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NILPOTENT BICONE AND CHARACTERISTIC

SUBMODULE OF A REDUCTIVE LIE ALGEBRA.

by

Jean-Yves Charbonnel & Anne Moreau

Abstract. — Let g be a finite dimensional complex reductive Lie algebra and
S(g) its symmetric algebra. The nilpotent bicone of g is the subset of elements
(x, y) of g× g such that the subspace generated by x and y is contained in the
nilpotent cone. The nilpotent bicone is naturally endowed with a scheme struc-
ture, as nullvariety of the augmentation ideal of the subalgebra of S(g)⊗C S(g)
generated by the 2-order polarizations of invariants of S(g). The main result of
this note is that the nilpotent bicone is a complete intersection of dimension
3(bg − rkg), where bg and rkg are the dimension of Borel subalgebras and
the rank of g respectively. This answers a conjecture of Kraft-Wallach [21]
concerning the nullcone affirmatively. In addition, we introduce and study in
this note the characteristic submodule of g. The properties of the nilpotent
bicone and the characteristic submodule are known to be very important for
the understanding of the commuting variety and its ideal of definition. The
main difficulty encountered for this work is that the nilpotent bicone is not
reduced. To deal with this problem, we introduce an auxiliary reduced vari-
ety, the principal bicone. The nilpotent bicone, as well as the principal bicone,
are linked to jet schemes. We study their dimensions using arguments from
motivic integration. Namely, we follow methods developed by M. Mustaţǎ in
[25]. At last, we give applications of our results to invariant theory.
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1. Introduction

1.1. — Let g be a finite dimensional complex reductive Lie algebra, let G
be its adjoint group and let Ng be its nilpotent cone. For (x, y) in g × g, we
denote by Px,y the subspace generated by x and y. The nilpotent bicone Ng

of g is the subset

Ng := {(x, y) ∈ g × g | Px,y ⊂ Ng} .

A subset of g×g is called bicone if it is stable under the maps (x, y) 7→ (sx, ty)
where s and t are in C\{0}. Since Ng is a G-invariant closed cone of g, the
subset Ng is a closed bicone of g× g, invariant under the diagonal action of G
on g × g.

Let S(g) be the symmetric algebra of g and let S(g)g be the subalgebra of
G-invariant elements of S(g). According to a classical result, the algebra S(g)g

is polynomial in rkg variables, where rkg is the rank of g. Let p1, . . . ,prkg be
homogeneous generators of S(g)g of degrees d1, . . . ,drk g respectively. We can
suppose that the sequence d1, . . . ,drkg is nondecreasing. For i = 1, . . . , rkg,
the 2-order polarizations pi,m,n of pi are the unique elements of (S(g)⊗C S(g))g

satisfying the following relation:

pi(ax+ by) =
∑

m+n=di

ambnpi,m,n(x, y) ,(1)

for all (a, b) in C2 and (x, y) in g × g.
The nilpotent cone Ng is the nullvariety in g of the ideal generated by the

polynomials p1, . . . ,prkg. Therefore, according to relation (1) and the definition
of the nilpotent bicone, Ng is the nullvariety in g×g of the ideal of S(g)⊗CS(g)
generated by the polynomials pi,m,n, for i = 1, . . . , rkg and m+n = di. Thus,
Ng is naturally endowed with a scheme structure. From now on, we study
Ng as the subscheme of g × g corresponding to the ideal generated by the
polynomials pi,m,n, for i = 1, . . . , rkg and m+ n = di.

Let bg be the dimension of a Borel subalgebra of g. By a classical result
[2], we have d1 + · · ·+ drk g = bg. So Ng is the nullvariety in g× g of bg + rkg

polynomial functions. As a result, the dimension of any irreducible component
of Ng is at least 3(bg − rkg), since g × g has dimension 2(2bg − rkg). The
main result of this note is the following theorem (see Theorem 4.1, (iv) and
Corollary 4.13, (iv)):

Theorem 1.1. — The nilpotent bicone is a non-reduced complete intersection
in g × g of dimension 3(bg − rkg). Moreover, the images of any irreducible
component of Ng by the first and second projections from g × g to g are equal
to Ng.
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This result answers a conjecture of H. Kraft and N. Wallach [21] concerning
the nullcone affirmatively (see Theorem 5.3). Clearly, the images of Ng by the
first and second projections from g × g to g are equal to Ng. Theorem 1.1
specifies that this is true for any irreducible component of Ng. This statement
is a much stronger result.

We introduce in addition in this note the characteristic submodule of g. It
is a sub-S(g)⊗C S(g)-module of S(g) ⊗C S(g)⊗C g. The properties of the nilpo-
tent bicone and the characteristic submodule are known to be very important
for the understanding of the commuting variety. Recall that the commuting
variety Cg of g is the set of elements (x, y) of g × g such that [x, y] = 0. The
commuting variety has been studied for many years. According to a result of
R.W. Richardson [30], Cg is irreducible. In addition, Cg is the nullvariety of the
ideal generated by the elements (x, y) 7→ 〈v, [x, y]〉, where v runs through g.
An old unsolved question is to know whether this ideal is prime [22]. In other
words, we want to know if this ideal is the ideal of definition of Cg, since Cg is
irreducible. The study of the commuting variety and of its ideal of definition
is a main motivation for our work.

1.2. — We denote by greg the subset of regular elements of g and we denote
by Ωg the subset of elements (x, y) of g×g such that Px,y has dimension 2 and
such that greg contains Px,y\{0}. The properties of the subset Ωg were studied
by A. V. Bolsinov in [1] and recently by D. I. Panyushev and O. Yakimova
in [26]. It is an open subset of g × g and its intersection with the nilpotent
bicone turns out to be the set of smooth points of Ng (see Proposition 2.12
and Remark 2.13). The description of this subset is therefore very important
for us. We give various properties of the subset Ωg in Section 2. In addition,
we introduce in Section 2 the characteristic submodule Bg of g (see Definition
2.9). We study it using properties of the open subset Ωg. The characteristic
submodule was introduced by the first author a few years ago in work on the
commuting variety [4]. We prove that Bg is a free S(g)⊗C S(g)-module of rank
bg, and we provide an explicit basis for Bg (see Theorem 2.10). This result is
not directly useful for the nilpotent bicone but it is of independent interest.

The results obtained in Section 2 concerning Ωg do not provide “enough”
smooth points for Ng to apply the criterion of Kostant [19] (see Remark 2.13).
Actually, the intersection of Ng and Ωg turns out to be an empty set in many
cases. This observation makes the study of the scheme Ng very difficult. In
order to deal with this problem, we introduce an auxiliary reduced variety, the
principal bicone (see Definition 3.6). By definition, the principal cone Xg of g

is the closure of the set of principal semisimple elements (see Definition 3.1).
Then, the principal bicone Xg of g is the subset

Xg := {(x, y) ∈ g × g | Px,y ⊂ Xg} .
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The study of the varieties Xg and Xg is the main topic of Section 3.
We observe that Ng and Xg can be identified to subsets of jet schemes

of Ng and Xg respectively. In [25], M. Mustaţǎ uses the theory of motivic
integration, as developed by M. Kontsevich [17], J. Denef and F. Loeser [6],
and V. Batyrev, to prove a result concerning the jet schemes of locally complete
intersections. In the appendix of [25], D. Eisenbud and E. Frenkel apply this
result to the nilpotent cone of a reductive Lie algebra. We study Section 4
the principal bicone and the nilpotent bicone using arguments from motivic
integration. Namely, we follow methods developed by M. Mustaţǎ in [25]. We
prove in this section the following theorem (see Theorem 4.1, (i) and Corollary
4.13, (i)):

Theorem 1.2. — The principal bicone of g is a reduced complete intersec-
tion of dimension 3(bg − rkg + 1). Moreover, the images of any irreducible
component of Xg by the first and second projection from g × g to g are equal
to the principal cone Xg.

Then we deduce Theorem 1.1 from Theorem 1.2. We give Section 5 applica-
tions of our results to invariant theory, mainly in relation with the nullcone. In
Section 6, we obtain additional properties about the irreducible components
of the nilpotent bicone. We prove that Ng is not reduced (see Theorem 6.1)
and we give a lower bound for the number of irreducible components of Ng

(see Proposition 6.8).

1.3. Additional notations and conventions. — In this note, the
ground field is C. All topological terms refer to the Zariski topology. If X
is an algebraic variety, an open subset of X whose complement in X has
codimension at least 2 is called a big open subset of X.

If E is a finite set, its cardinality is denoted by |E|.

For x in g, we denote by g(x) the centralizer of x in g. Thus x belongs to
greg if and only if g(x) has dimension rkg.

The G-action of G in g × g is the diagonal action.

If g is commutative, then Ng is reduced to {(0, 0)}. From now on, we
suppose that g is not commutative.

Let g1, . . . ,gm be the simple factors of g. Since the nilpotent cone Ng is
the product of the nilpotent cones Ng1, . . . ,Ngm of g1, . . . , gm respectively, Ng

is the product of the nilpotent bicones Ng1, . . . ,Ngm. Furthermore, as the
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equality

3(bg − rkg) = 3(bg1 − rkg1) + · · · + 3(bgm − rkgm)

holds, it is enough to prove Theorem 1.1 in the case where g is simple. It
will be sometimes useful to make the assumption that g is simple (see e.g.
Sections 3, 4 and 5).

For Y a subset of g × g and x in g, Yx is the subset of elements y of g such
that (x, y) belongs to Y .

The first and second projections from g× g to g are denoted by ̟1 and ̟2

respectively. The following lemma will be very useful throughout the note.

Lemma 1.3. — Let Y be a G-invariant closed bicone in g × g. Then the
subsets ̟1(Y ) and ̟2(Y ) are G-invariant closed cones of g.

Proof. — As Y is a G-invariant bicone, ̟1(Y ) and ̟2(Y ) are G-invariant
cones of g. Moreover, ̟1(Y ) × {0} and {0} ×̟2(Y ) are the intersections of
Y with g×{0} and {0} × g respectively, since Y is a closed bicone. So ̟1(Y )
and ̟2(Y ) are closed subsets of g.

We fix a principal sl2-triple (e, h, f) of g. In particular, the following rela-
tions

[h, e] = 2e , [e, f ] = h , [h, f ] = −2f ,

are satisfied, e and f are regular nilpotent elements and h is a regular semisim-
ple element. If ad denotes the adjoint representation of g, then adh induces
a Z-grading on g, and we have g =

∑

i∈Z

gi, where gi is the eigenspace of adh

of eigenvalue i. Moreover, all the eigenvalues of adh are even integers, the
centralizer g(x) = g0 of x in g is a Cartan subalgebra, that we will denote also
by h, the unique Borel subalgebra b containing e is

b = h ⊕
∑

i>0

gi ,

and the subset u of nilpotent elements of b is u =
∑

i>0
gi. We also set:

b− =
∑

i≤0

gi , u− =
∑

i<0

gi .

Let B and B− be the normalizers of b and b− in G and let H and NG(h)
be the centralizer and the normalizer of h in G. Then the quotient WG(h) of
NG(h) by H is the Weyl group of g with respect to h. The element of biggest
length of WG(h) is denoted by w0. So for any representative g0 of w0 in NG(h),
g0(b) is equal to b−.
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Let R be the root system of h in g, let R+ be the positive root system of
R defined by b, and let Π be the basis of R+. For any α in R, we denote by
gα the corresponding root subspace. In particular, w0(Π) is equal to −Π.

Let 〈., .〉 be a non-degenerate G-invariant bilinear form on g × g which
extends the Killing form on the semisimple part of g. In the remainder of this
note, the orthogonality will refer to 〈., .〉.

Acknowledgment. — We are grateful to Michel Duflo for bringing [25] to
our attention. We would like to thank Oksana Yakimova for her explanations,
François Loeser for his e-mails concerning motivic integration questions, and
Karin Baur for her comments. In addition, we thank Vladimir Popov for his
support.

2. Characteristic submodule

In this section, we introduce the characteristic submodule of g and we de-
scribe some of its properties.

2.1. — Let us recall that p1, . . . ,prkg are homogeneous generators of S(g)g

of degrees d1, . . . ,drk g respectively such that the sequence d1, . . . ,drkg is non-
decreasing. For i = 1, . . . , rkg, let εi be the element of S(g) ⊗C g defined by
the following relation:

〈εi(x), v〉 = p′i(x)(v) ,

for x, v in g, where pi
′(x) is the differential of pi at x.

Lemma 2.1. — Let x be in g.
i) For i = 1, . . . , rkg, εi(x) belongs to the center of g(x).
ii) The elements ε1(x), . . . ,εrk g(x) are linearly independent in g if and only

if x is regular. Moreover, if so, ε1(x), . . . ,εrk g(x) is a basis of g(x).

Proof. — i) For any v in g,

〈v, [x, εi(x)]〉 = 〈[v, x], εi(x)〉 = −p′i(x)([x, v]) .

The right hand side of these equalities is equal to 0 since pi is invariant under
G. Hence εi(x) belongs to g(x). Let g be in G. Then for i = 1, . . . , rkg,
g◦εi(x) is equal to εi(g(x)). In particular, when g(x) is equal to x, g◦εi(x) is
equal to εi(x). So for any v in g(x), [v, εi(x)] is equal to 0.

Statement (ii) comes from [19](Theorem 9).
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Let i be in {1, . . . , rkg}. The 2-order polarizations pi,m,n of pi are defined
by the following relation:

pi(ax+ by) =
∑

m+n=di

ambnpi,m,n(x, y) ,

for any (a, b) in C2 and any (x, y) in g × g. For (m,n) in N2 such that
m+n = di, let εi,m,n be the element of S(g) ⊗C S(g)⊗C g such that the linear
functional v 7→ 〈εi,m,n(x, y), v〉 on g is the differential at x of the function
x 7→ pi,m,n(x, y) for (x, y) in g × g. In particular, εi,0,di

= 0 for i = 1, . . . , rkg.
In addition, since d1+ · · ·+drk g is equal to bg, the cardinality of the family
{εi,1,di−1, . . . , εi,di,0 , i = 1, . . . , rkg} is equal to bg.

Lemma 2.2. — For i = 1, . . . , rkg, we have

εi(ax+ by) =

di
∑

m=1

am−1bdi−mεi,m,di−m(x, y) ,

for any (a, b) in C2. In particular, εi,1,di−1(x, y) and εi,di,0(x, y) are equal to
εi(y) and εi(x) respectively, for any (x, y) in g × g.

Proof. — Let v be in g. For any (a, b) in C2 such that a is not equal to 0, we
have

〈εi(ax+ by), v〉 =
d

dt
pi(ax+ by + tv) | t=0

=
∑

m+n=di

ambn
d

dt
pi,m,n(x+ ta−1v, y) | t=0

=
∑

m+n=di

ambn〈εi,m,n(x, y), a
−1v〉 ,

whence the lemma, since 〈., .〉 is a non degenerate bilinear form on g × g.

Let us recall that we have introduced the subset

Ωg := {(x, y) ∈ g × g | Px,y \ {0} ⊂ greg , dimPx,y = 2} .

The subset Ωg is clearly invariant under the action of G in g × g. We denote
by h′, g′2 and g′−2 the intersections of greg with h, g2 and g−2 respectively. We
set:

u+ =
∑

i≥4

gi .

In the following lemma, we explicitly provide elements of Ωg .

Lemma 2.3. — Let (x, y) be in g × g.
i) If x and y are in h′ ⊕ u and g′2 ⊕ u+ respectively, then (x, y) is in Ωg.
ii) If x and y are in g′−2 and g′2 respectively, then (x, y) is in Ωg.
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Proof. — i) Let us suppose that x and y are in h′⊕u and g′2⊕u+ respectively.
The elements x and y are clearly linearly independent. In addition, for any t
in C, x + ty is conjugate to x under G. So x + ty is regular for any t in C.
Since y is regular, (x, y) belongs to Ωg.

ii) Let us suppose that x and y are in g′−2 and g′2 respectively. The elements
x and y are clearly linearly independent. As x is regular, x+ sy is regular for
any s in an open subset of C containing 0. Let t 7→ g(t) be the one-parameter
subgroup of H generated by adh. As greg is G-invariant, for any t in C\{0},
g(t)(x+ sy) is regular for any s in an open subset of C, containing 0. So, from
the relations [h, x] = −2x and [h, y] = 2y, we deduce that for any t in C\{0},
t−2x + st2y is regular for any s in an open subset of C containing 0. As greg

is an open cone, x+ st4y is consequently regular for any s in an open subset
of C containing {0}. So x + ty is regular for any t in C. As y is regular, we
deduce that (x, y) belongs to Ωg.

Remark 2.4. — The subset Ωg is stable under the involution (x, y) 7→ (y, x).
So, by Lemma 2.3, the images of the subsets (h′ ⊕ u) × (g′2 ⊕ u+) and g′−2×g′2
by this involution are contained in Ωg. For example, the elements (e, h), (f, h)
and (e, f) are in Ωg.

The following lemma is well-known:

Lemma 2.5. — Let x be in greg.
i) If x belongs to b, then g(x) is contained in b.
ii) If x belongs to u, then g(x) is contained in u.

For (x, y) in g × g, we denote by V(x, y) the subspace generated by the
elements

εi,1,di−1(x, y), . . . ,εi,di,0(x, y) , i = 1, . . . , rkg ,

and we set:

V′(x, y) :=
∑

(a,b)∈C2\(0,0)

g(ax+ by) .

We collect in the following lemma some results concerning the subset Ωg in
part obtained by A. V. Bolsinov in [1] and recently by D. I. Panyushev and
O. Yakimova in [26]:

Lemma 2.6 (Bolsinov). — Let (x, y) be in g × g.
i) The subspace V(x, y) has dimension at most bg. Moreover, it has dimen-

sion bg if and only if (x, y) belongs to Ωg.
ii) The subspace V(x, y) is contained in V′(x, y). Moreover, the equality

occurs when (x, y) belongs to Ωg.
iii) If (x, y) belongs to b × b, then V(x, y) is contained in b.
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Proof. — i) As the sum of d1, . . . ,dbg
is equal to bg, V(x, y) has dimension at

most bg. Let us suppose that (x, y) belongs to Ωg. Then by [26](Theorem 2.4),
the subspace V(x, y) has dimension bg. Conversely, let us suppose that V(x, y)
has dimension bg. In particular, ε1(x), . . . ,εbg

(x) are linearly independent.
Hence by Lemma 2.1, (ii), x is regular. By Lemma 2.2, for any (a, b) in
C2\{(0, 0)}, V(x, y) is equal to V(ax+ by, y). Hence (x, y) belongs to Ωg.

ii) By Lemma 2.1, V′(x, y) contains εi(ax+ by) for i = 1, . . . , rkg and any
(a, b) in C2. Hence by Lemma 2.2, V′(x, y) contains V(x, y). Moreover, by (i)
and Lemma 2.1, V(x, y) is equal to V′(x, y) when (x, y) belongs to Ωg.

iii) Let us suppose that (x, y) belongs to b× b. By Lemma 2.3 and Remark
2.4, the intersection of Ωg and b × b is a nonempty open subset. Moreover,
when (x, y) belongs to this intersection, for any (a, b) in C2\{(0, 0)}, g(ax+by)
is contained in b, by Lemmas 2.1, (ii) and 2.5, (i). Hence for i = 1, . . . , rkg

and m = 1, . . . , di, εi,m,di−m(x, y) belongs to b, by (ii). So V(x, y) is contained
in b.

2.2. — The following automorphisms give an action of GL2(C) in g × g:

(x, y) 7−→ (ax+ by, cx+ dy), where g =

[

a b
c d

]

.

Let s be the subspace of g generated by e, h, f and let S be the closed
connected subgroup of G whose Lie algebra is the image of s by the adjoint
representation of g. Then s is isomorphic to sl2(C). The nilpotent cone of s

is denoted by Ns. Let T5 be the subset of elements (x, y) of s × s such that x
and y belong to the same Borel subalgebra of s.

Lemma 2.7. — Let T3 and T4 be the images of Ns×C and s×C by the map
(x, t) 7→ (x, tx) from s × C to s × s respectively.

i) The subsets T3, T4, T5 are closed, irreducible subsets of s × s, invariant
under the actions of S and GL2(C). Moreover, they have dimension 3, 4, 5
respectively.

ii) Let T be a nonempty, irreducible closed subset of s × s, invariant under
the actions of S and GL2(C). Then T is one of the following subsets {0}, T3,
T4, T5, s × s.

Proof. — i) As the condition defining T5 is a closed condition, the subset T5

is closed in s × s. In addition, T5 is the image of the map

S× bs × bs → s × s , (g, x, y) 7→ (g(x), g(y)) ,

where bs is generated by h and e. Hence T5 is irreducible and has dimension
5. Moreover, it is invariant under the actions of S and GL2(C). By definition,
T3 is the subset of elements (x, y) of Ns × Ns such that x and y are colinear.
Hence T3 is closed in s× s since Ns is closed in s. Moreover, T3 has dimension
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3 and it is invariant under the action of S since Ns has dimension 2 and it
is S-invariant. As Ns is conic, T3 is invariant under the action of GL2(C).
By the same arguments, T4 is a closed subset of s × s, invariant under the
actions of S and GL2(C). Moreover, its dimension is equal to 4. As images of
irreducible varieties, T3 and T4 are irreducible.

ii) By Lemma 1.3, ̟1(T ) is a S-invariant closed cone. If T has dimension
0, ̟1(T ) is equal to {0}. We suppose that the dimension of T is positive and
at most 3. Then ̟1(T ) has dimension smaller than 2. As the S-orbits in
s\{0} have dimension 2, ̟1(T ) is equal to Ns, since the S-orbit of a non zero
semisimple element is not conic. Then T contains T3. As T is irreducible of
dimension smaller than 3, T is equal to T3 by (i).

We suppose that T has dimension bigger than 4 and that̟1(T ) is contained
in Ns. We expect a contradiction. In this case ̟1(T ) is equal to Ns since
̟1(T ) is S-invariant and contains non zero elements. Moreover, as T has
dimension bigger than 4, there exist elements a, b, c in C with the following
properties: T contains (e, ae + bf + ch) and b or c is not equal to 0. Hence
T contains (e, bf + ch). As bf + ch is semisimple as soon as c is not equal to
0, c is equal to 0, and T contains (e, f). So ̟1(T ) contains e + f which is
semisimple, whence the expected contradiction. As ̟1(T ) is not contained in
Ns, ̟1(T ) is equal to s since ̟1(T ) is a S-invariant, closed cone of s. Then
T contains T4. Moreover, T is equal to T4 whenever its dimension is 4.

We suppose that T has dimension bigger than 5 and that T is not equal to
T5. Then ̟1(T ) is equal to s and, for any x in a non empty open subset of
s, there exists an element y of s with the following two properties: T contains
(x, y) and there is no Borel subalgebra which contains x and y. As T is
invariant under S and GL2(C), this is still true for any x in a S-invariant open
cone. Hence there exist a and b in C\{0}, such that T contains (h, ae + bf)
since T is GL2(C)-invariant. As T is invariant under the action of the one-
parameter subgroup generated by adh, T contains (h, at2e+ bt−2f) for any t
in C × {0}. Hence T contains (h, st2ae + bst−2f) for any s and t in C\{0},
since T is GL2(C)-invariant. Then T contains (h, ue + vf) for any (u, v) in
C2, since T is closed. So T contains {x} × s for any x in the cone generated
by the S-orbit of h. Hence T is equal to s × s.

Corollary 2.8. — The subset Ωg is a big open subset of g × g.

Proof. — Let us suppose that Ωg is not a big open subset of g× g. We expect
a contradiction. In this case, the complement of Ωg in g× g has an irreducible
component Σ of codimension 1 in g×g. As Ωg is invariant under the action of
G and GL2(C), Σ is invariant under these actions. Let T be the intersection
of Σ and s × s. Then T is a nonempty closed cone of s × s since it contains
(0, 0). As Σ is an hypersurface of g×g, the codimension of T in s×s is smaller
than 1. Moreover, T is invariant under the actions of S and GL2(C). Hence
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by Lemma 2.11, (ii), (h, e) belongs to T . But by Lemma 2.3, (i), (h, e) belongs
to Ωg, whence the expected contradiction.

2.3. — By a result of J. Dixmier [9](§2), the sub-S(g)-module of elements ϕ
in S(g) ⊗C g such that ϕ(x) belongs to g(x) for all x in g, is a free module of
basis ε1, . . . ,εrkg.

Definition 2.9. — The characteristic submodule of g, denoted by Bg, is the
sub-S(g)⊗C S(g)-module of elements ϕ in S(g) ⊗C S(g)⊗C g such that ϕ(x, y)
belongs to V′(x, y), for any (x, y) in a nonempty open subset of g × g.

The following result can be viewed as a generalization of the previous result
of J. Dixmier.

Theorem 2.10. — The submodule Bg of S(g) ⊗C S(g)⊗C g is a free S(g)⊗C

S(g)-module of rank bg. Moreover, the family {εi,1,di
, . . . ,εi,di,0 , i =

1, . . . , rkg} is a basis of Bg.

Proof. — By Lemma 2.6, (ii), for i = 1, . . . , rkg and m = 1, . . . , di, εi,m,di−m

belongs to Bg. By Lemma 2.6, (i), these elements are linearly independent over
S(g)⊗CS(g). It remains to prove that they generate Bg as S(g)⊗CS(g)-module.
Let ϕ be in Bg. By Lemma 2.6, (i) and (ii), ϕ(x, y) belongs to V(x, y) for any
(x, y) in Ωg. So there exist regular functions ψi,m,di−m on Ωg for i = 1, . . . , rkg

and m = 1, . . . , di, such that:

ϕ(x, y) =
∑

i=1,...,rk g
m=1,...,di

ψi,m,di−m(x, y)εi,m,di−m(x, y) ,

for any (x, y) in Ωg. By Corollary 2.8, Ωg is a big open subset of g× g. Hence
the regular functions ψi,m,di−m have regular extensions to g × g since g × g is
normal. As a result, the family

{εi,1,di
, . . . ,εi,di,0 , i = 1, . . . , rkg}

is a basis of Bg.

2.4. — In this subsection, we establish a link between the open subset Ωg

and the nilpotent bicone. For i = 1, . . . , rkg, we denote by σi the map

g × g −→ Cdi+1 , (x, y) 7→ (pi,0,di
(x, y), . . . ,pi,di,0(x, y)) .

Lemma 2.11. — For (x, y) in g× g and i = 1, . . . , rkg, the differential of σi
at (x, y) is the linear map

(v,w) 7−→ ( 〈εi,1,di−1(x, y), w〉 , 〈εi,1,di−1(x, y), v〉 + 〈εi,2,di−2(x, y), w〉 ,

· · · , 〈εi,di−1,1(x, y), v〉 + 〈εi,di,0(x), w〉 , 〈εi(x), v〉 ) .



12 J-Y CHARBONNEL & A. MOREAU

Proof. — For (x, y) in g × g, we denote by p′i,m,di−m
(x, y) the differential of

pi,m,di−m at (x, y). From Lemma 2.2 and the equality

pi(tx+ y) =

di
∑

m=0

tmpi,m,di−m(x, y)

for (x, y) in g × g, we deduce the equality

di
∑

m=1

tm〈εi,m,di−m(x, y), v + t−1w〉 =

di
∑

m=0

tmp′i,m,di−m(x, y)(v,w) ,

for x, y, v, w in g and t in C\{0}, since pi,0,di
is the map (x, y) 7→ pi(y). Hence

we get, for m = 0, . . . , di − 1,

p′i,m,di−m(x, y)(v,w) = 〈εi,m,di−m(x, y), v〉 + 〈εi,m+1,di−m−1(x, y), w〉 .

In addition p′i,di,0
(x, y) is the linear functional v 7→ 〈εi(x), v〉.

Let σ be the map:

g × g −→ Cbg+rkg , (x, y) 7→ (σ1(x, y), . . . ,σrkg(x, y)) .

Proposition 2.12. — Let (x, y) be in g × g. Then σ is smooth at (x, y) if
and only if (x, y) belongs to Ωg.

Proof. — We denote by σ′(x, y) the tangent linear map to σ at (x, y) and we
denote by ker σ′(x, y) its kernel in g × g. Let us suppose that (x, y) belongs
to Ωg. For v in g, we denote by Xv the subset of elements w in g such
that (v,w) is in kerσ′(x, y). By Lemmas 2.11 and 2.1, (ii), v belongs to the
orthogonal of g(x) in g. In addition, Xv is an affine subspace whose tangent
space is equal to the orthogonal of V(x, y) in g. By Lemma 2.6, (i), V(x, y)
has dimension bg since (x, y) belongs to Ωg. Consequently, ker σ′(x, y) has
dimension bg − rkg + 2(bg − rkg) = 3(bg − rkg), since x is regular. Hence
σ′(x, y) is surjective. So σ is smooth at (x, y).

Conversely, suppose that σ is smooth at (x, y). For (a, b) in C2, we denote
by πa,b the linear map

(zi,0,di
, . . . ,zi,di,0, i = 1, . . . , rkg) 7−→ (

∑

m+n=di

ambnzi,m,n, i = 1, . . . , rkg) ,

from Cbg+rkg to Crkg. The linear map πa,b is surjective as soon as (a, b) is
different from (0, 0). Since σ is smooth at (x, y), we deduce that the compound
map σa,b := πa,b◦σ is smooth at (x, y), for any (a, b) in C2 \ {(0, 0)}. As

∑

m+n=di

ambnpi,m,n(x
′, y′) = pi(ax

′ + by′) ,
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for i = 1, . . . , rkg and (x′, y′) in g × g, σa,b maps (x′, y′) to
(p1(ax

′ + by′), . . . ,prkg(ax
′ + by′)). Moreover, it is the compound map of the

two following maps:

g × g −→ g , (x′, y′) 7→ (ax′ + by′)

g −→ Crkg , z 7→ (p1(z), . . . ,prkg(z)) .

Therefore, the second map is smooth at (ax+by), for any (a, b) in C2\{(0, 0)}.
Therefore, by Lemma 2.1, (ii), (x, y) belongs to Ωg.

Remark 2.13. — Let us recall that Ng is the subscheme of g× g defined by
the ideal generated by the polynomials pi,m,n. Therefore, by Proposition 2.12,
the intersection of Ng and Ωg is the set of smooth points of Ng. The elements
of Ωg provided by Lemma 2.3, (i) are not in Ng. Consider now the elements
described in Lemma 2.3, (ii). If g is equal to sl3, the subset g′−2 × g′2 has a
non empty intersection with Ng. Indeed, if we set

x :=





0 0 0
1 0 0
0 −1 0



 , y :=





0 1 0
0 0 1
0 0 0



 ,

then we can check that (x, y) belongs to the intersection of Ng and g′−2×g′2. In
general this intersection can be empty. There are many cases when g is equal
to sln, with n > 3. Whatever the case, we will see a posteriori that there exists
at least one irreducible component of Ng which has an empty intersection with
Ωg (see Theorem 6.1). So we cannot hope to apply the criterion of B. Kostant
[19]. This observation explains the introduction of another subvariety in the
following section.

3. Principal cone and principal bicone

In this section, we suppose that g is simple. Then we can suppose that p1 is
the Casimir element of S(g)g. Namely, p1(x) is equal to 〈x, x〉 for any x in g.
We recall that (e, h, f) is a principal sl2-triple of g and we use the notations
of Subsection 1.3.

3.1. — Since e is a regular nilpotent element of g, the nilpotent cone Ng is the
G-invariant closed cone generated by e. According to Kostant’s results [19],
the nilpotent cone is a complete intersection of codimension rkg. Moreover,
it is proved in [15] that it has rational singularities. In this subsection, we
intend to prove analogous properties for the principal cone introduced in the
following definition:

Definition 3.1. — The principal cone of g, denoted by Xg, is the G-invariant
closed cone generated by h.
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We recall that w0 is the element of biggest length of the Weyl group WG(h)
of g with respect to the centralizer h of h. The following lemma turns out to
be very useful.

Lemma 3.2. — The element w0(h) is equal to −h. Moreover, there exists a
representative g0 of w0 in NG(h) such that g0(e) is equal to f .

Proof. — As w0 is the element of WG(h) of biggest length, w0(Π) is equal to
−Π. But, by the choices of b, h and Π, α(h) is equal to 2 for any α in Π,
since (e, h, f) is a principal sl2-triple. As a consequence w0(h) is equal to −h.
Moreover, if g0 is a representative of w0 in NG(h), then g0(e) belongs to g

′

−2.
As g′−2 is the orbit of f under H, we can choose g0 such that g0(e) is equal to
f .

For i = 2, . . . , rkg, we define the element qi of S(g)g as follows:

qi =

{

pi , if di is odd

p1(h)
di/2pi − pi(h)p

di/2
1 , otherwise

.

The polynomial qi is homogenous of degree di. As the eigenvalues of h are
integers not all equal to 0, p1(h) is not equal to 0. In addition, as

pi(h) = pi(w0(h)) = pi(−h) = (−1)dipi(h) ,

pi(h) is equal to 0 when di is odd. As a result, qi(h) is equal to 0 for i =
2, . . . , rkg. So Xg is contained in the nullvariety of the functions q2, . . . ,qrkg.

Lemma 3.3. — i) The nullvariety of p1 in Xg is equal to Ng.
ii) The principal cone Xg is the nullvariety of the functions q2, . . . ,qrkg.
iii) The codimension of (Xg \ greg) in Xg is equal to 3.

Proof. — i) Let us prove first that Ng is contained in Xg. Since Xg is a G-
invariant, closed, cone, e belongs to Xg since exp(−tade)(h) is equal to h+2te
for any t in C. So Xg contains Ng since Ng is the closure of G.e. Let X be
the nullvariety of the functions q2, . . . ,qrkg. As p1(h) is not equal to 0, the
nullvariety of p1 in X is the nullvariety of p1, . . . ,prkg. So Ng is the nullvariety
of p1 in X. Moreover, Ng is also the nullvariety of p1 in Xg since Xg is a subset
of X which contains Ng.

ii) We have to prove that X is contained in Xg. Let x be an element of X
which is not nilpotent. Then by (i), p1(x) is not equal to 0. So there exists t
in C\{0} such that p1(tx) is equal to p1(h). Then pi(tx) is equal to pi(h) for
i = 1, . . . , rkg since x is in X. As h is regular and semisimple, tx and h are
G-conjugate. Hence x belongs to Xg.

iii) By (i) and (ii), the subset of elements of Xg which are not regular in g, is
equal to Ng\G.e. As this subset has codimension 2 in Ng, it has codimension
3 in Xg by (i).
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We recall that b− is the Borel subalgebra containing h and opposite to b.
The subset of nilpotent elements of b− is denoted by u−. Let b0 be the subspace
of b generated by h and u and let b0,− be the subspace of b− generated by h
and u−. The following result is partially proved in [32](Proposition 10.3) (see
also Remarque 3.5 below). We give here an independent proof.

Corollary 3.4. — The principal cone of g is normal and it is a complete
intersection of codimension rkg − 1 in g. Moreover, the regular elements of g

which belong to Xg are smooth points of Xg and Xg has rational singularities.

Proof. — By Lemma 3.3, (i) and (ii), Xg is a complete intersection of codi-
mension rkg − 1. By Lemma 2.1, (ii), the differentials at x of p1, . . . ,prkg are
linearly independent as soon as x is a regular element of g. Hence the same
goes for the differentials at x of q2, . . . ,qrkg. Then, any x in the union of G.e
and (C\{0})G.h is a smooth point of Xg. So by Lemma 3.3, (ii), Xg is regu-
lar in codimension 1 and by Serre’s normality criterion [24](Ch. 8, Theorem
23.8), Xg is a normal subvariety.

The subalgebra b0 is an ideal of b. The contracted product G ×B b0 is
defined as the quotient of G×b0 under the right action of B given by (g, x).b =
(gb, b−1(x)). The map (g, x) 7→ g(x) from G × b0 to g factorizes through the
canonical map from G × b0 to G ×B b0. Since the G-orbit of an element of
Xg has a non empty intersection with b0, we get a morphism π from G×B b0

onto Xg. As G/B is a projective variety, π is a proper morphism. Let K be
the field of rational functions on G ×B b0 and let K0 be the field of rational
functions on Xg. Let g0 be as in Lemma 3.2. By Lemma 3.2, g0(h) is equal
to −h. In particular, the fiber of π at h has at least two elements. Let (g, x)
be an element of G × b0 such that g(x) is equal to h. In particular, x is a
regular semisimple element of g which belongs to b0 Hence there exists b in B
such that b(x) belongs to the line generated by h. As adh and adb(x) have
the same eigenvalues, b(x) is equal to h or −h, since the eigenvalues of h are
integers not all equal to 0. If b(x) is equal to h, then (g, x) and (1g, h) are
equal in G×B b0. Otherwise, (g, x) and (g0,−h) are equal in G×B b0. Hence
the fiber of π at h has two elements. So the same applies for the fiber of π at
any element of the G-invariant cone generated by h since π is G-equivariant.
Hence K is an algebraic extension of degree 2 of K0. In particular, it is a
Galois extension. Let A be the integral closure of C[Xg] in K and let X′

g be
an affine algebraic variety such that C[X′

g] is equal to A. Then A is stable
under the Galois group of the extension K of K0 and C[Xg] is the subalgebra
of invariant elements of this action since Xg is normal. Hence by [10](Lemma
1), it is enough to prove that X′

g has rational singularities.
The variety G ×B b0 is smooth as a vector bundle over G/B. Hence the

morphism π factors through the canonical morphism from X′
g to Xg. Let π′
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be the morphism from G ×B b0 to X′
g such that π is the compound map

of π′ with the canonical morphism from X′
g to Xg. Then (G ×B b0, π

′) is a
desingularisation of X′

g since π′ is proper and birational. By the corollary of

[15](Theorem B), for i positive integer, the i-th cohomology group Hi(G ×B

b0,OG×Bb0) is equal to zero. Hence by [14](Ch. III, Proposition 8.5), for
any positive integer i, Riπ′∗(OG×Bb0) is equal to zero and X′

g has rational

singularities since X′
g is normal.

Remark 3.5. — The G-invariant closed cone generated by a semisimple el-
ement of g is not a normal variety in general (see [32](Proposition 10.1)).
Nevertheless, whenever x is the central element of an sl2-triple of g, the closed
cone generated by the regular orbit whose closure contains x is normal and
Cohen-Macaulay [32](Proposition 10.3).

3.2. — We study in this subsection various properties of the principal bicone.

Definition 3.6. — The principal bicone Xg of g is the subset

Xg := {(x, y) ∈ g × g | Px,y ⊂ Xg}

= {(x, y) ∈ g × g | ax+ by ∈ Xg, ∀(a, b) ∈ C2} .

As Ng, the subset Xg is a closed bicone of g × g, and it is invariant under
the actions of G and GL2(C). For i = 2, . . . , rkg, we define the elements qi,m,n
of (S(g) ⊗C S(g))g by the following relation:

qi(ax+ by) =
∑

m+n=di

ambnqi,m,n(x, y) ,(2)

for (a, b) in C2 and (x, y) in g × g. For w in WG(h), we denote by b0,w the
subspace generated by w(h) and u. The following result is well known and
will be useful for the understanding of the principal bicone.

Lemma 3.7. — If x is in h, then the intersection of G · x and h is the orbit
of x under WG(h).

We wish to prove that Xg is a complete intersection of dimension 3(bg −
rkg + 1). We will prove this result next section.

Lemma 3.8. — i) The subset Xg is the nullvariety of the polynomial func-
tions qi,m,n, for i = 2, . . . , rkg and m+ n = di. In particular, any irreducible
component of Xg has dimension at least 3(bg − rkg + 1).

ii) The subset s × s is contained in Xg.
iii) For x in b, (w(h), x) belongs to Xg if and only if x is in b0,w.
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Proof. — i) As Xg is the nullvariety of the qi by Lemma 3.3, (ii), Xg is the
nullvariety of the polynomial functions qi,m,n, for i = 2, . . . , rkg andm+n = di.
As the degree d1 of p1 is 2, Xg is the nullvariety in g×g of bg− rkg−3 regular
functions, whence the second statement.

ii) Let T be the intersection of Xg and s × s. Then T is a closed, subset of
s × s invariant under GL2(C) and S. For any t in C, h + te belongs to G.h.
So T contains (h, e). Hence by Lemma 2.11, the dimension of T is bigger than
5 and T is equal to T5 if and only if its dimension is equal to 5. As th and
e + t2f are in the same G-orbit for any t in C\{0}, (e, f) is in Xg. So T is
equal to s × s since (e, f) is not in T5.

iii) For any t in C\{0} and any x in u, tw(h) + x belongs to the G-orbit of
tw(h). Hence (w(h), tw(h) + x) belongs to Xg. So {w(h)} × b0,w is contained
in Xg. Let x1 be in h and let x2 be in u. We suppose that (w(h), x1 + x2) is
in Xg. Then for any t in C, w(h) + tx1 + tx2 is in Xg. In particular, x1 + x2

is tangent at w(h) to the cone Xg. As the tangent space at w(h) of the cone
Xg is generated by w(h) and [w(h), g], x1 and w(h) are colinear.

3.3. — As the nilpotent cone Ng is contained in the principal cone Xg, the
nilpotent bicone Ng is contained in the principal bicone Xg. We introduce two
other varieties “squeezed in between” Ng and Xg. Let us set

Yg := { (x, y) ∈ Xg | 〈x, y〉 = 0 } ,

Zg := { (x, y) ∈ Yg | y ∈ Ng } .

Lemma 3.9. — i) The nilpotent bicone is the nullvariety in Xg of
p1,2,0, p1,1,1, p1,0,2.

ii) The subset Yg is the nullvariety in Xg of p1,1,1. Moreover, Yg is a G-
invariant closed bicone and any irreducible component of Yg has dimension at
least 3(bg − rkg) + 2.

iii) The subset Zg is the nullvariety in Yg of p1,0,2. Moreover, Zg is a G-
invariant closed bicone and any irreducible component of Zg has dimension at
least 3(bg − rkg) + 1.

Proof. — i) As Ng is the nullvariety of p1 in Xg, by Lemma 3.3 (i), Ng

is the nullvariety in Xg of the 2-order polarizations of p1, that is to say
p1,2,0, p1,1,1, p1,0,2.

ii) As p1,1,1 is the Killing form, Yg is the nullvariety of p1,1,1 in Xg. Moreover,
Yg is a G-invariant closed bicone since p1,1,1 is G-invariant and bihomogeneous.
By Lemma 3.8, (i), any irreducible component of Yg has dimension at least
3(bg − rkg) + 2.

iii) By Lemma 3.3, (i), Ng is the nullvariety of p1 in Xg. Hence Zg is the
nullvariety of p1,0,2 in Yg. Moreover, Zg is a G-invariant closed bicone since
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p1,0,2 is G-invariant and bihomogeneous. By (ii), any irreducible component
of Zg has dimension at least 3(bg − rkg) + 1.

Remark 3.10. — By Lemma 3.9, the subsets Yg and Zg inherit a natural
structure of scheme.

Let P be a subset of the set of polynomials

{p1,2,0, p1,1,1, p1,0,2 , qi,m,di−m , i = 2, . . . , rkg , m = 0, . . . , di} .

We denote by C[P ] the subalgebra of S(g) ⊗C S(g) generated by P , σP the
morphism of affine varieties whose comorphism is the canonical injection from
C[P ] to S(g) ⊗C S(g), XP the nullvariety of P in g × g.

Lemma 3.11. — Let (x, y) be in Ωg.
i) The morphism σP is smooth at (x, y).
ii) If (x, y) is in XP , then (x, y) is a smooth point of XP . Moreover,

the unique irreducible component of XP which contains (x, y) has dimension
2dimg − |P |.

Proof. — i) Let ρ be the morphism whose comorphism is the canonical in-
jection from C[P ] to the subalgebra generated by the polynomials pi,m,di−m

where i = 1, . . . , rkg and m = 0, . . . , di. Then σP is equal to ρ◦σ, where σ
is the morphism introduced in Subsection 2.4. As qi,m,di−m is a linear com-
bination of pi,m,di−m and homogeneous elements in the subalgebra generated
by p1,2,0, p1,1,1, p1,0,2, for i = 2, . . . , rkg and m = 0, . . . , di, the morphism ρ is
smooth. Then by Proposition 2.12, σP is a smooth morphism at (x, y).

ii) We suppose that (x, y) is in XP . By definition, XP is the fiber at 0 of the
morphism σP . So by (i), (x, y) is a regular point of XP and the codimension
in g × g of the irreducible component of XP which contains (x, y) is equal
to the dimension of C[P ]. By Proposition 2.12, the polynomials pi,m,di−m are
algebraically independent for i = 1, . . . , rkg andm = 0, . . . , di. So the elements
of P are algebraically independent since qi,m,di−m is a linear combination of
pi,m,di−m and homogeneous elements in the subalgebra generated by p1,2,0,
p1,1,1, p1,0,2, for i = 2, . . . , rkg and m = 0, . . . , di. Hence the dimension of the
irreducible component of XP containing (x, y) is equal to 2dimg − |P |.

The following proposition assures that Xg has irreducible components of
the expected dimension. Actually this proposition will be not useful in the
following.

Proposition 3.12. — Let w be in WG(h). There is an unique irreducible
component χ(w) of Xg containing (w(h), e). The irreducible component χ(w)
satisfies the following properties:

1) χ(w) has dimension 3(bg − rkg + 1),
2) χ(ww0) is equal to χ(w),
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3) χ(w) contains (w0w(h), f), (e,w(h)), (f,w0w(h)).

Moreover, χ(w) contains s × s if w = 1 or w = w0.

Proof. — Let P be the subset {qi,m,di−m, i = 2, . . . , rkg, m = 0, . . . , di}.
Then XP is equal to Xg by Lemma 3.8, (i). By Lemma 3.8, (iii), Xg contains
(w(h), e) and by Lemma 2.3, (i), (w(h), e) belongs to Ωg. Hence by Lemma
3.11, (ii), (w(h), e) is a regular element of Xg. So there is an unique irreducible
component of Xg which contains (w(h), e). Moreover, this component has
dimension 3(bg − rkg + 1). Let us denote it by χ(w). Then χ(w) satisfies
condition (1). As ww0(h) is equal to −w(h), by Lemma 3.2, χ(w) contains
(ww0(h), e) since χ(w) is a bicone. Moreover, by Lemma 3.2, χ(w) contains
(w0w(h), f) since χ(w) is G-invariant and g0.(w(h), e) is equal to (w0w(h), f).
As χ(w) is also GL2(C)-invariant, it is invariant under the involution (x, y) 7→
(y, x). So χ(w) contains (e,w(h)) and (f,w0w(h)).

By Lemma 3.8, (ii), s×s is contained in Xg. Hence there exists an irreducible
component of Xg which contains s × s. But s × s contains (h, e), which is a
smooth point of Xg. So χ(w) contains s× s if w(h) is colinear to h, that is to
say w = 1 or w = w0.

Remark 3.13. — When g is simple of type Bℓ, Cℓ, D2ℓ, E7, E8, F4 or G2, w0

is equal to −1. So in these cases, for any w in WG(h), χ(w) contains (w(h), f)
and (f,w(h)) since χ(w) is a bicone.

A quick computation shows that Xg has |WG(h)|/2 irreducible components
when g is equal to sln(C) for n = 2, 3.

3.4. — The goal of this subsection is to prove Corollary 3.17. This corollary
will be crucial for the study of the dimension of Xg (see Section 4). We denote
by κ the map

G× b− × b −→ g × g , (g, x, y) 7→ (g(x), g(y)) .

Lemma 3.14. — Let x be a regular element of g which belongs to h.
i) The map κ is a submersion at (1g, x, x).
ii) There exists an open neighborhood V of (x, x) in b− × b such that the

restriction of κ to G× V is a smooth morphism to an open subset of g × g.
iii) Let X be a G-invariant, irreducible, closed subset of g×g which contains

(x, x). Then for any irreducible component X of the intersection of X and
b− × b which contains (x, x), κ(G ×X) is dense in X and X has dimension
dimX − 2(bg − rkg).

Proof. — i) We use on g × g × g × g the Killing form of g × g,

((v1, v2), (w1, w2)) 7→ 〈v1, w1〉 + 〈v2, w2〉 .
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The tangent map of κ at (1g, x, x) is the map

g × b− × b −→ g × g , (u, v,w) 7→ ([u, x] + v, [u, x] + w) .

So the orthogonal of its image is the subset of elements (v1, v2) of g × g such
that v1 is orthogonal to b−, v2 is orthogonal to b and,

〈[u, x], v1〉 + 〈[u, x], v2〉 = 0 ,

for any u in g. The latter condition is equivalent to the equality:

[x, v1] + [x, v2] = 0 .

As x is a regular element in g which belongs to h, the subspace of elements
(v1, v2) of u−× u which satisfy the above equality is equal to {0}. But u− and
u are the orthogonal of b− and b respectively in g. Hence the tangent map of
κ at (1g, x, x) is surjective.

ii) By (i), there exists an open neighborhood V of (x, x) in b−×b such that
κ is a submersion at (1g, y, z) for any (y, z) in V . As the subset of elements
in G × b− × b at which κ is a submersion, is invariant by left translations of
elements in G, κ is a submersion at (g, y, z) for any (g, y, z) in G× V . So the
restriction of κ to G×V is a smooth morphism from G×V to an open subset
of g × g.

iii) Let Y be the intersection of X and V . As X is G-invariant, κ(G × Y )
is equal to the intersection of X and κ(G × V ). By (ii), this intersection is a
non empty open subset of X since X contains (x, x). Moreover, the fiber of κ
at any element of κ(G × V ) is equidimensional of dimension

dimg + 2bg − 2dimg = rkg .

Hence Y is equidimensional of dimension

dimX + rkg − dimg = dimX − 2(bg − rkg) ,

since X is irreducible. In particular, any irreducible component X of the
intersection of X and b− × b which contains (x, x) has dimension dimX −
2(bg − rkg) and κ(G ×X) is dense in X .

We recall that for w in WG(h), b0,w is the subspace generated by w(h) and
u. We denote by b0,w,− the subspace generated by w(h) and u−.

Lemma 3.15. — i) The nullvariety in b−×b of the functions (x, y) 7→ qi(x),
(x, y) 7→ qi(y) where i = 2, . . . , rkg, is the union of the subspaces b0,w,− × b0,w′

where w, w′ run through WG(h).
ii) The intersection of Xg and h× h is the union of the bicones generated by

the elements (w(h), w(h)) where w is in WG(h).
iii) Let X be an irreducible component of Xg whose the image by ̟1 is equal

to Xg. Let X be an irreducible component of the intersection of X and b− × b
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whose the intersection with the diagonal of h × h is not equal to {0}. Then
there exists w in WG(h) such that X is contained in b0,w,− × b0,w.

Proof. — i) Since Xg is the nullvariety of q2, . . . ,qrkg, according to Lemma 3.3,
(ii), the assertion (i) is an easy consequence of Lemma 3.7.

ii) By (i), the intersection of Xg and h × h is contained in the union of the
bicones generated by the elements (w(h), w′(h)) where w, w′ are in WG(h).
As this intersection is invariant under the diagonal action of WG(h) in h × h,
we have to prove that for w in WG(h), (h,w(h)) belongs to Xg if and only if
w(h) is colinear to h. But by Lemma 3.8, (iii), for such w, w(h) belongs to
b0,1h

. So w(h) is colinear to h.
iii) As X is an irreducible component of Xg, X is invariant under the action

of GL2(C). So the intersection of X and h × h contains (h, 0) and (h, h)
since h is in the image of X by ̟1. By (i), as X is irreducible, there exist
w and w′ in WG(h) such that X is contained b0,w,− × b0,w′. But by (ii),
(w(h), w′(h)) belongs to Xg if and only if w′(h) is colinear to w(h). Since the
intersection of X with the diagonal of h×h is not equal to {0}, X is contained
in b0,w,− × b0,w.

Lemma 3.16. — Let X be an irreducible component of Xg and let X be an
irreducible component of the intersection of X and b− × b which contains
(w(h), w(h)), for some w in WG(h). Let X ′ be the intersection of X and Zg:

X ′ = {(x, y) ∈ X | 〈x, y〉 = 0 and y ∈ Ng} .

We suppose that there is an irreducible component Y of X ′ satisfying the two
following conditions:

1) ̟1(Y ) contains a semisimple element of g,
2) ̟2(Y ) contains a regular nilpotent element of g.

Then the sets Y , X ′, X and X have a nonempty intersection with Ωg. In
particular, X has dimension bg−rkg+3 and X has dimension 3(bg−rkg+1).

Proof. — By Lemma 3.15, (iii), X is contained in b0,w,− × b0,w. Let Y be
an irreducible component of X ′ satisfying conditions (1) and (2). By Condi-
tion (1), the subset Y1 of elements (x, y) in Y such that x is semisimple is a
nonempty open subset of Y since the subset of semisimple elements of g which
belongs to b0,w,− is an open dense subset of b0,w,−. On the other hand, by
Condition (2), the subset Y2 of elements (x, y) in Y such that y is a regular
nilpotent element of g is a nonempty open subset of Y since the subset of
regular nilpotent elements of g which belongs to u is an open dense subset of
u. Let (x, y) be in the intersection of Y1 and Y2. A semisimple element of
b0,w,− is written up the form aw(h)+u with u in u− and a in C\{0}. Since Y
is a bicone, we deduce that there are u in u− and v regular element in u such
that (w(h) + u, v) belongs to Y . Let us suppose that (w(h) + u, v) doesn’t
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belong to Ωg. We expect a contradiction. Then there exists t in C such that
t(w(h)+u)+v is not a regular element of g since w(h)+u is a regular element.
As Xg \ greg is contained in Ng, we obtain

〈t(w(h) + u) + v, t(w(h) + u) + v〉 = 0 .

But the left hand side of this equality is equal to t2〈h, h〉 since (t(w(h) + u), v)
belongs to X ′. Hence t is equal to 0 and t(w(h)+u)+v is equal to v since 〈h, h〉
is not equal to 0. We have thus obtained the expected contradiction, since v
is regular. At last, Y has a nonempty intersection with Ωg. As Y is contained
in X ′, X and X , these subsets have a nonempty intersection with Ωg. In
particular, according to Lemma 3.11, (ii), X has dimension 3(bg − rkg + 1).
In addition, by Lemma 3.14, (iii), X has dimension dimX − 2(bg − rkg) =
bg − rkg + 3 .

Corollary 3.17. — Let X be an irreducible component of Xg. We denote by
X ′ the intersection of X and Zg. Let us suppose that the following conditions
are fulfilled:

1) the image of any irreducible component of X ′ by ̟1 is equal to Xg,
2) the image of any irreducible component of X ′ by ̟2 is equal to Ng.

Then X ′ and X have a non empty intersection with Ωg. In particular, X has
dimension 3(bg − rkg + 1).

Proof. — By Lemma 3.15, (iii), there exists w in WG(h) such that the in-
tersection of X and b− × b has an irreducible component X which contains
(w(h), w(h)) and is contained in b0,w,−× b0,w. Let us denote by X ′ the subset
of elements (x, y) of X such that y is nilpotent and 〈x, y〉 is equal to 0. As X
is an irreducible component of the intersection of X and b0,w,− × b0,w which
contains (w(h), w(h)), κ(G×X) is dense in X , by Lemma 3.9, (iii). Moreover,
κ(G × X ′) is the intersection of X ′ and κ(G ×X). As κ(G × X) contains a
dense open subset of X , κ(G × X ′) contains a nonempty open subset of X ′.
So the closure of κ(G×X ′) in g× g contains an irreducible component of X ′.
Consequently, there exists an irreducible component Y of X ′ such that the
closure of κ(G × Y ) in g × g is an irreducible component ξ of X ′.

Let us suppose that ̟2(Y ) does not contain any regular element. As the
subset of elements of u which are not regular in g is a finite union of ideals
of b of codimension 1 in u, there exists an ideal u1 of b contained in u, which
does not contain any regular element and such that ̟2(Y ) is contained in u1,
since ̟2(Y ) is irreducible. Let us recall that the contracted product G ×B b

is defined as the quotient of G × b under the right action of B given by
(g, x).b = (gb, b−1(x)). We denote by π the map from G ×B b to g such that
g(x) is the image by π of the image of (g, x) in G ×B b. Then the image of
G×u1 in G×Bb is closed since u1 is B-invariant. Hence the image of G×u1 by
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the map (g, x) 7→ g(x) is closed in g, since π is a proper morphism. Moreover,
this image is strictly contained in Ng since it does not contain any regular
nilpotent element. This is impossible since it contains ̟2(ξ) which is equal to
Ng by condition (2). Hence ̟2(Y ) contains a regular nilpotent element of g.

Let us suppose that ̟1(Y ) does not contain any semisimple element. Then
̟1(Y ) is contained in u−. So, ̟1(ξ) is contained in the image of G×u− by the
map (g, x) 7→ g(x), which is equal to Ng. But, this contradicts Condition (1).
As a result, Y satisfies Conditions (1) and (2) of the Lemma 3.16. Therefore,
by Lemma 3.16, X ′ and X have a non empty intersection with Ωg. Moreover,
by Lemma 3.11, (ii), X has dimension 3(bg − rkg + 1).

4. Dimension of the nilpotent bicone via motivic integration

We prove in this section the main result of this note. As before, we suppose
that g is simple. We use the notations of previous sections. The goal of this
section is the following theorem:

Theorem 4.1. — i) The principal bicone of g is a reduced complete intersec-
tion of dimension 3(bg − rkg + 1).

ii) The subscheme Yg is a reduced complete intersection of dimension
3(bg − rkg) + 2. Moreover, any irreducible component of Yg is the intersection
of Yg with an irreducible component of Xg.

iii) The subscheme Zg is a complete intersection of dimension
3(bg − rkg) + 1.

iv) The nilpotent bicone Ng is a complete intersection of dimension
3(bg − rkg).

Let us describe briefly our approach to prove Theorem 4.1. We plan to
apply Corollary 3.17. More precisely, we wish to prove that any irreducible
component of maximal dimension of Xg satisfies the conditions (1) and (2) of
Corollary 3.17. Then, we will deduce Theorem 4.1, (i), from Lemma 3.8, (i).
The statements (ii), (iii) and (iv) of Theorem 4.1 will be roughly consequences
of statement (i). The main point is therefore to study the images by ̟1 and
̟2 of the irreducible components of maximal dimension of Xg, Yg, Zg and Ng.
To do that, we are going to consider jet schemes of Xg and Ng and arguments
from motivic integration.

4.1. — We review in this subsection the definition and some properties of jet
schemes. Let X be a complex algebraic variety. For any nonnegative integer
m and any x in X, a m-order jet at x of X is a morphism from OX,x to the
quotient ring C[t]/tm+1C[t]. The subset Jm(X) of m-order jets has a natural
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structure of scheme. The canonical projections

πl,m : Jl(X) −→ Jm(X) ,

for l ≥ m, induce a projective system (Jm(X), πl,m). The space of the arcs

J∞(X) := proj lim
m
Jm(X)

is the projective limit of the system (Jm(X), πl,m). The subset J∞(X) has
a natural structure of scheme. We denote by π∞,m the canonical projection
from J∞(X) to Jm(X):

π∞,m : J∞(X) −→ Jm(X) .

For ν in J∞(X) and ϕ a regular function on X, the order of the serie ϕ◦ν will
be denoted by ord(ν◦ϕ). If I is an ideal of OX , we denote by ord(I, ν) the
smallest integer ord(ν◦ϕ), where ϕ runs through Iπ∞,0(ν), the ideal generated

by I in the local ring OX,π∞,0(ν). The function ν 7−→ ord(I, ν) is denoted by

FI . By [6](Theorem 2.1), FI is semialgebraic. As a matter of fact, for any
nonnegative integer m, we can define an analogous function from Jm(X) to
{1, . . . ,m}. We denote it by the same symbol. When X is affine and I is the
space of global sections of I, we denote by FI the function FI . When I is the
ideal of definition of a closed subset Z of X, we denote by FZ the function
FI . In particular, when I is the ideal of definition of a divisor D of X, we
denote by FD the function FI .

In [25], M. Mustaţǎ proves the following result, conjectured by David Eisen-
bud and Edward Frenkel:

Theorem 4.2 (Mustaţǎ). — If X is locally a complete intersection variety,
then Jm(X) is irreducible of dimension dimX(m + 1) for all m ≥ 1 if and
only if X has rational singularities.

Remark 4.3. — The nilpotent cone Ng is a complete intersection and by
[15](Theorem A), it has rational singularities. In addition, by Corollary 3.4,
Xg is a complete intersection and has rational singularities. As a consequence,
Theorem 4.2 can be applied to Ng or Xg. In the appendix of [25], D. Eisenbud
and E. Frenkel apply Theorem 4.2 to Ng to extend results of Kostant in the
setting of jet schemes.

We conclude this subsection with two lemmas useful in Subsection 4.6. We
denote by θ the map

C × g × g −→ g × g , (t, x, y) 7→ (x, y + tx) .

Lemma 4.4. — Let X be a G-invariant, irreducible, closed bicone of g ×
g. We suppose that ̟1(X ) is equal to Xg and we suppose that θ(C × X ) is



NILPOTENT BICONE 25

contained in X . Let X1 and X2 be two irreducible components of the nullvariety
of p1,1,1 in X . If ̟1(X1) and ̟1(X2) are equal to Xg, then X1 is equal to X2.

Proof. — We can suppose that p1,1,1 is not identically null on X and we sup-
pose that ̟1(X1) and ̟1(X2) are equal to Xg. In particular, X1 and X2 have
codimension 1 in X . For x semisimple element of Xg and y in g such that
(x, y) belongs to the nullvariety of p1,1,1 in X , p1,1,1(x, x+ y) is not equal to 0.
Indeed, by Lemma 3.3, (i), 〈x, x〉 is not equal to 0. Moreover, by hypothesis,
for i = 1, 2, θ(C×Xi) is an irreducible constructible subset of X which strictly
contains Xi. Hence for i = 1, 2, θ(C × Xi) contains a dense open subset of
X . As a result, for any (t, x, y) in a certain dense open subset of C ×X1, x is
semisimple and there exists (t′, x′, y′) in C ×X2 such that θ(t′, x′, y′) is equal
to θ(t, x, y). From this equality we deduce the equalities:

x′ = x , y′ − y = (t− t′)x .

But 〈x, x〉 is not equal to 0 since x is a semisimple element of Xg. In addition
x is orthogonal to y and y′. So t′ is equal to t and (x, y) is equal to (x′, y′).
As a consequence X1 is equal to X2.

Let TXg be the tangent space of Xg and let TNg be the tangent space of Ng.
Then TXg and TNg are closed subsets of g × g. Moreover, TXg and TNg are
naturally in bijection with J1(Xg) and J1(Ng) respectively. Let T′Xg be the
nullvariety of p1,1,1 in TXg and let T′′Xg be the nullvariety of p1,0,2 in T′Xg.

Lemma 4.5. — i) The subsets TXg and TNg are closed, irreducible bicones,
invariant under G and their images by ̟1 are equal to Xg and Ng respectively.
Moreover, their dimensions are 4(bg − rkg) + 2 and 4(bg − rkg) respectively.

ii) The intersection of ̟−1
1 (Ng) and T′Xg is equal to TNg.

iii) The subset T′Xg is irreducible of dimension 4(bg − rkg) + 1. Moreover,
̟1(T

′Xg) is equal to Xg.
iv) The image of any irreducible component of T′′Xg by ̟1 is equal to Xg.

Proof. — i) As Xg and Ng are G-invariant closed cones, TXg and TNg are
G-invariant closed bicones. By Theorem 4.2 and Remark 4.3, J1(Xg) is irre-
ducible and has dimension 2dimXg. Since TXg and J1(Xg) are canonically
isomorphic, TXg is irreducible and has dimension 4(bg − rkg) + 2. In the
same way, by Theorem 4.2 and Remark 4.3, J1(Ng) is irreducible and has
dimension 2dimNg. Since TNg and J1(Ng) are canonically isomorphic, TNg

is irreducible and has dimension 4(bg − rkg).
ii) For x in G.e and y in g, (x, y) belongs to TNg if and only if y belongs to

[x, g] since G.e is dense in Ng. In particular, for any x in G.e and any y in g

such that (x, y) belongs to TNg, (x, y) belongs to T′Xg since x is orthogonal

to [x, g]. But by (i), the intersection of TNg and ̟−1
1 (G.e) is dense in TNg.

Then TNg is contained in T′Xg. As Xg is the nullvariety in g of q2, . . . ,qrkg,



26 J-Y CHARBONNEL & A. MOREAU

for any x in Xg, the subspace of elements y of g such that (x, y) belongs to
TXg is the intersection of the kernels of the differentials at x of q2, . . . ,qrkg.
By definition, for i = 2, . . . , rkg,

qi =

{

pi , if di is odd

p1(h)
di/2pi − pi(h)p

di/2
1 , otherwise

.

So for x in Ng, the subset of elements y of g such that (x, y) belongs to
TXg, is the intersection of the kernels of the differentials at x of p2, . . . ,prkg.

Therefore, the intersection of T′Xg and ̟−1
1 (Ng) is contained in TNg, since

Ng is the nullvariety of p1, . . . ,prkg in g, whence we deduce (ii)
iii) As Xg is a cone, TXg contains the diagonal of Xg × Xg. So TXg strictly

contains T′Xg. Then by (i), T′Xg has dimension 4(bg − rkg) + 1. Moreover,
T′Xg is an equidimensional, closed bicone, invariant under the action of G
since p1,1,1 is bihomogeneous and G-invariant. Hence by (ii) and Lemma 1.3,
the image by ̟1 of any irreducible component of T′Xg is equal to Xg. As Xg

is a cone, for any t in C and any (x, y) in TXg, (x, y + tx) belongs to TXg.
Then by Lemma 4.4, T′Xg is irreducible.

iv) By (iii), T′′Xg is equidimensional of dimension at least 4(bg−rkg), since
T′′Xg is the nullvariety of p1,0,2 in T′Xg. Moreover, since p1,0,2 is bihomogenous
and G-invariant, T′′Xg is a G-invariant, closed, bicone. As (e, h) belongs
to T′Xg, T′′Xg is strictly contained in T′Xg and T′′Xg is equidimensional of
dimension 4(bg− rkg). In addition, as (e, h) belongs to TNg but not to T′′Xg,
we deduce from (ii) and Lemma 3.3, (i), that the intersection of T′′Xg and

̟−1
1 (Ng) is equidimensional of dimension 4(bg − rkg) − 1. Hence, by Lemma

1.3, the image of any irreducible component of T′′Xg is equal to Xg.

4.2. — We recall in this subsection some facts about motivic integration in-
troduced by M. Kontsevich. The construction of motivic integrals for smooth
spaces is due to Kontsevich [17] and was generalized by Denef and Loeser
to singular spaces in [6] and [7]. We refer to [23] and [6] for more explanations.

We denote by V the category of complex algebraic varieties, K0(V) its
Grothendieck ring, L the class of A1 in K0(V). For X in V, its class in K0(V)
is denoted by [X] and the map X 7→ [X] extends naturally to the category
of constructible subsets of algebraic varieties. The localization K0(V)[L−1]
at L of the ring K0(V) will be denoted by M. For m in Z, let FmM be the
subgroup of M generated by the elements [X]L−r where r − dimX is bigger
that m. Then we get a decreasing filtration of the ring M and we denote by
M̂ its separated completion.
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Proposition 4.6 ([6](Definition-Proposition 3.2))
Let X be a variety of pure dimension d. There is a well defined subalgebra

BX of the Boolean algebra of subsets of J∞(X) and a map µX from BX to M̂
satisfying the following properties:

1) for any nonnegative integer m and any constructible subset C in Jm(X),

the cylinder π−1
∞,m(C) is in BX and µX(π−1

∞,m(C)) is equal to [C]L−(m+1)d,
2) if Y is a closed subvariety in X of dimension strictly smaller than d,

then for any element A in BX , contained in J∞(Y ), µX(A) is equal to 0,
3) let A1,A2, . . . be a sequence of elements in BX whose union A is in BX ,

then the sequence µX(A1),µX(A2), . . . converges to µX(A) in M̂,
4) if A and B are in BX , A is contained in B and µX(B) belongs to the

closure of FmM in M̂ then µX(A) belongs to the closure of FmM in M̂.

Let A be in BX . For ϕ a map from A to M̂ such that ϕ−1({a}) is in BX

for any a in A, we say that ϕ is integrable on A with respect to µX if the sum
∑

a

µX(ϕ−1({a}))a

converges in M̂. In particular, this means that the sum has at most countably
many terms µX(ϕ−1({a1}))a1, µX(ϕ−1({a2}))a2, . . . and that for i = 1, 2, . . .,

µX(ϕ−1({ai}))ai belongs to the closure of FmiM in M̂ where m1,m2, . . . is a
sequence of integers which goes to −∞ when i goes to ∞. This sum is called
the integral of ϕ on A with respect to µX and we write:

∫

A
ϕdµX :=

∑

a

µX(ϕ−1({a}))a .

For ψ a function from A to N ∪ {+∞} such that ψ−1({n}) is in BX for any

n in N ∪ {+∞}, the map L−ψ, x 7→ L−ψ(x), from A to M̂, is integrable if and
only the sum

∑

n∈N

µX(A ∩ ψ−1({n}))L−n

is convergent in M̂. In this case, this sum is called the integral of L−ψ and we
set

∫

A
L−ψdµX :=

∑

n∈N

µX(A ∩ ψ−1({n}))L−n .

Let us recall that, for a non irreducible variety, its dimension is the biggest
dimension of its irreducible components. Let u and v be two indeterminate
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variables. For any smooth projective variety X, we denote by h(X) the Hodge-
Deligne polynomial of X which is the element of Z[u, v]:

h(X) :=
∑

k∈N

∑

(p,q)∈N2

p+q=k

(−1)khp,q(H
k
c (X; C))upvq

where hp,q(H
k
c (X; C)) are the Hodge-Deligne numbers of X. The map h

factors through the ring K0(V). So we have a morphism h from K0(V) to
Z[u, v] such that h(X) is equal to h([X]) for any smooth projective variety. In
particular, h(L) is equal to uv. What is important for us is that h([X]) is a
polynomial of degree 2dimX and whose term of degree 2dimX is c(uv)dimX ,
where c is the number of irreducible components of dimension dimX. By
continuity, the morphism h extends uniquely as a morphism from M̂ to the
ring Z[u, v][[u−1, v−1]].

If (x, y) belongs to Xg or Ng, then the arc t 7→ x + ty is an element of
J∞(Xg) or J∞(Ng) respectively. So Xg and Ng can be identified to subsets of
J∞(Xg) and J∞(Ng) respectively. But, as Xg and Ng are strictly contained in
g, the motivic measure of the so obtained subsets is null by Proposition 4.6,
(2). That’s why we need to make a subtler construction in Subsection 4.5 to
use arguments from motivic integration.

4.3. — We prove in this subsection a technical lemma which will be used
in the proof of Proposition 4.9. Let t be a positive integer and let N be an
integer bigger than t. Let b1, . . . ,bt, c2, . . . ,ct be nonnegative integers and letm,
a2, . . . ,at be positive integers. We set a1 = 1 and c1 = 0. For k a nonnegative
integer, for J a nonempty subset of {1, . . . , t} and for J ′ a nonempty subset
of J , we denote by ψk,J,J ′, ψJ,J ′ the affine functionals on QJ

(αi, i ∈ J) 7−→ (N − |J ′|)(m+ 1) +
∑

i∈J

(bi + 1)αi −
∑

i∈J\J ′

αi + k
∑

i∈J

ciαi ,

(αi, i ∈ J) 7−→ (N − |J ′|)(m+ 1) +
∑

i∈J

(bi + 1)αi −
∑

i∈J\J ′

αi ,

respectively. For p a positive integer, we denote by AJ,J ′,p the subset:

AJ,J ′,p := {(αi, i ∈ J) ∈ NJ |
∑

i∈J

aiαi ≥ p and αi ≥ m+ 1 , i ∈ J ′

and 1 ≤ αi ≤ m , i ∈ J\J ′} .

Lemma 4.7. — For k a positive integer, J a nonempty subset of {1, . . . , t}
and J ′ a nonempty subset of J , we denote by νk,J,J ′,p and νJ,J ′,p the minimal
values of ψk,J,J ′ and ψJ,J ′ respectively on AJ,J ′,p.
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i) Let k be a positive integer and let p be an integer bigger than m+ 1. If J
is equal to {1}, then νJ,J ′,p and νk,J,J ′,p are equal to p(b1 +1)+(N−1)(m+1).

ii) We suppose that b1 + 1 is strictly smaller than bi+1
ai

for any i = 2, . . . , t.
Then for p an integer bigger than m+ 1, νk,J,J ′,p is bigger than νk,{1},{1},p for
any positive integer k, any nonempty subset J of {1, . . . , t} and any nonempty
subset J ′ of J .

Proof. — i) Let us suppose that J is equal to {1}. Then J ′ is equal to
{1} and AJ,J ′,p is equal to p(N\{0}). Hence νk,J,J ′,p and νJ,J ′,p are equal
to p(b1 + 1) + (N − 1)(m+ 1).

ii) Let k be a positive integer, let J be a nonempty subset of {1, . . . , t} and
let J ′ be a nonempty subset of J . As c1, . . . ,ct are nonnegative integers, for
any (αi, i ∈ J) in NJ ,

ψk,J,J ′(αi, i ∈ J) ≥ ψJ,J ′(αi, i ∈ J) .

Hence νk,J,J ′,p is bigger than νJ,J ′,p. So by (i), we have to prove that νJ,J ′,p is
bigger than p(b1 + 1)+ (N − 1)(m+ 1). In other words, we have to prove that

(N − |J ′|)(m+ 1) +
∑

i∈J ′

(bi + 1)αi +
∑

i∈J\J ′

biαi − p(b1 + 1) − (N − 1)(m + 1)

is a nonnegative integer since p is bigger than m+ 1.
By hypothesis, for i = 2, . . . , t, bi is bigger than ai(b1 + 1). Then for any

(αi, i ∈ J) in (N\{0})J , we have the relations:

∑

i∈J

(bi + 1)αi −
∑

i∈J\J ′

αi =
∑

i∈J\{1}

biαi + (b1 + 1)α1 +
∑

i∈J\{1}

αi −
∑

i∈J\J ′

αi

≥ (b1 + 1)
∑

i∈J

aiαi +
∑

i∈J ′\{1}

αi ,

since a1 = 1. As a consequence, we get:

(N − |J ′|)(m+ 1) +
∑

i∈J

(bi + 1)αi −
∑

i∈J\J ′

αi

− p(b1 + 1) − (N − 1)(m + 1)

≥
∑

i∈J ′\{1}

αi − (|J ′| − 1)(m+ 1)

≥ (|J ′\{1}| − |J ′| + 1)(m+ 1) ,

as soon as (αi, i ∈ J) belongs to AJ,J ′,p, whence the statement.



30 J-Y CHARBONNEL & A. MOREAU

4.4. — Let V be a finite dimensional vector space. For (x, y) in V × V ,
we denote by νx,y the arc t 7→ x + ty of J∞(V ). Let m be in N. We denote

by νx,y,m the image of νx,y by the canonical projection πV∞,m from J∞(V ) to
Jm(V ). As V is a vector space, there is a canonical injection from Jm(V ) into
Jm+1(V ). Moreover, this injection is a closed immersion. The first projection
from V × V to V is denoted by ̟1.

Let K be a connected closed subgroup of GL(V ), let X be an irreducible
closed cone in V . We suppose that X is a complete intersection in V with
rational singularities and that X is a finite union of K-orbits. We study in
this subsection various properties of particular subsets of J∞(V ). Let N be
the dimension of X and let r be the codimension codim(V,X) of X in V .

The main technic used in [25] to prove [25](Theorem 3.2) is motivic
integration, as developed by Kontsevitch, Denef and Loeser, and Batyrev. We
are going to use this technic to prove Proposition 4.9. Precisely, we closely
follow the approach of the proof of [25](Theorem 3.2).

We denote by Z the union of K-orbits in X which are not of biggest dimen-
sion. Let BX be the blowing up of V whose center is X and let

τ : BX −→ V

be the canonical morphism from BX to V . As X is a complete intersec-
tion in V , τ−1(X) is an integral divisor on BX and is locally a complete
intersection. Moreover, there exists a regular action of K on BX for which
τ is a K-equivariant morphism. By the theorem of embedded desingular-
ization of Hironaka [16], there exists a desingularization (Y, τ̃ ) of BX such
that (τ◦τ̃)−1(X) is a divisor with normal crossings. Let us denote by γ the
morphism τ◦τ̃ . Moreover, we can find (Y, τ̃ ) such that there exists a regular
action of K on Y for which τ̃ is an equivariant morphism, and (τ◦τ̃)−1(X) is
a K-invariant divisor. Denoting by E1, . . . ,Et the irreducible components of
γ−1(X), we can assume that the following conditions are fulfilled:

a) E1 is the only prime divisor dominating X,

b) the divisor γ−1(X) is equal to
∑t

i=1 aiEi,

c) the discrepancy W of γ is equal to
∑t

i=1 biEi,
d) a1 is equal to 1 and b1 + 1 is equal to codim(V,X) = r,
e) γ−1(Z) is contained in the union of E2, . . . ,Et,

since τ−1(X) is an integral divisor on BX and K has finitely many orbits in
X. By condition (b), E1, . . . ,Et are K-invariant. Moreover, by condition (e),
Z is the image by γ of the union of E2, . . . ,Et. So there exist nonnegative
integers c2, . . . ,ct, such that γ−1(Z) is the divisor equal to

∑t
i=2 ciEi. For

m ∈ N ∪ {∞}, let

γm : Jm(Y ) −→ Jm(V )
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be the morphism from Jm(Y ) to Jm(V ) induced by γ. In the remainder of
this subsection, for m ∈ N ∪ {∞} and n ∈ N with m ≥ n, the projection πm,n
refers to the canonical projection Jm(Y ) −→ Jn(Y ).

For any subset J in {1, . . . , t}, we set:

E0
J := ∩i∈JEi\ ∪i6∈J Ei .

Let m be a positive integer, let S be a nonempty constructible subset of
Jm(V ) and let J be a subset in {1, . . . , t}. For any family α : i 7→ αi of
positive integers indexed by J , we denote by Jα the subset of elements i of J
such that αi is bigger than m+ 1 and we set:

Tα := {ν ∈ π−1
m,0(E

0
J) ∩ γ

−1
m (S) | FEi

(ν) = αi , i ∈ J\Jα} .

Lemma 4.8. — Let q be an integer bigger than m and let i 7→ αi be a family
of positive integers, indexed by a nonempty subset J of {1, . . . , t}. We set:

Sqαi,i∈J
:= {ν ∈ π−1

q,0(E
0
J ) ∩ (γm◦πq,m)−1(S) | FEi

(ν) = αi , i ∈ J} .

and we suppose that Sqαi,i∈J
is nonempty. Then Sqαi,i∈J

is a locally trivial
fibration over Tα whose fiber is isomorphic to

C(q−m)(N−|Jα|) × (C\{0})|Jα | × Cq|Jα|−
∑

i∈Jα
αi .

Proof. — We follow the proof of [5](Proposition 2.5). Since the divisor

γ−1(X) =
t

∑

i=1
aiEi on Y has only simple normal crossing, for any y in Y ,

there exists a neighborhood U of y in Y with global coordinates z1, . . . ,zN on
U for which a local defining equation for γ−1(X) is given by

g = za11 · · · z
ajy

jy
,(3)

for some jy ≤ N . We cover Y =
⋃

U by finitely many charts on which γ−1(X)

has a local equation of the form (3), and we lift to cover Jq(Y ) =
⋃

π−1
q,0(U).

Hence Sqαi,i∈J
is covered by the subsets

U qα :=
⋂

i∈J

F−1
Ei

(αi) ∩ π
−1
q,0(U) ∩ π−1

q,m(γ−1
m (S)) .

As αi is at least 1, the subset U qα is contained in π−1
q,0(E

0
J ). Thus, the subsets

U qα are open subsets of Sqαi,i∈J
. Let U qα be a such open subset of Sqαi,i∈J

which

is nonempty. If J is not contained in {1, . . . , jy}, then E0
J ∩ U is empty, and

so U qα too. So J is contained in {1, . . . , jy}.
For ν ∈ π−1

q,0(U), we can view ν as a N -tuple (f1(ν), . . . , fN (ν)) of polyno-
mials of degree at most q with zero constant term. We continue to reason as
in the proof of [5](Proposition 2.5). We see that ν ∈ F−1

Ei
(αi) if and only if
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the truncation of fi(ν) to degree αi is of the form cαi
zαi where cαi

is different
from 0. Then we obtain N − |J | polynomials of degree q with zero constant
term, and, for each j ∈ J , a polynomial of the form

fj(ν) = 0 + · · · + 0 + cαj
zαj + cαj+1z

αj+1 + · · · + cαqz
αq ,

for cαj
in C\{0} and for ck in C, for any k strictly bigger than j. So, when we

cut the m first terms of each polynomial fj(ν), the space of all such N -tuples
so obtained is isomorphic to

C(q−m)(N−|Jα|) × (C\{0})|Jα | × Cq|Jα|−
∑

i∈Jα
αi .

As a consequence, U qα is isomorphic to

(π−1
m,0(U) ∩ Tα) × C(q−m)(N−|Jα|) × (C\{0})|Jα | × Cq|Jα|−

∑

i∈Jα
αi ,

whence the lemma.

We denote by πV∞,m the canonical projection from J∞(V ) to Jm(V ). For S
a constructible subset of Jm(V ), we set, for p at least m+ 1:

S∞,m,p = { ν ∈ (πV∞,m)−1(S) | FX(ν) ≥ p } .

Proposition 4.9. — Let m be a positive integer and let S be a constructible
subset of Jm(V ). We set:

Im,p,k = h(

∫

S∞,m,p

L−kFZ(ν)dµV (ν)) ,

for p > m and k ≥ 0. We suppose that the image by πm,0 of any irreducible
component of maximal dimension of S is dense in X. Then the highest degree
term of Im,p,k does not depend on k for p big enough.

Proof. — By [6](Lemma 3.3), we have

Im,p,k = h(

∫

γ−1
∞ (S∞,m,p)

L−FW (ν)−k
∑t

i=2 ciFEi
(ν)dµY (ν)) .(4)

As X has rational singularities, the canonical injection from its canonical
module to its dualizing module is an isomorphism by [12](Satz 1.1). But
its canonical module is locally free of rank 1 since X is Gorenstein as a
complete intersection in V [3](Theorem 3.3.7 and Proposition 3.1.20). So X
has canonical singularities. Moreover, by [25](Theorem 2.1), bi is bigger than
rai for i = 1, . . . , t. Then by condition (d) above, b1 + 1 is strictly smaller
than bi+1/ai for i = 2, . . . , t. Thus, we are in the conditions of Lemma 4.7, (ii).

For any subset J in {1, . . . , t} and for any family i 7→ αi of nonnegative
integers indexed by J , we set:

Sαi,i∈J := {ν ∈ π−1
∞,0(E

0
J ) ∩ (γm◦π∞,m)−1(S) | FEi

(ν) = αi , i ∈ J} .
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For any integer q bigger than m and αi, for any i ∈ J , Sαi,i∈J is the inverse
image by π∞,q of the subset

Sqαi,i∈J
:= {ν ∈ Jq(Y ) | ν ∈ π−1

q,0(E
0
J ) ∩ (γm◦πq,m)−1(S)

and FEi
(ν) = αi , i ∈ J} .

By Lemma 4.8, the subset Sqαi,i∈J
is a locally trivial fibration over

Tα := {ν ∈ π−1
m,0(E

0
J) ∩ γ

−1
m (S) | FEi

(ν) = αi , i ∈ J\Jα} .

Moreover, the fiber is isomorphic to

C(q−m)(N−|Jα|) × (C\{0})|Jα| × Cq|Jα|−
∑

i∈Jα
αi .

By Proposition 4.6, (1), h◦µY (Sαi,i∈J) = h([Sqαi,i∈J
])(uv)−N(q+1). Then we

deduce from [5](Theorem 3.2, (iii)) the relation:

h◦µY (Sαi,i∈J) = h([Tα])(uv − 1)|Jα|(5)

(uv)−|Jα|−(N−|Jα|)(m+1)−
∑

i∈Jα
αi .

As the subset γ−1(X) is equal to the union of E1, . . . ,Et, for any p, the
subset γ−1

∞ (S∞,m,p) is given by the equality:

γ−1
∞ (S∞,m,p) =

⋃

J⊂{1,...,t}
J 6=∅

⋃

(αi,i∈J)∈(N\{0})|J|
∑

i∈J aiαi≥p

Sαi,i∈J .

We set:

M := 1 +m

t
∑

i=1

ai .

In particular, when p is bigger than M , Jα is not empty as soon as
∑

i∈J aiαi
is at least p. For any p bigger than M and any nonnegative integer k, we have
the equality:

Im,p,k =
∑

J⊂{1,...,t}
J 6=∅

∑

αi,i∈J
∑

i∈J aiαi≥p,αi≥1

SJ,αi,i∈J,k

where

SJ,αi,i∈J,k := h([Tα])(uv)−(N−|Jα|)(m+1)+
∑

i∈J\Jα
αi(6)

(uv − 1)|Jα|(uv)−|Jα|(uv)−
∑

i∈J αi(bi+1)−k
∑

i∈J∩{2,...,t} ciαi .

For J nonempty subset in {1, . . . , t}, we set:

S′
J,p,k =

∑

αi,i∈J
∑

i∈J aiαi≥p,αi≥1

SJ,αi,i∈J,k .
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Thus Im,p,k is the sum of S′
J,p,k. For any J , the highest degree terms in S′

J,p,k

are the terms SJ,αi,i∈J,p,k for which the number

dimTα − (N − |Jα|)(m+ 1) +
∑

i∈J\Jα

αi −
∑

i∈J

αi(bi + 1) − k
∑

i∈J∩{2,...,t}

ciαi

is maximal. In particular, for J = {1}, the highest degree term of S′
J,p,k does

not depend on k.

By hypothesis, the image by πm,0 of the irreducible components of maximal
dimension of γ−1

m (S) is dense in E1. Therefore, for J different from {1}, the
degree of

h([π−1
m,0(E

0
J ) ∩ γ−1

m (S)])

is strictly smaller than the degree of the same expression with J = {1}. As a
consequence, when J is different from {1}, for any family α : i 7→ αi of positive
integers indexed by J , the degree of h([Tα]) is strictly smaller than the degree
of

h([π−1
m,0(E

0
{1}) ∩ γ

−1
m (S)]) .

Hence by Lemma 4.7 and relation (6), when p is big enough, the highest degree
term of Im,p,k is the highest degree term of S′

{1},p,k. In particular, it does not

depend on k.

4.5. — We keep the notations of the previous subsection. In this subsection,
form ∈ N∪{∞} and n ∈ N, πm,n refers to the canonical projection from J∞(V )
to Jm(V ). We construct in this subsection particular subsets in Jm(X), for
m ≥ 1, and we apply the results of Subsection 4.4. Let T be a closed bicone
of X × V satisfying the two following conditions:

1) T is K-invariant under the diagonal action of K in V × V ,
2) for any (x, y) in T , y is a tangent vector of X at x.

We define by induction on m a subset Cm of Jm(V ).

m = 1: we denote by C1 the image of T by the map (x, y) 7→ νx,y,1.

Let us suppose that the subset Cm of Jm(V ) is defined. Let C ′
m+1 be the

image of Cm by the canonical injection from Jm(V ) into Jm+1(V ). For any p
bigger than m+ 1, we set

C ′
∞,m+1,p := {ν ∈ π−1

∞,m+1(C
′
m+1) | FX(ν) ≥ p} .

Then we set

Cm+1 :=
⋂

p≥m+1

π∞,m+1(C ′
∞,m+1,p) ,
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where C denotes the closure of the subset C of Jm+1(V ). Thus, Cm+1 is a
closed subset of Jm+1(V ).

By induction, the subsets Cm are closed subsets of Jm(V ), for any positive
integer m. For m bigger than 1, we set

Dm = {(x, y) ∈ X × V | νx,y,m ∈ Cm} .

Lemma 4.10. — i) Let m be in N bigger than 2. For p big enough, Cm is
the closure of π∞,m(C ′

∞,m,p) in Jm(V ).
ii) For any m bigger than 1, the subset Cm is the image of Dm by the map

(x, y) 7→ νx,y,m. Moreover, Cm is contained in Jm(X).
iii) For any m bigger than 1, Cm is invariant under the canonical action of

K in Jm(V ).
iv) If ̟1(T ) is equal to X, then for any m bigger than 1, the image by πm,0

of Cm is equal to X.

Proof. — i) By definition, the sequence

π∞,m(C ′
∞,m,m), π∞,m(C ′

∞,m,m), . . .

is nonincreasing. As Cm−1 is closed in Jm−1(V ), C ′
m is closed in Jm(V ) since

the canonical injection from Jm−1(V ) to Jm(V ) is a closed immersion. So for
any p, C ′

∞,m,p is a semi-algebraic subset of J∞(V ). Hence by [6](Proposition

2.3), π∞,m(C ′
∞,m,p) is a constructible subset of Jm(V ) for p = m,m + 1, . . ..

By noetherianity, since the sequence

π∞,m(C ′
∞,m,m), π∞,m(C ′

∞,m,m+1), . . .

is nonincreasing, it is stationary. Hence for p big enough, Cm is the closure of
π∞,m(C ′

∞,m,p) in Jm(V ).
ii) Let us first remark that, for any m bigger than 1, the image of Dm by

the map (x, y) 7→ νx,y,m is clearly contained in Cm, by definition of Dm. In
addition, for any m bigger than 2, Cm is contained in C ′

m, by construction of
Cm. In fact, for p ≥ m, π∞,m(C ′

∞,m,p) is contained in C ′
m so its closure too,

since C ′
m is closed as image in Jm(V ) of the closed subset Cm−1 by a closed

immersion.
It remains to prove that, for any m bigger than 1, Cm is contained in the

image of Dm by the map (x, y) 7→ νx,y,m and that Cm belongs to Jm(X). We
prove the statements by induction on m. By definition, C1 is the image of
T by the map (x, y) 7→ νx,y,1 and C1 is contained in J1(X) by condition (2).
So D1 is equal to T , whence the two statements for m = 1. Let us suppose
that Cm is the image of Dm by the map (x, y) 7→ νx,y,m and let us suppose
that Cm is contained in Jm(X), for some m bigger than 1. Then C ′

m+1 is
the image of Dm by the map (x, y) 7→ νx,y,m+1. By definition, (x, y) belongs



36 J-Y CHARBONNEL & A. MOREAU

to Dm+1 if and only if νx,y,m+1 belongs to Cm+1. As Cm+1 is contained in
C ′
m+1, we deduce that Cm+1 is contained in the image of Dm+1 by the map

(x, y) 7→ νx,y,m+1. In addition, for any p at least m+ 2, π∞,m+1(C
′
∞,m+1,p) is

contained in Jm+1(X), by definition of C ′
∞,m+1,p. Hence Cm+1 is contained in

Jm+1(X) since Jm+1(X) is closed in Jm+1(V ).
iii) We prove the statement by induction on m. As T is K-invariant by

condition (1), C1 is K-invariant. Let us suppose that m is bigger than 2 and
Cm is invariant under the action of K. Then C ′

m+1 is invariant under the action

of K in Jm+1(V ). So π−1
∞,m+1(C

′
m+1) is invariant under the canonical action of

K in J∞(V ). As X is K-invariant, the function FX is K-invariant. So for any
p bigger than m+1, C ′

∞,m+1,p is invariant under K. Hence π∞,m+1(C
′
∞,m+1,p)

and Cm+1 are invariant under K.
iv) We suppose that ̟1(T ) is equal to X. Then for any x in X, (x, 0)

belongs to T since T is a closed bicone. As a consequence for any positive
integer m, Cm contains νx,0,m. Hence πm,0(Cm) is equal to X.

As in Subsection 4.4, for any constructible subset of Jm(V ), any m ≥ 1 and
any p ≥ m+ 1, we set:

S∞,m,p := {ν ∈ π−1
∞,m(S) | FX(ν) ≥ p} .(7)

Lemma 4.11. — Let m, p be in N with p at least m+ 1, and let S be a con-
structible subset of Jm(V ) contained in Jm(X). We denote by d the dimension
of S and by c the number of irreducible components of S of maximal dimension.
Then the highest degree term of h◦µV (S∞,m,p) is c(uv)d−(N−r)(m+1)−pr .

Proof. — First of all, let us remark that for ν in J∞(V ) and for p positive
integer, π∞,p−1(ν) belongs to Jp−1(X) if and only if FX(ν) is bigger than p.
Let Sp be the inverse image of S by the canonical projection from Jp−1(X) to

Jm(X). Then S∞,m,p is equal to π−1
∞,p−1(Sp). So by Proposition 4.6, (1), we

have:

h◦µV (S∞,m,p) = h([Sp])(uv)
−Np .(8)

Let SX∞,m and SX∞,m,p be the inverse images of S and Sp by the canonical pro-
jections from J∞(X) to Jm(X) and Jp−1(X) respectively. Then by Proposition
4.6, (1), applied to µX , we have:

µX(SX∞,m) = h([S])(uv)−(N−r)(m+1) , µX(SX∞,m,p) = h([Sp])(uv)
−(N−r)p .

As the two subsets are equal, we deduce the equality:

h([Sp]) = h([S])(uv)(N−r)(p−m−1) .

Hence from equality (8), we deduce

h◦µV (S∞,m,p) = h([S])(uv)−(N−r)(m+1)−pr .
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Then the highest degree term of h◦µV (S∞,m,p) is c(uv)d−(N−r)(m+1)−pr since

c(uv)d is the highest degree term of h([S]).

Proposition 4.12. — i) For m big enough, we have

Dm = {(x, y) ∈ T | x+ ty ∈ X, ∀t ∈ C} .

ii) We suppose that the image by ̟1 of any irreducible component of maxi-
mal dimension of T is equal to X. Then, for any m bigger than 1, the image
by ̟1 of any irreducible component of maximal dimension of Dm is dense in
X.

Proof. — i) Let m be an integer such that m − 1 is strictly bigger than the
degree of any element of a generating family of the ideal of definition of X in
the algebra of polynomial functions on V . Let (x, y) be in T . If x+ ty belongs
to X for any t in C, then FX(νx,y) is equal to ∞. In particular, Cm contains
νx,y,m and Dm contains (x, y). Conversely, let us suppose that Dm contains
(x, y). Then T contains (x, y) since T contains Di for any positive integer i.
Moreover, for any ϕ in the ideal of definition of X, the function t 7→ ϕ(x+ ty)
is divisible by tm. So by the choice of m, ϕ(x + ty) is equal to 0, for any t in
C. In other words, x+ ty belongs to X for any t in C.

ii) By Lemma 4.10, (ii), the statement is equivalent to the following
statement:

for any positive integer m, the image by πm,0 of any irreducible component
of maximal dimension of Cm is dense in X.

We prove this statement by induction on m. It is true for m = 1 by
hypothesis and by definition of C1. We supposem at least 2 and the statement
true for m − 1. Let d be the dimension of Cm and let Bm be the union
of irreducible components of Cm whose image by πm,0 is dense in X. By
Lemma 4.10, (iv), Bm is not empty. We denote by c the number of irreducible
components of dimension d of Cm, d′ the dimension of Bm and by c′ the number
of irreducible components of dimension d′ of Bm. It is enough to prove the
equalities d = d′, c = c′. In fact, in this case, any irreducible component of
dimension d of Cm is an irreducible component of Bm.

For p bigger than m+ 1, we set:

B∞,m,p := {ν ∈ π−1
∞,m(Bm) | FX(ν) ≥ p} .(9)

As m is at least 2, Cm is contained in C ′
m, and so B∞,m,p is contained in

C ′
∞,m,p. The image by πm,0 of any irreducible component of Bm is dense in

X. Hence, by Proposition 4.9, the highest degree term of the element

I′m,p,k := h(

∫

B∞,m,p

L−kFZ(ν)dµV (ν))
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of Z[u, v][[u−1, v−1]] does not depend on k, for p big enough. On the other
hand, by induction hypothesis, the image by π∞,m−1 of any irreducible compo-
nent of Cm−1 is dense inX, so the image by π∞,m of any irreducible component
of C ′

m is dense in X. Hence by Proposition 4.9, the highest degree term of the
element

Im,p,k := h(

∫

C′
∞,m,p

L−kFZ(ν)dµV (ν))

of Z[u, v][[u−1, v−1]] does not depend on k, for p big enough. At last, by Lemma
4.10, (i), we may choose p big enough such that the following conditions hold:

1) Cm is the closure of π∞,m(C ′
∞,m,p),

2) the highest degree terms of Im,p,k and I′m,p,k do not depend on k.

By Lemma 4.10, (ii), Cm and so Bm are contained in Jm(X). So by Lemma

4.11, the highest degree term of h◦µV (B∞,m,p) is c′(uv)d
′−pr−(N−r)(m+1).

Therefore, by condition (2) with k = 0 in I′m,p,k, we obtain that the highest

degree term of the element I′m,p,k of Z[u, v][[u−1, v−1]] is c′(uv)d
′−(N−r)(m+1)−pr

for any k. On the other hand, using condition (1), we can easily check that
the relation

C ′
∞,m,p = {ν ∈ π−1

∞,m(π∞,m(C ′
∞,m,p)) | FX(ν) ≥ p}(10)

holds. In addition, by condition (1) again, h([Cm]) and h([π∞,m,p(C
′
∞,m,p)])

have the same highest degree term. Moreover, by Lemma 4.10, (ii), Cm is
contained in Jm(X) so π∞,m(C ′

∞,m,p) too. Hence, by Lemma 4.11, the highest

degree term of h◦µV (C ′
∞,m,p) is c(uv)d−(N−r)(m+1)−pr . Then by condition (2)

with k = 0 in Im,p,k, we obtain that the highest degree term of the element

Im,p,k in Z[u, v][[u−1, v−1]] is c(uv)d−(N−r)(m+1)−pr for any k. Now, as FZ(ν)
is positive for any ν in C ′

∞,m,p\B∞,m,p, we get

lim
k→+∞

h(

∫

C′
∞,m,p\B∞,m,p

L−kFZ(ν)dµV (ν)) = 0 .

Hence for k big enough, the highest degree term of Im,p,k is

c′(uv)d
′−(N−r)(m+1)−pr . As a consequence, d = d′ and c = c′.

4.6. — In this subsection, we apply Proposition 4.12 to suitable subsets V ,
X, T and K in order to prove Theorem 4.1.

Corollary 4.13. — i) Let X be an irreducible component of maximal dimen-
sion of Xg. Then ̟1(X ) is equal to Xg.

ii) Let X be an irreducible component of maximal dimension of Yg. Then
̟1(X ) is equal to Xg.

iii) Let X be an irreducible component of maximal dimension of Zg. Then
̟1(X ) is equal to Xg.
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iv) Let X be an irreducible component of maximal dimension of Ng, then
̟1(X ) is equal to Ng.

Proof. — i) Let V be the space g, let K be the subgroup of GL(g) generated
by G and its homotheties and let X be the subvariety Xg of g. By Corollary
3.4, Xg is an irreducible closed normal cone and a complete intersection in g

with rational singularities. Moreover, K has finitely many orbits in Xg. Let T
be the bicone TXg of Xg×g. By Lemma 4.5, (i), T is irreducible and its image
by ̟1 is equal to Xg. Moreover, by Proposition 4.12, (i), for m big enough,
Dm is equal to Xg. Hence by Proposition 4.12, (ii), ̟1(X ) is equal to Xg since
̟1(X ) is closed by Lemma 1.3.

ii) We use V , K, X as in (i). Let T be the bicone T′Xg of Xg×g. By Lemma
4.5, (iii), T is irreducible and its image by ̟1 is equal to Xg. Moreover,
by Proposition 4.12, (i), for m big enough, Dm is equal to Yg. Hence by
Proposition 4.12, (ii), ̟1(X ) is equal to Xg since ̟1(X ) is closed by Lemma
1.3.

iii) We use V , K, X as in (i). Let T be the bicone T′′Xg of Xg × g. By
Lemma 4.5, (iv), the image by ̟1 of any irreducible component of T is equal
to Xg. Moreover, by Proposition 4.12, (i), for m big enough, Dm is equal
to Xg. Hence by Proposition 4.12, (ii), ̟1(X ) is equal to Xg since ̟1(X ) is
closed by Lemma 1.3.

iv) Let V be the space g, let K be the subgroup G of GL(g) and let X be
the subvariety Ng of g. The cone Ng is an irreducible closed normal cone and
G has finitely many orbits in Ng. Moreover, it is a complete intersection in g

and by [15](Theorem A), Ng has rational singularities. Let T be the bicone
TNg of Ng × g. By Lemma 4.5, (i), T is irreducible and its image by ̟1 is
equal to Ng. Moreover, by Proposition 4.12, (i), for m big enough, Dm is equal
to Ng. Hence by Proposition 4.12, (ii), ̟1(X ) is equal to Ng since ̟1(X ) is
closed by Lemma 1.3.

Let d be the dimension of Xg.

Proposition 4.14. — Let X be an irreducible component of dimension d of
Xg.

i) The dimension of Yg is equal to d− 1.
ii) The intersection of X and Yg is irreducible and has dimension d − 1.

Moreover, this intersection is stable under the involution (x, y) 7→ (y, x).
iii) The intersection of X and Zg is an union of irreducible components of

Zg of maximal dimension. Moreover, Zg has dimension d− 2.
iv) The intersection of Ng and X is equidimensional of dimension d− 3.
v) The dimension of Ng is equal to d− 3.

Proof. — i) Let X ′ be an irreducible component of Yg of maximal dimension.
As Yg is contained in Xg, X

′ is contained in an irreducible component X ′′ of
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Xg. Moreover, X ′ is an irreducible component of the nullvariety of p1,1,1 in
X ′′. So X ′ has codimension at most 1 in X ′′. By Corollary 4.13, (ii), ̟1(X

′)
is equal to Xg. Hence X ′ contains (h, 0) since it is a closed bicone. As X ′′ is an
irreducible component of Xg, it is invariant under the action of GL2(C). Hence
X ′′ contains (h, h) and strictly contains X ′. So X ′ has dimension dimX ′′ − 1.
In particular, dimX ′ is at most d − 1. As any irreducible component of the
nullvariety of p1,1,1 in X is contained in Yg, Yg has dimension d− 1.

ii) As Yg is stable under the involution (x, y) 7→ (y, x) and X is stable
under the action of GL2(C), their intersection is stable under the involution
(x, y) 7→ (y, x). By (i), any irreducible component of the intersection of X and
Yg has dimension d− 1. Hence by (i), Corollary 4.13, (ii) and Lemma 4.4, the
intersection of Yg and X is irreducible since θ(C ×X ) is contained in X .

iii) Let Y be the intersection of Yg and X and let Z be the intersection of
X and Zg. By definition, Z is the nullvariety of p1,0,2 in Y. Moreover, by
(ii) and Corollary 4.13, (ii), ̟2(Y) is equal to Xg. Hence by (i) and (ii), any
irreducible component of Z has dimension d − 2. Let Z ′ be an irreducible
component of Zg of maximal dimension. Then dimZ ′ is at least d− 2. Let us
suppose that dimZ ′ is strictly bigger than d−2. As Zg is contained in Yg, Z

′ is
an irreducible component of maximal dimension of Yg since Yg has dimension
d − 1. By (ii), Z ′ is the intersection of Yg and an irreducible component of
dimension d of Xg. So by (ii) and Corollary 4.13, (ii), ̟2(Z

′) is equal to Xg.
As it is impossible, Zg has dimension d − 2 and Z is an union of irreducible
components of dimension d− 2 of Zg.

iv) Let Y and Z be as in (iii). As Ng is contained in Zg, the intersection of
X and Ng is contained in Z. By (iii) and Corollary 4.13, (iii), each irreducible
component of Z is not contained in Ng and has dimension d − 2. Hence the
intersection of X and Ng is equidimensional of dimension d − 3 since this
intersection is the nullvariety of p1,2,0 in Z.

v) As Ng is contained in Zg, any irreducible component of Ng is contained
in an irreducible component of Zg. So, Ng has dimension at most d − 2, by
(iii). Moreover, by (iii) and Corollary 4.13, (iii), any irreducible component of
dimension d− 2 of Zg is not contained in Ng. Hence the maximal dimension
of the irreducible components of Ng is at most d − 3. So, by (iv), Ng has
dimension d− 3.

Corollary 4.15. — i) The subscheme Xg is equidimensional of dimension
3(bg − rkg + 1). Moreover, any irreducible component of Xg has a nonempty
intersection with the intersection of Ωg and Zg.

ii) The subscheme Yg is equidimensional of dimension 3(bg − rkg) + 2.
Moreover, any irreducible component of Yg has a nonempty intersection with
Ωg.
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Proof. — i) Let X be an irreducible component of dimension d of Xg. Let Z
and N be the intersections of X with Zg and Ng respectively. By Proposi-
tion 4.14, (iii) and (iv), Z and N are equidimensional of dimension d− 2 and
d− 3 respectively. Hence by Proposition 4.14, (v), N is a union of irreducible
components of maximal dimension of Ng. As any irreducible component of
Ng is stable under the action of GL2(C), the image by ̟2 of any irreducible
component of N is equal to Ng by Corollary 4.13, (iv). Moreover, each ir-
reducible component of Z contains an irreducible component of N since N
is the nullvariety of p1,2,0 in Z. Hence the image by ̟2 of any irreducible
component of Z is equal to Ng. By Proposition 4.14, (iii), each irreducible
component of Z is an irreducible component of Zg of maximal dimension.
Hence by Corollary 4.13, (iii), the image by ̟1 of any irreducible component
of Z is equal to Xg. So Z satisfies Conditions (1) and (2) of Corollary 3.17.
Hence by Corollary 3.17, Z has a nonempty intersection with Ωg and X has
dimension 3(bg− rkg+1). But by Lemma 3.7, (i), any irreducible component
of Xg has dimension at least 3(bg − rkg + 1). Hence Xg is equidimensional of
dimension 3(bg − rkg + 1).

ii) By Proposition 4.14, (ii) and Lemma 3.9, (ii), Yg is equidimensional of
dimension 3(bg − rkg) + 2. Moreover, any irreducible component of Yg is
the intersection of Yg and an irreducible component of Xg. Hence by (i) and
Corollary 3.17, any irreducible component of Yg has a nonempty intersection
with Ωg.

We can now give the proof of Theorem 4.1:

Proof. — i) By Corollary 4.15, (i), Lemma 3.8, (i) and Lemma 3.11, (ii), Xg

is a complete intersection of dimension 3(bg − rkg + 1) and any irreducible
component of Xg contains a regular element. So Xg is generically reduced and
by [24](Ch. 8, §23), the scheme Xg is reduced.

ii) By Corollary 4.15, (ii), Lemma 3.9, (ii) and Lemma 3.11, (ii), Yg is a
complete intersection of dimension 3(bg − rkg) + 2 and any irreducible com-
ponent of Yg contains a regular element. So Yg is generically reduced and
by [24](Ch. 8, §23), the scheme Yg is reduced. Moreover, by Proposition
4.14, (ii), any irreducible component of Yg is the intersection of Yg and an
irreducible component of Xg.

iii) By Proposition 4.14, (iii), Corollary 4.15, (i) and Lemma 3.9, (iii), Zg

is equidimensional of dimension 3(bg − rkg) + 1. Hence Zg is a complete
intersection of dimension 3(bg − rkg) + 1.

iv) As Ng is the nullvariety of bg+rkg polynomial functions, any irreducible
component of Ng has dimension at least 3(bg − rkg). Hence by Corollary
4.15, (i) and Proposition 4.14, (v), Ng is a complete intersection of dimension
3(bg − rkg).
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Then Theorem 1.2 deduces from Theorem 4.1, (i) and Corollary 4.13, (i)
and Theorem 1.1 deduces from Theorem 4.1, (iv) and Corollary 4.13, (iv). We
recall here Theorem 1.1 given in the introduction:

Theorem 4.16. — The nilpotent bicone is a complete intersection of dimen-
sion 3bg− 3rkg. Moreover, the images of any irreducible component of Ng by
the first and second projections from g× g to g are equal to the nilpotent cone.

We will prove in Section 6 that Ng is not reduced.

5. Applications to invariant theory

In this section, we present various applications of previous results to invari-
ant theory. In this section, g is supposed to be simple.

5.1. — We denote by pol2S(g)g the subalgebra of S(g) ⊗C S(g) gener-
ated by the 2-order polarizations of elements of S(g)g. Since the polyno-
mials p1, . . . ,prkg generate S(g)g, the polynomials pi,m,n where i = 1, . . . , rkg,
m+ n = di generate pol2S(g)g as graded algebra. Moreover, the morphism σ
introduced in Subsection 2.4 is the morphism of affine varieties whose comor-
phism is the canonical injection from pol2S(g)g into S(g) ⊗C S(g). Then, by
Proposition 2.12, we can state:

Proposition 5.1. — The subalgebra pol2S(g)g is a polynomial algebra in bg+
rkg variables.

Now, as a consequence of Theorem 1.1, we obtain:

Theorem 5.2. — The morphism σ is faithfully flat. Equivalently, the exten-
sion S(g) ⊗C S(g) of pol2S(g)g is faithfully flat.

Proof. — As pol2S(g)g is generated by homogeneous functions, the fiber at 0
of the morphism σ has maximal dimension. On the other hand, by Proposition
5.1, pol2S(g)g is a polynomial algebra in bg+ rkg variables. So σ is an equidi-
mensional morphism and by [24](Ch. 8, Theorem 21.3), σ is a flat morphism.
In particular by [14](Ch. III, Exercise 9.4), it is an open morphism whose
image contains 0. So σ is surjective. Hence σ is faithfully flat, according to
[24](Ch. 3, Theorem 7.2).

5.2. — The nullcone of g, that we denote by Vg is the nullvariety in g× g of
the augmentation ideal of the ideal of S(g)⊗CS(g) generated by (S(g)⊗CS(g))g.
The nullcone plays a leading part in invariant theory. It is studied in [31],
[28], [27], and recently in [20] and [21]. By [20], Vg is irreducible and has
dimension 3(bg− rkg). Moreover, N. Wallach and H. Kraft conjecture in [21]
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that Vg is an irreducible component of Ng. Obviously, Theorem 1.1 confirms
that conjecture, and we can state:

Theorem 5.3. — The nullcone Vg is an irreducible component of the nilpo-
tent bicone Ng.

5.3. — Let k be in N∗ and let us denote by gk the k-th cartesian power of
g. We extend the previous notions to gk. Let S(gk) be the symmetric algebra
of gk and let S(gk)g be the subalgebra of its invariant elements under the

diagonal action of G in gk. Then we denote by V
(k)
g the nullvariety in gk of

the augmentation ideal S(gk)g+ of the ideal generated by S(gk)g. For ϕ in S(g),
the k-order polarizations ϕi1,...,ik of ϕ are defined by the relation:

ϕ(t1x1 + · · · + tkxk) =
∑

(i1,...,ik)∈Nk

ti11 . . . t
ik
k ϕi1,...,ik(x1, . . . , xk) ,

for (x1, . . . ,xk) in gk and (t1, . . . ,tk) in Ck. Then, we denote by polkS(g)g

the subalgebra of S(gk) generated by the k-order polarizations of elements
in S(g)g. Then polkS(g)g is an homogeneous subalgebra of S(gk) and its
augmentation ideal polkS(g)g+ is generated by the k-order polarizations of

the elements of S(g)g+. We denote by N
(k)
g the nullvariety in gk of the ideal

polkS(g)g+. Obviously, V
(1)
g = N

(1)
g = Ng, V

(2)
g = Vg and N

(2)
g = Ng.

In [27], the index of polarization of g, denoted by polind(g), is defined as

being the upper bound of positive integers k such that V
(k)
g = N

(k)
g . Clearly,

the inequality polind(g) ≥ 1 always holds. We wish now to establish an
equality.

As before, the element e is a regular nilpotent element of g.

Lemma 5.4. — Let x be in g satisfying (adx)2(e) = 0. Then (e, [x, e]) be-
longs to Ng.

Proof. — Since (adx)2(e) = 0, we have exp(tadx)(e) = e+ t[x, e], for all t in
C. As Ng is a closed cone in g, the element se + t[x, e] belongs to Ng, for all
(s, t) in C2. Then (e, [x, e]) belongs to Ng.

We recall here an important result in invariant theory, due to R. W. Richard-
son [27]:

Lemma 5.5 (Richardson). — The element (x, y) of g × g belongs to the
nullcone Vg if and only if there exists a Borel subalgebra with nilradical n such
that x and y belong to n.
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The following proposition has already been noticed in [27](Theorem 3.16).
We provide here a shorter proof.

Proposition 5.6. — We have:

polind(g) =

{

∞, if g is isomorphic to sl2(C)

1, otherwise .

Proof. — To start with, suppose that g has dimension 3. The elements x in
g such that the subspace generated by x and e is contained in the nilpotent

cone of g are colinear to e. Hence V
(2)
g = Ng, and Ng is irreducible. Then

for k bigger than 2 and x1, . . . ,xk in g, the subspace generated by x1, . . . ,xk is

contained in Ng if and only if its dimension is smaller than 1. So V
(k)
g is equal

to N
(k)
g for any k.

Suppose now that g has dimension strictly bigger than 3. As d1, . . . ,drk g

is a nondecreasing sequence, −2(drk g − 1) is the smallest eigenvalue of adh.
Let v be a non zero eigenvector of adh of eigenvalue −2(drk g − 1) and let
us set v0 = [v, e]. Then (adv)2(e) is an eigenvector of adh of eigenvalue
−4(drk g − 1) + 2. As g is a simple algebra of dimension strictly bigger than
3, drkg is strictly bigger than 2 and −4(drk g − 1) + 2 is strictly smaller than
−2(drk g−1). So (adv)2(e) is equal to 0. Hence, by Lemma 5.4, (e, v0) belongs
to Ng. Let us prove now that (e, v0) doesn’t belong to Vg. As v0 is an
eigenvector of adh of negative eigenvalue, b does not contain v0. Since b

is the unique Borel subalgebra which contains e, we deduce from Lemma 5.5
that (e, v0) does not belong to Vg. At last, Vg is strictly contained in Ng.

As a result, for any k bigger than 2, V
(k)
g is strictly contained in N

(k)
g since

Vg × {0gk−2} and Ng × {0gk−2} are the intersections of V
(k)
g and N

(k)
g with

g × g × {0gk−2} respectively.

Remark 5.7. — The nullcone has a natural structure of scheme. This
scheme is irreducible. Moreover, it is reduced if and only if g has dimen-
sion 3. When g has dimension 3, pol2S(g)g is equal to (S(g) ⊗C S(g))g and the
ideal in S(g) ⊗C S(g) generated by the augmentation ideal in S(g)g is prime.
Let us suppose that g has dimension strictly bigger than 3. If this scheme
were reduced, the extension S(g) ⊗C S(g) of (S(g) ⊗C S(g))g would be flat by
arguments used in [19]. But this extension is not equidimensional since the
G-orbit in g × g in general position has dimension 2bg − rkg and this integer
is strictly smaller than 3(bg − rkg).
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6. Additional properties of the nilpotent bicone

In this section, we give additional results about the nilpotent bicone Ng.
In the first subsection, we prove that Ng is not reduced. By Theorem 5.3
and Proposition 5.6, Ng is not irreducible except for very particular cases. In
the second subsection, we give an estimation of the number of its irreducible
components.

As before, we fix a principal sl2-triple (e, h, f) in g and we use the notations
of Subsection 1.3.

6.1. — According to [24](§23), a Noetherian ring A is reduced if and only
if A satisfies conditions (R0) and (S1). By Theorem 1.1, the subscheme Ng of
g× g defined by the ideal I generated by pol2S(g)g+ is a complete intersection
in g × g. Therefore the quotient ring (S(g) ⊗C S(g))/I is Cohen-Macaulay,
according to [24](Ch. 8, Theorem 21.3).

Theorem 6.1. — The scheme Ng is not reduced.

Proof. — By which goes before we have to find an irreducible component of
Ng which does not contain any smooth points of Ng. Hence, according to
Proposition 2.12, Lemma 3.11, (ii) and Theorem 5.3, it is enough to prove
that the nullcone Vg has an empty intersection with the open subset Ωg. Let
us suppose that this intersection is not empty and we expect a contradiction.
Let (x, y) be in the intersection of Vg and Ωg. By Lemma 5.5, we can suppose
that x and y belongs to u, since the Borel subalgebras of g are conjugate under
G. By Lemma 2.5, (ii), for any (a, b) in C2 \{(0, 0)}, the centralizer of ax+ by
is contained in u. Therefore, it results from Lemma 2.1 that the subspace
V′(x, y) is contained in u. Moreover, by Lemma 2.6, (iii), V′(x, y) is equal to
V(x, y). It is impossible since by Lemma 2.6, (i), V(x, y) has dimension bg

since (x, y) belongs to Ωg.

6.2. — We denote by Φ the map

G× g × g −→ g × g , (g, x, y) 7→ (g(x), g(y)) .

For a subset X of g × g, the closure in g × g of the image of G×X by Φ is
denoted by XΦ. We recall that for Y subset of g× g and x in g, we denote by
Yx the subset of elements y in g such that (x, y) belongs to Y .

Lemma 6.2. — Let Y be a G-invariant closed bicone of g × g and let x0 be
a nilpotent element of g. We suppose that ̟1(Y ) is the closure in g of G.x0

and that there exists a subvariety T of G such that the map g 7→ g(x0) is an
isomorphism from T to an open subset of G.x0 containing x0.

i) The subset Y is equal to ({x0} × Yx0)
Φ.

ii) If Z is an irreducible component of Y , then Zx0 is irreducible.
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iii) The map X 7→ ({x0} ×X)Φ is a bijection from the subset of irreducible
components of Yx0 to the subset of irreducible components of Y .

Proof. — i) By definition, ̟1(Y ) is the closure of the orbit Y ′
1 of x0 under

the action of G. So Y ′
1 is a dense open subset in ̟1(Y ). Then the subset

of elements of Y whose first component is in Y ′
1 is a dense open subset in

Y . As Y is a G-invariant bicone, Yx0 is a cone and Y ′ is the image by Φ of
G× {x0} × Yx0. So Y is equal to ({x0} × Yx0)

Φ.
ii) Let Z be an irreducible component of Y . Then Z is a G-invariant closed

bicone. We denote by Ω the image of T by the map g 7→ g(x0) and we denote

by Z̃ the subset of elements (x, y) in Z such that x is in Ω. Then Z̃ is an open
subset of Z. In particular, it is irreducible. Let τ be the inverse map of the
map g 7→ g(x0) from T to Ω. Then the map

Z̃ −→ T × Zx0 , (x, y) 7→ (τ(x), τ(x)−1(y)) ,

is an isomorphism. So Zx0 is irreducible.
iii) Let X be an irreducible component of Yx0. Then ({x0} × X)Φ is irre-

ducible as the closure of the image of an irreducible variety by a regular map.
If Z is an irreducible component of Y which contains ({x0} ×X)Φ then Zx0

contains X. So by (ii), X is equal to Zx0 and Z is equal to ({x0}×X)Φ since
Φ(G×{x0} ×X) is open in Z. We then deduce that the map Z 7→ Zx0 is the
inverse of the map X 7→ ({x0} ×X)Φ.

Let us recall that B− is the normalizer in G of the Borel subalgebra b− =
h ⊕ u−.

Lemma 6.3. — Let U be the unipotent radical of the normalizer of b in G.
Then there exists a closed subset Z of U such that the map

B− × Z → G.e , (g, k) 7→ gk(e) ,

is an isomorphism onto an open subset V of G.e containing e.

Proof. — As B−U is an open subset of G, its image by the map g 7→ g(e)
from G to G.e is an open subset V containing e. Moreover, the map

B− × U.e→ V , (g, x) 7→ g(x)

is an isomorphism since U contains the stabilizer of e in G and {1g} is the
intersection of B− and U. By [29](Ch. I, Part. II, §3), there exists a comple-
ment m of g(e) in u and a basis v1, . . . ,vm of m such that the map

Cm → U.e , (t1, . . . ,tm) 7→ exp(t1adv1) · · · exp(tmadvm)(e)

is an isomorphism. Then the map

Cm → U , (t1, . . . ,tm) 7→ exp(t1adv1) · · · exp(tmadvm)
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is proper and its image Z is closed in U. Moreover, the map

B− × Z → V , (g, k) 7→ gk(e)

is an isomorphism.

Let Ng,e be the subset of elements y of g such that (e, y) is in Ng. From
Theorem 1.1, Lemma 6.2, (iii) and Lemma 6.3, we deduce the following result:

Corollary 6.4. — The map X 7→ ({e} ×X)Φ is a bijection from the set of
irreducible components of Ng,e onto the set of irreducible components of Ng.

According to Subsection 3.3, Ng,e has a natural structure of scheme. The
following result is also a corollary of Theorem 1.1.

Corollary 6.5. — The subset Ng,e is a complete intersection of dimension
bg − rkg.

Proof. — As Ng,e is the nullvariety in g of bg polynomial functions, the di-
mension of any irreducible component of Ng,e is at least bg − rkg. Let Y be
an irreducible component of Ng. By Theorem 1.1, since the orbit of e under
G is an open subset of Ng, Ye has dimension bg − rkg. On the other hand,
by Corollary 6.4, Ye is an irreducible component of Ng,e and any irreducible
component of Ng,e is obtained in this way, whence the corollary.

Let p = lp ⊕ up be a parabolic subalgebra of g containing b, with Levi part
lp and nilradical up. We denote by ̟lp and ̟up the projections from p to lp
and up respectively.

Lemma 6.6. — The map Y 7→ Y ⊕ up is a one-to-one correspondence be-
tween the set of irreducible components of Nlp ,̟lp (e) and the set of irreducible

components of Ng,e contained in p.

Proof. — Let Y be an irreducible component of Nlp ,̟lp (e). Then Y ⊕ up is

contained in the intersection of Ng,e and p. As e is a regular nilpotent element
of g, ̟lp (e) is a regular nilpotent element of lp. So by Corollary 6.5, Y has
dimension blp − rkg. Then Y ⊕ up has dimension

blp − rkg + dimup = bg − rkg .

According to Corollary 6.5, we deduce that Y ⊕up is an irreducible component
of Ng,e. Thus, the above map is well-defined. It is clearly injective. Let us
prove that it is surjective.

Let Z be an irreducible component of Ng,e contained in p. Then ̟lp (Z)
is contained in an irreducible component of Nlg ,̟lp (e). Let Y be such an

irreducible component. Then Y ⊕ up is an irreducible subset of Ng,e which
contains Z. So, Z is equal to Y ⊕ up.
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Let Ng be the set of irreducible components of Ng,e. We denote by Υg

the set of proper parabolic subalgebras strictly containing b. Let N
′

g be the
subset of Ng of irreducible components of Ng,e which are not contained in any
element of Υg.

Lemma 6.7. — If g has dimension 3, then |N ′
g| = 0. Otherwise, |N ′

g| is at
least 1.

Proof. — If g has dimension 3, then Υg is an empty set. Suppose now that

the dimension of g is strictly bigger than 3. Then Υg is not empty. Let α# be

the biggest positive root of R+. Then, by Lemma 5.4, Ng,e contains [e, g−α
#
].

So it is enough to prove that [e, g−α
#
] is not contained in p for any p in Υg.

For α in R, we fix a nonzero element xα in gα. The elements xα may be chosen
in a such way that e =

∑

α∈Π
xα. Then we have

[x−α# , e] =
∑

α∈Π

bαx−(α#−α)(11)

where bα is in C\{0} for all α in Π such that α# − α is a root. Suppose that
the set of p in Υg such that [x−α# , e] belongs to p is nonempty. Then there is
β in Π such that [x−α# , e] belongs to the parabolic subalgebra

p = b ⊕
∑

α∈RS
+

g−α,

where RS is the root subsystem of R generated by S = Π\{β} and where RS
+

is the intersection of R+ and RS . Let nγ , γ ∈ Π be the coordinates of α# in
the basis Π. Then for α in Π, we have

α# − α = (nα − 1)α +
∑

γ∈Π
γ 6=α

nγγ .(12)

Let us suppose that α is not equal to β. By equality (12), if α# − α were a
root, then nβ would be equal to 0, since [x−α# , e] belongs to p. But nβ is at

least 1. So α# − α is not a root for any α in Π\{β}. Consequently α# − β is
a root, and necessarily α# − β is in RS

+, by equality (11). Hence nβ is equal
to 1, by equality (12). This discussion proves that the simple root β satisfies
the two following conditions:

1) for all α in Π\{β}, α# − α is not a root,
2) α# − β is a root and nβ = 1.

A quick look on the classification of root systems proves that any simple
root does not satisfy both conditions (1) and (2). We have so obtained the
expected result.
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Recall that Ng is the set of irreducible components of Ng,e.

Proposition 6.8. — The number of irreducible components of Ng is equal to
|Ng| and |Ng| satisfies the following recursive relation:

|Ng| = |N
′

g| +







∑

p∈Υg

∏

l simple factor

of [lp ,lp ]

|N
′

l |






+ 1 .

Proof. — By Corollary 6.4, the number of irreducible components of Ng is
|Ng|. If g has dimension 3, then Ng,e is the line generated by e, whence
|Ng| = 1. We suppose that g has dimension strictly bigger than 3. By Theorem
5.3, Corollary 6.4 and Lemma 5.5, u is an irreducible component of Ng,e. Thus,

Ng = N
′

g ∪





⋃

p∈Υg

N
(p)
g



 ∪ {u} ,(13)

where, for p in Υg, N
(p)
g is the set of irreducible components of Ng contained

in p. By Lemma 6.6, the set N
(p)
g is in one-to-one correspondence with the

set Nlp . Let p be an element of Υg and let l1, . . . ,lm be the simple factors of
lp. As remarked in Subsection 1.3, the irreducible components of Nlp ,̟lp (e)

are a product of irreducible components of Nli,ei
, where ei is the component

of ̟lp (e) on li for i = 1, . . . ,m. Let Y = Y1 × · · · × Ym be an irreducible
component of Nlp ,̟lp (e) where Yi is an irreducible component of Nli,ei

for all

i = 1, . . . ,m. If there exists i such that Yi is contained in an element of Υli ,
then Y is contained in an element of Υlp , and therefore Y ⊕ pu is contained in
an element of Υg strictly contained in p, so different from p. As a consequence,
we have:

∣

∣

∣

∣

∣

∣

⋃

p∈Υg

N
(p)
g

∣

∣

∣

∣

∣

∣

=
∑

p∈Υg

∏

l simple factor
of [lp ,lp ]

|N
′

l | ,

whence the proposition according to relation (13).

Remark 6.9. — Considering the formula established in Proposition 6.8, we
see that the number |Ng| becomes considerably big while the dimension of g

grows up. For example we have:

|Nsl2 | = 1 , |Nsl3 | ≥ 2 , |Nsl4| ≥ 4 , |Nsl5 | ≥ 7 , |Nsl6 | ≥ 12 , . . . .
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Mathematik n◦ 36 (1981), p. 35–44.

[13] W. L. Gan and V. Ginzburg.— Almost-commuting variety, D-modules, and
Cherednik algebras, with an appendix by V. Ginzburg. International Mathematics
Research Papers (2006), 26439, p. 1–54.

[14] R. Hartshorne.— Algebraic Geometry. Graduate Texts in Mathematics n◦ 52
(1977), Springer-Verlag, Berlin Heidelberg New York.

[15] Wim H. Hesselink.— Cohomology and the Resolution of Nilpotent Variety.
Mathematische Annalen, n◦ 223 (1976), p. 249–252.

[16] H. Hironaka.— Resolution of singularities of an algebraic variety over a field
of characteristic zero: I, II. Annals of Mathematics vol. 79 (1964), p. 109–326.

[17] M. Kontsevich.— Motivic integration. Lecture at Orsay (1995).

[18] B. Kostant.— The principal three-dimensional subgroup and the Betti numbers
of a complex simple Lie Group. American Journal of Mathematics n◦ 81 (1959), p.
973–1032.

[19] B. Kostant.— Lie group representations on polynomial rings. American Jour-
nal of Mathematics n◦ 85 (1963), p. 327–404.

[20] H. Kraft and N. Wallach.— On the Nullcone of Representation of Reductive
Groups. Pacific Journal of Mathematics, vol. 224 (2006), p. 119–140.

[21] H. Kraft and N. Wallach.— Polarizations and nullcone of representations of
reductive groups. http://www.math.unibas.ch/˜kraft/Papers/KW-PolNull.pdf
(2004).



NILPOTENT BICONE 51

[22] T. Levasseur and J. T. Stafford.— The Kernel of an Homomorphism of

Harish-Chandra. Annales Scientifiques de l’École Normale Supérieure t. 29 (1996),
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