or without the boundary condition, also for Riemannian surfaces, see [1,18], where
one can find some existence and compactness results. In [S5] we have the following important Theorem,

Theorem A(Brezis-Merle [5]).For (u;); and (V;); two sequences of functions relative to (P) with,

0<a<V,<b< +00

then it holds,

supu; < ¢,

with ¢ depending on a, b, K and ().



One can find in [5] an interior estimate if we assume a = 0, but we need an assumption on the integral of
e, namely, we have:

Theorem B(Brezis-Merle [5]).For (u;); and (V;); two sequences of functions relative to the problem (P)
with,

0<V; <b< +o0, and, /e“"dng,
Q

then it holds;

supu; < ¢,

with ¢ depending on b, C', K and ().

When a = 0, the boundedness of [, ¢*i is a necessary condition to work on the problem (P) as showed
in [5] by the following counterexample.

Theorem C(Brezis-Merle [5]).There are two sequences (u;); and (V;); of the problem (P) with,

0<V;<b< +0c0, and, /e“idng,
Q

and
sup u; — +00.
Q

Note that for the problem (P), by using the Pohozaev identity, we can prove that fQ e is uniformly
bounded when 0 < a < V; < b < 400 and ||VV;||L < A and  starshaped, when a = 0 and V log V; is
uniformly bounded, we can bound uniformly fQ Vie¥i . In [14], Ma-Wei have proved that those results stay
true for all open sets not necessarily starshaped.

In [8], Chen-Li have proved that if a = 0 and VlogV; is uniformly bounded, then the functions are
uniformly bounded near the boundary.

In [8], Chen-Li have proved that if @ = 0 and fQ € is uniformly bounded and V log V; is uniformly
bounded, then we have the compactness result directly. Ma-Wei in [14], extend this result in the case where
a > 0.

If we assume V' more regular, we can have another type of estimates, a sup + inf type inequalities. It
was proved by Shafrir see [15], that, if (u;);, (V;); are two sequences of functions solutions of the previous
equation without assumption on the boundary and, 0 < a < V; < b < +00, then we have the following
interior estimate:
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a
_ 3 . ] . < — .
C<b>5%pul+1gfuz_c c(a,b, K, Q)

One can see in [9] an explicit value of C' (%) = %. In his proof, Shafrir has used a blow-up function,

the Stokes formula and an isoperimetric inequality, see [2]. For Chen-Lin, they have used the blow-up
analysis combined with some geometric type inequality for the integral curvature.

Now, if we suppose (V;); uniformly Lipschitzian with A the Lipschitz constant, then, C'(a/b) = 1 and
¢ = c(a,b, A, K, ), see Brezis-Li-Shafrir [4]. This result was extended for Holderian sequences (V;); by
Chen-Lin, see [9]. Also, one can see in [12], an extension of the Brezis-Li-Shafrir result to compact Riemann
surface without boundary. One can see in [13] explicit form, (87m, m € N* exactly), for the numbers in
front of the Dirac masses when the solutions blow-up. Here, the notion of isolated blow-up point is used.
Also, in [18], we have refined estimates near the isolated blow-up points and the bubbling behavior of the
blow-up sequences.

In [7], we have some a priori estimates on the 2 and 3-spheres So, Ss.

Here we give the behavior of the blow-up points on the boundary and a proof of Brezis-Merle Problem
with Lipschitz condition.

The Brezis-Merle Problem (see [5]) is:

Problem. Suppose that V; — V in C°(2) with 0 < V; < b for some positive constant b. Also, we
consider a sequence of solutions (u;) of (P) relatively to (V;) such that,

/ etidr < C,
Q

is it possible to have:

l|uil|lpee < C =C(b,C,V,Q)?

Here, we give a caracterization of the behavior of the blow-up points on the boundary and also, in particu-
lar we extend Chen-Li theorem (V log V; uniformly bounded). Also, we give a new proof of Chen-Li result
(when V'V is uniformly bounded, the method of Chen-Li use some local estimates). For the behavior of the
blow-up points on the boundary, the following condition is enough,

0<V;<b,

The condition V; — V in C%(Q) is not necessary, but for the proof of the compactness for the Brezis-
Merle problem we assume that:

[|VVi||Le < A.
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We have the following caracterization of the behavior of the blow-up points on the boundary.

Theorem 1.1. Assume that maxq u; — 400, Where (u;) are solutions of the problem (P) with:

0<V;<b, and /e“"dwﬁC, Y1,
Q

then, after passing to a subsequence, there is a finction u, there is a number N € N and N points
T1,...,TN € 08, such that,

N
Oyu; — Oyu + Z @jOz;, o > 4m, weakly inthesens of measure Ll(aQ).
j=1

u; —u in CL(Q—{x1,...,zn}).
In the following theorem, we have a proof for the global a priori estimate which concern the problem (P).

The proof of Chen-Li and Ma-Wei [8,14], use the moving-plane method.

Theorem 1.2. Assume that (u;) are solutions of (P) relative to (V;) with the following conditions:
[|VVil|e < A and /eui <C,
Q
We have,
HuiHLoo < C(b7 A7 C7 Q)’

2. PROOF OF THE THEOREMS

Proof of theorem 1.1:

We have,

Oyuido < C,
o0

Without loss of generality, we can assume that d,u; > 0. Thus, (using the weak convergence in the space
of Radon measures), we have the existence of a positive Radon measure w such that,

dyuipdo — p(p), ¥ @ € CO(090).
oN
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We take an xg € 0f2 such that, u(xg) < 4. Without loss of generality, we can assume that the following
curve, B(zg,€) N0 := I is an interval.(In this case, it is more simple to construct the following test
function 7.). We choose a function 7, such that,

ne=1, on I, 0<e<d/2,
ne =0, outside o,
0<n <1,

Co(£2, z0)

1Vl 12y < 22202

We take a 7}, such that,

Afe=0 in Q CR?
Ne =1ne in 0.

We use the following estimate, see [3, 6, 17],

[|IVuillpa < Cy, Viand 1 < ¢ < 2.

We deduce from the last estimate that, (u;) converge weakly in VVO1 "1(Q)), almost everywhere to a function
u > 0 and fQ e" < 400 (by Fatou lemma). Also, V; weakly converge to a nonnegative function V' in L.

The function w is in W, "?(€2) solution of :

Au=Ve* € L) in QCR?
u=20 in 09).

According to the corollary_l of Brezis-Merle result, see [5], we have e** € Ll(Q), k > 1. By the elliptic
estimates, we have u € C1(Q).

We can write,

A((u; —u)ne) = (Vie" = Ve")ie —2 < V(u; — u)| Ve > . (1)
We use the interior esimate of Brezis-Merle, see [5],
Step 1: Estimate of the integral of the first term of the right hand side of (1).

We use the Green formula between 7). and u, we obtain,

/ Ve'nNedr = / Oyune < 4e||0yul|pe = Ce (2)
Q G19)

We have,



Au; = Ve in Q C R?,
u; =0 in 99).

We use the Green formula between u; and 7}, to have:

/ Vie“i fedr = Opuinedo — u(ne) < p(lae) < 4w —eg, € >0 3)
Q 00

From (2) and (3) we have for all € > 0 there is iy = ig(€) such that, for i > i,

/ |(Vie"t — Ve )ne|de < 4m — ¢y + Ce 4)
Q

Step 2: Estimate of integral of the second term of the right hand side of (1).

Let ¥ = {7 € Q,d(z,09) = €3} and Qs = {z € Q,d(z,00) > €3}, € > 0. Then, for e small enough,
Y. is hypersurface.

The measure of 2 — Qs is koe® < pup (2 — Qus) < kyed.
Remark: for the unit ball B(0, 1), our new manifold is B(0,1 — €3).

We write,

/ | < V(u; —u)|Vne > |doe = / | < V(u; —u)|Vne > |dx +/ < V(u; — u)|Vije > |dz. (5)
Q 0 Q-0

Step 2.1: Estimate of [, ¢, . | < V(u; — u)|Vije > |da.

First, we know from the elliptic estimates that || V7|1~ < C1/€?, C1 depends on

We know that (|Vu;|); is bounded in L9,1 < ¢ < 2, we can extract from this sequence a subsequence
which converge weakly to h € L?. But, we know that we have locally the uniform convergence to |Vu| (by
Brezis-Merle theorem), then, h = |Vu| a.e. Let ¢’ be the conjugate of q.

We have, Vf € L7 (Q)

/]Vui]fdx%/\Vu]fdx
Q Q

If we take f = 197963, we have:

fore>0§|i1:i1(e)€N, ’L'Z’L'l,/

|Vu;| < / |Vu| 4 €.
Q*Qeg, 9*963
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Then, for ¢ > i1 (e),

/ (V| < mes(Q — Q)| Vaul|pe + €3 = (k|| Vul|pe + 1).
-0

Thus, we obtain,

/ | < V(ui —u)|V7e > |de < eC1(2k1||Vul|pe + 1) (6)
0-Q_

The constant C does not depend on € but on (2.

Step 2.2: Estimate of [, | < V(u; — u)[Vije > |dz.

We know that, Q. CC €, and ( because of Brezis-Merle’s interior estimates) u; — u in C'!(Q,3). We
have,

IV (ui = w)||pe ) < €3, for i > i3 = is(e).

We write,

/ | < V(ui —u)|Vije > [dx < |[V(ui — w)||pe )| Vel < Cre for i > i3,

€3

For € > 0, we have for i € N, ¢ > max{iy, 2,43},

/ | < V(ui —u)|V7e > |dx < eC1(2k1||Vul|pe + 2) (7)
Q

From (4) and (7), we have, for € > 0, there is i3 = i3(€) € N, i3 = max{ig, i1, i2} such that,

/ Al — w)iidldz < 47 — €0 + €201 (26| V]| 1o + 2+ C) ®)
Q

We choose ¢ > 0 small enough to have a good estimate of (1).

Indeed, we have:

A[(ul - u)ﬁs] = Gie in QC RQv
(u; —u)ne =0 in 0Q.

with ||gi,6||L1(Q) <A4r — €.



We can use Theorem 1 of [5] to conclude that there is ¢ > 1 such that:

/ eq(ui_u)dx < / eq(ui_u)ﬁedx < C(E, Q)
Ve(wo) L

where, V,(z¢) is a neighberhooh of zg in Q.

Thus, for each zg € 9Q — {Z1, ..., Ty} there is €5, > 0, g, > 1 such that:

/ efeotidy < C, V i. C))
B(xo,€z)

By the elliptic estimates, (u;7); is uniformly bounded in 241 (Q) and also, in C1(2). (Here, 7 is a cutuf
function.)

Finaly, we have, for some ¢ > 0 small enough,

willoro(Bag,e) < €3 Vi

We have proved that, there is a finite number of points Z1, ..., T, such that the squence (u;); is locally
uniformly bounded in Q2 — {Z1, ..., %y, }.

Proof of theorem 1.2:

The first Pohozaev identity applied around each blow-up point, see for example [14], gives :

1
/ K@me—quﬁMx:/ W@Wi/ Viebiv, (10)
0%, 2 Qu, 0%,

We use the boundary condition on 2 and the boundedness of u; and J;u; outside the xy, to have:

/ﬂ@mﬂmg%mACQy (11)
o0

Thus we can use the weak convergence in L?(9) to have a subsequence 9, u;, such that:

/ Oy u;pdx —>/ dyupdz, ¥ ¢ € L*(09Q), (12)
o0 o0

Thus, o;j =0, j =1,..., N and (u;) is uniformly bounded.
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