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Abstract

We study the existence, smoothing properties and the long time be-
haviour for a class of nonlinear Cauchy problems in infinite dimensions
under the assumption of F-Sobolev inequalities.
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1 Markovian Semilinear Cauchy Problems: Intro-

duction.

In the bulk of this work we consider the following formal Cauchy problem

{ gt(“)(t) = Lu(t) + Mu(t)G (ug((t??)) (MCP)
u(0 :

where L is a (linear) Markov generator and G is a certain nonlinearity,
(vanishing at one), to be specified later and p is a probability measure. In
the next paragraph we are going to explain what is needed to understand
the meaning of this equation. Let us nevertheless note here that under
our hypothesis, constants are global solutions of (MCP) and positivity of
the initial data results with positive solutions which supremum norms are
bounded by those at time zero. This partially justifies to call it a Markovian
Cauchy Problem.

Our analysis is carried out in suitable functional spaces (involving a
probability measures) which have no polynomial volume growth. This is
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2 P. Fougeéres and C. Roberto and B. Zegarliniski

necessary as we are in particular interested in infinite dimensional problems.
In such situation the Sobolev inequality which provides a cornerstone for
classical PDE analysis cannot be satisfied and we have to rely on weaker
coercive inequalities which survive the infinite dimensional limit and are of

the following form
2
g
p (ng <2)> < cp|Vgl®
Kg

with a constant ¢ € (0, 00) independent of a function g and the right hand
side involving the quadratic form of the elliptic operator L. Inequalities of
this type, called later on F-Sobolev inequalities, have been recently studied
in [BCRO4], [BRO03], [RZ05], [LZ],(see also references therein), for probabil-
ity measures with tails decaying more slowly than the Gaussian ones but
faster than exponentially.

In our setup the linear operator L is monotone in the usual sense while the
nonlinear part may work to an opposite effect. Our study determines how
large the coupling constant A > 0 can be, so that the system is still stable
in the sense of existence, uniqueness, smoothing properties and the ergodic
long time behaviour of a (weak) solution.

We note that the linear semigroup corresponding to L is hypercontractive
in an appropriate family of Orlicz spaces; in fact as shown in [BCRO04],
(generalising the cellebrated result of Gross [Gross]), such hypercontrac-
tivity is equivalent to F-Sobolev inequality. Under suitable conditions, we
show that the Cp, positivity and unit preserving, semigroup obtained as
the solution of the (MCP) is hypercontractive in the appropriate family of
Orlicz spaces. The key ingredients in our programme are provided by the
F-Sobolev inequality and the fact that quantity on its left hand side has
similar properties to the relative entropy.

In recent years an extensive effort was made to understand better the co-
ercive inequalities in infinite dimensional functional spaces, (see e.g. [GZ03],
[BCRO4], [RZ05], [LZ] and references therein). This provides a basis and a
part of motivation to study nonlinear problems. One may hope that the
study in this direction may in the future shed also some light/or provide
a complementary systematic understanding for a class of problems in infi-
nite dimensions for which some understanding was achieved in the past (as
e.g. problems from mathematical physics). This work is also partially mo-
tivated by [FZ04] where certain preliminary results where obtained for the
case when logarithmic Sobolev inequalities are true.

The organisation of our paper is as follows. In section 2 we introduce
the general setting and describe in detail conditions imposed on the linear
and nonlinear operators appearing in our problem.

In section 3 we prove the existence and uniqueness of the weak solution
of (MCP). In short our strategy is as follows. We first consider a mollified
problem with initial data in La(u) defined by smoothing the nonlinear part
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with the linear semigroup P., € > 0, generated by L. Then under the as-
sumption that the coupling constant A > 0 is sufficiently small, we employ
the F-Sobolev inequality to prove the existence and uniqueness of the molli-
fied problem via a nonlinear iteration scheme. The estimates and technique
developed there help us later to remove the mollification and to demonstrate
that in the limit € — 0 we obtain a unique solution of our original problem.
The essential part of the analysis which allows us to arrive to that conclusion
is based on the fact that for initial data from a suitable Orlicz space (dense
in La(p)) the solution lives within a much finer space.

In section 4 we show that the solution of (MCP) defines a Cp-semigroup
which preserves positivity and is contractive in Lo, norm, (while La(u) con-
tractivity was already proven in section 3). Moreover we demonstrate that
the solution decays exponentially to a constant in Lo(u) space and conse-
quently the time average of the solution converges almost everywhere to that
constant.

In section 5 we prove that the semigroup is uniformly hypercontractive
in certain family of Orlicz norms, i.e. hypercontractive in the corresponding
metrics; (as we are dealing with nonlinear semigroup hypercontractivity in
the norms is in general a weaker property).

In section 6 we consider briefly the corresponding local problem (in which
normalisation by mean value with the measure p is not present). The anal-
ysis here is entirely based on smoothing properties of the linear semigroup
generated by L which follows directly from corresponding F-Sobolev in-
equality. Therefore it allows us to consider essentially weaker nonlinearities
than the ones considered earlier for (MCP).

Finally in section 7 we demonstrate that the coercive inequalities which
formed a basis for our studies hold true in a large class of infinite dimensional
models, and the Appendix collects all the definitions and properties we need
on Orlicz spaces.

2 (General setting and meaning of the equation

Analysis of problem (MCP) will be developed in a setting on which PDE
methods may be extended. The linear operator L involved in (MCP) is a
Markov generator given by a Dirichlet structure, that is a measure space
(M, By, 1) and a (conservative) Dirichlet form (€, D(€)) on M (see [FOT],
[MZR]). Analytical regularity of this Dirichlet structure will be given by a
functional inequality (replacing classical Sobolev inequalities used in PDE
problems) which makes sense in the case when p is a probability measure
and with which the nonlinear perturbation is highly related. Usual Gelfand
triple for Sobolev spaces W1{Q) C L2(2) ¢ W~12(Q) (see [W1087]) has to
be replaced by D(E) C L2(u) C D'(E), where the domain D(&) is equipped
with Hilbertian structure (-,-)¢ = (-,-)p2 + £(+,+). To recall this and also
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to make the reading easier for most, we’ll often use notation W12(&) for
the domain D(E), W12(&) = D'(€) for its dual, and || - [[yy12¢e) or even
| - |lw1.2 for the corresponding norms. We’ll also write abusively E(f, f) =
w(|V£*) = [|Vf|? du, for natural reasons (see below).

As mentioned in the introduction, our approach of existence for (MCP)
rely on considering first a mollified problem and then removing the molli-
fication thanks to regularity results for the mollified solutions in a suitable
Orlicz space. (MCP) may be stated and weak solutions may be considered
for general Dirichlet forms defining the linearity. And, as long as mollified
problem is only under consideration, existence and uniqueness will follow
from our approach. Nevertheless, to be able to prove regularity and remove
the mollification, we’ll assume that (£, D(E)) is a diffusion Dirichlet form.

In a finite dimensional setting, that is when M is a locally compact
topological space, this diffusion property is satisfied by local (conservative)
regular Dirichlet forms. Following Beurling-Deny formula (see [FOT]), this
means that £ has neither jumping nor killing part. Recall that when M is
a domain Q C R? (and supp(p) = Q) such forms (possessing C°(Q) as a
core) may be expressed on compactly supported smooth functions as

E(f) = Z / P 8% (2)vs,j(de)

4,j=1

with some Radon measures v; ;. This emphasizes the links with PDE prob-
lems (see also [Dav95)).

In infinite dimensional analysis, regularity has to be replaced by quasi-
regularity (see [MZR]). Our approach could be developed in this generality.
Nevertheless for simplicity reasons, we will restrict ourselves to two partic-
ular cases : either £ is a local regular Dirichlet form on a locally compact
space or it is given by the following infinite dimensional models coming from
interacting spins systems.

Gibbs measures on infinite product of manifolds and generalized
Sobolev space. Let M = [[;cr M; be an infinite product of Riemannian
manifolds (M;, g;), where R is a countable set (an infinite graph).

Given z € M; and x = (z;)ier € M we define z o, x = {(z ®; X); =
Oikz + (1 — 0 )xg : k € R}. We say that a function f on M is cylindrically
smooth if f is localized on some finite subset A C R (we write A € R)
and is smooth when considered as a function on My = Hie A M;. For such
cylindrically smooth functions, we consider the following quadratic operator,
called the square field operator,

VI =Y Nl

i€R
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where for each site i € R, |V;f|,(x) = |Vifi(:|x)| (x;) is the length of
the usual gradient V; for the metric g; at x; of the function M; > z —
fit1x)(2) = f({z & x}).

Let 1 be a probability measure on M. For an integrable (or nonnegative)
function f we will use the notation puf = p(f) = [ fdu. For (compactly
supported) cylindrically smooth functions, 1(|V f|?) makes sense. Actually,
provided p is a Gibbs measure, this can be defined on a wider class of
functions on M generalizing the Sobolev space W12,

Briefly speaking, a Gibbs measure is defined as follows. A specification
is a family ,ui(d:r A), A @ R and £ € M, of absolutely continuous probability
kernels on My = [];cp M;, that we extend to kernels Ef\ on M by taking
product with ®;¢x0¢,. These kernels are supposed to satisfy compatibility
conditions (see section 7 or [GZ03] and references therein) making them
possible candidates for being versions of laws (w.r.t. a probability measure
p on M) conditionally to mr\A(§) = (§)ier\a- Measures 1 on M for which
this holds are called Gibbs measures and can be multiple in general. They are
characterized by the Dobrushin-Landford-Ruelle (DLR) conditions p = pE}
(when acting on bounded measurable functions).

Let u be a fixed Gibbs measure. The generalized Sobolev space W12 (1)
can be defined as the space of functions f € IL?(u) such that, for any i € R,
|Vifi(-|€)] in the sense of distributions in M; belongs to ILQ(Mi,,ui}) and
one has

E(f. f) = /MZ“%} (’vifi('|5)|2> p(d§) < oo.
ieR

We will formally write £(f, f) = p(|Vf|*) and E(f, g) = (V[ - Vg) for the
associated bilinear form. One can check that this coincides with the similar
quantity for cylindrically smooth compactly supported functions.

We will assume that & is closed on the domain W2(&£) = W12(u) so that it
is a diffusion Dirichlet form. Then the corresponding Markov generator L is
well defined selfadjoint operator on the corresponding domain D(L) C La(u).
The Cp semigroup generated by L is denoted by P; = et’. It follows from our
setup that for any € > 0 and f € Lo(u) we have P.f € D(L) and t — P,P.f
is differentiable. Moreover P.f — f in Lo(u) as € — 0.

Coercive inequalities as analytic regularity of Dirichlet Structures.
To ensure a nice behaviour of the Dirichlet structure, as well as to specify
later the admissible nonlinearity, we introduce the following requirements.

Condition (C1) : In all what follows F' : [0,00) — R" denotes a non de-
creasing C? function. We assume that there exist constants > 6 > 1 and
B, K > 0 such that
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(i) F =0 on [0,6)],
(C1) (#i) F is concave on [0, +0),
(i13) Vo >0, xF'(x) < B and F(x) < K.

We assume also that (i, ) satisfies F-Sobolev inequality, that is that there
exists a constant ¢, € (0,400) such that

[ rr ( )M<c [ 1Vt (FS)

for any sufficiently smooth function f. In this case we will use a shorthand
notation p € FS(c,.).

Note that since F/(1) = 0 such inequality is tight in the sense that both
sides are zero for constant functions.

Lemma 1 (Generalized Relative Entropy Inequality).

Suppose a function F satisfies condition (C1). Then for any z,y > 0,
rF(y) < 2F(x) + By, for B = max(B, Kf).

Therefore for any probability measure p, and any f,g € L2(p),

[ G )= [+ (55

Proof. As F' is non decreasing, this is trivial if > y. This is also trivial if
y < 6. So assume z < y and y > 6. Now, if z > 0, then

) du+ Bu(f?).  (GRED

— (y — ) < xF'(2)y < By.

And if on the contrary z < 0, zF(y) < 0F(y) < §Ky. This ends the proof
of the bound zF(y) < zF(x) + By from which inequality (GREI) easily
follows. O

Lemma 2. Assume F satisfies condition (C1). Then

(e () o (7o ()

where f: f—pf and C = 4B + B.
Proof. The proof is similar to the one of the Rothaus’ inequality when F=

log. It is sufficient to consider the case when pf > 0. Setting f = W it

suffices to prove that for any ¢ € [0, Hi‘fb}

Alt) = p ((1 +tf)’F (W» <t (sz(f2)) + Ct?

1412
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To this end note that A(0) =0 and A’(0) = 0, while by concavity of F' and
Lemma 1

£\2

+2p <f(1 +tf)F <(1 Hf)z) :

14 ¢2

1+tf)
+p +tf2F”< o )

14 tf
(f? ()
o (Lt 1At (L4 tf)%o
f 1+ | | 1+  (1+2)?2

2 1 <f2F <(11Tt];)2>> +sBu(f2) <2u <f2F ( f;)) +[8B + 2B]
1

|

2f (L+tf)  (1+1tf)%2t
14 ¢2 (1+12)2

2f(1+tf)  (1+tf)at]”
1+ t2 (14 ¢2)?

Example 3. We introduce now an example the reader may keep in mind
as a guideline. Fix # > 2, a € (1,2] and consider a function F, : RT — R

[0 it x€]0,0]
T = Fu(r) = { (log(z))? — (log§)? if x>6.

where 3 = 2(1 — 1) € (0,1). Note that F, is continuous, but not C2. To
deal with differentiability at x = 6 we introduce a C* non-negative function
g with compact support in [—1,0] and such that f g(y)dy = 1. For e > 0,
define g.(z) = 1g(£). Note that F(z) = Fu  g-(x) == [ Fo(z — y)g(y)dy is
a C* function vanishing on [0,0 —¢]. Fix e <1 and set 0 =0 —e> 1.

One can see that F' satisfies the Assumptions (7) and (i7) described above.
On the other hand a simple computation gives that for any € > 0, any « > 0,

2(Fa * g2)(2) < Bllog9)°~ < B(1/2)° ' < 1. 1)

Moreover we have for any = > 0,

(2)

Fo(z) < F(z) < Fpz +¢) < Fo(z) + log (maxwe)“> ‘

6

The last inequality comes from the fact that for z > e, log(e+x)% —log(z)? <
log(e + z) — log(z) < log([f + €]/0). While for § < x < e, we have log(e +
z)P —log(z)? < log(e + €)? — log(0)? < log(e + e) — log(h).
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In particular, since log(e + x)® < x when 2 > 1, we have F(z) < x for any
xz > 0.

Thus F satisfies Assumption (4ii) with B =1 and K = 1. Note that B = 6.
Finally we remark that for F,, and a measure du, = exp{—|z|*}dx/Z,, the
inequality (FS) is true, [BR03]. Hence, using the far right inequality in
(2) together with the Lemma 2, we conclude that corresponding coercive
inequality is satisfied also with the function F' (possibly with a different
constant).

Nonlinearity. The nonlinear part in equation (MCP) is described by a
function G. We assume that G satisfies the following properties.

Condition (C2) : With F satisfying condition (C1), we assume that
G=F+J
with J such that
e J:[0,00) — R~ is a bounded C* function.
e 7(1)=0
e supz|J'(z)| < .

Note that G(0) is well defined and G is Lipschitz at 0 (for a non-Lipschitz
at 0 example, see [FZ04]).

Since G(1) = 0, constants are global solutions of the corresponding
parabolic problem. Clearly G < F.

Under these hypothesis, B = sup,>o |G’ ()| < oco.

Convexity assumption.

Condition (C3) : Let F satisfy condition (C1). We assume furthermore
that = F'(x) is convex.

Under condition (C3) (and (C1)), one may prove that, for any ¢ > 0,
the function ¥, (z) given by ¥,(z) = ze?F(®) is a Young function so that
®,(z) = ¥y(2?) is a Nice Young function (or N-function as called in [RR91]).
The associated Orlicz space satisfies L(u) C 1L2(u) with continuous em-
bedding. Such Orlicz spaces will appear later when more regularity on the
initial value will be assumed.

Without further mention we will assume that conditions (C1) — (C3) are
satisfied throughout the rest of the paper. Most of our results are valid
under only these hypothesis. Note nevertheless that the argument we give in
section 3.1.1 to complete proof of existence assume more on F'. In particular,
we will sometimes use the following additional condition.
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Condition (C4) : There exists a constant 0 < R < oo such that, for any
a,b € (0,00),
F(ab) < F(a)+ F(b) + R.

An immediate consequence of condition (C4) is the striking sub-multiplicativity
property for the N-function ®:

(I)q(l" y) < eRq‘I)q(x) (I)q(y)‘ (3)

Example 3 continued. The function F' described in Example 3 satisfies
condition (C4), and also (C3) provided 0 > e.
Let us prove first that (C4) occurs. To do so first note that, for any
a>0andb>1,
F,(ab) < Fu(a) + (logb)”. (4)

This comes from the computations detailed below. If 0 < a < 0 and ab >
6 > 1, then

Fy(ab) = (log(ab))” — (log§)”
< (log(max(a, 1)) + logb)’ — (log§)”
< (log b)ﬁ + (log max(a, 1))/6 — (log G)ﬂ < (log b)ﬁ.

In the case a > 0, F,(ab) = (loga +logb)? — (log #)” < (logb)” + (loga)” —
(log 0)° = Fy(a) + (logb)®.
Now, inequality (4) also holds for F'. Indeed, if a > 0 and b > 1,

0 0
Flat) = [ Fu (b)) aelo)dy < (ogd)’ + [ Fale= D)oty

—€ —€
0

< (logb)’ + / Fula — y) g:(y) dy = F(a) + (log)?

—E&

thanks to (4), (remind that f?e 9:(y)dy = 1), and a — ¥ < a—y when y < 0.
As a consequence, (C4) holds true with R = (log#)? as, for any b > 0,
(logh)? < Fy(b) + (log )% < F(b) + (log 0)°.

Now, let us focus on condition (C38). One has F'(x) = F, * g.(x) =
ff;e F,(z — y)gL(y)dy so that, after simple integration by parts, one gets
also F' = F!, % g. with the function (L. but discontinuous at 6)

8 B-1
sy def. [ 2(logx) ifz >0
Falz) = { 0 r<0

Note that there is no boundary terms as F,(6) = 0 and g.(—¢) = 0.
As a consequence, F" = F! x g/ and a further integration by parts leads
to

F/,($) = F(;(G) ge(z —0) + Fg * ge ()
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with the LllOC function

s

B () B (logz)?~2 [B—1—logz] ifx>0
@ <0 '

Hence,

min(z—6,0)
(2 F(2))" = 2F'(0) go(a — 0) + / yF! (@ — ) g:(y)dy

—E&

min(z—6,0)
[ R 0+ - 9 )] ey

—&

Note first that, for any z > 0,

OQF (2) + 2 F"(2) = = (log2)’ 2 [ —1+1logz] >0

SERS

provided # > e'~# and secondly that, for y < min(z — 6, 0), yF"(z —y) > 0.
Hence each term of the above sum expressing (z F/(z))” is nonnegative.

3 Existence problem

To prove the existence of a weak solution for Cauchy problem (MCP) we
implement a constructive nonlinear approximation procedure.

3.1 Weak solutions and preliminary regularity result

Given T € (0,00), define Hy 1 (£) = L2([0,T], WH2(£)), as a Banach space
of (classes of) functions v : [0,7] x M — R, such that

T T
ol = [ ds o+ [ ds 9ol < o

By Hy —(u) = L2([0,T], W~12()), we'll denote the dual space of Hr . (£).

Let A:Hyp(€) — Hy _(p) be an abstract nonlinear operator. We say
that a function v € Hy 4 (&) is a weak solution (on [0,77) of the following
Cauchy problem

ou = Lu+ A(u)
Ve 2 5 ®

Ujt=0 =

with f € L2(p), if and only if

1. u e C([0,T],L2(u)),
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2. For any v € C*([0, T); W2(€)) and any ¢ € [0,T], we have

t

/ 11 (u(5)Bs0(5)) ds = pu(tyo(t) — pfv(0) + / §Vu(s) - Vo(s)ds
0 0

_/0 (A(u)(s), v(s)) 1.2 r2ds,

where (-, )y -12 yy1.2 stands for the duality bracket.

Recall from classical results (see [Eva98] for instance) that a function u
satisfying condition 2. admits a weak derivative dyu € L([0, T], W ~12(&))
which belongs in fact to L2([0,T], W~12(£)), and so v € C ((0,T),L?(1)).
A weak solution satisfies additionally that wu(t) goes to f in L? as ¢ goes
to 0. Note also that condition 2. may be extended by density to any
v e L*([0,T), Wh(€)) nWh2((0,T),L*(w)).

Later on in this paper we discuss a situation when the operator A is
given by A(u) = A\V(u) with a parameter A\ € R and

V(u)(s) = V(u(s)) = u(s)G(o*(u(s)))
where o(u) = W for u € L?(u), u # 0, and o(0) = 0.
p(u?)
With this definition of A, it makes sense to consider weak solutions for
Cauchy problem (5) thanks to the following basic regularity result.

Lemma 4. Regularity for the nonlinear operator.
Suppose p € ¥S(c,.). Then, for any u € Hy (€), V(u) € Hy (). More-
over, V : Hp  (§) — Hyp _(p) is Lipschitz continuous.

Proof. Suppose u and g in WH2(€). Then one has

|1 (9uG (0*(W))] < 1T Nl 1 (gl Tul) + 1 (Il [l F (0% (w)))

< 1Tl Il lglla + (e (62 F (o2@)))F (1 (w2F (o*(w)))?

where we used jointly that F' is non negative and Cauchy-Schwarz inequality.
Making use of (GREI) and then of F-Sobolev inequality (1), one gets

w(g°F (0*(w)) < u(9°F (63(9))) + Bug® < max(cr, B) ||gllf .
so that finally

|1 (guG (0°()))] < (17 lloo + max(cr, B)) lgllyrz [ullys -

That means that, when acting on W2 with L2-type pairing, the operator
V(u) = uG (02(u)) belongs to W~12(&) and

IV llw-12¢6) < C a2
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with C = (|| J || + max(cr, B)).

Let us now turn to Lipschitz estimate. Suppose v # u and g are still in
Wh2(€). From the first part of the proof and V(0) = 0, one may assume
that u # 0 and v # 0. Let us set u, = au+ (1 — a)v, a € [0,1], and let
w = u — v. Assume first that u, # 0 for any a. Then we have

(a6 (o7) ~G N < [ da o (s [0aG (0700 ).

with %uaG (02(ua)) explicitly given by
WG (0°(1a)) +20% (1) G’ (0% (1)) W —20° (1) G’ (0% (1a)) p(o(ua) w).

Since by our assumption o2 ‘G’ (02)} < B, we get

‘u (9 [uG (0'2(11)) —vG (UQ(V))])‘ < /01 do ‘u (gwG (gz(ua)))‘

1
+2Bpu(|g] IW)+23/0 dov i (lg] lo(ua)]) p(lo(ua)l [wl).
Now, by similar arguments as above, one has

|1 (gwG (0*(ua)))| < (1T Nl + max(cr, B)) llglwrz Iwlyz- (6)

On the other hand, Cauchy-Schwarz inequality applied twice gives

w9l lo(ua)l) p(fo(ua)| [wl) < flwll> [lglle2,

so that finally
|1 (g [uG (0% (W) =vG (*(v)])] < Cllgliprz Wl

with a constant C' = ||J|| ., + max(cp, B) +4B. We conclude by noting that,
in the case when u, = 0 for some a € (0, 1), one has o?(u) = ¢?(v) so that
(6) with u instead of u, provides the corresponding estimate. O

3.1.1 Existence

Given f € Ly(u) and a fixed parameter A € R, we define a sequence
Uy : RT x M — R, n € Z*, such that ug is a unique solution of

{ 8{110 = LUO
Uojt=0 = /

and
{ 8tu'n—i-l = Luy41 + )\V(Un)
Untlji=0 = f,
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We would like to argue that, for any 7" € (0, 00), uy, € Hy 4, and a function
given by

tnr(t) = Bf + X /0 ds P oV (un(s)) (7)

is a weak solution of (A) on [0, 7] and up41 € Hy () provided (FS) with a
constant ¢, is satisfied, if we take A € [0,1/¢,.) and T' > 0 sufficiently small.
Later we will show that such sequence of solutions converges strongly to a
weak solution of our problem in a corresponding small time interval.

In fact, equation (7) has only a formal meaning as in general || Py—s||j—1.2_, 1.2
< C/(t — s) and not better. For that reason one has to introduce an
additional smoothing by replacing V by V& (u) = P.V(u). Now, V) is
a Lipschitz continuous operator from W12 to itself. Thus, if we define
VE) (u)(s) = VE (u(s)), then, for any ¢ > 0, we have V) (u) € Hy ()
when v € Hy(£). It allows us to consider an e-mollified approximate

solution @, = u!7 on the whole half-line [0, +00).

Mollified problem. We introduce the following sequence of functions
(Un)nen. For f € Lo, we set ug(t) = up(t) = Pif, and for n € N, we

define u,, = aﬁf) inductively as follows

t
in(t) = Puf + A / ds P,V (1) (s)
0
Then, for any T > 0, @, € L*([0, T], WH%(€)) N C([0,T],L?(1)). Moreover,
for any ¢ > 0, @y (t) (which is well defined) belongs to the domain D(L) of
L and is differentiable with respect to t. More particularly, for any 7" > 0,
i, € WH2((0,T), WH2(E)).
And we have in a strong sense (in L2(u))

{ Optty, = Liin(t) + A\VE (@1 (t))
tin (0) f

Using that we show the following uniform boundedness property.

Proposition 5. Uniform bound in C([0, T],L?)NHr (&) .
Suppose p € FS(cp) with a constant c,, € (0,00) and let X € [0,¢.."). Then
for any T € (0,00) such that

— )‘CF ADT
= + ol 1
nr {2 ACF )‘| |j|| } € <

where D = B + ||J |0, we have, for any n € N,

26)\DT

u(f?). (8)

sup <,uﬂ721(t) +(2—Ac,) /Ot M\Vﬂn\Q(s)ds> <

0<t<T T—nr
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Hence we have in particular

_ _ 2(T + 2)erPT
2 2
anl 0. 12y + anllfy,, < o

p(f?)
with the right hand sides independent of € > 0.

Remark 6. Note here that time 7" > 0 for which 7y < 1, and so uniform
bound (8) holds, only depends on A, cp and ||J || but not on the initial
condition f. This will be a crucial step for global existence for weak solutions
of (MCP) .

Proof. We note first that

1d 2y i o) = —ulVa. 2 o VO
2alt,u(un)—,u(un&gfu,n)— w| Vi |” + Ap <unV (un_1)>

= —M‘Vﬂn‘Q —+ )\,u (Pg(an)v(an—l))

where in the last line we used the symmetry of P. in Lo(x). Simplifying the
notation by setting u,, = P-(u,) we have

1d ~ _ _
§£u(ai) = /ﬁnLandu+/\/unun_lG(a2(un_1))d,u

- / (Va2 + AT ]loo / i1 |dp (9)

IN

+ /\/ﬂnun_lF(o2(un_1))du.

To estimate the second term on the right hand side of (9), we use the simple
bound

- _ 1 ,.,. 1 ,
[ wtnaldn < S () + G (a2 ).

Next, because F' is nonnegative, we can estimate the third term on the right
hand side of (9) as follows

g;/ﬂiF( (T 1))d,u,—i—2/’u,i W F (02 (tp—1)) dp
<5 [BF @) dut G (@) + 5 [ a2 1F (0% an) du
<

c ~ B c _
?F |Vun|2 + oK (U?@) + 71:/‘|v“n—1|2
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thanks to (GREI) and the (FS) inequality. Combining our bounds, after
simple rearrangement we arrive at the following differential inequality

d
at"
with the constant D = || 7 ||co + B. After integration with respect to time,
using 2 — A¢,, > 0, for any ¢ € RT, we obtain

(@) +(2= e ) Vin[* < MIT lloopt (a51) A p (IViin-1]*) +ADpa (317

p(@0) + @=e,) [ (Ta(s)) s
< 1(F2) £ NI e /O w (@21 ()) ds + Aey /0 1 (Vi1 (5)]?) ds
t ﬂ2 S S
+AD/O p (s (s)) d
< 1(f?) + M| T]loo / w (@1 ()) ds + Aey /0 1 (Vi1 (5)]?) ds

0
20 [ (1@ + @2 [ (V) ar) as.

Hence by Gronwall type arguments, we get
t
p(0) + 2=) [ (Tau(s)) ds

< ewt-{u(ﬂ)+A||J||oo/0u(ﬂi_1(5)) d5+ACF/M(|Vﬂn1(S)|2) ds}

0

Setting .
2,0 =0 (@0) + 2= dep) [ (Vo)) ds

we can see that the following inductive inequality is true

Ac
2,(0) < () 4 52

t
APV Z, 1 (8) 4+ AT |lsee P! / 2, 1(s)ds
0
Using this for all ¢ € [0, T], with Z,, = Z,,(T') = supyc(o 1] Zn(t), we obtain
Zn < ,u(fz)e)\DT + 07 Zn— (10)

with

_ Acg ADT
= + A ol
nr {Q—ACF 17| }6

Assuming that 0 < Ac, < 1, nr € (0,1) for all T € (0,00) small enough.

In this case (10) can be iterated to obtain the following bound uniform in

neNaswellase >0
26)\DT

Zn <

T~ u(f?) (11)
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as Zo = Zo(uo) < 2u(f?). That is we have shown that, for 0 < Ac,. < 1 and
T € (0,00) sufficiently small, we have

26)\DT

u(f?)

t
sup <uui(t) +(2- /\cF)/ ,u]Vun]Z(s)d3> <
0<t<T 0 L=nr

This naturally implies that, under the same conditions for ¢ € [0,7T], we
have

- 2(1 + T)e’\DT - 26)\DT
@l , < 1o p(f?)  and  |@nl[G 0Lz < = u(f?)
uniformly in n € N and € > 0. O

Proposition 7. Convergence scheme in C([0,T],L?) NHr () .
Suppose 1 € FS(c,.) with a constant ¢, € (0,00) and let X € [0,c.'). For
T € (0,00), let

Ac
(T) = |AaT + —L—| M
n(1) = [t 2] o,

where a = (||\7||Oo +B+4§). Let Ty € (0,00) be small enough so that

n«(To) < 1. Then, for any 0 < T < Ty, the function wy, = Upt1 — Un,
satisfies the following bound

t
sy (1 w2(0) + @ ep) [ (Vo)) ds) < Cln (s,

tel0,T
with a constant C € (0,00) independent of € > 0 and T. As a consequence,
[tn+1 = 7jLn”?j([O,T},]L?) + (|1 — ﬂn|’[2HIT,+ < C(T +2) p(f?) (n(T))"
uniformly in € > 0.

Proof. Since a4, is a strong solution of (A.), the difference wy, = Uy 1 — Uy
is a strong solution of

{ Own = Lwp + AP.[unG (0*(in)) — tin-1G (0*(in-1)) |
wp,(0) 0.

Hence, with w,, = P-w,, we have

/ Wy Lwydp

A / B [0 (02(@n)) — tn1G (0> (tn_1)) ] dy

1
= _/|an|2du+)\// @nivaG (JQ(UQ)) dadp
0 do

5&#(1%)
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where v, = ati, + (1 — @)u,—1. As already seen in the proof of lemma 4

d

—,G (JQ(UQ)) = wn,lG(UQ(va)) + 20‘2(Ua) G’ (02(1)&)) Wp—_1

da
—203(va) G’ (02(11&)) (o (va) wp—1). (12)

We will deal with the corresponding three different terms as follows. For
the first term, using our assumption G = J + F', we have

‘ [ a1 (0%0a) du‘ < [Vl 17 (0%(0) dn
by [ TF (P dut 5 [ wd 1P (2 (wa) du

(17Nl + B) (1 (@) + o (wi—1))

—l—;/{ﬁiF (02({5n)) du—l—;/wfl_lF (0’2(’wn_1)) du

<

DN |

where we used |zy| < 12% 4+ 142, boundedness of 7 and (GREI). Hence,
using (F'S) and the fact that 1 (w2) < p (w?) and p (|[Vwn|?) < p (|[Vwn|?),
we arrive at

[ sG] < 5 (1Tt B () ()

L (1 (Vunl) + 1 (Vw1 2))

For the second term, since by condition (C2) we have |#G’ ()| < B, we get

’/@n 02 (ve)G’ (02(va)) wnldu’ < %E (1 (wi) + 1 (wi_l)) )

For analysis of the third term, recall that u(0?(v,)) = 1, so that

Combining all bounds we obtain a differential inequality which after integra-
tion with respect to time and taking into the account the time zero condition
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wp(0) = 0, leads to
¢
p(wi(t) + (2 — /\cF)/O 1 (|Vwn(s)]?) ds
t t
< /\a/ p(wi_q(s)) ds + Aey, / 1 (|Vwn—1(s)|?) ds
0 0
t
—i—)\a/ (w3 (s)) ds
0
¢ t
< /\a/ p(wi_q(s)) ds + Acy, / 1 (|Vwn—1(s)|?) ds
0 0
t s
+)\a/ (,u (w(s)) + (2 — /\cF)/ 1 (|Vwn(r)[?) dr) ds
0 0
with a constant a = (HjHoo + B+ 4§) for every t € [0,T]. Setting
t
En(t) = p (wi(t) + (2 — /\cF)/O 1 (IVwn(s)]?) ds

the last bound implies the following relation

Acp
2—MXc

t t
=) < =0 1(t) + Aa / =,_1(s)ds + \a / =, (s)ds  (13)
0 0

F

Applying Gronwall type arguments, we get for any ¢ € [0, 7],

A t
En(t) < ﬁeAatEn_l(t) + )\ae)‘at/o En—1(s)ds. (14)
F

This leads to the following inductive bound
sup EZp(t) < ni(T) sup Ep_1(t) (15)
t€[0,7) t€[0,7]

Acp,

with n.(T) = {/\aT + 55% ] eMT I 0 < Ac, < 1, then there exists Tp > 0
F

such that n.(T) € (0,1) for any 0 < T' < Tp. In this situation using the
uniform bound of Proposition 5, we arrive at

sup E,(t) < Cu(f?) (n(T))"
t€[0,T]

with a constant C' € (0,00) independent of ¢ > 0. As a consequence we
conclude that there exists 7' € (0, 00), independent of € > 0 and of the initial
value f € Lo(u), such that the sequence (i, (t))nen, t € [0,T], converges in
Hr,+(£) N C([0,T],L?(1)) uniformly in e > 0. O
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Proposition 8. Uniqueness for Mollified Problem.

Assume p € FS(c,,) with a constant ¢, € (0,00), let A € [0,¢.'). Then, for
any T > 0, there exists at most one weak solution on [0, T] of the mollified
Cauchy problem

8tu(€) = Lu® £ \pe) (u(s))
(Ce)
ul® [t=0 = f

Proof. Assume there are two distinct weak solutions u(®) and v(*) on [0, T
with the same initial value f. Let w = u(®) — v(®). Then w belongs to the
space L2([0, T], W'2(£))NC ([0, T],L*(n)), admits a weak derivative dyw in
L'([0, T], W~12(€)) and one has dyw = v with

v=Lw+\ [v@ (u®) = V) (v@))] e L2([0,T], W 2(€))

and w(0) = 0. Extend w to L?(R, W'?(€)) by setting w = 0 outside [0, 7.
Making use of regularization via convolution with mollifiers ps € C*°(R)
with support in [—d,6], § > 0, one has p; * w € C®°(R, W2(€)) and, for
any t € R, %(pg xw)(t) = (%pg) *w(t) in WH2(E). For any 0 < & < do,
and any ¢ € (09, T — dp), one has furthermore %(p(g xw)(t) = ps * Qpw(t) as
ps(t —-) € C((0,T)). As a consequence, for any t € (Jy,T — do), one gets

D11 (o5 w)?) (1) = 2((p5 # 1)(1), (05 ) (O -120

with v € Hy () as defined above. Integrating between &y and ¢, and then
letting 6 go to 0, we arrive at

p(Cw)?) = (Cw0)?) =2 [ 1 (19ts)) ds

+2) 60,u(P€w(s) [V(u<€>(s))—V(v<€>(s))D ds.

One then use linear interpolation v, = au(® + (1 — a)v®) to obtain the
bound

[v) - V) < [ ' da

d 2
o (va(s)G (U (Ua(s))))’ )

This derivative was computed in (12), and by similar arguments as in the
proof of proposition 7, one obtains the following inequality

(w@)?) +20=3er) [ (Vo)) ds
<u <(w(50))2> +2Xa /tu ((w(s))2> ds

)
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with a = (HJHOO + B+ 4§> After letting 69 — 0, Gronwall lemma leads

to p ((w(t))Q) =0, for any t € (0,7). This contradicts our assumption that
two distinct weak solutions exist. O

Theorem 9. Solution of the Mollified Problem.
Suppose p € FS(c,,), with a constant ¢, € (0,00), and let X € [0,¢.."). For
T € (0,00), let
Ac
(T) = | AT + s——|

B(T) = Pl 52|,
where a = <||k7||C>o + B+ 4§) and choose Ty € (0,00) such that n*(Ty) < 1.
Then

1. The function u(®) = lim,_ oo ﬂf), with the limit in space Hr, 4 (p) N

C’([O,TO],LQ(M)), is a unique weak solution on [0,Ty] of the Mollified
Cauchy problem

o = Lul® 4 \VE) ()
(Ce)
u® g = f

2. The later solution can be extended to a unique global weak solution of
problem (C;).

3. Moreover if J = 0, then the following contractivity property is true
foranyt >0
@) < 2
I (u (L‘)) < uf*.

Remark 10. A posteriori, by lemma 4, it follows that
t
u® =P+ )\/ dsP_ V) (u®)(s)
0

and so u(®) is a strong solution, as the left hand side belongs to the domain
of L and is differentiable with respect to ¢.

As follows from proposition 5 (uniform bound), HU(E)HHT, . is uniformly
bounded in € > 0.

Proof of theorem 9. By definition of u(*) and completness of C([0,T],L*(w)),
we have u®) € C([0,T],L?(1)). Fix atest function v € C>=([0, 7], WL2(€)) C
Hyz (). First, for any t € (0,77,

/ sy (2O @) (5)) — / sy (VO ) 6)

0 0



Sub-gaussian measures and associated semilinear problems 21

as n goes to co. Namely, from Lemma 4, it follows that V() : Hr + — Hr 4 is
Lipschitz continuous. In particular, V() (u(a)) = Hr 4 —lim, V() (aﬁf)

(with short hand notation for limit in space Hr (€)). And so V) (u(a)) =
Hy,— —limy, o V) (aﬁ)) when acting on Hr 4 () with L?(u)-type pairing.

Thus (16) follows.
Recall that by classical arguments L : Hy (£) — Hy _(p) acting by

(Lu, v)uy_ Hp, = — f(;r/,l, (Vu(s) - Vu(s)) ds is continuous so that

/Otu (Vﬂ%:)(s) . Vv(s)) ds —s /Otﬂ (VU(E)(S) ) VU(5)> ds.

Convergence of @' to u(® in L%([0, T],L?(p)) leads to

/Ot,u (ﬂgf)(s) 851)(5)) ds — /Ot,u, (u(a)(s) 851)(8)) ds

whereas convergence in C'([0, T, L*(x)) ensures that p <ﬁ£f) (t) v(t)) goes to

1 (u(g) (t)v(t)) and u(®)(0) = f . This completes the proof that u(®) is a weak
solution of (C.). Uniqueness of the solution was proved in proposition 8.

As for existence of a global weak solution, it follows from the fact that
the time T in the foregoing does not depend on initial condition f. Hence
one can glue at Ty the solution uy with initial value f and the solution
starting from us(Tp) € L%(u) to get a solution on [0,27p), and so on...

By our construction u(®) is in fact a strong solution (cf. Remark 10).
Using this a simple calculation shows that we have

2 2 2
G ([090]") = 20 ([9a0] ) + 2 ([190]” 62w 00) )
If (FS) holds and A € [0, 2-) this leads to the following differential inequality
F

L ([0 <2071 (20

whence one obtains
2
p([r]) < it (7).

In particular, if 7 = 0, we arrive at the following contractivity property

7 (u(e) (lﬁ))2 < pf?.
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®-bounds. In this section, we investigate regularity for mollified solutions
in the Orlicz space L®¢(1) provided the initial value also belongs to this
space.

Theorem 11. Suppose conditions (C1 — C3) are satisfied. Let ®4(z) =
xQeqF(“Q)ifor some fized ¢ € (0,00). Suppose that p®,(f) < oo and A €
(0,(1+¢B)~%cp'). Fize > 0. Then the weak solution u'®)(t) of the mollified
Cauchy problem

)

2o = Lu)(t) + AP [u) ()G (o> (1))
uo) =7

satisfies the following bound

i (au0) +2C(aAver) [ VB, < i (@)

with some constants C(g, A\, cp) = (1 — Acp(1 + qB)?)/(1 4+ ¢B) > 0 and
a=2(1+¢B)(B+[T]) -

Remark 12. In the proof, we make computation on p ((Pq(u(E) (t))) without
knowing a priori that it is finite. In fact, we can truncate u() to a bounded
function u&N) = (u(& AN)V(—N) still in the domain, then perform the same
computations with u(") and at last remove the truncation thanks to Fatou
lemma (or limit results for Dirichlet forms and truncation). Which provides
a proof that ,/®,(u(®)) belongs to Hy (€) provided f € L%s(u). Note
also that when & is a local regular Dirichlet form, property &(®g(u),u) >

kE (\/®q(u)), for u € WH?(E) bounded and k = 2/(1 + ¢B), still holds true
thanks to Lejan chain rule formula for energy measures (see [FOT]).

Proof of theorem 11. Let u®(t) = } 06 u(®)(t 4 s)ds. Then we have

oo ()
4
_ (@;(ua(t)); /0 (Lu® (t+ ) + APu (t + 5)G (o (ul ( + S))))d8>

Integrating with respect to t and passing to the limit with § — 0, after
simple rearrangements one arrives at the following inequality

(2 a0)) < @)+ [ don (<04 )

—1-/\/Otdsu<

P (@, (') (5))u) (5)] Fo?(ul)(5))))

t
AT e [ dsn (
0

Po(@ () () (s)))
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First note that, with & = 2/ (1 + qB) < 2, one has

o =k G (L ((fo))

To show this, we recall that ®,(x) = ¥,(z?), with ¥, convex, and so
Py (r) = 2\1'2(:32) + 4x2\11g(:z2) > 2@'2(332) = @y () /.
Thus the relation
P @ (x) = 20,(x) (1 + q2®F/ (@) <2 (1 +qB) @,c)  (17)

leads to the announced differential inequality on ®,. And consequently,

o (=@ () () [T (5)[2) <~k ul V)@ (ul®)(s) 2

Next, we note that by Young inequality and Jensen inequality for the
semigroup, we have

[P@ () (s)) - (3)] < @5 (P.(@ () (5)))) + @y (u(5))
< P8 (@) (u(5)) + By (u)(5))

with @7 (y) = sup,eg [ry| — ®4(x), the conjugate of ®,. Since &7 (Pg(x)) =
2® (x)—®y(x), thanks to (17), we have } (P} (x)) < (142¢B)®,(z). Hence,

IPA(® (1) (s))) - u©(8)] < (14 24B) Poby(ul) (s)) + By (ul) (s)).

Using this, the definition of the constant k£, (GREI) twice and then invariance
property for P. w.r.t. u, we have on the one hand,

i ([P (24D D (s)]) <2 (1+ aB) i (@4(u)())

and
(|- (2@(9)) w ()| Fo*@ ()
< 1 (2w () F (o> (s))))
+(1+ 20B)pr (P (240 () ) F(o*(@(9))))

( q
< 1 (@O NP (/0,6 ) +28 (1 -+ aB) (009 5)
+ Flo

(14 2¢B)u P€(<I>q< ) \/P g(u®) (s ))))
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on the other hand. Since zF(x) is convex by condition (C3), one has

i (P (2a906) Fi?(y B (@ o))

<p <¢>q(u<€>(s)>F ((72 < <1>q(u<e>(s))>>> :

i (=@ () [Vu© (5)2) + ATl 1 |20l () P (5)])
+ M (| () Pl (s)| (o () (5)))))
<~ UIT\ P )2+ aB (2, )P 2, O )

+2A(1+aB) (B+[T10) 1 (2,a(5))

Hence

With the use of (FS) inequality, the last can be bounded by

25 Rer)ulV 2w ()P + 23 (B + 1T ).0) s (B (5))

where A = A(1 + ¢B). Combining all the above we arrive at the following
inequality

t
o (0) +2(5 = Aer) [ dsplT /P, (w0 ()
t
< 4@, (f) + 2% (B+ | T1l) /0 A5y (u(s))

Increasing the integrand on the right hand side so it resembles the expression
on the left hand side, we obtain a Gronwall type inequality which leads to
the following bound

B k _ t -
(D) +205 = Aer) [ dsplT /2O < AEHT ()
provided Aep < % O

Removing the smoothing.

Theorem 13 (Convergence in Hy 4 N C([0,T],L?(x)) when ¢ — 0). Let
F(z) = g5 x Fy be like in example 3, with 6 > 0 and o € (1,2]. Recall
that function F satisfies Conditions (C1), (C3) and (C4). For a fived
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A € [0,czY), let u®)(t) denote the solution on [0,Tp] of the approvimated
Cauchy problem

D) _ 1., (&) (¢,
{6tu Lu'®) + AV (u'®) ()

u@(0) =7

with € > 0 and initial value f € L?(p). Here Ty > 0 is like chosen in
Theorem 9 or Proposition 7. Let ¢ > 0 small enough such that one has
A < (1+¢B)2c;! and assume furthermore that ju(®4(f)) < oo. Then ,
when ¢ — 0, the solutions u'®) converge in the Banach space Hry,+ (1) N
C([OaTO]aLQ(M))

Remark 14. Recall from Proposition 7 that Ty is independent of the initial
value f and € > 0.

Proof. For € > ¢ > 0 define w = w, o = u® — u). Note that we have
w(0) = 0. Recall that u(®) and u(*) is a strong solutions of (C.) and (C./),
respectively. Computing the time derivative of %uwQ(t) and integrating
between time 0 and t, we arrive at

1 t
gt = = [ dslVus)P
0

A / p [Pew(S) - V(u(s)) — Pow(s) - V(u®)(s))| ds. (18)
0
First we note that

[ Pow(s) - V() (s)) = Pow(s) - V() (s))]

= | Pants) - { V() () = V@ (3) b+ | (P = P w(s) - V((s)]

Using interpolation u(a, s) = au®(s) 4+ (1 — a)uls)(s) and suitable bounds
already detailed, we have

[ {Pgw(s) : {V(u(s)(s)) - V(u(s’)(s))}]

1

< | da {u(Pw(s)wls)Glo* (e s)) )
( w(s

+21( Paw(s) w(s) [o>(u(ar )G (0> (ula, 5)))]

N—
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with a = [|J||, + B + 4B. Combining this with (18), we arrive at
1 t t
§,uw2(t) +(1- )\CF)/ dsu|Vw(s)|? < /\a/ dspw?(s)
0 0

N /0 s [(P. — Po) () - V()]

Hence we have

111)2 — AC tS U}32
s?(0)+ (1= der) [ dsl V(o)

<o ([ s ((P. — P) wlo)F) : (/ t () ) '

First we note that, since w(s) belongs to the domain of L,

/Otdsu[(P P) /Otdsu
< </0tdsu Viw ) ( dsp (Pa _PEI)Q(_L)_iw<S>>2>é

Next we observe that, (using symmetry of L and Schwartz inequality ),

»MH

w(s) (P- = P (<L) Hu(s)]

,;;

(/Otdsu ((—L)}*w(s)f)é < (/Otds [1(w?(s)) -i—u]Vw(s)m) " < el

But uniform Ly bound ensures that Hw||HTO < QC(TO) (,uf2) 2 with some

constant C(Tp) € (0,00) specified in Proposition 5. Moreover by spectral
theory we have

-1 2 > e'ni —(e—¢ -1
u((Pg—Paf)Q (—L) 4w(8)) :/0 e 4 — 1)y T2 dE ) ()

which we bound by

At (et _ Rt * 1
sup (¢4~ 1)y 1) [otdBy ) < (- ) [ TndEu )
n>0 0 0

< (e =€) (pu?(s) + ulVw(s)P)

To bound the supremum we notice that in the case when (e —&’)n < 1, we
have |e= (=) — 114 . =1 < |(e — & )n|*/n < (e — €'), while for (e —&')p > 1,
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we have (e~%"(e=(e=)n _ 7). n_1> < n7! < (e —¢€'). Hence we obtain

the following bound

(/ dsp ((P. = Po)? (—L)iw<s>)2> "< 20Tyt ()t (e — )t

Combining the above estimates we arrive at the following bound

</o dsp[(P: — Pe/>w<s>12)2 <20(Ty)2 (uf?)i(e— )i (20)

Now, provided the initial value f satisfies u(®4(f)) < 400 for some ¢ > 0
such that A < (1 + ¢B)~2cz!, the function V(u®)) is more regular than
in Hp,,— (). It belongs to L2([0,Tp],L?(x)) with the corresponding norm
uniformly bounded in &’ > 0 in terms of ;(®4(f)). This is the aim of lemma
15 below which provides an estimate of the term

(/ sy (v%u(a’)(s))))%

in (19). Together with the bound (20), it proves that (u(9)).s¢ is Cauchy in
the space Hry 4+ (u) N C([0, Ty, L?(1)) as & goes to 0. O

Lemma 15. Let F(x) = g5 * F, be like in example 3, with 6 > 0 and
a € (1,2]. Let ul® be as in theorem 13 for an initial condition f € L%4(p)

for some q > 0 such that A < (1 + qB)_chl. Then, for any € > 0,

1

< / t ds,uV2(u(5)(s))> C < AUHPNBE (4 () 4 1)
0

=

with some constant A = A(q) € (1,00) which is independent of €.

Proof. Using Young’s inequality we have

i (VO (s)) = [ ()2 P (0> () (5)))]
< (1 (9))?) + n¥(F2(0?(w(s)))). (21)
So, let’s now bound ‘IJZ(FQ(Z)) for z > 0. Let y > 0. One has

Valy) = igg[yx — V(2)] =y — Vy(zs)

for some point z, > 0 satisfying either x, = 0 or \Ilfl(ac*) = y. So assume
y satisfies ¥y(y) > 0 (in particular, y > 1). Computing Wy (z.) = (1 +
gz F'(x.))e?(#)  one gets

et (@) <y < (1 + ¢B)et’ (@),
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Thus 1
. < F|671(5 logy)) (22)

where we denote by F|, the restriction of F' to [0,00). Recall that F
is invertible from [f,00) to [0,00) (with # = 6 — §) whereas F,(zx) =
((logz)® — (log 0)?) L, is invertible from [f, c0) to [0,00). From (22) fol-
lows the bound

. 4.1
Yy < Iylﬂél(glog(l +1yl)) (23)
for any y € R. Recall approximation estimate
Fy(z) < F(z) < Fy(x) + K

from example 3 (for some constant k = kg ) from which it follows that, for
any £ > 0, F‘ofl(ﬁ) < (Fa)‘_el(ﬁ). From this and (23) we get the following
bound

V() < (Fal2) + 1) - (Fa)y)! (;Mg(l T (Fa(z) + n>2>) .

0

Next we observe that, for any z > 0

lo

(Fa) (; log(1 + (Fu(2) + m) <0} 1)

with some constant C = Cy g5 € (1,00) as well as (Fa(2)+K)? < C’(z%+1),
with some constant C' = Cgs € (1,00). Coming back to (21) we conclude
that

i (V2 (s)) < @y (ul®) (s)) + CCp ((o(u(s)) +1)?)
< u®,(u®(s)) +4CC

Hence, using the ®-bound from theorem 11 we arrive at

</0t dsuw(u(s)(s))); < </Ot ds [62(1+qB)>\BsM(I)q(f) N 4Cé}>é

< A+ BB (10 (f) + 1)

N

with some constant A € (1, 00) which is independent of ¢. O

Global existence and uniqueness for (MCP).

Theorem 16 (Existence completed). Let F' = g5 x F,, be like in example 3,
with § > 0 and o € (1,2]. Assume that L satisfies F-Sobolev inequality with
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constant cp, that is p € FS(cp). Let A € [0, c}l). Then, for any T € (0,00),

the Cauchy problem
o) u?
{ 51U :Lu—i—)\uF(m)
uw(©) =f
admits a unique weak solution on [0,T), and this for any f € L2(u).

Proof. First, we mimic arguments given in the proof of Proposition 8 to get
uniqueness for weak solutions on any interval [0, 7.

Let us turn to the proof of the local existence. Choose ¢ > 0 small enough
so that Acp < (14 ¢B)~2. Then, provided the initial value f € L% (u), we
can use theorem 13 to exhibit a function u € Hy, 4 (u) N C([0, To], L% (1))
such that

[0 = ullay, L+ sup [u () = ut)llL2gy — 0
t€[0,To]

when € goes to 0. Thus, by lemma 15, one has

V(@) = V() @ — 0.
Hence, for any v € Hy, 4 (p) and t € [0, Tp],

. /0 ds (V(1)(5), 0(5))yy—1.2 .2

as additionally P.v goes to v in Hryy 4 (p). This together with other argu-
ments developed in the proof of theorem 9 shows that u is a weak solution
on [0,Tp] of problem (MCP). Hence, we are done provided the initial value
f e L% ().

Let’s now consider a general initial value f € L2(u). By density of
L% (1), there exists (fn)nen C LP4(p) with (fu)n — f in L?(u). Let’s
denote by u, the unique weak solution (on [0,7p]) of (MCP) with initial
value fn Deﬁne W= Wpm = Up — Up. One has w(0) = f, — fr,. Let
w(t) = % 0 w(t + s)ds, for 6 > 0. Then we have

%%u 5/ dsu (t)Lw(t + s))
+)\5/ dsp w5(t)-(V(un(t—l-s))—V(um)(zH—s)))]

= (15 dsp (Vw (t) - Vw(t + s))

é
+As /0 dsp [w5(t) (V(un(t+5)) = V(up(t + s)))}
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Integrating with respect to time and passing to zero with §, we arrive at
t
p (w20) = ((u= ) =2 [ dsplTw(s)f
¢
20 [ () - V(0 (9)) = Vi ()] s

Using linear interpolation between uy,(s) and u,(s), and now routine bounds
(see proof of theorem 13 for instance), this leads to

L (w2(t))—|—2(1—)\cF)/ dsp|Vw(s)? < p((fo — fm)2)+2)\a/ dsp (w?(s))
0 0

with a = [|J|| + B+ 4B. So that, for any ¢ € [0, Tp],

i (w2(1)) +2(1 - Acr) /0 dsp|Vu(s)> < €2 ((fo — f)?) -

Then (uy)y, is Cauchy in Hy, 4 () N C([0, Tp],L?(1)). Let u be the corre-
sponding limit. As in the beginning of this proof, one can easily check that u
is a weak solution on [0, 7] of (MCP) with «(0) = f. Arguments to extend
u to any interval [0, 7] have been given in the proof of theorem 9. The proof
is complete. O

4 Properties of Solutions of (MCP)

4.1 Markovian behaviour

Proposition 17 (Positivity). Assume that p € FS(c,) with a constant
¢p € (0,00). Then, for any X € [0,c,."), any solution u(t) of (MCP) with
initial value f > 0 satisfies u(t) > 0 for any t > 0.

Proof. Let u(t) be a weak solution of (MCP) with initial value f > 0. We
will prove that, p-a.s., u~(t) = min(0,u(t)) = 0. Then wy, = + tt+h u(T)dr,
for h > 0, is differentiable with respect to t; thus it is a test function and
so is w, = min(0,wy,). Hence, using the definition of the weak solution, we

get
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In the final integral we can pass to the limit with A — 0 which yields (as

w((f7)?) =0)

%u (w™ (1) = - /Ot dsp |Vu~ (s)]* + A/Ot dsp <(u_(8))2G’ (W))

|
<= [asivu P+ [ o (@ orr (9)
<0

provided A < c;l thanks to the F-Sobolev inequality. Hence,

0< i ((w () <0,

The proof is complete. |

Proposition 18 (Boundedness). Assume that p satisfies the F-Sobolev in-
equality (1) with constant c,. Then, for any X € [0,¢. '), any solution u(t)
of (MCP) satisfies for any t > 0,

[e@llo < 1F 1l

Proof. Let f € > (). We write x4 for the indicatrice function x> | ||
of the set {u(t) > || flloo}. As in the proof of proposition 17, we start from
analysing the properties of mollification of the function (u(t) — || f|le) =
(u(t) — || flloo) - X+ using the definition of the weak solution and locality of
the generator L. This procedure leads to the following integral relation

t
S (W)~ lfle)?) = - / dspt |V (u(s) = |1 floo)

US2
w3 [ds [ @)= 11wt +G<” 8"2)@.
u\s 2

Next we note that p (‘ (u(s) — ||f|]oo)+|2) =u (|V (u(s)x+)|2) and that,
thanks to (u(s) — || flleo) u(s)x+ > 0, we can use G < F to get

o () —1fl?) < — / s (9 (aloc )

(u(s)xs)?
A ds F ~—— 2= 1d
i / / #)x) ( uu(s)n%) g
F .
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Since u(s)x+ > 0 and F' > 0, the last term is non positive. Hence, using
w((u(t)x+)?) < [[ult)xs |3 < |u(t)||3, and the F-Sobolev inequality, one gets

S ()~ 7)) <

< [ s oIV @on P + (e F (2 wls)) ) <o

And so p <(u(t) - HfHOO)2+> < 0. Therefore u(t) < || f|loco, p-a.s.. By homo-

geneity of the equation, —u(t) is a solution with initial value —f. And the
above argument also leads to u(t) > —|| f|lco- This ends the proof. O

4.2 Further properties
For simplicity we set 42(t) = o2(u(t)) = u?(t)/u(u?(t)).

Theorem 19 (Exponential decay in L?). Assume that u € FS(c,.). Suppose
also that u satisfies the following spectral gap inequality

mp (g — ng)* < ulVgl?
withm € (0,00) independent of g € WH2(E). Choose X € (0, (¢, + (a/m))™")
where a = (HJHOO +4B + B) with B > 0 as in the generalized relative en-

tropy inequality, and B and J as in condition (C2). Then, any solution u(t)
of the problem (MCP) with initial data f € IL?(u) satisfies for any t > 0,

p((u(t) = p(u(®)?) < e ((F = u(f)?) (24)
with M = m(1 — Ac,) — Aa.

Proof. Set w(t) = u(t) — p(u(t)) and recall wy(t) = + tt+h w(7)dr (and sim-

ilarly for u(t)) so that wp(t) = up(t) — u(up(t)). Since wy(t) is differentiable
and p(wp(t)) = 0 for any ¢, we have

1d

5@ (€2Mtﬂ ((wh(t))Q)) _ MeZMtM ((wh(t))Q)

_ eQMtM(wh(t)%(u(t + 1) = u(t))

_ 62Mt% /t o {—M(th(t)Vu(T)) A / wh(t)u(T)G(@2(T))du}

Integrating from 0 to ¢, and passing to the limit with h — 0, we arrive at

€2Mt

T nw(®)? = Jpf — puf)

+ /0 dse®™s {—p|Vu(s)|? + A [w(s)u(s)G(a*(s))] + Mu(w?(s))}  (25)
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Now, as G vanishes at one, we have u(s)G(42(s)) = fo dada [ (5)G (a2 ](s))]
with . (s) = au(s) + (1 — a)pu(u(s)) and @2,(s) = (uey(3)/pen())
Evaluating this derivative as in (12), one gets

i [w(s)u(s) G(a%(s))] = / do i (w2(s) [G(2,(s)) + 282, ()G (82,(5))])
2 / dov i [2, ()G (82, ())w(3)] 1 (e ()0(5))

1 - ~
< [ dag (w26 P 60)+ (17 + 2B) n(w?(6)) 425 [ () )
< 1 (W () F(u?(#))) + a p(w?(s)).
where we used (GREI) and Cauchy-Schwarz inequality in the last bound,

and we set a = (||j||OO +4B + B). Coming back to (25) and applying
F-Sobolev inequality, we obtain (using the fact that Vw(s) = Vu(s))

plw(t)? = e M u(f — pf)?

+2 /Ot dse” M=) L (1 — ep)pu|Vu(s))? + (Aa + M) p(w?(s))}
If m € (0,00) is the best constant in the following Poincaré inequality
m - (g — pg)* < ulVgl?,
for any ¢ in the domain of the form, then we get
plw(t)? < e Mu(f — pf)?

- 2/ dse 2M(t=s) {[m(1 = Xe,) = M — Xa))] ,uw2(5)}
0

Thus, if A € [0, {c, + (a/m)}~ 1), then M = m(1 — A¢,) — Aa > 0 and we
obtain
plw(t))® < e ?Mu(f — pf)?

We define nonlinear parabolic transfer operator by
1 T
= lim — .
Sl = Jim 7 [ lus)is

Proposition 20.
Under the assumptions of the previous theorem, there exists a constant K' €
(0,00) such that for any t >0,

l(u(t)) = Suo(£)] < K'e™ M f — u(f)]l5-
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Consequently, there exists a constant K" € (0,00) such that

lu(t) = Soo(f)llo < K" |1 f = n(£)ll,

Proof. We first prove the convergence of p(u(t)). As in the previous proof,
let w(t) = au(t) + (1 — a)p(u(t)), w(t) = u(t) — p(u(t)) and up(t) =

3 tt+h u(r)dr. We have

Ol (t)) = o (e + ) — u(©)) =

_ / w(s)G (a2, (s)) dp + 2 / w(s)i2, ()G’ (a2, (s)) dp
_ 2/u[2 ()G (82, (5)) U[a](s)/ﬁ(u[aJ(S)w(S))du_

o ! p(uty(s))

It follows from condition (C2) that B = sup [#G/(2)| < oo and that |G(z)| <
C + |ac]% with some constant C' € (0,00). Hence, using Holder inequality,
we get

N[

[ (616 (@) ] < (€ +1+4B) (e (5)

Combining our considerations, we obtain

N

~ 1 t+h
Oups(un(t))] < A(C + 1 +4B)h/ ds (jw(s)?)? .
t
Now using the bound of Theorem 19 gives (uniformly in h > 0)
Oupa(un(D)] < MO +1+4B)e M (u(f — uf)*)2.

Thus, if T' > t, one gets

() = il ()] < NC+ 1+ 4B)If = (Pl [ e ¥oas

so that, after passing to the limit h — 0,

—Mt

(u(T)) = plu(®))] < eM MC +1+4B)[1f = u(f)llo.
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Hence, (p(u(t)));>q is Cauchy. Set K' = %(C +1+44B). For a fix T > t,
we have

[ wtutspyas

T Jo
1 [t I
< 3 [t = tutsplds + 1. [ tute) - ututs)as
1 e _Ms T _
§T</0Ke ds+/t K'e ds)Hf u(F)ls

T—t _ 1—e Mt
<K' (Te Mt+TM> If = ()l

Letting T" go to infinity proves the first part of the proposition.
The second part follows from the following inequality

p((u(t) = Soo(£))?) < 20 ((u(t) = p(u(t)))?) + 2lp(u(t)) = Seo(f)P,

the previous bound and Theorem 19. O
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5 Uniform Hypercontractivity

In the linear case the hypercontractivity in the norm sense is equivalent to
the one with respect to the metric. For nonlinear semigroups this may be no
longer true. The following result below shows that under certain conditions
this stronger property holds.

Define for any r > 0, 7.(x) := 22e"(@) and assume that there exists a
constant k > 0 such that for all 7 > 0: 7//7, > & 2

In particular if we consider the function F' defined in Example 3, thanks
to Lemma 37 of [BCRO04], we have for any r > 0,

(7@yr7(@) > 3-2(2- i/(alog(@)) (@2, (26)
Suppose A € [0,min(c, !, k(2¢,)7")). Let ¢ : Rt — RT be a C' non-
decreasing function satlsfylng —k+e, [X2(1+ ( )B) +¢(t)] <0and ¢(0) =
0. In particular, one may choose ¢(t) = ZAE]B’) (1 —e 28 with 0 < n <

é —2X\. We set & := 75), t > 0. We have 2 = ®o(x) < &y(2*) and
consequently [[f|l2 < [[f[|e,-

Theorem 21. Assume the hypothesis described in section 2 are satisfied.
Assume that p satisfies the F'-Sobolev inequality (1) with constant c,,. Sup-
pose A € [0,min(c, ', k(2¢c,)™1)) Then, any solutions u(t) and v(t) of the
(MCP) with mztwl data f € L2(u) and g € L2(u), respectively, satisfy, for
allt >0,

[u()]lg, < exp {A(B + ||u7||c>o)/0 ds (1 + q(S)B)} /1l (27)

and
[u(t) = v(®)llg, < Cun®)If =gl
where Cy, ,(t) is given by

— exp (A /Ot [25(1 + 2/01 HHZ (2)\\’@ da) + B+ |7 ll0)| (1 + a(s)B) d.s>

with uy, (s) = au(s) + (1 — a)v(s).

Proof. Let u(t) and v(t) be a solution of the Cauchy problem with smooth
initial data f and g, respectively. The desired hypercontractivity once
proven for the case of bounded smooth initial data, can later be extended to
the general case. Let w(t) = u(t) —v(t). Let ¢ : RT™ — R™ be a general non-

decreasing function with ¢(0) = 0 and consider first Ny (t) = Hwh(t)HTq<t),
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where wy,(t) = + tt+h dsw(s). For simplicity, we set T'(z,q) = 74(z). Then

by definition of the Luxemburg norm, we have

/ T (or(wn(t).q(t)) dp=1, V>0,

where oy (wp,(t)) = NZE 7y~ Thus, by differentiation, we get

N

1]\%8 / wp(O)T (or(wa (1)), q(t)) dpe
aJt\Z]ES) T (ar(wa(t)), q(t)) dp

) / OuT (o(wn (1)), a(t)) dps, (28)

where 01 and Oy are short hand notations for the partial derivative with
respect to the first and second variable, respectively.
If N (t) <0, there is nothing to prove. On the other hand in case when
Nj (t) > 0, using convexity of T, we get
N;, [ wa(t) _ 2N,
(29)
Next, because dywy(t) = +(w(t+h)—w(t)), using the definition of the weak
solution, we obtain

L DNT (om0 a(0)) d =

= /”h { / V)T 51,1 (o (1)), (1)

“/]éh [u(s)G (02 (u(s)) —U(S)G(ag(v(s)))} alT(Ut(wh(t))aQ(t))dN}
(30)

where o2 (u(s)) = u(s)?/||u(s)||3 and similarly for o3 (v(s)). Combining (28)-
(30), after passing to the limit h — 0, we arrive at the following inequality
with N = N(t) = Ng,(w(t))

i Wauﬂat( (1), q(t)) dn (31)

A / = (u(t))) — v(£)G (02(0(1)))] 1T (on(w(t)). a(t)) d
) / T (on(w(®)), a(t)) dp
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For a € [0, 1], set ujy = upy(t) = au(t)+(1—a)v(t). Using this interpolation
we can estimate the second term as follows

[ BOGER @) ~ w0a(ode) ordn

1
< [ da [ du{[P(oBlua(®) + 17 1] low(o) BT
0

+3 o3 ()G (B ey (1)) (w(8) — iy sl lua (®)]12) A7) }
< (D)4 (II) (32)

where we wrote 0T for 01T (o¢(w(t)),q(t)). Because by our assumption
sup |#G’(z)] = B < oo and one has ‘da”u[ﬂ] 2] < [lw(®)]]2 (by Minkowski
inequality), the second term (II) on the right hand side of (32) can be
bounded as follows

(1) / do / A [ B (e (0)] + b ()] 1ao(0)]12) T (o2a0(2)) (1))
< 2B / do / da (| (w(£))] + o0y (0)]) [T (o2 (w(t)), g(1))]
Since |01 T(z, q)| = 2|z|(1 + qz2F'(22))etF @) < 2(1+4¢

|2|e9F' (@) one has

B)
(I1) < 4B(1 4+ () B) + 4B(1 + q(t) /da Janlt ”‘T( S(w(t)), a(t))

ot (w(t))]
But
loo (e (t))] o (w
Jan LT (o 0(0). (1)
vl [l ®l, ),
= Tum@ll2 Jart e it T w00 <2 Tt )]

where to get the last bound we split the integral with respect to p into two
parts {|o¢(up(t))| < |ow(w(t))|} and the complement of this set, applying
the fact that the function y — ye?®F ) is monotone, and finally applying
the identity uT'(o+(2),q(t)) = 1. Consequently, we conclude that

= A e (),
(I) <4B(1+¢q(t)B) (14+2 | ————da (33)
( o luw®)l2 )
We'll write Guolt) = 1+2 fy el da.
The first term (I) on the right hand side of (32) can be represented as
fo da(I,) with

(la) = /du{[ (08 (e (1)) + 1T lloo] oe(w ()T (0e(w(t)), a(t))} -



Sub-gaussian measures and associated semilinear problems 39

Using 201 T(z,q) = 2T(x,q) + 2q2°F'(z*)T(x,q) < 2(1 + ¢B)T(z,q), the
quantity (I,) may be bounded as follows

(1) < [ du{[F (o) + 7o) 201+ 4O BIT (or(w(®)). a(0)}
<2(1+q(0)B) [ due [T (ow(®).al6) F (o} (T (ou(w().a®)) )

L 2B+ [Tl (1 + a(t)B) / T (o (w(t)), (1)) dp

N

where in the last line we have applied the generalized entropy inequality. If
p € FS(c, ), we conclude that

0 <201+ gOB)e, [ du|VT o @), o)
F2AB+ [ T1)(1 +a(0)B) (34)

Winding up (31-34), we get
2 [19ulo
220+ a()Bley [ d [/ T ou(w®), 40|

+2XM(2BCun(t) + B+ || T lloo) (1 + q(t)B) + ¢'(t) | 02T (o4(w(t)), q(t)) dpu.
(35)

T (o4(w(t)), (1)) dp

2

Next, it follows from our assumption on 7, that

81T

- / VolPouT(g,q)dn < —k / VP
— k[ IVV g,q|du. (36)

On the other hand T (z,q) = T(z,q)F(2?) < T(z,q)F(T(x,q)) since F is
non-decreasing and x? < T'(z,q). Hence, using (FS), we have

/ 0T (g, q(t))dp < / T(g, q(t)) F(T(g, q(t)))dp < c, / VT (g0 P

(37)
Thus (35-37) lead to
2N’
< (—h+e. 21 +q0)B VT (oe(w(t)), a(t)) Pdu

+20(2BGu(t) + B+ | Tllo) (1 + () B) (38)
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Now, we choose ¢(t) such that —k + ¢, [A2(1+q(t)B) +¢'(t)] < 0.
Hence

2N’

< 22a(t)(1 + q(t)B)

with @(t) = (2BCus(t)+ B+ J|ls). And this for any ¢ such that N’(t) > 0.
Thus by integration we arrive at the following bound

[ut) = v(®)llp, < exp {A/O dsa(s) (1 + Q(S)B)} 1 = glly

which ends the proof of the metric type hypercontractivity. As for the hyper-
contractivity for the norm (27), the proof is simpler and may be developed
by similar arguments from (31) by taking w = u and v = 0. Interpolation
is no longer necessary. |
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6 Local problems

In [FZ04] (and references therein), abstract semilinear problems of the fol-
lowing type are considered

{ Oru = L(u) + V(u)
u(0) = f

where u is a continuous curve ¢t € [0, 7] — u(t) € X in some Banach space
X. The operators L and V satisfy dual properties which may be sketch
out by saying that, the strongest L is, the worse V can be. Let us now
summarize the setting and results from [FZ04].

We assume that there exists another Banach space Y D X of ”worse
regularity” such that

(39)

(SH) Smoothing properties: the operator L generates a C° semigroup
on X which extends to the C° semigroup (P;),~, on Y. The semigroup maps
continuously Y to X for any ¢t > 0 (gain of regularity). Moreover, for any
T € (0,00), there is a positive function hp € Li4.[0,7T] such that

vte[0,T],  [[Pilly_x <hr(t).

(BLH) Lipschitz continuity on bounded sets: the operator V: X —
Y is locally Lipschitz on bounded sets that is, for any M € (0,00), there
exists a constant kj; € (0,00) such that, for any u,v € Bx (0, M),

IVu=Volly < rarflu—v]x -

Here, Bx(0,M) ={u € X : ||u||y < M}.

Hypothesis (SH) specifies how strong L has to be to allow the loss of
regularity due to V described in (BLH). These two hypothesis are already
sufficient to imply existence and uniqueness of the solution in a ”mild” or
"integral” sense on a maximal interval [0,7(f)). And this, for any initial
condition f € X. As we are interested in nonlinear semigroups associated
to this problem we need to assume a further entanglement between L and V
to ensure non explosion for any initial value. This is given by the following
additional hypothesis:

(DH) Duality between loss of regularity and smoothing: There ex-
ists a non decreasing positive continuous function W on [0, c0) such that

1. for any v € X,
IV)lly < W (JJullx) (40)

2. one may find a pair (po,qo) € (1,00)2, 1/po + 1/q0 = 1, satisfying
jointly
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(a) [ (s/W(s))™ & = co.
(b) For any T € (0,00), hy € Ly [0,T].

Theorem 22 (Global existence). Assume L and V satisfy hypothesis (SH),
(BLH) and (DH). Then, for any f € X, the Cauchy problem (39) admits a
unique integral solution u(t) on [0,00). Consequently, there exists a nonlin-
ear C° semigroup (St),;~q on X such that for any f € X, u(t) = Sif.

When X,Y C Lo(M, By, ), the space of measurable functions on a
measurable space M and the action of V is a composition with a (nice)
Young function V : R — [0, 00) satisfying the Ay condition, then hypothesis
(BLH) is actually a consequence of (40), see [FZ04, Lemma 4.2].

Consider that L is a self-adjoint (non positive) Markovian generator on
La(p) for a probability measure p. It is shown in [FZ04] that, provided L
satisfies a logarithmic Sobolev inequality, for any f smooth enough,

2

/f2 og <M(ff2)

hypothesis (SH) is satisfied with hp(t) = cthl/Q]I[O,T] (t) when Y = Lo(u)
and X is an Orlicz space X = Ly, (1) for some Young function Nj.

Finally we may exhibit new Young functions V for which Theorem 22
applies.

We start with hypothesis (SH). Here the role played by the logarithmic
Sobolev inequality is fulfilled by an Orlicz-Sobolev inequality. It means
demanding a bit more regularity on the initial value by replacing Ly, by a
more restrictive Orlicz space.

) du < CLs/f ~(=L)fdp,

Theorem 23 (Smoothing via Orlicz-Sobolev). Let ® be a Young function.
Assume that for any f smooth enough,

HU—MU»W¢§0§/Nﬂwm

for some constant Cg independent on f. Set ®y(z) := ®(x2). Then, for any
t >0, Py maps L2(u) to L22(n) and, for any T € (0,00), any t € (0,T),

C
P flg, < 77t”||f|rz

with C2 = €2 + 27| 1|

Proof. We follow [FZ04, Theorem 4.3]. Using the Orlicz-Sobolev inequality,
2 __ |42
we have (recall that [|gll5, = ||9%||4)

IPeflls, < 20Puf = u())ls, + 2000,
= 2[[(Pef — u(£))?]| + 20(f)? [l

< 20, / VP2 + 2u()2] Tl
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By spectral theory we have

o« _ 1
JwRian = [aeap) <swae [ fans o [ P

A>0
Hence, by Cauchy-Schwarz inequality, we get

Cs

P13, < (S22l ) )

The result follows. O

As said before, hypothesis (BLH) is a consequence of (40). We now
prove this inequality on a class of Young functions.

Proposition 24. Let ®5 = |z|log(1 + |z|)?, B € (0,1) and 52 = P5(z?).
Set Vg = \/®p2. Then, for any f € Lo, ,, any B € (0,1),

IVs(F)ll, < Ws (1/11a,, )

for Wg(z) = o+ Va(x) =z + xlog(1 + x2)§.

Proof. Fix # € (0,1). Let f € Lo, and define f= f/||f||%2. Then, by

definition, [ ®g2(f)du = 1. Note that (1 + (ab)?) < (1+a*)(1 +b?). Thus,
(I),gyg(ab) < a2q)572(b) + b2<13/3’2(a). It follows that

Wl = ([ <I>g,2(f)du>é (o f‘%’j)dﬂ);

< (©0al15la,.) [ P+ 1512, [ @aaPiin)

< [@p2(lflla, )7 + 1 llay -

A

the result follows. O

We are now in position to apply Theorem 22.

Theorem 25. Let &5 = |z|log(1+|z|)?, 3 € (0,1) and @52 = Pg(x?). Set
Vi = \/®g2. Let jin be the Gibbs measure defined in Theorem 28 on RZ*,
Then, for any B € (0,1), for any f € La,,(ita), the Cauchy problem (39),
with V(u) = Vg ou acting by composition with Vg, admits a unique integral
solution u(t) on [0,00). Consequently, there exists a nonlinear C° semigroup
(St)y>0 on Lo, ,(pa) such that for any f € Lo, ,(ta), u(t) = Stf.
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Proof. We will apply Theorem 22 with X = Lg,, (1) and ¥ = L?(ua).
Thus we have to verify that assumptions (SH), (BLH) and (DH) are satisfy.

Since by Theorem 29 pu,, satisfies an Orlicz-Sobolev inequality, Theorem
23 applies and assumption (SH) is satisfied with hp(t) = Op/V/t.

From Proposition 24, inequality (40) is satisfied, and thus (BLH), with
Ws(x) =z + zlog(1l + x2)§.

Let pg = 2/8. Note that py > 2 and thus that ¢y < 2, where 1/po+1/qp =
1. It follows that for any T" € (0,00), hp € L%([0,7]). On the other hand,
[ (s/Wp(s))P0% has the same behaviour as

/°° ds
slog(1+s)

Consequently it diverges. This ends the proof. O
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7 Functional inequalities for Gibbs measures

In this section we describe briefly the functional inequalities like F-Sobolev
inequality and Orlicz-Sobolev inequality for a class of non-product Gibbs
measures in infinite dimensions; for more details we refer to [BCR04, RZ05].

We start by recalling some useful results on these functional inequalities
in R" [BCR04, RZ05].

The strategy to prove such inequalities relies on the notion of capacity
of a set introduced in [BRO3]. Let p and v be two absolutely continuous
measures on R™. Then, for any Borel set A C Q, we set

Cap,(A4,Q) := inf{/ |V f|?dv; f > T4 and fiae = O} .
If 41 is a probability measure on R, then, for A C R" such that p(4) < 3,
the capacity of A with respect to p and v is

Cap,(A,u) = inf{/|Vf]2du;I[ >f>14 and u(f =0) > ;}

= inf {CapV(A,Q); QCR"st. QD Aand pu(R2) = ;} .
We will write Cap,,(A) for Cap,, (A, 1). We refer the redear to [BCR04, sec-
tion 5.2] for a general introduction and discussion on the notion of capacity.
The second equality in the definition comes from the fact that Cap, (A4, )
is non-increasing in 2 and an easy truncation argument (see [BCR04]).
Then we have the following two theorems. The first is of Orlicz-Sobolev
type (used in local problems) while the second give us FS inequality.

Theorem 26. Let v an absolutely continuous probability measures on R™.
Let T : [0,1] — R be non-decreasing and such that x +— T(z)/x is non-
increasing. Denote by Cp the optimal constant such that for every smooth
f:R™ — R one has

[ Pdp— ([P _ [ e
p:l(ll%) T(Q—p) < T/|vf| .

iSHLN)

Finally, assume that there exists a positive constant ¢y such that

a1z ( <o z), Vr>2.

log(1 + 1:)) -

Let ® be a Young function and fix a constant k € (0,400) such that for any

function f with f? € Le(p), H,u(f)QHq) < kaZH(D.
Then, every smooth f : R™ — R satisfies

1(f = ()| < W / IV £|2dp.
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The proof can be found in [RZ05].

Theorem 27. Let T : [0,1] — RT be non-decreasing and such that x —
T(z)/z is non-increasing. Let p and v be two absolutely continuous measures
on R™ with w(R™) = 1. Let Cr be the optimal constant such that for every
smooth f :R™ — R one has

[ 2dp— ([ |fPdp)
piﬁ%) T(2—p)

< CT/|Vf\2du. (41)

Let F : [0,400) — [0,400) be a non-decreasing function. Assume that
F(z) =0 if x < 0 for some 6 > 2 and that there exists a constant ¢ such
that F(0y/2) < c¢/T(1/log(1+y)) for any y > 6.

Then, for every smooth f:R™ — R one has

/fQF (;4@)) dp < 3¢Cr <\/§f\/§)2 / IV f|2dv.

Proof. Combining Theorem 9 and Lemma 8 of [BCR04] we get that any
Borel set A C R™ with p(A) < 1 satisfies

1(A)
T(1/log(1+ ﬁ))

< 6CrCap, (A, ).

This leads to

p(A)F <2Mi‘1)> < 6¢CrCap,, (A, 1)

for any A with p(A) < 3. The result follows by Theorem 20 of [BCR04]. O

In the rest of this section we consider the following infinite dimensional
models on a space Q = R%" = {w = (w; € R);ez4}-
Let U; = U;(w;), © € Z, be smooth convex functions such that

0 < inf /e_ui(z)dx < sup /e_ui(x)dac < 00.
i€Zd icZd

Let T = {ZIx}, X € Z¢,|X| > 1, be a collection of smooth bounded cylinder
functions, (dependent only on wx = (w; : @ € X), respectively), and such
that

7= s | 37 1Zxl+ 3 [IVsZxl, + 195Vax], ] o | <00
1€

X ez jezd
X>1

(42)
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where ||-||,, denotes the uniform norm. For A € Z<, setting

Up Ezui(wi)—l- Z Ix(wX)

€A XNA#D
we define N N N
EX(f) = J e Ual&ea) £(G o w)day
A - f B_UA(wOAw)d&A
where

~ . w; if 1€eA
(“’OA“)i:{wi if i€

A measure p is called a Gibbs measure on €2 for local specification { Ep } y gza
iff for any integrable function f one has

p(ELNS) = p(f)
for all A € Z%. For any A C Z% and i € A we have
En(fLig) = —EAVif - Vig
for any functions f and g for which both sides make sense. Thus we have
Lif = ediv; (7" Vif) = Aif = Villi - Vif

where div; and V; are with respect to w; and U; = U{Z-}.
We introduce the following Markov generator

L= Z L;
i€Z4

which is well defined on a domain including all smooth cylinder functions.
Consequently we have

—u(fLg) =Y w(Vif - Vig)

i€z
and if P,f = el f = f, is the corresponding Markov semigroup, we also have

p(fPig) = p(gP:f).

For a construction of the semigroup (P;);>¢ in the space of bounded continu-
ous functions we refer to [GZ03], (see also [Zeg96], [Yos01], [Hel02], [DPZ96],
and references therein).

We note that in the present setup one has

1
Vz|3 = §(Lz2 —2zLz2) = Z V2|2
i
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and the generator L has the following diffusion property (or chain rule): for
any (localized) smooth vector functions f = (f1,...,f,) on Q (v € N) and
any smooth function ¥ on R",

U(f1,..., f,) = Zak\y L+ > 0FU(f)LV fi- Vfi.
k=1
In the above described setup we have the following results.

Theorem 28 ([RZ05],[GZ03]). Fiz o € (1,2). Assume that for all i € N,
U;(z) = Uy (x) where Uy, is the following C* function

U () { || for |z|>1
a\l) = ala— a(d—a
(8 2) 4 (44 )l‘2+( —3a+1a®)  for |z| <1

Define the Gibbs measure o, in this case. Then, there exists a constant Cl,
such that for any function f in the domain of the Dirichlet form

hSEIN)

wp £ = (] 1 Pdc)

<Ca / V£ 2dp.
pe(1,2) (2 _p)2(1—é) ’ ‘

Moreover if ||Z||u2 is sufficiently small, then the same results (with appro-
priate constants) remain true for the corresponding Gibbs measures.

We are now in position to give example of Gibbs measures satisfying a
F-Sobolev inequality and an Orlicz-Sobolev inequality.

Theorem 29 ([RZ05)). Fiz o € (1,2) and set 3 = 2(1 — 1). Consider
the function F defined in Example 3 and ®(x) = |x|log(1 + |z|)®. Under
the assumption and notations of Theorem 28, there exists a constant Dy =
Do (Cu, 3,0,0,20) such that any function f in the domain of the Dirichlet
form satisfies

17 = el )Ly, < 179Ca/|Vf|2dua

/f2 (Ma 7 )dua SDa/Vdeﬂa.

Moreover if ||Z||u2 is sufficiently small, then the same results (with appro-
priate) constants remain true for the corresponding Gibbs measures.

and

Proof. Set T(x) = |z|®. Tt is not difficult (see [RZ05]) to show that for any

x> 2,
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On the other hand, thanks to Remark 32, ||pa(f)? H% < erQH%. Consider

a smoothed cylinder function f. We can apply Theorems 26 and 28 to get
the result for the Orlicz-Sobolev inequality (note that 48(1 +¢e) < 179). A
density argument ends the proof. B

Note that 6 > 2, thus Ay/2 < (1 4 »)?/2. Tt follows that

a..\ B o\ P
0 0
log (21;) < (2) log(1 + y)®.

Set ¢ = 2max <<g>ﬁ; [— (log 6)” + log (%)]/log(l + é)ﬂ). It

follows from (2) that for any y > 6,

__ ¢
T (i)

Hence we can apply Theorem 27 for smooth cylinder functions. The result
follows by density. O

F(y) < Fa(x) + log (IMX(GGM) < clog(l +y)’ =
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8 Appendix: Young functions and Orlicz spaces

In this section we collect some results on Orlicz spaces. We refer the reader
to [RR91] for demonstrations and complements.

Definition 30 (Young function). A function ® : R — [0,00] is a Young
function if it is convex, even, such that ®(0) = 0, and lim,_, 4 ®(z) = +o0.

The Legendre transform ®* of ® defined by

*(y) = iglg{ﬂm — &)}

is a lower semicontinuous Young function. It is called the complementary
function or conjugate of ®.

Among the Young functions, we will consider those continuous with fi-
nite values such that ®(z)/z — oo as © — oo (for stability reasons w.r.t.
duality). When additionally ®(z) =0 < x =0 and ®'(04) = 0, ® is called
a N -function.

For any lower semicontinuous Young function ® (in particular if ® has
finite values), the conjugate of ®* is ®. The pair (®, ¥) is said to be a
complementary pair if ¥ = ®* (or equivalently ® = ¥*). When ®(1) 4+
®*(1) = 1, the pair (®,P*) is said to be normalized. The conjugate of an
N-function is an N-function.

Let ® be an N-function. Then, for any a > 0,

a < ®1(a)(®*) " (a) < 2a.
— l=I?

p
®*(z) = 2 with 1/p +1/g = 1. The function ®(x) = [x[* In(1 + |2[)? is
also a Young function for &« > 1 and § > 0 and an N-function when o > 1
or 3> 0.

Now let (X, u) be a measurable space, and ® a Young function. The
space

The simplest example of N-function is ®(x) p > 1, in which case,

Lo(p) ={f : X — R measurable; 3o > O,/ O(af) < +oo}
X

is called the Orlicz space associated to ®. When ®(x) = |z|P, then Lo () is
the standard Lebesgue space L, ().

There exist two equivalent norms which give to Lg(i) a structure of
Banach space. Namely

I£1ls = nfr > 05 [ @ (ﬁ) dn <1}

and

Nol() = sup( [ 17glds [ " ()n <1y
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Note that we invert the notation with respect to [RR91]. We will use the
notation Gp, or more simply G when no confusion, the set Go = {|g| :
Jy ®*(9)dp < 1}. Note in particular that Gg is a space of non negative
functions. Moreover

[flle < Ne(f) <2[fls - (43)

By definition of the norm and the previous result, it is easy to see that for
any measurable subset A of X,

1
[Talle = @ '

w(A)

(44)

Then, the following result generalizes Holder inequality. Let &1, ®o
and ®3 be three Young functions satisfying for all z > 0, & (2)®5 ' () <
&5 (x). Then, for any (f,g) € La, (1) x La, (1),

1f9lles <2 le,ll9]le, - (45)

In particular, when ®3(x) = [z|, we get [y |fgldu < 2[|fllp, l9llp,- In the
case of complementary pairs of Young functions, we have the following more
precise result, see [RR91, Proposition 1 in section 3]:

| \rald <211l (46)
Finally, for any constant ¢ > 0, it is easy to see that for any function f,
lfllose) = 1l (47)

Comparison of norms

In what follows, we will often have to compare Orlicz norms associated to
different Young functions. Let us notice that any Young function ® satisfies
|z| = O (P(z)) as x goes to co. It leads to the following lemma.

Lemma 31. Any Orlicz space may be continuously embedded in ILy. More
precisely, let M and T in (0,00) such that |z| < 7 ®(x) for any |x| > M.
Then, for any f € Lo,

11l < (M +7) 1 Flle- (48)

Consequently, if ® and VU are two Young functions satisfying, for some con-
stants A, B >0, ®(z) < Alz| + BY(x), then

11l < max (1, Al _y, + B) flly. (49)
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Remark 32. When ®(z)/x — oo as x — oo, we may choose 7 = 1 or any
other positive constant. We get in particular the estimate

o)l < (M + 1) T[] (50)
where M is such that |z| < ®(x) for any |z| > M.

Proof of lemma 31. Let f € Lo(p). We may assume by homogeneity that
|flleg =1. Then [®(f)dp =1 and so

dy = dp + d
/U\M(AWMVIMKAWMU\A

< Mu(f] gM)+T/[f|>M}q>(f)du§M+r.

As for bound (48), assume now that || f|l;, = 1 and hence [ ¥(f)du =1 as
well. For any A > 1,

Joumydns s+ 5 [0/ do
B

A
< 5y HId||]]_,q,—>L1 1fllg + By V(f)du <1

provided A > A[|Id||,, g, + B. Note that for the second inequality we used
convexity of W. O
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