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RESOLUTIONS BY POLYGRAPHS

FRANCOIS METAYER

ABSTRACT. A notion of resolution for higher-dimensional categories is defined, by
using polygraphs, and basic invariance theorems are proved.

1. Introduction

Higher-dimensional categories naturally appear in the study of various rewriting systems.
A very simple example is the presentation of Z/2Z by a generator a and the relation
aa — 1. These data build a 2-category X :

Xo=—X1=—X,

where X, = {®} has a unique 0-cell, X; = {a"/n > 0} and X, consists of 2-cells a” — a?,
corresponding to different ways of rewriting a™ to a” by repetitions of aa — 1, up to
suitable identifications. 1-cells compose according to a” xga? = a™*?, and 2-cells compose
vertically, as well as horizontally, as shown on Figure 1, whence the 2-categorical structure

on X.

a™

o@. O/DO/I\*Q
L NS

al aP a

Figure 1: composition of 2-cells

In this setting, we recover the original monoidal structure of Z/2Z by collapsing the
2-cells (see [4]) to identities. Likewise, tree-rewriting systems could be expressed in the
framework of 3-categories. Thus we start from the fact that many structures of interest are
in fact n-categories, while computations in these structures take place in (n+1)-categories.

On the other hand, if a monoid can be presented by a finite, noetherian and confluent
rewriting system, then its homology groups are finitely generated, as proved by Squier
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and others (see [15, 1, 11, 13]). Precisely, it is shown how to build a free resolution of Z
by ZM-modules by using a complete (i.e. finite, noetherian and confluent) presentation
(33, R) of the monoid M. Subsequently, the notion of derivation type was introduced:
roughly speaking, one asks if the equivalence between rewriting paths with the same
source and target can be generated by a finite number of basic deformations. It turns out
that this property is independent of the (finite) presentation chosen, and that it implies
homological finiteness in dimension 3 (see [16, 12, 8]).

As regards oo-categories, homology can be defined through simplicial nerves (see [17,
6]). However, this does not lead to easy computations. What we would like to do is to
extract structural invariants from particular presentations. The present work is a first
step in this vast program: by using Burroni’s idea of polygraph, we propose a definition
of resolution for oo-categories, which can be seen as a non-commutative analogue of a
free resolution in homological algebra. These new resolutions generalize in arbitrary
dimensions the constructions which already appear in the study of derivation types.

The main result (Theorem 5.1) establishes a strong equivalence between any two res-
olutions of the same category, and yields homological invariance as a consequence (The-
orem 6.1).

All the material we present here was elaborated in collaboration with Albert Burroni,
whose companion paper [5] will be released very soon.

2. Graphs and Categories

2.1. BASIC DEFINITIONS. Polygraphs have been defined by Burroni in [4]. Let us briefly
recall the main steps of his construction: a graph X is given by a diagram
S0

Xo = X1
0

X is the set of vertices—or 0-cells—X the set of oriented edges—or 1-cells—and the appli-
cations sg, to are respectively the source and target. We usually denote z* : 2°
case the 1-cell ! has source z° and target °. More generally, an n-graph, also known as
globular set will be defined by a diagram

— % in

S0 S1 Sn—1

to t1 tn—1
with relations

SiSi+1 = Siliy1 LiSiy1 = titiya

Figure 2 conveys the geometric meaning of these equations.
If diagram (1) is not bounded on the right, we get an oco-graph. Elements of X; are
called i-cells and will be denoted by z¢. By
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A
ssr = tix
v

tx
Figure 2: cell

we mean that z'™ has i-dimensional source z}, and target z?.
For i > 1, two i-cells 2° and y* are called parallel if they have the same source and the

same target. This is denoted by z* || 3. Also any two 0-cells are considered to be parallel.
A morphism ¢ : X — Y between n-graphs X and Y is a family of maps ¢; : X; — Y;

commuting with source and target:

s
Xi=—Xin1

¢il l¢i+l
o

(3

Viz=——=Yin

7

Warning: for simplicity, in all diagrams, double arrows will stand for source
and target maps, except otherwise mentioned. Throughout this paper, the
“commutativity” of a diagram containing such arrows means in fact the sep-
arate commutativity of two diagrams, obtained by keeping either all source

maps or all target maps.

The category of n-graphs (co-graphs) will be denoted by Grph,, (Grph, ). Let X be
an oo-graph, and 0 < i < j, put
Sij = SiSi41---Sj-1
tij = titi+1 R tj—l
thus defining a new graph X;; for each pair 7 < j:
tij
The following data determine a structure of co-category on X:
e For all 27, ¢/ in X such that s;;47 = t;;27 a composition 27 *; y/ € X

' i Y

We write composition in the order of the arrows, for no reason but personal conve-
nience. For simplicity, the index j does not appear on the symbol ;.
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N 7 RN

Figure 3: exchange

e For each 7' € X, a cell id’(z') € X, the j-dimensional identity on °.

e The compositions and identities just defined make each X;; a category.

e The X;;’s are compatible, precisely, for each 0 <i < j <k, ¥ y* uF and o*
(55 4) i (0 5y 05) = (2 0) e (5 o) @)

provided the first member exists: this is the ezchange rule (see Figure 3).

Also for all 2,
id*(2") = id"(id’ (2*)) (3)

Finally, for all i < j < k and ¢ composable j-cells 27, ¢,

id¥ (27 % 7)) = id"(a?) #; id* () (4)

These properties allow the following notations:

e For each j-cell 27, and i < j, s;;27 = xf and t;;27 = 2.

e In expressions like 2% ;47 (i < j), 2 means in fact id’(z?).

Let i < j and 3 = id’(27), and e € {0,1}. With the previous notations:

yro= id"@h) <k <))
= 7 (k=1)
= 2F  (0<k<i)

The morphisms between oo-categories are the morphisms of underlying oo-graphs
which preserve the additional structure. Now oco-categories and morphisms build a cat-
egory Cat,,. By restricting the construction to dimensions < n we obtain n-categories,
and the corresponding Cat,,. For each co-category X, we denote by X" the n-category
obtained by restriction to cells of dimension < n.
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2.2. ALTERNATIVE NOTATIONS. Explicit labels for dimensions make our formulas
difficult to read. Hence the need for an alternative notation: let X be an oo-category, the
source and target maps from X;,; to X; will be denoted in each dimension by d_ and d,
respectively. If j =i+ k, s;; and ¢;; from X, to X; will be denoted by d* and dﬁ, the
exponent means here iteration, not dimension.

Likewise, the identity id"™ from X;,; to X; will be denoted by I in each dimension,
and if j =i+ k, id’ : X; — X, becomes I*¥. Here again the exponent denotes iteration.
Both families of notations will be used freely throughout the paper, sometimes together.

2.3. EXAMPLE. An important example is the co-category BA associated to a complex
A of abelian groups (see [3], [6]).

AO 80 Al 81 . 871,—1 An 8n
The set of k-cells is ;
(BA), =[] A
i=0

The source and target maps from (BA)yy; to (BA)y are given by

S(CL(), Ce ,akH) = ((Io, e ,ak)

t(ao,...,ar1) = (ao,...,ar + Opagy1)
which easily defines an oo-graph. To make it an oco-category, we define the identities by:
id(ag,...,ar) = (ag,...,a,0)

and, given 0 < j < k, @ = (ag,...,ax) € (BA), and b = (by,...,bx) € (BA)x such that
tjxa = sj;b, we define their composition along dimension j by:

d*jb = (ao,...,aj,ajﬂ—i—ij,...,ak—i—bk)

We leave the verification of the axioms of co-categories as an exercise. In fact the category
of chain complexes is equivalent to the category of abelian group objects in Cat .

3. Polygraphs

3.1. FORMAL DEFINITION. It is now possible to define polygraphs, following [4]. For all
n > 0, there is a category Cat, given by the pullback:

Cat —— Grph,

l lvn

Cat, — "~ Grph,
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So S Sa Ss

parava

So S1 S3

Figure 4: polygraph

where U and V are obvious forgetful functors. An object of Cat; amounts to an n-
category with extra (n + 1)-cells making it an (n + 1)-graph. We get a forgetful functor
W41 from Cat,; to Cat, factorizing the arrows from Cat,; to Cat, and Grph,,_:

Catn+1

It can be shown that W, has a left-adjoint L,1. Thus L,;;(X) is the free (n + 1)-
category generated by the n-category X with additional (n + 1)-cells.

An n-polygraph S is a sequence S®, where S is a set and for each 1 < i < n, S
belongs to Cat;” |, and built by the following induction process. First chose any set Sy
and define S = S;. Suppose i > 1 and S already defined as an object in Cat} ,, or a
set if i = 0. We get an i-category L;(S?), and denote by S} the set of its i-cells. Then
S+ is determined by choosing a set S;;; of (i 4 1)-cells with source and target maps:

s
Si=—=Sin
(] t
3

defining an (i + 1)-graph in L;(S®). We have just defined an object of Cat;, which
completes the induction.

Thus an n-polygraph is entirely determined by successive choices of sets S; together
with corresponding source and target maps (Figure 4).

The bottom row in Figure 4 determines the oco-category S* = Q.S generated by S.

Here should be emphasized that the i-category L;(S®) has the same k-cells as S
itself for all k£ < i. Moreover let

NgG) - S(’L) — WZLzS(Z)

be the unit of the adjunction on the object S®. It is a morphism in Cat}, whose
components in dimensions k < ¢ are just identities. As for the i-component, it is the
inclusion of generators:

Ji o Si— S;
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These are of course, in each dimension, the vertical arrows on Figure 4.

As a consequence of the above remark, the universal property of polygraphs will be
used in the sequel as follows : given a polygraph S, an (n + 1)-category X, a family
of maps ¢; : S — X, for ¢ € {0,...,n} defining a morphism in Cat,, and a map
fos1 @ Snp1 — X,y1 defining together with the ¢;’s a morphism in Cat, there is a
unique ¢p41 : Si; — X,41 making the family (¢;)o<i<n41 @ morphism in Cat,; and
such that the following triangle commutes:

S jnJrl *
n+1 = Ont1

m l¢>n+1

Xn—',—l
A morphism f between polygraphs S and T amounts to a sequence of maps f; : S; — T;

making everything commute. f induces a morphism @ f in Cat.,. We get a category Pol
of polygraphs and morphisms, as well as a functor Q:

Pol —Q> Cat,

3.2. A sMALL EXAMPLE. The 2-category we associated in the introduction to the usual
presentation of Z/2Z is in fact generated by the following polygraph:

So Sy S

yave

Sp = 5; == 5;

with Sy = {e}, S; = {a} where a is a loop:

a

9

and Sy = {aa — 1} where aa — 1 is a 2-cell:
[ J
N
o —————> 0
id! (e)

3.3. LINEARIZATION. Now with each polygraph S we may associate an abelian complex
(ZS,0): (ZS); will be simply the free abelian group ZS; on the generators S;. 0 will
be defined together with a linearization map A; : (QS); — (Z95); in each dimension such



RESOLUTIONS BY POLYGRAPHS 155

that the following diagram commutes (the unlabeled arrow is of course the inclusion of
generators):

S —(Q9),
N
(Z5);
and, for each z' € (Q9);:
Dimhx' = Nottio@' — Nio18iqa (5)
In fact, when representing x’ by an expression built from cells of Sy, ..., S; with compo-

sitions and identities, \;z* will be simply the linear combination of the non-degenerate
1-cells occurring in this expression, that is those in .S;. In particular, all identities are send
to zero.

The idea is to build simultaneously the desired complex ZS and the co-category BZS
(see example 2.3) together with a morphism QS — BZS, by induction on the dimension.

The precise induction hypothesis on n is as follows: for each ¢« < n there is a unique
map \; : (QS); — (ZS); such that (i) the above triangle commutes (ii) 0; defined by (5)
makes (Z5,0) an n-complex, and (iii) the family (¢;)o<i<n given by

®i = AoSoi X - X ANiZ183i—1)i X Ai
determines a morphism of n-categories:

(QS)o == (@5 - (@S)n

| .

(BZS)y=—(BZS)1=—---=—(BZ9),

Now the right hand side of (5) is still defined for i = n + 1 and 2" € S, ;. We may
extend it by linearity to ZS,,,1, thus extending ZS to an (n+ 1)-complex. Whence a map
fri1: Spe1 — (BZS),41 making the following square commutative:

Sn

(QS)n <t— Sn+1

¢nl lfm-l

(BZS)., <<t: (BZS) i1

The universal property of polygraphs then gives a unique ¢, 1 : (QS)n11 — (BZS)n11,
which extends the previous ¢.s to a morphism of (n+1)-categories. Let 7 be the projection
(BZS)ni1 — Z.S,11, and define A\, 11 = md,11. Anyq satisfies properties (i), (i) and (iii)
in dimension n + 1, and is the unique such map. Hence the result.
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Finally, if S and T are polygraphs, an v is a morphism of co-categories, u : QS — QT
it has a linearization (Figure 5) from ZS to ZT. Precisely, there is a unique Z-linear map
w: ZS — ZT, such that for each z° € (QS);,

Figure 5: linearization

In fact, the right member of (6) defines a map S; — ZT;, which uniquely extends by
linearity to ZS;. Now (6) follows by induction on the complexity of x*.

4. Resolutions

We introduce here the central notion of resolution for oo-categories. As we shall see,
invariants of an oo-category can be computed from a particular resolution, which compares
to the role of resolutions in homological algebra.

4.1. DEFINITION. let X be an oo-category. A resolution of X is a pair (S, $) where S
s a polygraph and ¢ is a morphism QS — X in Cat., such that

1. Forallv >0, ¢; : S} — X, is surjective.

2. For all i > 0 and all 2',y" € Sf, if 2 || y' and gbz:p’ = ¢y then there exists
2 e Sk such that 27 2t — ' and ¢ 2 = 1dT (¢ia?).

Intuitively, think of the cells in S;;; as generators for X;,; as well as relations for X;.
We refer to the second condition as the stretching property. A similar notion appears in
[14] where it is called étirement.

Likewise an n-resolution is given by ¢ : QS — X where S is an n-polygraph, and in
the Definition 4.1, condition (1) holds for i < n and (2) for i <n — 1.
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4.2. STANDARD RESOLUTION. We now turn to a standard resolution for an arbitrary
X in Cat.,. Let us define an n-resolution of X by induction on n, in such a way that the
(n + 1)-resolution extends the n-resolution.

e For n = 0, we simply take Sy = Xy and ¢y is the identity map S; — X,. This is
clearly a O-resolution of X.

e Suppose (5, ¢) is an n-resolution of X, and define S, as the set of tuples "' =

(2" 2" y") where 2" € X4, 2" y" € SE, 2" || ¥y and 2" g2 — ¢y
We may define f,11 @ Spp1 — Xns1 by ¢dppic®™™t = 2" and source and target
maps S,y1 — SF by s, = 2™ and t,c""' = y". The universal property of
polygraphs gives then S, and ¢4 : S, | — X, 1 extending the previous data to
an (n + 1)-resolution of X (see Figure 6).

Sn Sn+1

pa

;: < S:L-i-l fn+1

¢nl ¢n+ll

Xn  — Xn-‘rl

Figure 6: universal property

Thus

4.3. PROPOSITION. Fach co-category X has a resolution.

The polygraph underlying this standard resolution will be denoted by PX, and the
corresponding morphism by X : QPX — X.

Now let u be a morphism between oco-categories X and Y, we may define a morphism
Pu between the polygraphs PX and PY', by:

(PU)O = U (7>
(Pu)iia (M, 2%, %) = (up 2 (QPu)a®, (QPu)y”) (8)

where (2%, 2% y¥) denotes a cell in (PX)gy1, that is 251 € Xy, 2% % € (QPX);, and

k+1 . Xk X,k
2Tt — 6y
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The soundness of this definition is shown by considering the diagram:

(PX n+1

(QPX )1 —= ( QPX O QPY )o == (QPY),

X Y
n en

= ‘e TN

Unt1 n+1

)n-‘,—l

€

Y
€n+1

X
n+1

Xn+1

We make the induction hypothesis that Pu has been defined up to the dimension n in
such a way that the inner squares commute. Then there is a unique arrow from (PX), 1
to (PY )41 (dotted line) making the whole diagram commutative, and it satisfies (8).
Whence a map:

(QPX )y 2 2QPY ),

such that the following diagram also commutes:

(Pu)n+1

(PX)TH-I (Py)n-H

L e

(QPX)TH-l - tQPY)n-H

X
En+1l len-u

Un+1
Xn+1 Yn+1

This gives the required property up to the dimension n+1. The uniqueness of the solution
easily shows that P is in fact a functor:

Cat, L. Pol

and the previous diagrams also show that the arrows
eX
QQPX —=X
define a natural transformation ¢ : QP — I. In fact:

4.4. PROPOSITION. (@ is left-adjoint to P.
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Proor. We already have a natural transformation € : QP — I. It remains to check
that each €¥ is universal from @ to X, in other words, that for each polygraph S and
each g : QS — X there is a unique f : S — PX such that the triangle

QPX
y l X
QS ——X
commutes.

We prove by induction on the dimension k that there is a unique family (fo, ..., fx),
such that the maps f; : — (PX); define a morphism of k-polygraphs and, for all
0 <i <k, the triangle

QPX;
ol
QS; — X

commutes.

For k=0, QSy = So, (QPX)o = (PX)o = Xy, and ¢ is the identity, so that fo = go
is the only solution.

Suppose now that f has been defined up to the dimension k, satisfying the required
properties, and consider the following diagram:

fk+1

Skt k1

\S / |

g PX
Jk+1 Jk+1
ch+1
gk+1 Ek+1

(QS )y ("Qj"”};';i ___________________________________ > (QPX )1

Dotted arrows have not been defined yet but the remaining part is commutative. Now each
Jr+1 such that the upper quadrangle (Sky1, (QS)k, (QPX)g, (PX)k41) commutes extends
(fo,---, fx) to a morphism of (k + 1)-polygraphs, hence determines a unique (Qf)g+1
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making the outer square commute. Now diagram chasing shows that there is a unique
choice for which the bottom triangle also commutes, namely:

fk+1uk+1 == (gk+1.jlf+1uk+17 (Qf)ksuk+17 (Qf)ktuk+1> (9>

where u**! € Sp44.

4.5. LIFTING. A key property of resolutions is that they lift morphisms. We begin with
the following technical lemma.

4.6. LEMMA. Let (S,0) be a resolution of X and k > 0. Let c*™ € X;.y and 2k, «¥

two parallel cells of Sy such that ¢raf = cf and ¢pat = c§. There exists 2*™ € S;_, such

that py1 28Tt = AL 28 || 2k and 2% || 2%,

PROOF. Let ¢! as in the hypotheses of the lemma and consider for each integer I,
0 <[ < k, the property

[

(P;) For each pair z}, #} of parallel I-cells of S; such that ¢;zl = ¢, e = 0,1, there exists

Jt1 k41l k1 T
2"t such that ¢pp 12"t = "' and z, || ..

Let us prove P; by induction on [ < k. Pj holds: take any antecedent of ¢**! by ¢pi1
(surjectivity), and recall that all 0-cells are parallel to each other.
Suppose now that P; holds for [ < k, and let 5™ || 24" with @2/t = ci+!. By defining

7l = sz and 2t = 2l we get 2l || Y, and ¢zl = ¢! because ¢ is a morphism.
By the induction hypothesis, we may chose 2**! above ¢**! in such a way that 2! || z!.

Point 2 in Definition 4.1 gives a'™! : 2, — 2} and b"*! : 2! — 2! such that

Gra™t = idTN (gp) = idT (¢zh) = i (c))

Grb T = idT (gah) = id T (¢i2)) = 1dT(e)

Let
wht! = idk+1(al+1) s, 2R idk+1(al+1)
We first get
¢kz+1wk+1 = €Z5lc+12k’dr1 =
on the other hand
wéﬂ = oty zé“ s, b1
wl1+1 e ZiJrl w B
so that, for e = 0,1,
Slwle-i-l — gat! = a:f) _ Sﬂleﬂ
tlwleH = tlbl+1 = Ill = tll’le+1

and w! || 2. Whence w**! satisfies the conditions of Py ;.
Thus P; holds for all integers [ < k, and especially for k itself, but Py is precisely the
claim of the lemma. [
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As a corollary of Lemma 4.6, resolutions have a strong lifting property: if ¥ || ¥ and
drf ~ dpx¥, then xk ~ a¥. It is enough to prove that ¢pzfRipgprt implies zf ~ z¥.
Lemma 4.6 gives zF*1 such that ¢p 12! = &1 and 2% || 2*. On the other hand

dprt = & = ¢p2F, whence a**1 : xk — 2K and 01 2F — 2% by the stretching property.
Thus

aP s, 2P s B xlg — ¥
and xf ~ z¥.
It is now possible to prove the desired lifting property.

4.7. PROPOSITION.  Let X be an oo-category, S and T polygraphs, ¢ : QS — X a

morphism and ¢ : QT — X a resolution. Then there is a morphism u : QS — QT such
that Yvu = ¢ (Figure 7).

Figure 7: lifting

Proor. We build ug, uy, ... by induction on the dimension.

We first choose wuy : S5 — Tj; such that ¥yuy = ¢o. This is possible because of the
surjectivity of .

Suppose now that u has been defined up to dimension &, with

Vi = @; for 0<i<k

We want a map u,41 : S, — T, extending the given data to a morphism in Cat,,.

By the universal property of polygraphs, it suffices to define u,,; on the set S,y; of
generators. Let then 2! € S, ;. As zf || 2%, we also have upzf || upz} and Lemma 4.6

yields zF*! € Ty, such that

V2" = ™t (10)

and
2 upr® for e=0,1 (11)

By successively applying s; and 5 to the members of (10), we get:

k k k k k
Yrugzy = oprg = spop T = spp 2 = g

Vst = opat = tpdp ™ = g 2T = P2t
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and, by (11), there are cells a*™! : upah — 25 and b**1 @ 2F — 2% such that

Urra® ™ = id" () = 1" (Pah)

¢k+lbk+l _ 1dk+l(¢kukmlf) _ ikorl (¢I{:Z]1€)

It is now possible to define

uk+1xk+1 — gkl % St % pht1
Thus
k+1 k
SEUE+1T = UpZ
k+1 k
TLUk11T = upT

Hence ugy1 extends v to a morphism up to dimension k + 1. Moreover

1/1k+1uk+15€k+1 = (wk+1ak+1) *k (?/Jkﬂzkﬂ) *k (%kuﬂ)
= idk+1 (@Dkukxlg) X (¢k+1l‘k+1) X idk_H (@Dkukl‘lf)
— ¢k+1$k+1
which proves the property in dimension k + 1. [

5. Homotopy theorem

In Proposition 4.7, the lifting morphism u is of course not unique. Two such morphisms
are however “homotopic”, which of course needs a precise definition. For doing this, we
associate to each co-category X a new oo-category H X, consisting very roughly of higher-
dimensional paths in X. The details of the construction are found in appendix A. For the
moment, the reader should look at Figure 11, as well as to the formulas (26) and (27),
which give the source and target of the cells involved.

5.1. THEOREM. Let X be an co-category, S and T polygraphs, ¢ : QS — X a morphism
and Y : QT — X a resolution. If u, v are morphisms QS — QT such that Yu = Yv = ¢,
then there is a morphism h : QS — HQT such that w=a,_ h and v =a_h (Figure 8).

ProOOF.  We build, in each dimension i, a map h; : (QS); — (HQT); such that h
becomes a morphism QS — HQT and, for each i, a’, h; = u; and a’ h; = v;. We proceed
by induction on the dimension.

Let 2° € (QS)o = Sp. upx® || voz® and Yougz® = Yyvez® = ¢z’ by hypothesis. (T',))
being a resolution, there is a 1-cell w! € (QT); such that

w! : ugz® — vyz°
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HQT

A

QS —=QT

RN

X

Figure 8: homotopy

and
hw' = idl(l/)()uoxo)
By definition of HQT, w' € (HQT)y and [w'] = w' € (QT);. We may define

hoz' = w!
Thus
al hor’ = d_[w'] = upa’
a’ hor’ = dy[w'] = vz’

and we are done in dimension 0.
Suppose now that we have defined, for each 0 <7 < n, a map

in such a way that (ho,...,h,) is a morphism of n-categories, and for each 0 <1i < n,

and for each z* € (QS);, '
wm[hixi] = ile(?/fiUil’i) (14)

We now define hy,11 : (QS)n+1 — (HQT),+1 extending the previous data to a morphism
of (n + 1)-category, satisfying (12), (13) and (14) up to i = n + 1. We first define a map

kn+1 : STH-I - (QHT)n+1
Let 2" € S, and consider the following expressions:

E = upp2™ kg [hoxl] %1 ... %y, [hn}] (15)

F = [hpx™] % ... %1 [Ro2”] %0 vpgrz™t? (16)
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By induction hypothesis, £ and F' denote parallel cells in (QT"),1, and

77Z)n+1E = ¢n+1un+1$n+l = (fbn-q-lxn—i_1

¢n+lF = ¢n+1vn+1xn+1 = an—&—lxn—’_l

so that there is a cell w2 € (QT),;» with source E, target F, and

+2 — idn+2(

wn+2wn wn+1un+lxn+l)

We may then define

+1

n _ n n n+1 n+1 n+2
k1™ = (hypa”l, hp™ U1 2™ U™ W) (17)

But E and F are easily seen to be T"™ k,, ;2" and T%™ k,, 12"+ respectively, so that
kni12" ™! belongs to (HQT), ;1. Note that

aﬁljl kn+1 = Unti (18)
" = Unps (19)

and
¢n+2[kn+1$n+1] = idn+2(¢n+1un+1xn+l) (2())

Moreover, k,,; extends the h;’s to a morphism in Cat;. By the definition of polygraphs,
there is a unique hy, 11 : (QS)n+1 — (HQT), 11 making (h;)o<i<nt1 & morphism in Cat,, 4
and such that the following diagram commutes:

Sn+1 I (QS)n+1

hnt1
m l

(HQT)n—H

It remains to check that (18) and (19) extend to h,1, and that (14) still holds for i = n+1.

As for (18) and (19), just remember that every cell in (QS),41 is a composite of ele-
ments of S, and identities on cells in (QS),, and that morphisms preserve composition
and identities. Thus

aj-—'—l b1 = Unp (21)
A" hy = U (22)

Let us show that
¢n+2 [hn+1$n+1] = idn+2<wn+lun+1$n+l) (23)

for each " € (QS)ny1-
If 2" € jpi15n41, (23) is exactly (20) and we are done.
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If 2"t = Iz" for some z" € (Qs)m

Vniolhn1 2™ = Ypio[hngla"]
= 1/)n+2 [Ihnxn]
= Yupallhna”]
= 1ni1[hnz"]
= Tid"" (Ypuna™)
= id"P?(IYpu,z™)

= idn+2 (¢n+1un+1 xn—i-l )
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Suppose finally that (23) holds for i-composable cells "1 and ™!, and check that

it still holds for z"*! = 2" x; ¢y Let k =n + 1 — .

¢n+2[hn+1zn+l] = ¢n+2[hn+1$n+1 * hn+1yn+1]

Ung2 [l 13" % g0 ST A higay™ )

(
= (Yny2 ST dﬁflhnﬂxnﬂ *i idn+2(¢n+1un+1yn+l)) *it1
(

: 2 i k—1 1
1dn+ (¢n+lun+1xn+1) *; wn+2 S:H d+ hn+lyn+ )

But
St d]i_lhn+1ifn+1 =gt hi+1$i_+1
so that
¢n+2 Si_Jrl d]i_lhn+1xn+1 = 1/)n+21k aifl hz‘+1$i_+1
= Ikwiﬂ aifl hz‘+1$ij1
= Ik¢i+1ui+1-’ﬁi_+1

by using the expression of S”™ (14) and (21).
On the other hand

idn+2(¢n+1un+1$n+l) = I¢n+1un+lxn+1
and
A Tt = Y2
The same argument shows that
U2 SE AT By = TRy
and
4% id™ 2 (P11 y™ ) = Yipauiay

By applying exchange, we get

wn+2[hn+lzn+1] = idn+2 (¢n+1un+1xn+1) *4 idn+2 (¢n+1un+1yn+1)

idn+2 (wnJrlunJrlZn—H)

(¢n+2 Si_ﬂ d]flhnﬂmnﬂ *i Ynto [hn+1yn+l]) *ir1
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6. Homological invariance
This section is devoted to the proof of the following corollary of Theorem 5.1.

6.1. THEOREM.  Let X be an oo-category, and (S,), (T,) resolutions of X. The
complezes ZS and ZT have the same homology.

Thus H,.(X) can be defined as H.(ZS), where S is any polygraphic resolution of X.

PrROOF. Let ¢ : QS — X a morphism, and (T,1) a resolution of X, and wu, v two
morphisms QS — QT with Yu = yYv = ¢. By Theorem 5.1, there is an h : QS — HQT
such that u = a_ h and v = a_ h. The key point is that, when linearizing these equations,
one gets an algebraic homotopy between @ and v (see 3.3).

We will define, for each ¢ > 0, a Z-linear map 6,1 : ZS; — ZT;, such that

where 6y = 0 by convention (see Figure 9).

781 <2— 78 <2 78,1,

i

ZTi ZT; ZTi

0 1%}

Figure 9: algebraic homotopy

Now for each i > 0, we have a map | | : (HQT); — (QT);+1 (see appendix A) so that
we may also define a map
ZEi = )\H_l[hzl‘l]

from S; to ZT;,1, which extends by linearity to 6;,,1 : ZS; — ZT;,,. Let us assume for
the moment that 6, just defined satisfies

0¢+1)\7;J]i = )\Z+1[hZZL’Z} (25)

for all z° € (QS); (see Figure 10).
We will return to (25) in Lemma 6.2 below.
Let us now evaluate 90,,,2° for 2* € S;. First

39i+1xi = 8)\Z+1[hlwz]
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S (HQT);

|

(QS); (QT )it

Ai l lAi+1

Z5i ZTin

i+1

Figure 10: commutation of 6

by using (5). But from the construction of H,

= [d_hi@'] %1 - -+ %y [dDhia'] %o @5 it

167

In the last expression, only the two terms [d_h;x’] and a’ h;z’ are non-degenerate, the
other ones are identities on cells of dimension < i. As linearization kills degenerate cells,

we get

Likewise

Thus

where

Now, by using the fact that h commutes with d, and d_, together with (25) and the

linearity of 6;, we get

and (24) follows, first for ' € S;, then for any ' € ZS; by linearity.

= N[hi1d 2] — \i[hi_1d 2]
= ON_d_x’ — O;\_1d o’

= O;(Ni_1d_a’ — N\_1diat)

= —0;0\at

In the case where (5, ¢) and (T,1) are both resolutions of X we conclude by familiar
arguments that % induces an isomorphism on homology.
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It remains to check the small but crucial point of the equation (25). In the hypotheses
of Theorem 6.1, we establish the following lemma:
6.2. LEMMA. For each © > 0, there is a Z-linear map 0,1 : ZS; — ZT;\1 such that
(25), that is, for each z* € (QS);,

9i+1)\ixi = )\i+1[hixi}

PROOF. Define 6;,; as in the proof of Theorem 6.1. Then we show (25) by induction on
the complexity of x°.

e If 2 € S, this is just the definition of 8;,;

o if 2 = id’(27), where j < i, \;z* = 0, and the left member of (25) is zero by linearity
of 6;y1. On the other hand, h is a morphism, hence h;z* = id"(h;27), and by (44)
[hix'] = id"" ([h;27]), so that Aj1[hi7'] = 0 and we are done in this case;

o if ' = y' x; 2" for smaller cells y* and 2%, and j < 4, the induction hypothesis gives
Oz’ = Oy’ + O N2’
= Aip1[hay’] + Nisa [hi2']
On the other hand, as h is a morphism
Nivi[hir'] = Nipa[hay' *5 hi]

Now the equation (47) of appendix A shows how [ | behaves with respect to com-
position. In particular, only terms within brackets are non-degenerated, the other
ones being killed by linearization, whence

Nipalhiy' *5 hiz'l = A [hay'] + A [2i2]
and we are done again.

Thus the lemma is proved. [

Let us point out that (25) is the only place of our argument where we really need h
as a morphism between oo-categories, not just between oo-graphs.

7. Conclusion

As we indicated before, works on finite derivation types are a main source of the present
notion of resolution. Precisely, if we consider a monoid X as a particular case of oo-
category, it has finite derivation type if and only if it has a resolution (S, ¢) with finite
Ss. This immediately suggests a notion of finite derivation type in any dimension, but we
need invariance properties of this notion, presumably based on Theorem 5.1.
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Another remark is that our resolutions are still too big for practical computations
Therefore, generalized versions of Squier’s theorems should be established, and will be
the subject of further work.

Let us simply point out for the moment that the relationship between finiteness and
confluence becomes much more intricate in dimensions > 2 than in the case of string
rewriting, so that even asking the correct questions seems far from obvious.

Finally, very similar motivations and techniques appear in recent works on concur-
rency, and we expect fruitful interactions in that direction (see [9, 10]).
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A. A category of paths

Given an oo-category X, we define an oco-graph HX with identities and compositions
and show how HX becomes itself an oo-category. We define sets (HX),, by induction,
together with maps:

d4
(HX)y1 2= (HX),

an

(HX), = Xniy

Figure 11 gives an insight into H in small dimensions. In particular the cylinder
represents [z2], which has to be oriented from the front to the bottom (dotted lines).
Similar pictures already appear in [2], and since then in many works (see for instance
chapter 3 of [7]), though in a different context: we stress here the fact that the cells of
HX are built from material already present in X. Also the construction is carried out in
arbitrary dimensions.

From the above symbols we may build the following formal expressions which play a
crucial role in the construction:

™z = a& x
T(}r r = a’
TLz = alax[d, ]
Tiz = [d_a]xalx
and for n > 2
Tz = alxx*g|[dla]* [d} 2] %9 -+ %, [dya] (26)
Trz = [dea]#n_q %o [d" 2] % [A"2] %0 a" @ (27)



170 FRANCOIS METAYER

%

Figure 11: HX in dimension 0, 1, 2

Why the signs on the right hand side of (26) and (27) do no agree with the one of the left
hand side will be explained later. Eventually T* and T% become maps (HX )y — Xj.
Also the following truncated expressions will be useful for technical purposes:

T = a% o [dha]x [d7 2] %o -k, [d ] (28)
TP o = [da] %y - *o [d" 2] %y [d"a] % 2" z (29)
for each I € {1,...,n+1}. As the case is of particular importance we define S” z = T™* z

2
and S v =T}  x.

For n = 0, (HX), will be simply Xj, [ ] is the identity. When we write [z] it is the
cell of X; we have in mind. For instance af and a’ are defined by:

alr = d_[z] (30)
a z = dy[x] (31)

here d_ and d; are of course the source and target on X;. Notice that T? and T9 define
maps (HX )y — Xo, because they are just al and a® in this case.

A.1. INDUCTION STEP. Suppose we have defined so far an n-category

dy dy dy
(HX)o=— (HX)1 3= =— (HX),

with maps [ ], a®, a® satisfying the following conditions:
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(H1) a, and a_ define morphisms of n-graphs, that is for all signs ¢, ¢’ and each index
0 <7< n—1we get acommutative diagram

(HX)i$ (HX)ita

X;
d, i

(H2) For each i € {0,...,n} and x € (HX);, the expressions T z and T, x are well
defined, they denote i-cells in X and [z] is an (i + 1)-cell in X such that

T gL Ti g (32)

We extend these data to an (n + 1)-graph by defining a set (HX),+; and morphisms
d
(HX) 3= (HX )11

as follows: a cell z in (HX),1; is a 5-tuple

(337_:_7 3:71’ Ui—H? Un+1, wn+2) (33)

whose components are subject to the following conditions:

(CO0) 2% and a” are parallel cells in (HX),.

(C1) vt and v™*! are (n + 1)-cells in X,, such that

,Un+1
n .n + n .n
all 2" ——all a7}
,Un+1
a’ "0 ——a’ a7}
We define d,z = 2, d_z = 2", a’}"' 2 = v"! and a
condition (H1) still holds for i = n.

ntl e = o™ As a consequence

(C2) w™*?is an (n + 2)-cell in X,,,5 such that

wn+2
T7_l+1 s T:L_+1 T

and [z] = w™™? so that (32) still holds for i = n + 1.

That we get an (n + 1)-graph is obvious from the definition of d; and d_, and the
induction hypothesis. Notice that the above definitions do not guarantee that (HX), 1 #
(). Now we need to define (n + 1)-dimensional identities on i-cells as well as i-dimensional
composites of (n 4 1)-cells, for all 0 < i < n, and check that these operations match the
axioms of (n + 1)-category.
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A.2. SOME PROPERTIES OF TJr AND T .

A.3. LEMMA. Forallz € (HX)p41
d_T"tlz = T"d_x

d+ TCLJrl xr = Ti d+.T
d-Tiz = Trda
d+ T1+1 r = T:L_ d+$

PrROOF. Letn > 1 and z be in (HX),+1. Consider

T e = alt wwg [T 2] # - %, [y (34)
The construction of (HX),; requires that this composite be defined as a cell in X, ..
al™'z € X1 and for each i € {2,...,n+ 1}, [d’, z] denotes here the (n + 1)-dimensional
identity on a cell in X, 5_;, so that for ¢ > 2
d_[d’.a] = d;[d’ 2] = [d', 7] (35)
Thus
d-T""'z = d_(ait @ xo [T @] *y - xy [d22])

= doalawxgd [dT T a] xg -k, g do[d2 2]
= ald_zxo [d1a] xp -xp g [d2a]

= ald oo [dldia] % - %, [dydya]

= Tr'd x
As regards the second equality
dy TP 2 = dy[dya] = T dyo (36)
from the definition of [ ] on (HX),,.
By symmetry we get the two remaining equalities as well. [

Also, for all 0 < k& < [ and all signs ¢, €, we get
dErrt =T gk (37)

as in the proof of Lemma A.3. The next lemma shows that our formal expression define
actual cells:

A.4. LEMMA. Suppose we are given z'}, ™ two parallel cells in (HX),, as well as UZH,
™t satisfying (C1). Then

O g [t ] g [ ] kg g [2) (38)

and
[ ] s g [N ]y [A ] g 0 (39)

are well defined and denote (n + 1)-cells in X.
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PROOF. Let us prove that (38) is well defined; define

up = v g (Al ) wg (A2 ] g -k (A (40)
we show by induction on i that u; is well defined for ¢ € {0,...,n}.
ug = v xg [da™] where [d%2%] is in fact a (n + 1)-identity on a 1-cell. Thus
A" drah] = d_[d}ah] (41)
On the other hand
ATt = dd ottt = At a2t = af dha’l = d_[d}a] (42)

using (C1) and (30). As a consequence, v’/ and [d2"] are O-composable and ug is well

defined and belongs to X, ;1.
Suppose now that wu; is well defined for an ¢ < n. Because all factors but v”+1 and
(2] are identities, we get

A fuy = T g ARl e (AT ]
= dy'hal ﬂ *o [d3 @] ook [dfT 2l
= IH AN o [ alt] ok (A Y

_ Terldn i—1 n
— +

+
Now
dn z[dnzl ] d_ [dnzl } Tz+1dnzl +
It shows that u; is (i + 1)-composable with [d}*"'2"], and that w4 is well defined. This
gives the result for (38). (39) is proved accordingly. =

A.5. CONSTRUCTION OF IDENTITY CELLS. As a consequence, for each 2" € (HX),,
we may define a cell in (HX),; which eventually becomes the identity on ™. Precisely:

l,nJrl (JJ " U_T:_+17 ’Uﬁ+1’ wn+2) (43)
where
vi“ = id”“(a’fr ")
'Uﬁ+1 — idn—l—l(ari xn)
and
S () (44)

The first four components clearly satisfy (C0-1). On the other hand Lemma A.4 proves

that the expressions
O g [ g A" kg kg (2]
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and
[27] - - - kg [d™ 712" %y [d™2™] o 0"

are well-defined. But they are exactly T"™ 27! and T” " 2"*1. Now a closer inspection
of the formulas shows that in this particular case:

Tﬁ+1 anrl — idnJrl(Tri xn) *,, [.T}n]

T:L_+1 l,n—i—l — [[En] . idn-l—l(T:L_ an)
but d_[z"] = T" 2™ and d, [z"] = T" 2™, so that

TEJrl $n+1 — Tﬁ+1 l,nJrl — [xn]

and
n+2
T?i+1 SL’n+1 w s Ti+1 xn-{-l

Thus (HX), 1 contains at least as many cells as (HX),.
For readability, the previous construction will be denoted by the same symbol, say I,
in each dimension; here for instance

n+1

T = [z"

furthermore, if 2 € (HX);, and k > 0, I*2% will be the (i + k)-cell built from z* by k
successive applications of the construction. Thus the symbol I behaves very much like d
and d_. Notice also that, for each [ < k,

d . TFe = d TP =112

A.6. COMPOSITION OF CELLS. Now we have to define the i-dimensional composition
between cells in (HX),,1 in such a way that we get an n + 1-category. Suppose this
has been done up to (HX),. Suppose in addition that for each 0 < i < m < n and
i-composable m-cells u and v, the composite w = u *; v satisfies:

[w] = (ST A"t #; [v]) %501 ([u] *; Sijl diflu) (45)

where [ = m — 7. Where the above equation comes from will be explained during the
induction process. Take now z, y two cells in (HX),,1. Let k& € {1,...,n+ 1} and
1=n+1—k. v and y will be 7-composable iff

d'jrx =dry
Recall that
v = (dyx,d_z,al x, a1, 7))

= (d+y, d,y, a:l_+1 Yy, aT_lJrl Y, [y]>

We define z = x *; y component by component:
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e lfk=1i=n
d,z=dy d z=d «x

Ifk>1,d5 " dye =dbiae = dby = d*'d,y so that dyz and dy are i-composable.
Likewise d_x and d_y are i-composable and we may define

diz=dyz*;dyy dz=d zxdy

e By (H1)
dbamtle =al die=a’ dby=d"artly

hence aTl x and a’/"' y are i-composable, and the same holds for amtl

"tz and a™tly
such that we may define

alttz =aitl o alty a"t iz =a"r o aty (46)
e Recall that [z] : T""' 2 — T 2. Lemma A.3 shows that
dhle] = didfal
k— n
= df 't ++1 x
n—k k—
— T+ +2 d+ 137
= [d" 2] #pprp ST
= [d" 2] *; ST A5 e
Likewise d* [z] = S d*™! «; [d* 2] and the same relations hold for [y]. But here
d*z = d*y, so that [z| and [y] look like:
Si+1 dk_lw Sz+1 dk—l
- 7/ o 7/ °
[d’“x]l /[r] [dix}l[dky} [y] l[dﬁy]
[ ]
S dh e sty
the above diagram being drawn in the 2-category:
d df
X; % Xip1 % Xnt2
It is then possible to define:
[2] = (ST d¥ i , [y]) #iga ([2] % S5 M) (47)

We are now able to prove the following
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A.7. PROPOSITION. The 5-tuple
(dyz,d_z, a7 z,a™ ™ 2, [2])

satisfies the conditions (C0), (C1), and (C2).

PrOOF. This is straightforward for (C0) and (C1). As for (C2) we know that [z] € X, 1o
and we must show that d,[2] = T%™ 2 and d_[z] = T"*' 2. We consider two cases (1)
k=1and (2) k> 1.

. Suppose k = 1. Then i = n and (47) becomes
[2] = (8" @ [y]) #nr ([&] %0 ST )
hence

d-[z] = d(S™ax, [y])
= S""Mxx,d_[y
= S"Hlax, Ty
S™a %, S"Ty x, [dyy]

But [d, 2] = [d} y] for each | € {2,...,n + 1} and they are all identities in S"*'z, S"*!y.
Also a™™ 2z = a"™ 2 %, a” y and the exchange rule applies, giving

d_[z] =T"" 2

Likewise d [2] = T 2 and we get the result.

. Suppose k > 1. Here

d_[z] = (ST d o T y) ki (T 2%, ST dEy) (48)
di[2] = (ST A aw TV y) s (T o ST y) (49)

and we have to prove that these expressions are respectively T 2 and Ti“ z. But
this is the particular case [ = 1 in the next lemma. [

A.8. LEMMA. Let x,y, z be as above, and k > 2. Then

(ST A s T ) sy (T 2 % St dily) = T

i+1 1k—1 n+1,1 n+1,1 i+1 1k—1 o n+1,1
(SZ_ d_ ZL'>X<Z‘T‘Jr y)*i+1(T+ ._'L'*ZS:_ d+ y) = T+ z

foralllel,... . k—1.
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PrROOF. By induction on £ — 1 —[. Let us first examine the case [ = k — 1. We notice

that
TR g TRy = bR (50)

because al™! z = ! wx; a y and [d7'2] = [d7y] = [d72] for all m > k+ 1, and are all

identities in (50). Let
A= (SH ARy T ) gy (TR x, ST R Yy)
By using the exchange rule and the properties of the identities we get
A = (STHAE g T )
(T4 g [ 501 [0 1]) o S5 iy
= (S AR T )y (T2 g [dR 2] #, S5 dELy)
o ([0 a] 2, S5 )
(Tri+1,k+1 %, TR Y) *iin ([dlflx] xS dlrlw
Hence
(T2 (T2 y s [dhy]) i [d5719))) i
(1) S
(TZ
(

Lkl nELREL gk
T *i T YY) *i
d*

*; [d
Sl d]i ' *4 [d]i 1?4]) *it1 ([ - ] *; Sifl d]i_ly)
= Tg—i_l k+l Z *; [d’j_ ] i+1 [d]j_ 12’]

1,k—1
T"i“l‘ 3 z

by (45) and (50). We get the result in case | = k — 1. Suppose now the relation holds for
an index [ such that 1 <[ < k — 1, we must evaluate

B = (ST a" g w TP y) g (T2 gk, S5 AELy)

Repeated applications of the exchange rule give:

B = (ST e (TP y sy i [ ])) i
(T 2 %1 [ 1)) *, ST dEly)
St Ry, T Y) #1141 (S A"t % [di_ly])) *it1
T g &, Sﬁ:’l d'_fly) *pt 1141 ([di_lx] *; Sﬂ:’l d*1y))
GiHL gh—Ly g, T Y) ¥t (Tf“’lx ” Si:1 d]_fly)) S
ST AN [ y)) s ([AY ] ST AR Ny))
= T 2 [T
TrtLi-1

(
((
((
((
((

z

which is the result for [ — 1.

. +1,0
By symmetry, the relations on T}

z hold as well. m
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A.9. PROPERTIES OF THE COMPOSITION. We now check that the composition of cells
we just defined satisfies all the axioms of (n 4 1)-categories.

A.9.1. Associativity. Taking first , y and z as in the previous section, and i € {0,...,n}:
S @y ST ALy = SRl (51)
Sﬂ:“l db e« Si:“l A=ty = Sfl dk1z (52)
Just notice that for all j € {k+1,...,n+ 1},
[ a] = [d}y] = [d] 2]

and are all identities in the expressions of (51). Repeated applications of the exchange rule
plus (46) give the result, and likewise for (52). Now the associativity of *; on (HX),1;
directly follows from (51), (52) and the composition formula (47).

A.9.2. Identities. ~We now verify that the cells Iz actually behave like identities. Let
i<nmandk=n+1—k. Let x beacellin (HX);, y acellin (HX),,, such that d*y = x.
Thus d¥ 1"z = x = d*y, and I*z, y are i-composable.

Let z = I¥z x; y. We have to show that z = y. But both cells clearly agree on their
first four components, so that we only need to prove [z] = [y]. Now by (47),

[2] = (ST MR %, [y]) #iga ([P % ST S y)
With A = S™ d* "%z and B = [I*2] x; S d5 1y,
[z] = (A=; [y]) %11 B (53)
We first evaluate A; formally:
A = STHaE TR

= Sz

= Iz o [ 2] %y . oxg [d2 1]

= aﬂrx so [dla] *1 .. o%iq [dya]

= Tz
whose value in (53) is the (n + 2)-identity on T? z. On the other hand

Ay = dfd [y] =d" Ty = T dby =T 2

Hence A *; [y| = [y], and [z] becomes [y] ;11 B.
Let us evaluate B:

B = [I"z] S dty
= (2] #; [y kg g [T AT Y] kg 2T Ay

= (o] % [doa] iy . ooxg [dha] ko 2T dE Ty
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which denotes in fact an (n 4 2)-identity in (53). On the other hand,

dbly) = dhdyy)
= ATy
= Tiﬁ-l di_ly
= [d,d]jrfly] [d1+1dljr ly] %0 a1+1 dk 1
= [2] % [d_m] im1 ... 1 [d’_ ] %o aitl dk 1

so that B is the (n + 2)-identity on d* [y], whence [y] ;11 B = [y], and we get the desired
result. Of course the same holds for identities on the right.
We finally show that for i-composable n-cells ", y™ in (HX),,

I(z" *; y") = Ta™ *; Ty"

Again the equality is obvious on the first four components. As regards the last component,
taking [ = n — i and applying (45) gives:

[z y™)] = id"([a" % y"))

_ idn+2((sz+1 dl 1:13" *; [y ]) i1 ([l’n *; S::H dﬁr_ly”))
(ldn+2(sz+1 dl 1 n) *; 1dn+2([y ])

(1dn+2([ ])* 1dn+2(sz+1 dl 1 n

(SZ—H dl— 1dn+1( ) z[Iy ]) *it+1
([I ] *; Si+1 ler—lidn—i-l(yn))

= [Ia" *; Iy"]

A.9.3. Exchange. We prove here that HX satisfies the exchange rule.
Let x, y, z, t be cells in (HX),41, and 0 < i < j <n+ 1. Define k =n+1— 1 and
l=n+1-—7. We suppose that

d’ix = d]_‘;z:d]iy:d’it
dl+a: = dz
dﬂry = d'¢
such that the following composites are well defined in (HX),1:

B = (x%;2)% (y*1)
and we have to prove that A = B. Here again the equality on the first four components

is easy: it remains to prove [A] = [B].
First
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[B] = (ST dF1(a s 2) % [y t]) *ip1 ([T %5 2] % Sfl dﬁ_l(y % t))

(54)

Notice that d*(z ; 2) = d* o and %~ (y %, 1) = A", and these are identities in (54).

By using the exchange rule and (47), [B] rewrites in the form:

(T#j41Y) %1 (Z %541 X)

where
X = ([a] % S A 2) % ST A
Y o= ST lag ([y]x S5 A
Z = (ST w g [2]) % ST AE T
T = S d e (877 (1)

But 7+ 1 < j + 1 so that the exchange rule applies and we get
[B] = (T *i41 Z) #j41 (Y i1 X)
Let us evaluate T ;.1 Z: by distributing the identities,
T i1 Z = (Ux;U') i1 (V5 V')

where

U = ST dle s s doly
U = S*d e« [t

i+1 q1— i _
Vo= SI AT e ST AR
VI = [z S A

Here the argument splits in two cases:

. Suppose i + 1 < j.

By applying exchange to (57):
T i1 Z = (U1 V) ki1 (U %1 V')

First

U/ *i41 V/ = (Sz:j_l d]i_lac *; [t]) *i1 ([Z] *; S:j—l d]i_lt)
(S A e 1) e ([2] 5 S @)

= [z ]

(55)

(58)
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because S™ d* 1z = S d*1z On the other hand
Usin Vo= (ST ¥ e ST A7 Ny) %y (8771 AT e % ST AR 1)
= (SM A ST AT ) i (ST AT e g 81T YNy
S{+1 dl__l(I *; y)
because Sfl dl_flt = Sfl dl_fly, and the last step is a particular case of Lemma A.8.

Now ‘
T *it1 Z = SJ,—FI dl__l(ZE *; y) *j [Z *; t]

and of course the same arguments show that
Yoain X = [z y]#; S AT (2% 0)

such that
[B] = [(z *iy) *; (z ;)] = [A]

. Suppose i + 1 = j.
Here
T*i—l—l Z = T*J A

and we rewrite U’ *; V as V x; U where

U = S 1y« [t]

Vo= TZWd T TLd
In fact
Vo= Sl SR
= T/l (i) %, S dh
= TP dT s T A
but - T2 d e = S Ay and d4 [t] = T dA7' such that exchange may be
applied to U’ x; V, giving
Uy V= (570w i) wy (TE0 A o T
= TP A« [t
(T2 A 5, T dLt) #; (ST AR 12, [t])

The last equality comes from A
A =T dbe
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and
j+1,3 91— - j -
T A e = ST e = ST AR

Now
U, *] VI = (S’L;+1 dlflz *y [t]) *] ([Z] *y Sljrl d]jrilt)

(ST A 2w [H]) i ([2] 0 ST )

This proves B
U's; V' = [z % t]
Finally . ' ' '
Us; Vo= (ST s ST A y) sy (TZH A N TZ dL o)
But (37) gives
AT Ay = AT A

T2 4k 1y

= St a1y

and also
dFteialtly = d, ST Ay
d. I+ dl__ly
= T2 d'y
= TV d'¢

Thus exchange may be applied to (60), so that

Ux; V. = TP a1 87 dl Yy
— Tj_+1’3 dl__1$ *; Tj_+1’3 dl_—ly *; [dl_:rly]
= T3 AT (@ y) % [ y]
because of (50) and finally . '
by using
difly = dH (z #i y)
Now (59) and (61) show that

Tx1Z = Usxj (U V)*; V'
Usx; (Vo U)#; V!
= (U V)% (U V)
ST AT (2 %5 ) 44 [2 % 1]

(59)

(60)

(61)
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By symmetry

Y oxi X = 1% y] *; S{:rl dﬂ:l(z *i t)

so that in this case again

[B] = [(z i y) #; (z i t)] = [A]
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