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Abstract

We give a quantization analysis to Brezis-Merle problem with Dirichlet
condition. An application, we have a new proof to Brezis-Merle Problem
with Lipschitz condition.
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1 Introduction and Main Results

We set A = —011 — G20 on open set  of R? with a smooth boundary.

We consider the following equation:

Au=Ve¥in Q)
(P)q
u = 0 on 0f).

The previous equation was studied by many authors, with or without the
boundary condition, also for Riemann surfaces, see [1,18], we can find some
existence and compactness results.

Among other results, we can see in [4] the following important Theorem,

Theorem. (Brezis-Merle [4]).If (u;); and (V;); are two sequences of functions
relatively to the problem (P) with, 0 < a <V; < b < 400, then, for all compact
set K of Q,

supu; < ¢ = c(a,b,m, K, Q).
K

We can find in [4] an interior estimate if we assume a = 0, but we need an
assumption on the integral of e"i.

If we assume V' with more regularity, we can have another type of estimates,
a sup + inf type inequalities. It was proved by Shafrir see [15], that, if (u;);, (V5):
are two sequences of functions solutions of the previous equation without as-
sumption on the boundary and, 0 < a < V; < b < 400, then we have the
following interior estimate:
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C (9) supu; + infu; < ¢ = c(a,b, K,Q).
b K Q

We can see in [7] an explicit value of C (%) = \/% . In his proof, Shafrir

has used the Stokes formula and an isoperimetric inequality, see [2]. For Chen-
Lin, they have used the blow-up analysis combined with some geometric type
inequality for the integral curvature.

Now, if we suppose (V;); uniformly Lipschitzian with A the Lipschitz con-
stant, then, C(a/b) = 1 and ¢ = ¢(a,b, A, K, ), see Brézis-Li-Shafrir [5]. This
result was extended for Holderian sequences (V;); by Chen-Lin, see [7]. Also,
we can see in [12], an extension of the Brezis-Li-Shafrir result to compact Rie-
mann surface without boundary. We can see in [13] explicit form, (87m, m € N*
exactly), for the numbers in front of the Dirac masses when the solutions blow-
up. Here, the notion of isolated blow-up point is used. Also, we can see in [8]
and [18] refined estimates near the isolated blow-up points and the bubbling
behavior of the blow-up sequences.

Here we give the behavior of the blow-up points on the boundary and a new
proof of Brezis-Merle conjecture with Lipschitz condition.

The Brezis-Merle Conjecture (see [4]) is:

Conjecture. Suppose that V; — V in C°(Q)with 0 < V; < b for some posi-
tive constant b. Also, we consider a sequence of solutions (u;) of (P) relatively
to (V;) such that,

/ e dr < C,
Q

is it possible to have:

|luil|Le < C'=C(b,9,0)?

Here, we give a caracterization of the behavior of the blow-up points on the
boundary and also a new proof of Ma-Wei theorem. For the behavior of the
blow-up points on the boundary, the following condition is enough,

0<V; <b,

The condition V; — V in C°({2) is not necessary.
But for the new proof for the Brezis- Merle problem we assume that:

[VVillp= < A.

We have the following caracterization of the behavior of the blow-up points
on the boundary.

Theorem 1.1 Assume that maxq u; — +0o, Where (u;) are solutions of the
probleme (P) with:

0<V;<b, and /e“iszC, Vi,
Q



then, after passing to a subsequence, there is a finction u, there is a number
N € N and N points x1,...,zy € 09, such that,

N
Oy u; — O,u + Z a;jdy,, a; >4m, weakly inthe sens of measure Ll(aQ).
=1

u; — u in CL(Q—{z1,...,2n5}).
In the following theorem, we have a new proof for the global a priori estimate

which concern the problem (P). The proof of Chen-Li and Ma-Wei [6, 14], use
the moving-plane method.

Theorem 1.2 Assume that (u;) are solutions of (P) relatively to (V;) with
the following conditions:

[IVVillp < A and /e“i <C,
Q
We have,

||u’i||L°° < C(ba A7 Ca Q)v

2 Proof of the theorems

Proof of theorem 1.1:

We have,

Oyudo < C,
o
Without loss of generality, we can assume that 9,u; > 0. Thus, (using the
weak convergence in the space of Radon measures), we have the existence of a
positive Radon measure p such that,

dpuipdo — pu(e), ¥V ¢ € CO(9Q).
o
We take an z¢ € 02 such that, u(zg) < 4w. Without loss of generality, we
can assume that the following curve, B(xg,€) N OS2 := I, is an interval.(In this
case, it is more simple to construct the following test function 7). We choose a
function 7. such that,

ne=1, on I, 0<e<d/2,
ne =0, outside Io,
0<n <1,

Co (€2, 20)

Vel o 1) < =222



We take a 7). such that,

Afje =0 in Q
fle = Ne on Of).

We use the following estimate, see [3, 11, 17],

[|Vui||lpe <Cy, Viand 1 < ¢ < 2.

We deduce from the last estimate that, (u;) converge weakly in W, 9(Q),
almost everywhere to a function u > 0 and [, e* < 400 (by Fatou lemma).
Also, V; weakly converge to a nonnegative function V' in L°. The function u is
. 1,9 .
in Wy 4(2) solution of :

Au=Ve" e L'(Q) in Q
u = 0 on 01,

According to the corollary 1 of Brezis-Merle result, see [4], we have ekv e
L'(Q),k > 1. By the elliptic estimates, we have u € C*(Q).

We can write,

A((u; —u)fe) = (Vie" —=Ve")ie —2 < V(u; — u)| Ve > . (1)
We use the interior esimate of Brezis-Merle, see [4],

Step 1: Estimate of the integral of the first term of the right hand side of

(1).
We use the Green formula between 75, and u, we obtain,
/ Velnedr = / Oyune < 4e||Oyu||L = Ce (2)
Q o0
We have,

Au; = Vie¥i in Q
u; = 0 on ON).

We use the Green formula between u; and 7. to have:
/ Vie“fedr = Opuinedo — pne) < p(lae) < 4w — €y, € >0 (3)
Q 0

From (2) and (3) we have for all € > 0 there is ig = ig(¢) such that, for
1 > Z.Oa

/ |(Vie"t — Ve“)elde < 4m —eg + Ce (4)
Q

Step 2: Estimate of integral of the second term of the right hand side of (1).



Let ¥ = {z € Q,d(2,09Q) = €2} and Q. = {z € Q,d(z,00) > 2}, € > 0.
Then, for € small enough, ¥, is hypersurface.

The measure of Q — Q.2 is koe? < prp (2 — Qe2) < k2.
Remark: for the unit ball B(0, 1), our new manifold is B(0,1 — €2).

We write,

Q-0

/ | < V(u;—u)|Vije > |dz = / | < V(u;—u)|Vie > |dz+/ < V(u;—u)| Ve > |dz.
Q Q.2

Step 2.1: Estimate of [ ¢ | < V(u; —u)|Vije > |dz.

First, we know from the elliptic estimates that ||V7j||re < C} /€, C; depends
on §)

We know that (|Vu;l); is bounded in L9, 1 < ¢ < 2, we can extract from this
sequence a subsequence which converge weakly to h € LY. But, we know that we
have locally the uniform convergence to |Vu| (by Brezis-Merle theorem), then,
h = |Vu| a.e. Let ¢’ be the conjugate of q.

We have, Vf € L7 (Q)

/|Vui|fdx%/|Vu|fd:c
Q Q

If we take f = 19_962, we have:

fore > 0341 =i1(e) €N, >y, / |Vui|§/ |Vu|+e2.
Q-0 Q-0

Then, for i > i1(e),

/ |V < mes(Q — Q)| |Vul|p~ + € = (k1| Vul|p~ +1).
Q-0

Thus, we obtain,

/ | < V(u; —u)|Vije > |dz < €01 (2k1 ||Vl + 1) (6)
Q-9

The constant C; does not depend on € but on (2.

Step 2.2: Estimate of [, | < V(u; —u)|Vij > |da.

We know that, Q. CC Q, and ( because of Brezis-Merle’s interior estimates)
u; — u in C1(Q2). We have,

(5)



[|V(u; — u>||Loo(Q€2) < €2, for i > iz =iz(e).

We write,

/ | < V(u; = u)|Vije > [dz < ||V (u; —u)||po ()| Viel[Le < Cre for i > i3,

€2

For € > 0, we have for ¢ € N, i > max{iy, 2,43},

| < V(u; —u)|Vije > |de < eCy(2k1]|Vul|Le + 2) (7)
Q

From (4) and (7), we have, for ¢ > 0, there is i3 = iz(e) € N,ig =
max{ig, 1,2} such that,

/ |Al(u; — w)fe]|de < 4w — eg + €2C1(2k1||Vul|n~ + 2+ C) (8)
Q

We choose € > 0 small enough to have a good estimate of (1).

Indeed, we have:

A[(Uz - u)ﬁe] = gi,e in €
(u; — u)ile =0 on ON.

with [[gi.el|z1 () < 47 — €.

We can use Theorem 1 of [4] to conclude that there is ¢ > 1 such that:

/ ed(wi—u) g < / ed(Wi—w)Te g < C(e, ).
Ve(zo) Q
where, V.(z0) is a neighberhooh of x¢ in €.

Thus, for each xg € 0Q — {Z1, ..., Ty} there is €, > 0, ¢y, > 1 such that:

/ el=oidy < C, V 1.
B(zo,ezo)

Now, we consider a cutoff function n € C°°(R?) such that:

n=1 on B(zg,€z/2) and n=0 on R? — B(xg,2€,,/3).

We write,

A(u;n) = Vie"in — 2 < Vu; |V > +u; An.

By the elliptic estimates, (u;7); is uniformly bounded in W?241(€) and also,
in C1(Q).

Finaly, we have, for some € > 0 small enough,



|[willcro(B (o, < €3 Vi

We have proved that, there is a finite number o_f points Z1,...,Z,, such that
the squence (u;); is locally uniformly bounded in Q — {Z1,...,Zn}.

Proof of theorem 1.2:

The Pohozaev identity gives :

1
/ [(Byui)Vu; — =||Vug|*v]de = / VV;e"i f/ Vie“iv,
o9 2 Q o9

We use the boundary condition to have:

/ (Ouui)?dx < co(b, A, C, Q).
[219)

Thus we can use the weak convergence in L?(9Q) to have a subsequence
0, u;, such that:

/ Oyuipdr — dyupdr, ¥ ¢ € L*(09Q),
o (o9}

Thus, o; =0, j=1,..., N and (u;) is uniformly bounded.

Remarks:

The most important application of the hypothesis that the functions V; are
uniformly lipschitzian is the fact that we can bound the L? (on 9€2) norm of the
sequence d,u;, and the consequence of this fact is, because L?(99) is reflexive,
the weak convergnece to a new function.

The weak convergence of V;e% is true, because we have proved that (this is
a consequence of the proof of the first theorem and by integration by part):

[ vierods [ versda + Y aio(w)
0 Q pa

in particular, because z; € 09, if we take ¢ € C§°(f2) it vanish on the
boundary and thus ¢(z;) = 0. But it is not enough to remove the concentration
points.

The goal is to know what happens on the boundary because the concentra-
tion points are on 92 and not in 2. And we want to remove them.

This is a reason why we are interested by the convergence of d,u; (and thus,
in L%(99)), and not Vie® (on L'() ). Because, since the begining we took
dyu; and we work with d,u;, on the boundary.(the proof of the first theorem
use also the interior estimate).
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