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Abstract

We prove existence of minimizing movements for the dislocation dynamics evo-
lution law of a propagating front, in which the normal velocity of the front is the
sum of a non-local term and a mean curvature term. We prove that any such min-
imizing movement is a weak solution of this evolution law, in a sense related to
viscosity solutions of the corresponding level-set equation. We also prove the con-
sistency of this approach, by showing that any minimizing movement coincides with
the smooth evolution as long as the latter exists. In relation with this, we finally
prove short time existence and uniqueness of a smooth front evolving according to
our law, provided the initial shape is smooth enough.

Key words and phrases: Front propagation, non-local equations, dislocation
dynamics, mean curvature motion, viscosity solutions, minimizing movements, sets
of finite perimeter, currents.

Mathematics Subject Classification: 53C44, 49Q15, 49125, 28A75, 58A25.

1 Introduction

In this paper, we investigate the existence of minimizing movements (see Almgrem,
Taylor, Wang [1] and Ambrosio [5]) for a non-local geometric law governing the movement
of a family {K (t)}o<i<r of compact subsets of RY:

Vx,t :Hx,t+00('7t)*1K(t)(x) +Cl(xat)7 (11)

where V, ; denotes the normal velocity at time ¢ of a point x of 0K (t), H;; the mean
curvature of 0K (t) at = (with negative sign for convex sets), x is the convolution in
space, 1) is the indicator function of the set K(t) and cg,c; : RY x [0,7] — R are
given functions.

The non-local dependence co(-, ) x 1 (4 in the expression of V, ; is typical of models
for dislocation dynamics (see Alvarez, Hoch, Le Bouar and Monneau [4]). Moreover we
think of the term ¢; as a prescribed driving force. Equation (1.1) with only these two
terms (and without a mean curvature term) is currently also a center of interest: in the
context of viscosity solutions, its level-set formulation, namely

Ut(l’, t) = [CO('v t) * 1{u(~,t)20} (1’) +c (l’, t)]\Du(x, t)|7 (12)
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was first investigated by Alvarez, Hoch, Le Bouar and Monneau [4], who proved short
time existence and uniqueness of a viscosity solution to (1.2), and then by Alvarez,
Cardaliaguet and Monneau [2], and by Barles and Ley [8], who proved, by different
methods, long time existence and uniqueness under suitable monotonicity assumptions.
In (1.2) and throughout the paper, u; denotes the time derivative of u, Du denotes the
space gradient of u, and | -] is the standard Euclidean norm. The mean curvature term in
(1.1) corresponds to an additional line tension term in the elastic energy of the dislocation
which better approximates what happens near the dislocation (see the introduction of
[17] for a discussion on the model). The level-set formulation of the geometric law (1.1),

ug(x,t) = [div <gzg:2|) + o5 1) * Ly o1 (@) + er (@, t) | |[Du(z,t)],  (1.3)

was studied by the first author in [17]. He proved short time existence and uniqueness
of a viscosity solution to (1.3).

In both cases, the source of major difficulties is the non-local dependence in the
expression of the velocity, co(-,t) * 1), which prevents comparison principle to hold.
Indeed, ¢p is not necessarily non-negative, and physical models show that this situation
can not be avoided. The problem of existence and uniqueness of a viscosity solution to
the level-set equations (1.2) and (1.3) for general kernels ¢ is therefore still open. For
example, the long time existence and uniqueness results mentioned above were obtained
under the assumption that c¢o(-,t)*1g+ci(x,t) > 0 for any set E, which guarantees that
the dislocation is expanding, and a regularity assumption on the initial shape K (0). The
short time existence and uniqueness for (1.3) was obtained in the case where the initial
shape is a graph or a Lipschitz curve, without assumption on the sign of the non-local
term. It is worth mentioning however that this equation benefits from the regularizing
effect of the mean curvature term.

To overcome this difficulty, Barles, Cardaliaguet, Ley and Monneau defined in [6]
a notion of weak solution for (1.2), and proved existence of such weak solutions under
general assumptions on ¢g and ¢;. A similar concept of solution already appears in [27]
for Fitzhugh-Nagumo systems. In this work, we wish to provide such weak solutions
for (1.1). We will work with set-valued mappings E : [0,7] — P(RY) with bounded
images which are continuous in the L' topology, that is to say, t — 1 E(t) belongs to
CO([0,T], L*(RY)). We assume that ¢y and c; satisfy some regularity assumptions (to
be precised later), which guarantee that (z,t) — co(-,t) * 1g)(z) + c1(z,t) is smooth
enough for such a mapping E. Let us now explain what we call a weak solution of (1.1):

Definition 1.1 (Weak solutions).
Let E : [0,T] — PRYN) be a set-valued mapping such that t — 1g() belongs to
CO([0,T], L*(RN)). Let u be the unique uniformly continuous viscosity solution of

Du(z,t)

ug(z,t) = [div (W) +co(+t) x Lpwy(x) +ci(z, t) | [Du(z,t)|  for (x,t) € RN x (0,T)

u(z,0) = ug(z) forxz € RY,
(1.4)

R o
where ug is a uniformly continuous function such that Eg = {ug > 0}, Eo= {ug > 0}.



We say that E is a weak solution of (1.1) if we have, for all t € [0,T], and almost
everywhere in RY,
{u(-,t) >0} C E(t) C {u(-,t) > 0}.

The goal of this paper is to construct a weak solution to the geometric law (1.1). To
do this, we wish to adapt the approach of Almgrem, Taylor and Wang [1] (also discovered
independently by Luckhaus and Sturzenhecker [21])- initially proposed for the mean cur-
vature motion - to the geometric law (1.1) with its additional non-local term and driving
force. The idea of minimizing movements is, for a given initial set Ey, to select a sequence
of sets E}, (k) associated with time-steps of size h by minimizing a suitable functional, so
that the corresponding Euler equation is a discretization of our evolution law. A com-
pactness result for sets of finite perimeter guarantees the existence of a subsequence (h,)
and a set-valued mapping E : [0,T] — P(RY) such that Ej, ([t/h,]) converges to E(t) in
LY(RY) for all t. Such a E is called a minimizing movement associated to the geometric
law. Moreover, we prove a priori estimates for the discrete evolution Ej, which imply
the Holder continuity of the limit E in the appropriate metric. This guarantees that the
sets E(t) cannot vary in a wildly discontinuous way.

Let us now explain the interest of this approach in the perspective of proving existence
of weak solutions. For any sequence (h,,) going to 0 and such that Ej, ([-/hy]) converges
to a minimizing movement F, we are able, thanks to the Euler equation corresponding
to our minimization procedure, to compute the velocity (in the viscosity sense) of the
upper and lower limit of the Fj, (k)’s as n — oo, E* and FE,, in function of E. This
enables us to compare F, and E* with the 0 level set of the viscosity solution u ap-
pearing in Definition 1.1. Since F, C E C E*, we will deduce that F is a weak solution
of (1.1). In case no fattening occurs for u, we remark that w is a viscosity solution of (1.3).

Of course it is a natural request that this construction be consistent with smooth
flows if they exist. To verify this, we further show that if 0Fy is a smooth hypersurface,
then there is a unique smooth solution for small times of the evolution law (1.1), and that
any minimizing movement F coincides with this smooth evolution as long as the latter
exists. This uses the notions of lower/upper limits mentioned above and of sub/super
pairs of solutions of Cardaliaguet and Pasquignon [13].

To state our results in more details below, we first need to fix some notation and
assumptions that will be used throughout the paper.

Notation

e For k € N, B¥(z) (resp. Ef(x)) denotes the open (resp. closed) ball of radius r
centered at € R¥, and £ is the Lebesgue measure on R¥. If k is not specified, we
mean that k = N. We set wy, = LF(B¥(0)). The Hausdorff measure of dimension k on
RY is denoted by H*.

e The notation Symy represents the set of real square symmetric matrices of size N.

e We say that a sequence (E,,) of subsets of R converges to E in L'(RY) if 15, — 1p
in LY(RY) as n — +o0.

e Let P be the set of all bounded subsets of R having finite perimeter (see [14] for the
definition and properties of sets of finite perimeter). We denote by P(E) the perimeter
of E € P, by P(E,U) the perimeter of E in U subset of RY and we endow P with the



metric
§(B,F) = |15 — 1p| 1@~y = LY (EAF),

where EAF is the symmetric difference of E and F, i.e., EAF = (EUF)\ (ENF).
In particular we call equivalent two sets E and F such that 6(E, F) = 0, and we
also say that F = F almost everywhere (a.e.). Similarly, we say that £ C F almost
everywhere if LN (E\ F) = 0.
Moreover 0*F denotes the reduced boundary of E € P. We also define a notion
of boundary for F € P that is invariant in the class of E formed by the sets that are
equivalent to F:

OF ={z ¢ RY; 0 < LN(E N B,(z)) < LY (B,(x)) for all » > 0}.
Then OF is closed, and in fact OF = 0*F.

Definitions of tubes (see [11])

e For any subset E of [0,T] x RN, we set E(t) = {x € RY;(¢t,x) € E}. Conversely a
mapping t € [0,T] — E(t) € P(RY) can be seen as a subset of [0, T] x RY by identifying
E with its graph Usepo,ry{t} x E(t).

e We call tube a bounded subset E of [0,7] x RY. We call reqular tube a tube E with
C' boundary in RY x [0,T] such that for any regular point (t,x) € OF, the unit outer
normal (v, v,) to E at (t,x) satisfies v, # 0. In this case, the normal velocity of E at

(t,x) is =1 /|vg]-
e Finally a mapping t € [0,7T] — E,(t) is said to be a smooth evolution with C3+
boundary if E, is a compact regular tube such that E,(t) has C3*t® boundary for all
te 0,7

Assumptions on ¢y and ¢;

Throughout the paper, ¢y and ¢; are assumed to satisfy the following regularity assump-
tion:

(A) co € Lip ([0, T], L' (RY)), ¢ € Lip ([0, T], L>(RY)).
In particular, we set Ko = Lip(co), and Ky = Lip(cy), so that for all ¢, s € [0,T],
lleo(5t) = cos 8)llr < Kolt — s and  [ea(- 1) — ea(t; 8)[loo < Kaft — 5.
We finally set
Lo = |lcoll Lo (0,1, 1 ®™Y))» L1 = lleill poe (0,177,000 ryy) and L = Lo + L. (1.5)

We will sometimes need additional regularity for ¢y and ¢;. When this happens,
we will specify which assumptions are made in each of the statements of theorems. In
particular we will sometimes need to require that ¢y be symmetric, so that the gradient
flow of our functional is, at least formally, a solution of (1.1):

(Symmetry of c¢y) We say that ¢ is symmetric if ¢o(—(+),t) = ¢o(+,t) for all ¢ € [0, 7).

Main results



For h > 0 (the time step), k € N such that kh < T, E and F in P, we define, following
the original idea of Almgren, Taylor and Wang [1], the functional

F(h.k,E,F) = P(E) + dor(z) dx — /
h EAF

: (;co(~7 kh) *x1g(z) + c1(z, kh)) dz,

(1.6)
where d¢ is the distance function to a closed set C.

Let us now define a minimizing movement:

Definition 1.2 (Minimizing movement [1]).

Let T > 0 and Eg € P. We say that E : [0,T] — P is a minimizing movement
associated to F with initial condition Eq if there exist a sequence (hy), hn, — 07, and
sets By, (k) € P for all k € N verifying khy, < T, such that:

1. Ep (0) = Ey.

n

2. For any k,n € N with (k+ 1)h,, <T,
Eh, (k4 1) minimizes the functional E — F(hy, k, E, Ey,, (k)) (1.7)
among all E's in P.
3. For anyt €[0,T), Ep, ([t/hn]) — E(t) in LY(RY) as n — +o0.

The first result of the paper is the existence of minimizing movements associated to
our functional F:

Theorem 1.3 (Existence of minimizing movements).

Assume that co and c; satisfy (A). Let Ey € P with LN (0FEy) = 0. Then, there exists
a minimizing movement E associated to F with initial condition Ey such that for allt,s
verifyingt < T and 0 < s <t < s+ 1, we have

1

6(E(t), E(s)) <~ (t — )™, (1.8)

where v = v(N, T, Ey, Ko, K1, Lo, L1) is a constant.
We then prove that any such minimizing movement is a weak solution of (1.1):

Theorem 1.4 (Minimizing movements are weak solutions).

Assume that ¢y is symmetric, that ¢y and ¢ satisfy (A) and are Lipschitz continuous
on RN x [0,T]. Let Ey € P with LN(OEy) = 0. Let E be any minimizing movement
associated to F with initial condition Ey.

Then E is a weak solution of (1.1) in the sense of Definition 1.1. In particular if no
fattening occurs, i.e. if the corresponding solution u of (1.4) is such that {u(-,t) = 0}
has zero LN measure, then u is a viscosity solution of (1.3) with initial datum ug.

Our third result states that any minimizing movement F coincides with the smooth
evolution F, as long as the latter exists:

Theorem 1.5 (Agreement with the smooth flow).
Assume that co is symmetric, that co and ¢ satisfy (A) and are Lipschitz continuous
on RN x [0,T). Let Ey be a compact subset of RN with uniformly C3** boundary. Let



E,. be a smooth evolution with C3+% boundary defined on [0,T), starting from Ey, with
normal velocity given by

VJ:,t = Hw,t + CO('a t) * 1E,.(t) (J?) +c (Z, t)a (19)

where Hy 4 is the mean curvature of OE,(t) at x.

Then any minimizing movement E associated to F with initial condition Ey verifies
E(t) = E.(t) almost everywhere, for all t € [0,T].

In relation with this, we finally prove short time existence and uniqueness of a smooth
solution E, to (1.1), when Ej is sufficiently smooth. The regularity assumptions on c¢q
and c; are the following ones:

co € L>([0,T), W2 (RY)) n Wt ([0, T], L= (RY)) (1.10)

and
c1 € W2E(RYN x [0,T)), (1.11)

where f € W1>°([0,T], L>*(R")) means that f is Lipschitz continuous with respect to
t € [0, T], uniformly with respect to 2 € RY, and for n € N*,

91 ¢ L(RN x (0,T))
WL RN % (0,)) = 4 f € (RN x (0,7)) | 1 77 € ’ .
( X(a )) {fe ( X(a )) for o € NN s.t. Zf\;oaign

Theorem 1.6 (Existence and uniqueness of a smooth solution).

Assume the reqularity (1.10)-(1.11). Let Ey be a compact subset of R with uniformly
C3*+ boundary. Then there exists a small time tog > 0 and a unique smooth evolution
E,. with C3*t* boundary defined on [0,to], starting from Ey, with normal velocity given
by (1.9).

Let us now explain how this paper is organized. First, in Section 2, we prove the
existence of minimizing movements and the Holder estimate Theorem 1.3. Section 3 is
devoted to proving a regularity result for F-minimizers that we use in Section 4 to prepare
the proofs of Theorems 1.4 and 1.5, respectively given in Sections 5 and 6. Finally, in
Section 7, we prove Theorem 1.6.

2 Existence of minimizing movements

This section is concerned with the existence of minimizing movements associated to
F (Theorem 1.3). Let us start with existence and basic properties of F-minimizers.
2.1 F-minimizers

The first point to check is the existence of F-minimizers:

Proposition 2.1 (Existence of F-minimizers).
For all h > 0, k € N with kh < T, and F € P, there exists a minimizer of E —
F(h,k,E,F) on P. Moreover, if L is defined by (1.5), then

F C Bgr(0) a.e. = E C Bryrn(0) a.e.

whenever E is a minimizer.



Proof. Let us fix F' € P with ' C Bgr(0) a.e., and set B = Br4rn(0). Let (E,) be a
minimizing sequence for F(h, k, -, F'). We want to prove that for all n € N,

F(h,k,E,NB,F) < F(h,k,E,, F). (2.1)
First, since B is open and convex, we know that

P(E, N B) < P(E,). (2.2)
Let us compare [, co(-, kh)x1p, (z) dzand [, . co(-, kh)x1g,np(x) do: forallz € RY,

co(-,kh)*lEn(x)z/ co(x —y,kh) dy
B,
:co(-,kh)*lEnt(x)—F/ co(x —y, kh) dy.

E.\B

Therefore

/ co(-,kh)*lEn(x)dmzf co(v, kh) * 1g,np(x) dz
E,

E,.NB

—|—/ co(+, kh) *1p, np(T) dx—l—/ / co(x —y, kh) dydx.
E,\B B, JE,\B

Since [[co(+, kh) * 1al[ oo mny < Lo for all measurable set A, it follows that

/En GCO(., kh) * 1g, () + c1(z, kh)) dz

(2.3)
1
> / (co(-, kh) x 15, ng(z) + c1(z, k:h)) dx — LLN(E, \ B)
E.nB \2
thanks to the definition of L (see (1.5)). Moreover F' C B, so that
EuAF = (E, N B)AF U (E, \ B),
whence
1 1 1
! / dor(z) dz = / dor(z) dz + - / dor (z) dz
h Je,ar h J(g,nB)AF h Je\B (2.4)

1
> f/ dap(m)dx—l—LL'N(En\B),
h J(g,nB)AF

since dgp(x) > Lh for all x € E, \ B by definition of B. Putting (2.2), (2.3) and

(2.4) together proves (2.1). Therefore we can replace (E,) by (E, N B) as a minimizing
sequence, and in particular we can assume that E, C B for all n. Then

‘F(h7kaEn7F) Z*/

: (;co(~,kh)*1En(:€)+cl(x, kh)> dz

1
> — <2L0 + L1> LN(B),
so that én%}'(h, k,E,F) > —oco. Besides, for n large enough,
€

F(h,k,Ey, F) < inf F(h,k,E,F)+1.
EcP



This implies that
1
P(E,) < inf F(hk, B, F) +1+ <2L0 + L1> LN(B),
€

and gives a uniform bound on the perimeter of the E,’s. Since they are also uniformly
bounded by B, it follows from the compactness theorem for sets of finite perimeter [14,
Section 5.2.3] that we can extract a converging subsequence (E,, ) of (E,) in the sense
that there exists Eo, € P, Es C B, such that E,, — E., in L'(R"). Therefore

F(h.k, Boo, F) < liminf F(h,k, By, F) = inf F(h,k, B, F),
—00 €

because all terms in the expression of F are at least lower semi-continuous in the F
variable for the L! topology. Thus E, is a minimizer of E +— F(h, k, E, F) on P. Finally,
if £ is any other minimizer, then the previous comparisons show that P(ENB) = P(E),
whence E C B almost everywhere (see the comparison theorem [5, p. 216]). O

Remark 2.2. This proposition shows that the Ey(k)’s are uniformly bounded for all h
and k, if Eg € P: more precisely, if Ey C Br(0) a.e., then since kh < T, we can choose
Ey (k) C Bryrr(0) independently of h, k. Therefore we can choose Q = Brirr+1(0) so
that Ep(k) € Q for all k, h. We will always do so in the sequel, and set D = R+ LT + 1.

Remark 2.2 gives a uniform bound Q for E},(k), independently of h, k, provided that
Ej is bounded. In order to have compactness in P, so as to construct our minimizing
movement, we also want a uniform bound on the perimeter of Ej, (k).

Proposition 2.3 (Uniform bound on the perimeter).
Let Ey € P with Ey C Bgr(0). Then, there exists a constant ¢ = (T, Ey, D, Ko, K1, Lo, L1) >
0 independent of h and k such that if Ey is defined by the procedure (1.7), we have

P(En(k)) <c Vh,k such that kh <T.
Proof. By definition of E},, we have for all j such that jh < T,
]:(h’a.ja Eh(])aEh(J - 1)) S ‘7:(h7J7Eh(] - 1)7Eh(.7 - 1))7

and in particular,

P(ENG) - |

1 . .
(200(.,311) *x1g, () (T) + 1 (x,]h)) dx
En(j)

gmmu—m—/

1 . .
<2CO('7jh) * 1Eh,(j71) ($) =+ Cl(xv.]h)> dx.
Ep(j—1)

Adding these inequalities for j = 1,...,k with kh < T, we find:

k
P(En(k)) — P(Eo) <Y Ju(4,5) — Jn(i — 1,9)

=1

k
:Z/ch(njh)lm(j) —c1(3h)1E, -1 (2:5)
Jj=1

k
1 , ,
= /Q(CO('th) *1p,()LenG) = (ol h) * 1, -1)LEn-1)
=1



where we have set
. 1 ) .
Jn(i,j) = / (200(-7371) * 1, (i) (2) + cl(m,yh)) dz. (26)
Ey(3)

Doing an Abel transformation on the first sum of the last member of (2.5) yields

k
Z/ ci(5jh)1g, Gy — a5 3h)1g, -1
j=178

k—1
/£c1«7kh>1Ehw>—-/gclc,h>1Eo+—;g;jéhn<»jh>—-q(»(j-%l)hﬂlEhu>

20, LY(Q) + (k — 1)K h LN (Q)

< )
< (2L + K, T) LN (Q).

The same manipulation with the second sum gives

k
Z L(CO('ajh) * ]-Eh(j))lEh(j) - (CO("vjh) * ]-Eh(j—l))lEh(j—l)
j=1

< (2Lo + Ko T) LN (Q).
This proves that for all k£ such that kh < T,

k

. . ) 1
> Jn(id) = In(G = 1,4) < (Lo + 2Ly + K0T+ K1 T) LN Q) (2.7)
j=1
and gives the result, with ¢ = P(Ey) + (Lo +2L1 + 2 Ko T + K1 T) LN (Q). O

2.2 Minimizing movements

We are now ready to address the problem of existence of minimizing movements.
Proofs in this section closely follow the ideas of Almgren, Taylor and Wang [1], and are
adaptations of Ambrosio’s simplified presentation of these ideas (see [5]).

The main result in the perspective of the proof of existence of minimizing movements
is the following theorem on the behaviour of the solutions of procedure (1.7):

Theorem 2.4 (Discrete Holder estimate).

Let Ey € P with Eg C Bgr(0). There exists a constant v = y(N,D) > 0 (where D is
defined in remark 2.2) and hg > 0 such that for all h € (0, hg), for all m,l € N verifying
mhgTandO<l<m<l+%, we have:

8(Bu(m), E(1)) < ye[h(m = ] ¥+, (2:8)
where ¢ is the uniform bound on P(E(k)) given by Proposition 2.3.

Theorem 1.3 is a corollary of this result, as proved in [5, pp. 231-232]. However the
arguments of [1, Theorem 4.4] or [5, Theorem 3.3] for the proof of Theorem 2.4 in the
mean curvature motion case need a few adaptations due to the particular form of F.
This is what the rest of this section is devoted to. We begin by giving some preliminary
results which will be necessary in the proof of Theorem 2.4.

Lower density bound for F-minimizers



Theorem 2.5 (Density bound for F-minimizers).
There exist two constants o and 8 (depending only on N) and hg > 0 such that if
E € P is a minimizer of F(h,k,, F) with F € P, EUF C Bp_1(0), and h € (0, hyp),
then h
Vo € 9B, Vp € (0, %), P(B.By(x)) > Bp" . (2.9)
Proof. The proof relies on the following lemma relating the perimeter of £ € P and the
perimeter of E replaced by a cone in a small ball:

Lemma 2.6 ([5], Lemma 3.5).
Let E€ P,z € RN and f(p) = P(E, B,(z)). Set

E,=(EN@®RY\ B,(z)))U {y € B,(z); x+plz:i| € E}

Then for almost all p > 0 (all p such that f is differentiable at p), we have

P(E, By(a)) < p 72

Let us now prove Theorem 2.5. Fix x € 0*FE and p > 0 such that f is differentiable
at p. By definition of E, we know that F(h,k, E,F) < F(h,k, E,, F), that is to say

P(E) < P(E,) + ¢ { [, oy dordy= [ dor(w dy}
of (lcOc,kh)uE(y)+c1<y,kh>) w- [ (;coc,kh)*lf;p(y)+c1<y,kh>) dy.

2
P
- (2.10)
But since E coincides with E, in RN \ B,, we have

P(E,]RN \Ep(x)) = P(EpvRN \Ep(x))-

Moreover f is continuous at p, which together with (2.10) implies that

—_ — 2D
P(E, B,(x)) = P(E,B,(x)) < P(E, By(@) + S -wnp" +2Lunp",

due to the fact that dor(y) < 2D for all y € B,(z), provided p < 1. Now Lemma 2.6
implies that for almost all p € (0,1),

flp) < p% + (2}? + 2L> wyp™. (2.11)

Therefore, the function

g:p._>pf]\(]p)1 +<2}ZL)+2L) (N—1Dwnp

is nondecreasing on (0, 1). In particular if x € 9*F and p € (0,1),

g9(p) > liminf g(p) > wy-—1 (2.12)

ﬁ~>0+
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because of [14, Corollary 1 (ii) p. 203]. As a consequence, for all p € (0,1),

2D
fp) >wn_1pN 7t — (h + 2L> (N —1)wyp". (2.13)
Let us set a = B(ﬁfﬁ and B = “2=1. Then, provided h < min{2, 2} =: hy, we

deduce from (2.13) that for all p € (0, %2),
P(E, By(x)) = f(p) = Bp" 1.
Since 0*F is dense in JF, this also holds for all x € OF. O

Corollary 2.7 ([5], Corollary 3.6).
Let E € P be a minimizer of F(h,k,-, F) with F € P and h € (0,hg). Then

HN"YOE\ 9*E) =0
Distance-Volume comparison

We recall here a general result which makes it possible to compare £V (A\C) and [ 4 doc
under conditions of density of C similar to (2.9). Such comparison will be essential to
prove Theorem 2.4.

Theorem 2.8 (Distance-Volume comparison, [5], p. 230).
Let C be a compact subset of RN such that there exist 3> 0, T > 0 with

HN=Y(C N B,(x) > BpN ' Yz edC, Vpe (0,7).
Then there exists a constant T' = T'(N) > 0 such that for all R > 7, for all Borel set

A C RV, we have
N-1 3
or <R> HN(C)
T

LN(A\C) < é {/Adc(w)daﬁ]é—i—;/Adc(aj)dm. (2.14)

We are now able to prove Theorem 2.4.

Proof of Theorem 2.4. Let us fix h € (0,hg), where hg is given by Theorem 2.5. By
definition of E}j, we have for all j such that jh < T,

f(hvjv Eh(J)th(j - 1)) < f(hvj7Eh(j - 1)3Eh(3 - 1))3

that is to say,

/ dop,(j-1) (@) dz < h[P(En(j—1)) = P(Ea()]+ h[Jn(5,5) = In(i =1, )],
En(j)AER(G—1)
where Jp, (4, j) is defined by (2.6). Let us set

In(3) =A{[P(En(G = 1)) = P(ER(G)] + [Jn(G:3) = Jn(G = 1,91} -
We now use Theorem 2.8 with C' = 9E),(j — 1), A = E,(j)AEL(j — 1), 7 = %2, which
is justified for j > 2 because of the density estimate (2.9). Thanks to Corollary 2.7, we

know that £V (C) = 0, so that for all R > %2,

N ' . R\M N-1 ' : . 1 2
L EWAEG - D) < (20 (F) HN0BG - )| VELG)+ a0

T

(2.15)
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Recall that Proposition 2.3 gives a uniform bound ¢ on the perimeter of F-minimizers,
so that HN"1(0EL(j — 1)) <c.

Let m,lGNverifymhgTand0<l<m<l+%. We choose

ah —1 ah
— N+1
5 [h(m —1)] > R

and add up inequalities (2.15) for j =1+1,...,m. Recall that (2.5) and (2.7) show that

R=

S LG <PED)+ Y. Jnlig) — I —1.5)

j=l+1 Jj=l+1
<P(Eo)+ Y Jn(Gd) = Jn(i = 1,4) <,
j=1

Moreover, the Cauchy-Schwarz inequality shows that

L) <Vm—=13 Y L)y <vVm—lve
J=l+1 Jj=l+1

Finally, we find that

which concludes the proof. U

3 Regularity for F-minimizers

One of the main interests of the variational approach used in [1] is that it enables to use
the regularity theory for area-minimizing currents described for instance in [10, 16, 24, 26].
This is the idea we follow in this section. We use the notation of [1]. In particular,
the notation M and S stand respectively for the mass and size of an integral current.
Besides, if E € P, [E] denotes the solid associated to E, i.e. the canonical N-dimensional
Fuclidean current restricted to F.

3.1 Existence of tangent cones

A fundamental notion in regularity theory is that of tangent cones defined as follows:

Definition 3.1.

Let fyr:x+— R(x—p), forp € RN, R > 0. A locally integral current [J] is called
a tangent current to OF at p € OF if there exists a sequence (R;) — oo such that
if we set E(R) = fp r(E), then [E(R;)] — [J] locally as i — 400, in the sense that
LN((JAE(R;)) N By(q)) — 0 for each ¢ € RN and r > 0.

Lemma 3.2 (Existence of tangent cones).

Let F € P and let E be a minimizer of F(h,k,-,F) on P. For each p € OF, there
exists a tangent current [J] to OF at p. FEach such tangent current [J] is a cone and
locally minimizes the perimeter P. Moreover 0 € 0.J.

12



Proof. The proof is inspired by that of [1, Theorem 3.9]. We easily check that for all
R >0,
P(E(R)) = R"'P(E),

1 1
E/ dor(r)(y) dy = RNHE/ dor(y) dy,
E(R)AF(R) EAF

1 1
/ =co( kh) * 1gr)(y) dy = RzN/ sco(R(+),kh) x 1g(y) dy
E(R) 2 52

/ c1(y, kh) dy = RN / e1(Rly — p), kh) dy.
E(R) E

By definition of E we find that F(R) minimizes

1 1 1 1
B P(Er g [ o dor 0) - e | sy [ ol dy
(3.1)
where we have set cft(y,t) = co(y/R,t), cf*(y,t) = c1(p + y/R,t). Let us compare E(R)
and E(R) \ B,(q) for fixed ¢ € RY and r > 0, with respect to this last functional. It
follows from manipulations similar to those in the proof of Proposition 2.1 that for almost
all r > 0,

1

P(E(R), B:(q)) < P(B;(9)) + 737

L
| darim(@)de + 5L B o),
B:-(q)

where L is defined by (1.5). But diam F(R) = Rdiam F, so that

1
Rl—>—/ dop(r) () dx
B2 ), (q)

is bounded as a function of R, and even converges to 0 as R goes to infinity. This provides
the sufficient bound on the perimeter of E(R) in balls to infer the existence of a tangent
current [J] (using the compactness result [25, Theorem 1.1 p. 225]).

Let us prove that [J] locally minimizes the perimeter. This means that for all ¢ € RV,
all » > 0, and all (N — 1) integral current X with 0X = 0 and having support in

C = B,(q), then M(9[J]|¢) < M(9]J]|c+X). We first recall from [1, § 3.1.6] that there
exists an N integral current ) with compact support in C' such that 9Q = X and

S(Q) < M(Q) < 7M(X). (32)

Then according to [16, § 4.5.17], we can write Q) as

+oo

+oo
Q=>_[@i]-3 [P

=0

where Q;, P; € P and (Q;), (P;) are nested families such that P, U Q1 C Supp(Q) and
PiNQy=0. Let us set K = (E(R)\ P1)UQ; and compare E(R) and K with respect
to the functional defined by (3.1). We obtain that

L
R%h

< MUE(R) +0Q) + 7, [ dorr(a)do + ZS(Q).

P(E(R)) SP(K)+ /PUQ daF(R)(JZ) dI+%EN(P1UQ1)
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Since @ and 0Q = X have compact support in C, and since P(E(R),C) = M(9[E(R)]|c),
we deduce that

1 L
MIE(R)]Le) < MEER)Lo+X) + g7 [ dori(e)de-+ H£7(C),
Knowing this, we can adapt [26, Theorem 34.5] to show that [J] locally minimizes the
perimeter and also that if R; is such that [E(R;)] — [J] as i — +o00, then for all z € RY

and almost all p > 0, P(E(R;), By(z)) — P(J,B,(x)) as i — 400.

Finally we check that [J] is a cone, i.e. that J is invariant under all homothetic
expansions z — Az for A > 0. To see this we recall from (2.11) and (2.12) that for all

x € OF, the function
P(E,B,(x
g:p— 7( pr1( ) +cp

is nondecreasing on (0, 1), where ¢ is a constant, and that for all p € (0, 1),

P(E, B,(z
EDOD s,
It follows that OF has a density (0F, z) at x with (0F,z) > 1. For all p > 0,

P(E(R),B,(0)) _ P(E,By/r(p)
pN-1 (/RN R

e(aEvp) WN-1-

Moreover for almost all p > 0,

P(E(R:), B,(0))  P(J, By(0))
pN-1 imtoo  pN-1 7
This shows that the ratio p! =V P(J, B,(0)) is independent of p, which is known to im-

ply that J is a cone (see [20, proof of Theorem 9.3]). Moreover p'~V P(J, B,(0)) =
0(OE,p) wn—1 > 0, so that 0 € 9J. We finally observe that 6(9J,0) = 0(0F, p). O

3.2 Regularity of F-minimizers

The existence of tangent cones enables us to prove regularity results for F-minimizers,
asin [1, § 3.5 and 3.7].

Theorem 3.3 (C'-regularity for F-minimizers).
Let F € P, and let E be a minimizer of F(h,k,-,F) on P. Then OF is a C*-
hypersurface, except for a set of Hausdorff dimension less than N — 8 (empty if N < 7).

Proof. We verify that E is an almost minimal current in the sense of Bombieri, that is,
for some § > 0, for all (N — 1) integral current X with X = 0 and having compact
support in C' with diam(C) = r < 4, then

M(I[E][¢) < (1 +w(r)) M(O[E][c+X) (3:3)

for some function w such that w(r) — 0 as r — 0. To do so we proceed as in the
previous proof, write X = 9@Q with

+oo +o00o
Q=>_[@i]-3_[P]
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set K = (E\ P;) UQ; and compare E and K with respect to F:

P(B.C)< P+ 3 [ donly)dy+ LEY(PLUQ)).
PUQ,

h
Let D > 0 be such that EUF C Bp_1(0). If Bp_1(0) N C # ( (otherwise (3.3) is
obvious), and ¢ < 1, the previous comparison yields

MOIE]Le) < MOIE]L+0Q) + (57 +1) 8(@)

<MQO[E]|c+X) + (2}? + L) %M(X) (using (3.2))

< MOIE|Lc+X) + (22 4+ 1) 5 (MOIE]Lc+X) + MOIE]Lo)).

This easily implies the result with w(r) =3 (32 + L) & and 6 = % (22 + L)fl.

In addition, at any point p of OF there exists a tangent cone [J] which minimizes the
perimeter (Lemma 3.2). Such a cone must be a hyperplane for N < 7 ([26, Appendix
B]), so that in particular 0(E, p) = 6(J,0) = 1. We then deduce the result from the final
remark in [10]. In case N > 8, we use the dimension reduction argument of Federer ([20,
Theorem 11.8]). O

Now, we prove that minimizers are smooth at contact points with smooth hypersur-
faces:

Theorem 3.4.

Let F € P, and let E be a minimizer of F(h,k,-,F) on P. Assume that there exists
K C RY closed such that 0K is a C* hypersurface and 0OENK = {p}. Then OF is a C*
hypersurface near p.

Proof. Let [J] be any tangent cone to OF at p. The assumption that OF N K = {p}
guarantees that 0J is contained in the closed half-space orthogonal to the outer unit
normal n to K at p and containing n. Since 0 € 9J, [20, Theorem 15.5 p. 174] implies
that 0J is regular at 0, and therefore is a hyperplane. The result follows as in the proof
of Theorem 3.3. O

Actually, we can deduce higher regularity for F-minimizers at each point where they
are C'! hypersurfaces:

Theorem 3.5 (Higher regularity for F-minimizers).

Assume that ¢y is symmetric, that ¢y and ¢y satisfy (A) and are Lipschitz continuous
in space. Let F' € P, and let E be a minimizer of F(h,k,-, F) onP. Set g(p) = £dar(p),
where we take the — sign if p € F', and the + sign otherwise.

Let p € OF such that OF is a C' hypersurface near p: there exist R > 0, M > 0 and
a C' function f : BN '(p) — (=M, M) such that, possibly rotating and relabelling, we
have

B (BY "\ (p) x (=M, M)) = {(z,9); 2 € BY"\(p), =M < y < f(x)}.
Then f is of class C*“ in Bg_l(p) for some 0 < o < 1 and satisfies

%g((fﬂ, f(@) = Af(x) + co(, kh) * 1p((z, f(2))) + ar((z, f(2)), kh).  (3.4)
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Therefore the mean curvature H, of a point p of OF verifies

FoB) = Hy + o, ) % 1p(p) + e1(p, ). (35

Proof. We begin by verifying that f satisfies (3.4) in the sense of distributions. This is
simply the FEuler-Lagrange equation for F, and the proof is the same as that of Ambro-
sio ([5], after statement of Theorem 3.3), with the additional observation that the first
variation of

1
K|—>f/ co(+y kh) x 1k () dx, KH/ c1(z, kh) dx
2 Jk K

in the direction of a C? vector field ® is respectively

K [ col kh)xlg(x) (P(x),vp) dHN " Hz), K [ ei(a,kh) (D(x), vp) dHY " (2),
oK oK
where v, is the outer unit normal to K at z € 0K. The symmetry of ¢q is used here,
along with the continuity of ¢; and ¢g x 1 in space. )
Knowing this, we apply [18, Theorem 1.2 p. 219] to f and to each of the %, to
conclude that f is C*® in By *(p). This last assertion uses the Lipschitz continuity of
c1 and cg * 1 in space. Both conclusions immediately follow. O

4 The upper and lower limits

In this section we are going to prepare the proofs of Theorems 1.4 and 1.5. Let E be
a minimizing movement with initial condition Ey and let (h,) be a sequence such that
Eh, ([t/hy]) converges to E(t) in LY(RY) for all ¢ € [0, T] as n goes to infinity. We define
the upper and lower limits of the sets Fj (k) for n — oo and k € N as follows:

E*t)={x¢€ RY: I(hn') C (hp), kny — 400 and zyy € Ey, , (ky) with kyohy — t and 2,0 — 2},
E.(t) =RY\ {z € RY;3(hy) C (hy), ks — +oo and z,y ¢ B, , (kyr) with kb — t and 2,0 — z}.

By construction, E* is closed while E, is open, and E.(t) C E(t) C E*(¢) for all
t € [0, T] and almost everywhere in RY. Indeed E,(t) and E*(t) were defined respectively
as the sets of cluster points of sets Ej, (k) and RY \ Ej, (k) for all k — +oco such that
kh, — t, and, up to a subsequence and a set of zero £V measure, our minimizing
movement at time ¢, E(t), was constructed as the pointwise limit of sets Ej,, (k) for some
such k = [t/hy].

We will use the regularity result Theorem 3.5 to compute the normal velocity of the
evolutions ¢t — E*(t) and t — F,(t) in function of E. Then we will prove a regularity
result for E* and E,, and compare the initial sets E,(0), E*(0) and Ej.

In order that our minimizing procedure be consistent with the evolution law (1.1) as
ensured by Theorem 3.5, we will assume in particular throughout this section that ¢ is
symmetric.

4.1 Velocity of £* and F,

Here we are going to prove a rigorous version of the heuristic fact that £* moves with
velocity
Vet < Hpp +co(c,t) x 1pe () + cr(w,t),
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while F, moves with velocity
V:E,t 2 Ha:,t + CO<'7 t) * 1E(t) (.’13) + &1 (:L'7 t)7

where H,, ; respectively denotes the mean curvature of 0E* and 0F,. Following Cardaliaguet
[11], we formulate this statement in terms of test functions: let us first define the classical
mean curvature operator

(Xp,p)

h(p, X) = Trace(X) — RE

)

for X € Symy and p € RV \ {0}, and let us define, for any subset A of RN, A = RN \ A,
and for any subset B of RY x [0,T], B = (RN x [0,7T]) \ B.

Proposition 4.1.
Under the assumptions of Theorem 1.4, we have:

1. For any t € (0,T), if a test function ¢ of class C% has a local mazimum on E* at
some point (x,t) € OE*, with D¢(x,t) # 0, then

oi(x,t) > h(Do(z,t), D2d>(x,t)) — [Co(',t) * 1pw(x) +c (x,t)] |Do(x,t)].

2. For any t € (0,T), if a test function ¢ of class C* has a local minimum on E, at
some point (x,t) € OF,, with Dé(x,t) # 0, then

di(x,t) < h(Dp(x,t), D*p(x,t)) — [co(-,t) *x 1pw(z) + i (z, t)] |Do(x,t)).

Proof. We only prove the first point, the proof of the second being similar. Let t €
(0,T) and ¢ of class C? have a local maximum on E* at some point (z,t) € OE*, with
D¢(x,t) # 0. We can assume without loss of generality that it is a strict maximum.
By definition of E*, there exist k, — +oo and z, € 0E, (k,) with k,h, — t and
x, — x, such that ¢ has a local maximum (that we can assume to be strict) on Ej =
Uk, En,, (kn) X {knhn} at (zn, knhy), with Dé(xy, knhy) # 0. It follows that Ty, (k) =
{x € RY; ¢(x, knhyn) = ¢(2n, knhy)} is a smooth exterior contact surface to Ej, (ky,) at
T, and therefore Theorems 3.4 and 3.5 imply that dEy,  (k,,) is a C*® hypersurface near
Zn,. We now infer from the local relative position of T' and dFy,, (k) that the curvature
of Oy, (kn) at x,, H} , is less than the curvature of I' at x,,:
n 1
Hxn = |D¢(Iny knhn”

Now (3.5) implies, if k,, > 1, that

RW(DG(Tn, knhn), D*G(Tn, knhy)).

1
:thidaEhn(kn—l)((En) = Hgn + CQ(', knhn) * 1Eh,"(kn)(xn) + ((Eny knhn)7
n

where we take the — sign if z, € Ej (k, — 1), and the + sign otherwise. With this
convention,

1 1 (bt(xru knhn)
+—d (z,) > £—d () = — 2t
hn aEhn (kn 1) (l' ) - hn th (kn 1) (Z' ) ‘D(jﬁ(l‘n, knhn)|

+o(1).

Putting together the last three equations yields

Gt (T, knhn) + 0(1) > W(D(zn, knhn), D*¢(20, knhy))

(4.1)
- [CO('7 knhn) * 1Ehn (kn)(xn) +ca (l‘n, knhn)} ‘D¢(xn; knhn)|
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Thanks to the discrete Holder estimate, Theorem 2.4, we know, since k,h, — t, that
Ey, (k) — E(t) in LY(RY). Up to a subsequence, we can assume that Ej (k,) — E(t)
almost everywhere. As a consequence, sending n to 400, we get the result, namely:

oi(x,t) > h(Do(z,t), D2¢>(x,t)) — [co(',t) * 1pw(x) +c1 (x,t)} |Do(z,t)].

4.2 Regularity of £* and F,

Now we are going to prove a regularity result for the tubes E* and E, which allows
in particular to treat the degenerate case D¢(x,t) = 0 in Proposition 4.1:

Proposition 4.2.
For all z in RN, the maps t — dp-)(x) and t — dz )(x) are left-continuous on

E.(t
(0, 7).

To prove this we first need to estimate in a finer way than what we have done in Section
2 how Ej, (k) can expand or shrink at most at each iteration. This is the equivalent of
[1, Theorem 5.4]. Let us first define for simplicity of forthcoming estimates the scaled
ball Wr = Bp(uy)/n (0) = Bgy.. (0), so that LN (Wg) = RY. Then Wx minimizes the
perimeter among all sets E € P such that £V (E) = RY. This property will provide the
necessary estimates.

Let us also define, for any subsets A and B of RV, A — B=RY\ (RY \ A) + B).

Lemma 4.3.
Let F € P and let E be a minimizer of F(h,k,-,F) on P. Let L be defined as in
(1.5). Let R(h) = 2Lw.h + 2\/L2w2h? + 2w, hP(W7). Then

F— WR(h) CECF+ WR(h) a.e.

Proof. We begin by proving the left-hand side inclusion, and we will see that the other
inclusion immediately follows. We adapt the proofs of [1, Section 5].

Step 1: Let us first prove that if 0 < R < S, Wg C F and 0 < 2LV (Wx \ E) < RY,
then

S—R N -1 2U/N(N —1) LY (Wr\ E)
. < .
oh R—-2LR < P(Wh) + e 7N

We compare E and E U Wg with respect to the functional F(h,k, -, F):

P(W)

P(E)+%[EAF dor (z) da:—/E (;co(~7kh)*lg(x)+cl(x7kh)) do

1
< P(EUWR)+7/ dop(x)dx
h J(euwgr)ar

1
7/ (200(',kh)*1EUwR(x)+cl(m,kh)> dz.
EUWR

Since Wgr C F, we check that EAF = ((EUWg)AF) U (Wg\ E). This, together with
manipulations similar to those of previous proofs, implies that

P(EUWR) — P(E) > 1 / dop(x)dx —20LLN (Wg \ E)
hJwe\e (4.2)

> (S R 2L> LY (Wr \ B),

wyh
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since the inclusion Wg C F implies that dop(z) > (S — R)/w. for each x € Wg. But
conclusion (4) of [1, Proposition 5] implies that

P(EUWER) — P(E)
N —1LNWg\E) | 2/N(N - 1) (EN(WR\E))Q}

<RVN 1P(W1) { N RN N2 RN
and the result follows from the last two inequalities.

Step 2: Now let us assume that the conclusion of the lemma does not hold, i.e. that
if we set A = (F — Wgq,) \ E, then LN (A) > 0. There must exist p € A such that for
any 7 > 0, LN(AN B,(p)) > 0. We can assume, possibly applying a translation, that
p = 0. Therefore Wg(,y C F' and EN(WR(h)/g \ E) > 0. Moreover we also have

m)",

2LN (Wrany 2 \ E) < ( 5

otherwise we would obtain as in Step 1 with S = R(h) and R = R(h)/2 that

P(EUWR(2)—P(E) > (R(h) — QL) LY (Wray 2\ E) > (fjh}i — 2L> % (R(;‘)>N,

2wy h

because % —2L > 0. But P(EUWgy2) < P(E) + P(Wg(s)/2), whence

(ZEZ)L — 2L> % (R;}L))N < P(Wgny)2) = <R(2h)>N_l P(W),

or equivalently

which is contradictory with the choice of R(h), since equality should hold instead of the
last inequality. Then we can apply Step 1 with S = R(h) and R = R(h)/2 to infer that

2 _ 1/N — N 2

or thanks to the choice of R(h):

N—1+21/N(N—1)1
- N N2 2’

which is false. This proves the left-hand side inclusion of Lemma 4.3.

Step 3: Let us now explain why the left-hand side inclusion is sufficient to deduce
the right-hand side one. Let B = Bp(0) be a large ball. It is easy to check that if F' € P
with FF C Bp_1(0), and if E € P with E C Bp_1(0) is a minimizer of F(h, k,-, F') on P,
then B\ E is a minimizer of

1 1 _
E— P(E)+ 7 /EA(B\F) dor(z) dzx —/E <2¢:0(~,kh) *1p(x) + 1 (x, kh)> dz

among all sets in P and included in B, where ¢1(z, kh) = —c1(z, kh) + co(-, kh) x 15 ().
Therefore, taking h small enough so that R < 1, the arguments on F and F' in the previous
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steps transform into the same arguments for B\ E' and B\ F, since in particular the term
2L appearing in (4.2) was taken so large (with the a priori useless factor 2) as to get the
lower bound there also with ¢ in place of ¢;. The conclusion F' — Wgr C E transforms
into (B\ F)— Wg C B\ E, that is exactly E C F + Wg. O

The last lemma provides a bound on the growth of F-minimizers at each iteration
equal to 2Lw,h + 2\/L2w3h2 + 2w,hP(W7), and of the order of Vvh. This is not fine
enough to conclude the left continuity, mainly because if kh — ¢, then kv/h — +oco and
the bound is lost in the limit movement. The following lemma refines the bound to the
order h.

Lemma 4.4.
Let us set § = 2%P(Wl) and R(h) = 2Lw.h + 2\/L2wfh2 + 2w hP(W7).

1. Assume that p+Wg C Ey,(k) a.e. for some p € RN and k, h such that kh <T. If h
and j are small enough so that R(h) < % and jh < min{ﬁjms),T — kh}, then

P+Ws w.(sraryn C En(k+37) ae.

2. Assume that p+ Ws C RN \ Ej,(k) a.e. for somep € RN and k, h such that kh < T.
If h and j are small enough so that R(h) < % and jh < min{#jus),T — kh}, then

p+Ws_w*(%+2L)jh CRN\Eh(kJ+J) a.e.

Proof. Let us prove the first assertion. For simplicity we assume without loss of generality
that p = 0. We prove the result by induction on j. The result for j = 0 is the assumption.

Let us assume that the result holds for some j such that (j + 1)k < min{#ﬁzmm T—
kh}. We know thanks to Lemma 4.3 that
En(k+j) — Wam C Ex(k+j+1) ae. (4.3)

Since the induction assumption states that We . (2 120)n C En(k + j), and since the
assumptions on j and h imply that

S 5 ‘
R(h) < 5 = w, (5 + 2L> jh,

we deduce from (4.3) that Wg/o C Ep(k + j + 1) almost everywhere. Let us set

S
Trmaz = sSup{r; W, C Ep(k+j+1) a.e.} > 3

Step 1 of Lemma 4.3 shows, by sending R to r ., that

max’

1 0 N -1 0
— — ] — — < M/ — —
ok ({S Wi <S + 2L> ]h} Tmaa:) Tmaz — 2LTmae < N P( 1) 2’

from which we infer that

1) ) 0
_ — y _ < <
{S Wi (S —|—2L> ]h} T'maz <2r - —|—2L) wih < wy (5 + 2L> h,

and the result for Ej(k+ j 4 1) follows, so that the proof by induction is complete. The
proof of the second point is entirely identical, according to the remark in Step 3 of the
proof of Lemma 4.3. O
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We are now ready to prove Proposition 4.2. This proof is inspired by the proof of [12,
Lemma 4.7].

Proof of Proposition 4.2. Let us start with E*. Assume on the contrary of our claim
that there exist x € R and ¢ € (0, T such that s — dp+(s)(z) is not left continuous at .
Since this map is lower semi-continuous thanks to the closedness of E*, we deduce that
there exist ¢ > 0 and a sequence (t,) converging to ¢~ such that for all p € N,

dE*(tp)(l') > dE*(t)(JJ) + €.

Let S = ew,, so that Wy is the closed ball of radius e centered at 0. By considering a
projection of x on E*(t), we can assume that 2 € E*(¢) and for all p € N,

dE*(tp)(l') > E.

Set for a fixed p, ky, = [t,/hn], so that k,h, — t,; as n — +o00. By definition of E*(t,),
there exists ng large enough depending on p so that for all n > ng, dEhn(kn)(:zt) > e. Let

us set 5
M=|(—=+2L).
(S+ )

Then we can apply assertion 2 of Lemma 4.4 to deduce that for all n > ng such that
2

R(h,) < £ and for all j such that jh, < min{m,T — kphy}

dEhn,(k1L+j) (Jf) Z g — M]hn (44)

Indeed we have Wg_, (s 1ar)jn, (x) CRN\ By, (ky + 7). Let us set

{8
TR 2N 4w, (5 1 2L9)

and fix s € (0,7) with s <T —t,. We set j, = [s/hy] so that j,h, — s~ as n — +oo.
Then j,h, < min{ﬁszS),T — kphy} for n large enough, so that sending n to oo
in (4.4) yields, by definition of E*(t, + s),

dp«(t,45) () > € — Ms >

| ™

Taking s = t —t, for p big enough so that 0 < s < 7, we get dg-(y(z) > 5, which
contradicts the fact that = € E*(¢).
The proof for dz is obtained in the same way by using assertion 1 of Lemma 4.4. [

4.3 Comparison at initial time

We finish by giving a consequence of previous growth results on the comparison of
the initial sets F,(0) and E*(0) with Ey. This result will be essential for comparison at
later times:

Proposition 4.5.
We have EqC E.(0) C E*(0) C Ey.
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Proof. We only prove that E*(0) C Ep, the left-hand side inclusion is obtained by similar
arguments. Suppose on the contrary that there exists z € E*(0) \ Ey. Then we can find
some ¢ > 0 such that B.(z) C RV \ Ey. By definition of E*(0), there exist sequences
kn — 400 and z, — x with k,h, — 0 and z,, € Ep,, (k,). Thanks to Lemma 4.4 and
the facts that Ej_(0) = Ey and kphy, — 0, we know that there exists M > 0 depending
only on ¢, L and N such that if k is large enough, then

B _nmikon, () CRY N\ By, (k).

But z,, — « and € — Mkyph,, — ¢, so that x,, € Bo_ i, 1, (¢) for n large enough. This is
a contradiction since x,, € Ej,, (ky), and this proves the proposition. O

5 Minimizing movements and weak solutions

With the tools of Section 4, we are now ready to prove Theorem 1.4. Since E,(t) C
E(t) C E*(t) a.e. for all ¢ € [0,T], it suffices to prove that for all ¢ € [0, T,

{u(-,t) >0} C Ex(t) and E*(t) C {u(-,t) > 0}.

To this end, we will use a comparison principle for discontinuous viscosity solutions.
We therefore start by giving equations satisfied by 15, and 1p- in the viscosity sense, in
relation with Theorem 4.1:

Theorem 5.1.
Under the assumptions of Theorem 1.4, we have:

1. For any (x,t) € RN x (0,T), if a test function ¢ of class C? is such that 1g- — ¢ has
a local mazimum at (x,t), then:

o if Do(z,t) # 0, we have
¢e(@,t) < W(Do(x,t), D*p(x, 1)) + [co(- 1) * Loy (2) + e1(x, 1)] [ D(x, t)].
e if Dé(x,t) = 0 and D*¢(x,t) =0, we have
oe(x,t) <O0.

2. For any (z,t) € RN x (0,T), if a test function ¢ of class C? is such that 1p, — ¢ has
a local minimum at (x,t), then:

o if Db(x,t) £ 0, we have
¢o(w,t) = W(De(x, 1), D*p(x, 1)) + [co( 1) * Ly (2) + e1 (. 1)] [ D(x, 1)].
o if Dé(x,t) = 0 and D2¢(x,t) = 0, we have
oi(x,t) > 0.

Proof. We only prove the first point, since the second point uses the same arguments.
We only need to consider the case where (z,t) € JE*, since otherwise all derivatives of
¢ at (x,t) vanish and the equation is obviously satisfied.

First case: D¢(z,t) # 0. In this case it is straightforward to check that —¢ has a local
maximum on E* at (x,t). Therefore, the first point of Proposition 4.1 gives the result.
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Second case: D¢(x,t) = 0 and D?¢(z,t) = 0. We can always assume that our maxi-
mum is equal to 0, i.e. ¢(x,t) = 1g-(z,t) = 1. Let us also assume that ¢;(z,¢) > 0. Then
a Taylor expansion of ¢ at (z,t) shows that there exist § > 0 and k > 0 such that for all
(y,s) verifying s € (t — 6,t) and |y — z| < 2k(t — )"/, 1p-(y,5) < d(y,s) < ¢(x,t) =1,
whence y ¢ E*(s). As a consequence for all s € (t — d,1t),

dE*(s) (33) > ki(t — 5)1/3.

Now we can proceed as in the proof of Proposition 4.2, using the growth control given by
Lemma 4.4, to prove that there are positive constants k1 and ko such that for all s < ¢
close enough to t,

k
dE*(t)(x) > k(t— 5)1/3 — < 1>1/3 +k2) (t— S) > 0,

(t—s
which contradicts the fact that « € E*(t). Therefore ¢.(z,t) < 0. O

Proof of Theorem 1.4. The previous theorem shows that 1 is a subsolution of the level-
set equation (1.4), while 1g, is a supersolution. Indeed, an argument of Barles and
Georgelin [7, Proposition 1] shows that under the conclusions of Theorem 5.1 there is
no property to check when the test function satisfies Do(z,t) = 0 and D?¢(z,t) # 0.
To conclude we use a method initiated by Barles, Soner and Souganidis [9, Theorem
2.1]: let (®,) be a sequence of smooth functions such that ®,, = 1 on [0,+00), ®, >0
in R, ®,(R) C [0,1] and inf,, ®,, = 0 on (—o00,0). Thanks to Lemma 4.5, we know
that 1g-g) < ®p(ug) in RY. Since (1.4) is a geometric equation, ®,(u) is a uniformly
continuous solution of this equation. The comparison principle [9, Theorem 1.3] implies
that for all ¢ € [0,7),
]-E*(t) < (I)n(u(at))

If z € {u(-,t) < 0}, we therefore have

1g«)(z) < inf @, (u(z,t)) =0,

which means that x ¢ E*(¢). As a consequence E*(t) C {u(-,t) > 0} for all t € [0,T),
which also holds for t = T' by continuity of v and thanks to Proposition 4.2. The argu-
ment to prove that {u(-,t) > 0} C E.(t) is similar.

In case there is no fattening, we deduce that for all ¢t € [0,T], E(t) = {u(-,t) > 0}
almost everywhere, and we can replace {u(-,t) > 0} by E(t) in (1.4) to deduce that v is
a viscosity solution of (1.4). This concludes the proof of Theorem 1.4. O

6 Comparison with the smooth flow

Now we are going to show that our construction is consistent with smooth flows if
they exist: we turn to the proof of Theorem 1.5. Following Cardaliaguet and Pasquignon
[13], we define a sub/super pair of solutions for our non-local motion. Roughly speaking,
it is a pair (K1, K2) of tubes, where K1 moves with velocity

Vet < Hypy + inf ){co(-,t) *1x(z)} + c1(x,t),

T Ki(t)CKCKa(t
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while Ko moves with velocity

Vw,t > Hw,t + sup {CO('7t)*1K(x)}+Cl(x’t)'
Kl(t)CKC’CQ(t)

As we did at the beginning of Section 4.1, we formulate this in terms of test functions:

Definition 6.1 ([13], Definition 2.5).

Let K1 and Ko be compact subsets of RY such that K1 CKsy. A sub/super pair of
solutions with initial data (K1, Ks) is a pair (K1,K2) of tubes such that
1. K1 C Ks. - .
2. IC1(0) = K7 and ICQ(O) Cc Ks.
3. For any t € (0,T), if a test function ¢ of class C? has a local mazimum on Ky at
some point (z,t) € OK1, then

oi(x,t) > h(Do(z,t), D2¢>(x,t)) — [lcl(t)cigfcicz(t){co(.’t) *1g(z)} + cl(amf)] |Do(z,t)].

4. For any t € (0,T), if a test function ¢ of class C* has a local minimum on I/C\g at
some point (x,t) € 0Ky, then

(bt(mvt) < h(D¢(x7t)7D2¢(x’t)) - [ sup {CO('7t) * 1K($)} + Cl(x7t)‘| |D¢(x7t)|

K1(t)CKCKa(t)

Such sub/super pairs of solutions exist and we can define, following Cardaliaguet
and Pasquignon, eztremal sub/super pairs of solutions (K5, K§) with initial data (Eo —
eB1(0), Eg + €B1(0)). The extremality holds with respect to the inclusion. Moreover,
if By is compact with uniformly C3*“ boundary, and if E,. is a smooth evolution with
C3T% boundary, starting from Ey with normal velocity given by (1.9), then K5 C E, C K3
and both Kf and K5 converge to E, in the Hausdorff distance as ¢ — 0, as proved by
Cardaliaguet [11]. This implies in particular that a smooth evolution with C3+* bound-
ary is necessarily unique.

Now, owing to the respective velocities of Kf, E., E* and K§, we want to compare
these sets. Going through the corresponding proofs in [13] and [11], we check that the
estimation on the velocities of E* and F. (Proposition 4.1), their regularity property
(Proposition 4.2) and their initial position relatively to Ey (Proposition 4.5) give the
following result:

Theorem 6.2 ([13], Theorem 2.11).

Under the assumptions of Theorem 1.5, let (K5,K5) be an extremal sub/super pair of
solutions with initial data (Eq —eB1(0), Eg +eB1(0)). If K5(t) and K5(t) are non-empty
for allt € [0,T], then

Ki(t) C E.(t) C E*(t) C K5() Vte[0,T).
We are finally ready to prove Theorem 1.5.

Proof of Theorem 1.5. Since K{ and K§ converge to the smooth evolution E, starting
from Ej in the Hausdorff distance if the latter exists, we deduce that for all ¢ € [0,T),
E.(t) = E*(t) = E,(t). This also holds for ¢ = T thanks to Proposition 4.2. Moreover
we know that for all ¢ € [0, T, F.(t) C E(t) C E*(t) a.e., so the result follows. O
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7 Existence and uniqueness of a smooth solution

To conclude this work, it is natural to verify that such a smooth evolutions exists (we
already know that it must be unique). This is the claim of Theorem 1.6, that we prove
now, using a fixed point method. We therefore begin by constructing a smooth solution
for the local problem (i.e. with prescribed velocity).

7.1 Existence of smooth solutions for the local problem

Theorem 7.1 (Existence of a smooth solution for the local problem).

Assume that Ey is a compact subset of RN with uniformly C3t* boundary and that
c € W2L(RYN x [0,T]). Then there exist a small time to > 0 depending only on Ej
and on an upper bound on ||c|lw21:0 @~ x[0,17), and a smooth evolution E,. with C3te
boundary defined on [0,t0], starting from Ey, with normal velocity

Vo = Hyy + c(z, 1), (7.1)
where Hy ¢ is the mean curvature of I'(t) = OE,.(t) at x.

The proof is an adaptation of the one proposed by Evans and Spruck [15] for the
classical mean curvature motion (see also Giga, Goto [19] and Maeckawa [23] for more
general equations). For the reader’s convenience, we give the steps of the proof to explain
how to treat the dependence in the space variable of the velocity c.

Assume we are given the smooth hypersurface I'g = dFy, a time ty > 0 and a smooth
evolution ¢ — I'(t) = OE(t) of surfaces developing from I'g on [0, ¢y] with normal velocity
V. Heuristically, one can show (see [15]) that the signed distance function d to I'(¢)
defined by

d(x.1) :{ —dist(x,T(t)) = € RN\ E(t)
’ dist(z,I'(t)) x € E(t)

is a solution of
vy = F(D*v,v) + c(z — v(x, t) Dv(z, t),t) (7.2)
with
F(R.2) = FOn(R)v e (R)2) = 3 1250 &

— 1 —
=1

where A1 (R) < A2(R) < ... < Ay (R) are the eigenvalues of R. F is a priori defined and
smooth for |R| and |z| small enough, but we extend it to be smooth on all of Symy x R
with |F|, |DF| and |D?F| bounded as in [15].

The idea is to study directly the PDE (7.2). To this aim, we set I'g = 0Ej and let

o) :{ —dist(x,Ty) =« € RN\Ey (7.4)

dist(z,Ty) =z € Ey
be the signed distance function to I'y. We fix &y so small that g is of class C3t® within
V={zeRN, -5 <g(z) <d}
and we set, for tg > 0 to be determined,

Q:VX(O,t0)7 E:8V><[07t0].
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The plan is to consider a solution to the PDE

vy = F(D?v,v) + ¢(x —vDv,t) in Q
|Dv|? =1 on X (7.5)
v=g on V x{t=0}

and prove that the zero level sets of v(-, t) are smooth hypersurfaces evolving with normal
velocity given by (7.1).

First, we have the following existence result for this non-linear PDE (see Lunardi [22
Theorem 8.5.4 and Proposition 8.5.6]):

Theorem 7.2 (Existence for the non-linear PDE).

There exist 69 depending only on Ey and tg > 0 depending only on Ey and on an upper
bound on ||c||w2.1i00 < [0,77) Such that there exists a unique solution v € C*T* =7 (Q)
of the PDE (7.5). Moreover the first order space derivatives vy, , for 1 <k < N, belong

to C2He 2% (V x [0, to]).
Evolution of the zero level set of v
The rest of the proof is devoted to proving that, possibly reducing tg, the mapping
te[0,tg] — E.(t) = (Ex \V)U{x €V, v(z,t) > 0}
is a smooth evolution with C3+® boundary, with normal velocity given by (7.1).

Proposition 7.3 (Distance property of v).
Let v be the solution of (7.5) given by Theorem 7.2. Then we have

|Dv> =1 inQ. (7.6)
Proof. We adapt the proof of Evans and Spruck [15, Theorem 3.1].

Step 1. Let w = [Dv|? — 1. Then w € C*t**5% (V x [0, #0]). Moreover, using the PDE
(7.5) and the definition of g given by (7.4), we get that

w=0 onXU(V x{t=0}).
Step 2. Differentiating (7.5), we compute (with implicit summations over %, j, k)

oF OF
Vtxy, = W(Dzvav)vmmjzk + a
ij

Therefore

Wy =2Vg, Vgt

3 F
=92 grij (D%, V)V, Vapaiz, + 2({;7(D2’U, 1))|D1;|2 + 2%(0(1 —vDv,t))vg,
F F F
:grij (DQU7 v)wzimj — STU (Dzu, U)Urkziurkrj + QZ—Z(DQU, v)|Dv|2 + 2%(0@ —vDv, t))vzk'
(7.7)

Now

P N
2873%( c(x —vDv,t))vg, =2 Zg:l oz, (x —vDv,t)(Jik — Vg, Va; — VVpps;) Uny,

72(|Dv\271) O ~—(z—vDv,t)v i v w
8 Z; ) X

=1 =
=—w ll({L‘7t) — Wy, lQ,i(x7t)7
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where

Y de
Li(t,z) =2 Z (x —vDwv,t) vy,
i=1

— 61‘1
and ,
lo,i(x,t) = 8:1:07; (x — vDv) v.
Moreover as recalled in [15],
oF OF
87‘1‘3‘ (Dzv)vzkzivzkzj - %(DZU, U).

As a consequence (7.7) becomes

Wy

r
(D?v, V)We,o; + (288 (D?*v,v) — ll(x,t)> w —lg i (x,t) wy,.
2z

- ij

In view of the uniform ellipticity of F' (see [15, Lemma 2.1]), we get that this is a
uniformly parabolic equation. Using the fact that w = 0 on the parabolic boundary of
@, we deduce that w = 0 in Q. This ends the proof of the proposition. O

Now, using (7.6), we get that

I={(z,t)€qQ, v=0}

is a C! hypersurface in Q and each slice I'(t) = {z € V, v(z,t) = 0} is a C3T* hypersur-
face in V. Moreover we have the following equivalent of [15, Theorem 3.2]:

Theorem 7.4 (Existence of a classical evolution).
The surfaces {I'(t) }o<t<t, comprise a classical motion starting from T with normal
velocity
Va:,t = Hz,t + C(l‘,t).

Given that I'(t) = OFE,.(t) for all t € [0,t0], provided ¢y is small enough depending
only on an upper bound on ||c||{,Vz,1;c>o(]Rz\rX[()Jw])7 this concludes the proof of Theorem 7.1.

7.2 Existence of smooth solution for the non-local problem

With the results of the previous section, we are now ready to carry out the fixed point
argument. We use the same notation as in the previous section, in particular F', Q, X
and V', with the same Jy fixed, but for some ¢y to be determined. Using the same method
as in Section 7.1, our goal is to construct a solution to the PDE

vy = F(D?v,v) + (co(:,t) *v Ly py>03) (€ —vDv,t) + é(x —vDv,t) in  Q
|Dv]? =1 on X
v=yg on V x {t=0}
(7.8)
where *, denotes the convolution restricted to V, i.e.

co(-t) xv Liu >0y (2) = / co(z =y, t)1{u(0>01 (y) dy
174

and
i, 1) = / col@ — 9, O)dy + e1(, ).
Eo\v
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We define the set

||v_g||c2+a,# <Ry

& — 2 _ 1
E— c o2te T |[Dv|* =1in Q
! @ v=gonV x {t =0}
v =hoonV x {t =0}

@

where g is defined by (7.4), Ry is a small constant which will be precised later and
ho = F(D*g,g) + co * 1p,(z — gDg,0) + c1(x — gDg. 0).
For w € E, we set

Cw(l',t) = CO('at) *v 1{w(~,t)20}(x) + 5($7t)'

Under the assumptions on ¢y and ¢; it is easy to check that ¢, € W2L(RN x [0, 7))
(see the definition of W21 (RN x [0,T]) after (1.11)). Indeed, the only difficulty is to
check that ¢, is Lipschitz in time. To do this, let us state the following lemma:

Lemma 7.5 (Estimate on characteristic functions).
There exists a constant C' which does not depend on to, such that if uy, us € C1(V)
satisfy Du; - Dg > % iV fori=1,2, then

11gui>0y = Lus>03 | 1y < Cllur — vall oo 77y

The proof is an easy adaptation of [3, Lemma 42] (using local cards and a partition
of unity), so we skip it.

For any u € E, Du satisfies Du(-,0) = Dg and is Holder in time. As a consequence,
for tg small enough depending only on an upper bound on

HUHC’“C"#(Q) < Ro + ||9||C2+0<(V)7

we have Du(-,t)-Dg > 1/2in V for any u € FE and t € [0,to]. Therefore, using the
previous lemma, we can compute

lcw(,t) — cw(, 5)| =[co(- 1) *v Liw(1)>01(T) = co(-, 8) *v Liw(. s)>03 (x) + E(x,t) — é(z, 5)]
<leo(+st) *xv Liw(,0)>03 (%) = co*, ) %V 1w s)>0} (7)]
+leo(,t) *v Liw(,9)201 (%) = co(*, 8) *v Liw(. s)>03 (@)] +[E(z, ) — &(z, 5)]
< Cult - s,

where

Cw = C”CO”L“(RNX[O,T])||w\|cz+a,#@)+2||Co||leoo([o,T];Loo(RN))EN(Eo)JrHCl||W2w1=o<v(RNx(o,T))«
The factor 2 appears if we assume that £V (V' \ Ey) < LN (Ep), which is always pos-

sible. We remark that this constant C,, can be chosen independently of w since we

have ||w\|02+a72+7a@) < Ro + ||gllg2+a i)~ This, together with similar estimates on space
derivatives, implies that for any w € E,

HCwHW?J%W(@) <C(1+ RO)v

28



where the constant C' does not depend on ty, Ry.

As a consequence of Theorem 7.2, for to small enough (depending only on Ry), we
can therefore define for any w € F, v = ®(w) as the unique solution of
vy = F(D?v,v) + c(z —vDv,t) in Q
|Dv|? =1 on X
v=g on V x{t=0}
Moreover the proof of Theorem 7.2 shows that provided tg is small enough (depending

only on Ryp), then v € E for any w € E. Let us now prove that ® is a contraction, for a
good choice of parameters Ry and tg.

Let wy, we € E, v1 = ®(wy), vg = ®(wz) and v = vg — v1. Then v is a solution of

Vf = QijUs,z; + five, +ev =205+ A(D?*v, Dv,v,z,t) in Q

8—; = a(Dwv,z,t) on X
v=0 on V x {t=0},
where
OF 0 OF
Ajj = s, (D*vy,v1)vi5,  fi = 8721}1’ e = Dcy, - Dvy — %(nghvl)»

0 = cy,(x — v2DVa, t) — Cy, (T — V2 Dva, t),

OF OF
= (D? —

62 ( U1 Ul)z 87‘2‘]‘
+ cu,y (& — (v1 + 2)(Dv1 + p), t) — cw, (x — v1. D1, t)

Ocy, (x — v1 Doy, t) o
6:61‘

A(R,p, z,x,t) :F(D2v1 +R,vy +2)— F(D2v1, vy) — (Dzvl, V1)Ti;

+ (Dey, (& — v1 Dvy,t) - Dup)z +

and
(@ (Dvi(e.t) - Do(@) + Ipf?) on {g= 1)

L (2 (Du(e.1) - Dg(@) + 1) on {g = b0},

where we have used the fact that Dg is a unit normal to V. Using the same arguments
as those of Evans and Spruck [15, Lemma 5.3] (i.e. a Taylor expansion) and the fact that

||’U\|Cz+a e oy S < 2Ry, we get that

a(p,z,t) =

||AHCQ%(§)3HQH lta < COROH'U” 24 (79)

ol (E) ot (@)

where Cyy does not depend on ty, Ry. Using [15, Lemma 2.2], we then deduce that:
Jor=el o 25 gy = ol 25 < O (Wllgm gy + 14l gy + lall s )

where C; does not depend on ty and Ry, which together with (7.9) implies that

|| H o2t “7‘1 @) < 201”5”(7‘1’% (710)

@)
as soon as Ry < (4CyCy)~ L. Let us fix from now on such a Ry.

We now use the following lemma, the proof of which is postponed:
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Lemma 7.6 (Estimate on the velocities).
With the previous notation, there exists C' independent of tg such that if w = wi —ws,
we have for ty small enough

10l @) < Cllwllwraie @)

This implies in particular, also using the Holder regularity of w and the fact that
w(+,0) = 0= Dw(-,0), that

101l et ) < M0llwra0e ) < Cllwn = wllws s gy < Ctg llwr = w2l e 240 o

Using (7.10), we deduce that for ¢ty small enough,

1
||’l)1 - UQHCHQ,“T“(@) < 5”7"01 - w2HC2+a,2+Ta(§)'

This implies that ® is a contraction whence, using the Banach fixed point Theorem, we
deduce that there exists a unique solution v of (7.8).

Using Theorem 7.4, we finally obtain that, possibly reducing ¢,
t € [0,t0] = Ep(t) = (Eo \ V) U{z €V, v(z,t) = 0}
defines a smooth evolution with C3T® boundary starting from Ey with normal velocity
Vei = Hyy +co(-,t) x 1g, 1) (x) + 1z, t).
This concludes the proof of Theorem 1.6.

We end with the proof of Lemma 7.6:

Proof of Lemma 7.6. We begin by estimating the derivative of § in time. Writing out
the expression of %, we see that thanks to the regularity of ¢y and the fact that

Hv2||c2+a,2+T"‘(§) < Rp+ ||gHC2+°‘(V)7

the only difficult term to treat is %(cw2 — ¢y, ). However we have, using Hadamard’s
formula:

O(Cwy — Copy
w2 00) (0,0) = [ oo = 9 Aty — Liwatz01)(0) d (r.11)
- / (wn)e(y. E)eol — v, )IHY () + / (w2)e(y, t)eo( — y, )IHY " (y).
{w1(-,t)=0} {wa(-,t)=0}

First, using Lemma 7.5, we have that

/V(CO)t(x - y7t)<1{w1(‘~,t)20} - 1{w2(-,t)>0})(y)dy’ < CHCOHWLOO([O,T];LDC(RN))||w||Leo(§)-

(7.12)
For the second term, we write

/ (w2)o(y, t)eo(@—y, H)AHY " (y)— / (w1)o(y, )o@y, )AHN " (y) = T, 1T,
{wa(-,t)=0} {w1(-,t)=0}
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where

7 - / (ws)e (s E)co(a—y, )IHN " (y)— / (wn )y, D)co (2 —y, 1)AHY " (3)
{w2(-,t)=0} {w2(-,t)=0}

and

1, = / (w1)o (9 t)eo(o—y, )Y~ ()~ / (w1)e(y t)eo(e—y, AN (3).
{wa(-,t)=0} {w1(-,t)=0}

We remark that
1Z1] < Clleoll oo @y llwtll L @) (7.13)

where the constant C' is a bound on the perimeter of {u(-,¢) = 0}, uniform for v € E
and ¢ € [0, to].

We now treat Z,, and to this aim we use a local parametrization. We choose local
coordinates and r small enough such that if B, = BY~1(0), then

3
o =4 in B, X [—r,7].
Now, for ¢y small enough (depending only on Rj and g), recalling that

wi(50) =g and fwil o0 240 5 < Fot llgllozeaw),

we get that
8101‘ 1
> =
Jxny — 2
We fix t < tp and we assume that {w;(-,t) = 0} = {(«/, fi(z")), =’ € B,}. Using
a partition of unity, we will then recover the complete estimate. We define ¢(z’) =
fa(2’") — fi(2"). For tg small enough (depending only on Ry and g) we can assume that

in B, X [—r,7]. (7.14)

1
Ro + |9l cava )

le(2”)| < a (7.15)

We then have
mi<c [ VIFDAF o - oy - 5.0
y' €B;
~V 1+ |Dfi+ Del? co(2’ =y, oy — f1(y) —e(y'), 1) | dy’

< Clellw=(s,),

where we have used the fact that ¢y € L°°([0, 7], W1>°(RY)) and where the constant C
depends only on Ry, g and cg.

Our goal now is just to estimate |1 (5,) with respect to [|w| 1o (o 1111 (7))
For simplicity of notation, we forget the dependence in time of w, w; and wy. We recall
that

wi (2, f1(2")) = 0 =wa (2, f1(2") +&(2')) (7.16)
=wi (', f1(2") +e(2')) —w(a’, fi(a') + e(a’)).
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Using a Taylor expansion, we get that

!/ !/ / / ! a ! ! !
wi(e!, fu(a) +ela) =wn (e, f@) + o @ f@) <) o), (T17)
where L2 )
w1y
ol < 5 Szt | Il < Fllll,
0%w

thanks to (7.15) and the fact that ’
(7.16), (7.17) and (7.14) that

1
92, < Ro + ||gllga+a - We then deduce from
lellze < 4wl e - (7.18)

Differentiating (7.16) with respect to x; and using a Taylor expansion, we get as above

w1l Lo (p0, 01,1712 (7))
lex ||z < C | Foa | < Cllwll poe (0,40, w10 (7)) -

ox N

Combining the last inequality with (7.18), we have
|I2| S CHwHLOC([07t0]7wl,oo(7))- (719)

Using (7.12), (7.13) and (7.19), we finally obtain

1l

The estimates on [|6]| g and ||Dé[,« g, are easier (they use the regularity of co), so
we skip their proofs. This ends the proof of the lemma. O

Acknowledgements

The authors would like to thank P. Cardaliaguet and R. Monneau for fruitful discussions
during the preparation of this paper, as well as Y. Giga for sending us some references.
The first author was supported by the contract JC 1025 called “ACI jeunes chercheuses
et jeunes chercheurs” of the French Ministry of Research (2003-2005).

References

[1] F. ALMGREN, J. E. TAYLOR, AND L. WANG, Curvature-driven flows: a variational
approach, SIAM J. Control Optim., 31 (1993), pp. 387—438.

[2] O. ALVAREZ, P. CARDALIAGUET, AND R. MONNEAU, Ezistence and uniqueness
for dislocation dynamics with nonnegative velocity, Interfaces and Free Boundaries,

7 (2005), pp. 415-434.

[3] O. ALvarez, E. CArRLINI, R. MONNEAU, AND E. Rouy, A convergent scheme
for a nonlocal hamilton-jacobi equation, modeling dislocation dynamics, Numerische
Mathematik, 104 (2006), pp. 413-572.

[4] O. ALvAREZ, P. HocH, Y. LE BOUAR, AND R. MONNEAU, Dislocation dynamics:

short time existence and uniqueness of the solution, Archive for Rational Mechanics
and Analysis, 85 (2006), pp. 371-414.

32



[5]

[6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

L. AMBROSIO, Minimizing movements, Rend. Accad. Naz. Sci. XL, Mem. Mat. Appl.
(5), 19 (1995), pp. 191-246.

G. BARLES, P. CARDALIAGUET, O. LEY, AND R. MONNEAU, General results for
dislocation type equations. Preprint.

G. BARLES AND C. GEORGELIN, A simple proof of convergence for an approxima-
tion scheme for computing motions by mean curvature, STAM J. Numer. Anal., 32
(1995), pp. 484-500.

G. BARLES AND O. LEY, Nonlocal first-order hamilton-jacobi equations modelling
dislocations dynamics, To appear in Comm. Partial Differential Equations, (2005).

G. BARLES, H. M. SONER, AND P. E. SOUGANIDIS, Front propagation and phase
field theory, STAM J. Control Optim., 31 (1993), pp. 439-469.

E. BOMBIERI, Reqularity theory for almost minimal currents, Arch. Rational Mech.
Anal., 78 (1982), pp. 99-130.

P. CARDALIAGUET, On front propagation problems with nonlocal terms, Adv. Dif-
ferential Equations, 5 (2000), pp. 213-268.

P. CARDALIAGUET AND O. LEY, On the energy of a flow arising in shape optimi-
sation. Preprint.

P. CARDALIAGUET AND D. PASQUIGNON, On the approximation of front propaga-
tion problems with nonlocal terms, M2AN Math. Model. Numer. Anal., 35 (2001),
pp. 437-462.

L. C. Evans AND R. F. GARIEPY, Measure theory and fine properties of functions,
Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1992.

L. C. EvANSs AND J. SPRUCK, Motion of level sets by mean curvature. II, Trans.
Amer. Math. Soc., 330 (1992), pp. 321-332.

H. FEDERER, Geometric measure theory, Die Grundlehren der mathematischen Wis-
senschaften, Band 153, Springer-Verlag New York Inc., New York, 1969.

N. FORCADEL, Dislocations dynamics with a mean curvature term: short time ex-
istence and uniqueness. Preprint.

M. GIAQUINTA, Multiple integrals in the calculus of variations and nonlinear elliptic
systems, vol. 105 of Annals of Mathematics Studies, Princeton University Press,
Princeton, NJ, 1983.

Y. GiGA AND S. GOTO, Geometric evolution of phase-boundaries, in On the evo-
lution of phase boundaries (Minneapolis, MN, 1990-91), vol. 43 of IMA Vol. Math.
Appl., Springer, New York, 1992, pp. 51-65.

E. GiusTi, Minimal surfaces and functions of bounded variation, vol. 80 of Mono-
graphs in Mathematics, Birkh&user Verlag, Basel, 1984.

S. LUCKHAUS AND T. STURZENHECKER, Implicit time discretization for the mean
curvature flow equation, Cale. Var. Partial Differential Equations, 3 (1995), pp. 253~
271.

33



[22]

A. LUNARDI, Analytic semigroups and optimal regularity in parabolic problems,
Progress in Nonlinear Differential Equations and their Applications, 16, Birkh&user
Verlag, Basel, 1995.

Y. MAEKAWA, On a free boundary problem of viscous incompressible flows. Preprint.

F. MORGAN, Geometric measure theory, Academic Press Inc., Boston, MA, 1988.
A beginner’s guide.

R. SCHOEN, L. SIMON, AND F. J. ALMGREN, JR., Regularity and singularity es-
timates on hypersurfaces minimizing parametric elliptic variational integrals. I, 11,

Acta Math., 139 (1977), pp. 217-265.

L. SIMON, Lectures on geometric measure theory, vol. 3 of Proceedings of the Cen-
tre for Mathematical Analysis, Australian National University, Australian National
University Centre for Mathematical Analysis, Canberra, 1983.

P. Soravia AND P. E. SOUGANIDIS, Phase-field theory for FitzHugh-Nagumo-type
systems, STAM J. Math. Anal., 27 (1996), pp. 1341-1359.

34



