N

N

Weil-Petersson volume of moduli spaces, Mirzakhani’s
recursion and matrix models
Bertrand Eynard, Nicolas Orantin

» To cite this version:

Bertrand Eynard, Nicolas Orantin. Weil-Petersson volume of moduli spaces, Mirzakhani’s recursion
and matrix models. 2007. hal-00149179

HAL Id: hal-00149179
https://hal.science/hal-00149179

Preprint submitted on 24 May 2007

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00149179
https://hal.archives-ouvertes.fr

hal-00149179, version 1 - 24 May 2007

SPT-07/065

Weil-Petersson volume of moduli spaces, Mirzakhani’s
recursion and matrix models

B. Eynard®, N. Orantin?

Service de Physique Théorique de Saclay,
F-91191 Gif-sur-Yvette Cedex, France.

Abstract
We prove that Mirzakhani’s recursions for the volumes of moduli space of Riemann
surfaces are a special case of random matrix recursion relations, and therefore we
confirm again that Kontsevich’s integral is a generating function for those volumes.

As an application, we propose a formula for the Weil-Petersson volume Vol(M, ).

1 Introduction
Let

Von(L1,..., Ly) = Vol(M, )

= Z (H %) </<;f07'd1 . .Tdn>g7n L34 L%

do+..4+dp=3g—3+n \i=0 *

(1-1)

denote the volume of the moduli space of curves of genus g, with n geodesic boundaries
of lengths Lq,..., L,, measured with the Weil-Petersson metrics. Using Teichmuller
pants decomposition and hyperbolic geometry, M. Mirzakhani [4] has found a recursion
relation among the V, ,,’s, which allows to compute all of them in a recursive manner. It

was then observed [B] that this recursion relation is equivalent to Virasoro constraints.
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In fact, Mirzakhani’s recursion relation takes a form [3] which is amazingly similar
to the recursion relation obeyed by matrix models correlation functions ([I, 2]) and
which were indeed initialy derived from loop equations [II], i.e. Virasoro constraints.

Here we make this observation more precise, and we prove that after Laplace trans-
form, Mirzakhani’s recursion is identical to the recursion of [2] for the Kontsevich
integral with times (Kontsevich’s integral depends only on odd times):

: 1 27)2k (—1)k
Z(tk) = /dM e_NTr [%"'AMQ} , t2k+3 —_ TrA—(2k+3) _ M

N (2k + 1)! T 2k0.

(1-2)

2 Laplace transform

Define the Laplace transforms of the V, ,’s:
W (z1,. .., 2n)
= 27Man / dLy ...dL,e~ =%k H L; Vyo(Ly,...,Ly)
0

i=1

o noq . (2d, +1)!  (2d, + 1)!
_ 9=y, Z (H d_2'> <H107'd1 .. 'Tdn>g,n Z%dl.;.z T 2dn+2

do+..4dn=3g—3+n \i=0
(2-1)

where (see H]) mgy, = 65.10n1.

Since the V,,’s are even polynomials of the L;’s, of degree 2d, ,, where
dgn =dimMg,, =39 —-3+n (2-2)
the W9’s are even polynomials of the 1/z;’s of degree 2d,,, + 2. Let us also define:
Wo=0 (2-3)
1

(21 — 22)?

dEu(z):%( P ) (2-5)

Z—U zZ+u

W3(21, 22) = (2-4)

and

We prove the following theorems:

Theorem 2.1 For any 2g —2+n+1> 0, the WS, satisfy the recursion relation

W,‘ZJrl(z,K) = Resyu—o ﬂdEu(Z)[ fQLZOZJCK W{L+|J\(U’J)Wg_h (—u,K/J)

u sin 2w 1+n—|J|
+W§;§ (u, —u, K)]

(2-6)



where the RHS includes all possible W}, including WY = 0 and W3, and where
K={z,...,2,} (2-7)
1 a set of n variables.

proof:
This relation is merely the Laplace transform of Mirzakhani’s recursion. See the

appendix for a detailed proof. [

Corollary 2.1 W2 are the invariants defined in [2] for the curve:

z(2) = 22
{ ( ) sin (272) 4 6 8 (2'8)

_ — —,_9r2 3 2rt 5 4n® 7, 2n% 9
2y(z) = o = 2 — 252" + Jr 2 352 T o2 T

which is a special case of Kontsevich’s curve:

3 1 (2m)*=3 sin (7k/2)
Z(ty) = [ dM e N T E AL tp=—TrA* = 2-9
(t) / ¢ o TN (k — 2)] (2-9)
For instance we have: i,
InZ(ty) =Y  N*"W§ (2-10)
g=0
(W§ is often noted —F, in the litterature).
proof:
Eq. B=8 is precisely the definiton of the invariants of [2] for the curve
x(z) = 22
sin (272 T T . - 2-11
VnO e e e e, G
And it was proved in [2] that this curve is a special case of Kontsevich’s curve:
x(z) = 22
i~ : 2-12
{ y(z) =z — %Z]—:o tj+22’ (2-12)

which corresponds to the computation of the topological expansion of the Kontsevich

integral:
—NTr m—l—AMQ} 1 -k
Z(tk) = dM e 3 s tp = N Tr A (2-13)
InZ(ty) = -y N> F, (2-14)
g=0
OJ



Theorem 2.2 For any 29 — 2+ n > 0 we have:

(29 —24+n)WIHK)= 1 Res (u cos (2mu) — 2i sin (27ru)) Wi (u,K) (2-15)

472 u—0 T "

or in inverse Laplace transform:

1
(29 —24+n)Vy,(K) = o Vg'nH(K,QiW)

(2-16)

1th

where ’ means the derivative with respect to the n + variable.

proof:

This is a mere application of theorem 4.7. in [2], as well as its Laplace transform.
O

In particular with n = 0 we get:

1 Vg, (2im)

= Vol = 2-1
‘/gyo VO (Mgvo) 29 o 2 2Z7T ( 7)
for instance for g = 2:
437"
207 9160° (2-18)
2.1 Examples
From [H] we get:
1
Wy = - 2-19
s = 22 (2-19)
1 2
Wi = 2-20
Togyt 1222 (2-20)
1 1 1 1 1
W)= (2r+3(5+5+5+— 2-21
g (g R) =2
1 Tt w21 D D 3
Wy===|—4+=(5+5)+tg+a+593 2-22
2 22 (4 * 2(z%+z§)+8zf+8z§+Bz%z§) ( )
1
W = 107 + 187 Z +15 Z +18 Z == (2-23)
2{23252323 g %)

, 1 (2%8 3387° 13974 20372 315) (2:24)

W2 =
L1927 ! 6

522 2 2 228



Those functions are the same as those which appear in section 10.4.1 of [2], for the

Kontsevich curve with times:

272 ot 476 2m8

tas —2=1tr=——— tr=— tg=——,t11 = ——, ... 2-25

3 y US 3 s U7 157 9 3157 11 28357 ( )
i.e. the rational curve:
x(2) = 22

&k = sin (272 2-26

K {—Qy(z): éi):z—2%2z3+%z5—%z7+%29+... (2-26)

It is to be noted that those t;’s are closely related to the g;’s of [B, B].

3 Conclusion

We have shown that, after Laplace transform, Mirzakhani’s recursions are nothing but
the solution of loop equations (i.e. Virasoro constraints) for the Kontsevich integral
with some given set of times. It would be interesting to understand what the invariants

of [2] compute for an arbitrary spectral curve (for instance for other Kontsevich times).

Acknowledgements

This work is partly supported by the Enigma European network MRT-CT-2004-5652,
by the ANR project Géométrie et intégrabilité en physique mathématique ANR-05-
BLAN-0029-01, by the Enrage European network MRTN-CT-2004-005616, by the Eu-
ropean Science foundation through the Misgam program, by the French and Japaneese
governments through PAT Sakura, by the Quebec government with the FQRNT.

Appendix A Laplace transform of the equations

Let us write:
Lx ={Ly,...,L,} (1-1)

g
HY(x,y, L) = vyVy_1ni2(2,y, Lr) + Z Z Vw1012, Li)yVy—hms1-101(Ys L)
h=0 JEK
(1-2)

where all the V}, ; terms in the RHS are such that 2h + &k —2 > 0 (i.e. stable curves

only), as well as their laplace transform:

HY (2,7, L) ::/ dx/ dye e "V HY(x,y, Lx). (1-3)
0 0



Mirzakhani’s recursion reads:

L 0o (o)
2LV, p1(L, Lg) = / dt/ dm/ dyK(z+y,t)HI(x,y, Lk)
0 0 0

n L o)
+ ) / dt / de(K (z,t + L) + K(2,t — L)) 2V o1 (z, L)
m=10 0

(1-4)

where
1 1

K(x7 t) = z+t + r—t
145 145

(1-5)

and Ly, = Lg/{Ln}.
Let HY be the Laplace transform of HY with respect to x and .
The Laplace transform of the first term in eqll=4 is:

[e%) L [e%) [e%) 1
Z/ dLe‘ZL/ dt/ dm/ dym HY(x,y, Lk)
e==+1

= / dt/ dLe _ZL/ dl‘/ dy Cc+y+et Hg(xuyaLK)

— Z / dte_Zt/ dx/ dy pezE: HI(x,y, L)

e==+1
= —Z—/ dte_Zt/ dl‘/ dy(_1>je—%(x+y+t) Hg(x7y7LK)
— z
w2 [ an [Ty / dt e (~1Y et Hi(a,y, Li)
]:0’2 0 0
S [ [Ty [ e e e mgtey, L
—1 ~Jo 0 0
oo 1 [e'e} oo 1 J
S D5 R e
J
=1 Z Jo 0 Z+ b}
o0 1 00 00 1 J
—|—Z—/ dx/ dy( )j —t) HY(2,y, L)
im0~ Jo 0 5
o0 1 [e%e) [e%¢) P .
Y2 [T [T ay T - et gy, 1y
Flz 0 0 Z— 3
_ S (=1 god J 1
© R MG e
Jj=1 2
1

— (=17 - ] 27

HY L
2 sin 2wz n(2 2 Lic)



u—=z

[

d
Res u

Res + Z Res

u—+2

2

du 2

u— z usin (27u)

I:Ig(uv U, LK)

)

u—0 2z — U usin
21 du
Res

u—0 ysin (27u)

(1-6)

Using the notation

R(z,t,Ly,) :=

HY L
(2mu) (s L)

dE, (=) H3(u,u, Ly)

(K(z,t+ L) + K(z,t — L)),

the Laplace transform of the second term in eq=4] is:

/ dLme_ZmL’"/ dLe_ZL/ dt/ dzR(z,t, L)z Vo1 (, L m)

g

dL,,

[e.9]

dL,,

J
)

dx

[e=]

0
x/dt
0
0
:)s/dt
dt
:L’/dt
dt

d
d
dx
d
d

NF—‘N

X

|

" ALyt

d:)s/ dte‘”/ dLy,e”Cm=2 I K (2 )2V, 1 (2
0

/ de | dt (e
0 0

226"

—2zmLm

dte ZtR(:E,t,Lm)xV;],n_l(a:,Lm)

0
—zmLm / dt e_z(t_Lm) K(.f(:, t)x‘/g,n—l (ZZ:, Em)

dt e=*Hm) K (2 12V, 0y (x, L)
_Lm

A

) Lm)

~

et / dL,,e~ 2 [ (0 )2V, 01 (2, L)
0

e_Zt/ AL~ Crnt2m K (4 )2V, oy (2, L)
—t

—zmt

~

K(z,t)xVyn_1(x, Ly,)

Zm — R
—zt +ezmt

Zm + 2

—zmt

K (2,0)2Vy (2, L)

—zt —zmt

K(z,t)zV o1 (x, f)m)
e—zt + e—zmt

—e
)
Zm + %

A

K(z,t)xVyn_1(x, L)

Zm — 2
2 9xe”

Zmt

ISR R

/ dx dt
0 0

dt

22me”

1
—xV, _1(x, L,
1—|—ez+ s 1 )
1

2 )
2t _ 926

—zmt

A

dt

S~

d:v/ dt
0

T—

1+ez
1

xz—1

1+e=
2ze 7t — 2ze7#mt
(23 — 2%)

(22 — 22) 7 TVgn-1(%, L)

2zme "t — 2ze”
(22, — 2%)

Zmt

~

x‘/;],n—l(x7 Lm)

—zt

~

e~ @+t 2V p1(x, Lyy,)




[e'9) 2Zm€ Zt—2ze zZmt o R
Z / dm/ dt e 1(z—t) Vs (, L)
]21
3 2zme gt A
]O_O ( 2Zm _

— Z+J Zm+ . )
- d$72e le'V’n_l(x’ Lm)
j; < A (Z%1 22) g
© (_1y [ 2, CEeTE g e Eoeime
3 Zm—% .

_ ; / dz / dt Z =9 2Vyn1(x, L)
& 2zme T 2ze”Fm?”

+Z / d:):/ dt 212 22 _ZZ;)M Vo1 (2, Eon)
j=0

-~ ~ Won-1(5: Lm
]Z:; z (zm+z)(z+§)( Zm + 1) 9, 1(2 )

- (_1)j Z+ 2, — % ] )
-9 ' wo i
j; c (Zm“‘Z)(Z—%)(Zm—%) 9 1(2 )
00 (_1)j 2 )
+2 - Wyn-1(z, L)
; z (Z_%>(Z12n_22) g
[ee) ' 1 A

-2 —1) . W, 1(Zons Lo

D e

00 (_l)j Zm A
+2 . Wyn-1(z, L)

L T

o0 ‘ 1 A
-2 (=1) : Wyn—1(Zms L)

]Z:; (Zm + %)(2’% — 22) g

0o d 1 ) A
_42 Reg U 2+ Zm t+u W B

“u—tjsin2ru z (2m +2)(2 + u)(zm + )

Zm T ~
Wg,n—l (Za Lm)

‘]_

4
* zsin (272) (22, — 22)

Wg,n—l (Zm7 Lm)

sin (272,,) (22, — 22)
—42 Res

< g SN 27U (22— 02) (27, — )

wdu Zm R

Wg,n—l (U, Lm)

Jj=
wdu Zm .

u—>ze,§m sin 27w (22, — u?)(22 —u?) 7 1(u )
d m A
4 Res 2z W, (b

u—0 sin 27w (22 — u?)(22, — u?)

mdu 1 1 1 1 .
2 R —_ W e 7Lm
u—e>(s) 2usin 2mu <z—u z+u) (Zm —u + 2 —l—u) g, 1(“ )




mdu 1 1 1 )
= 4 E{‘_e)g 2u sin 27w (Z —u - 24 u) 2 Wg,n—l(u7 Lm)
(1-8)

After taking the derivative with respect to z,, that gives the expected term:

2md /
Res — M qE,(2) 2WO(u, 2 )Woyn1 (1, L) (1-9)

u—0 U SIn 27U

and therefore the Laplace transform of Eq. (=) gives the relation Eq. (2=0).
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