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Abstract

Let € represent a two—dimensional isotropic elastic body. We consider the prob-
lem of determining the body force F' whose form ¢(t)(f1(z), f2(x)) with ¢ be given
inexactly. The problem is nonlinear and ill-posed. Using the Fourier transform, the
methods of Tikhonov’s regularization and truncated integration, we construct a regu-
larized solution from the data given inexactly and derive the explicitly error estimate.
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1. Introduction

Let Q@ = (0,1) x (0,1) represent a two—dimensional isotropic elastic body. For each
x = (z1,22) € Q, we denote by v = (u1(x,t), ua(z,t)) the displacement, where u; is the
displacement in the x;— direction, for all j € {1,2}. As known, u satisfies the Lamé system
(see, e.g., [, B)

0%u .

Fri pAu+ (A + p) V(div(u)) + F
where F' := (Fy, F3) is the body force, div(u) = V - u = Qu; /0x1 + OQug/Oxe, and A, p are
Lamé constants. We shall assume that the boundary of the elastic body is clamped and the
initial conditions are given.

In this paper, we shall consider the problem of determining the body force F. The
problem is a kind of inverse source problems. The inverse source problems are investigated
in many aspects such as the uniqueness, the stability and the regularization. There are
many papers devoted to the uniqueness and the stability problem. In [ff, Isakov disscused
the problem of finding a pair of functions (u, f) satisfying

cug — Au = f



where f is independent of ¢t. He proved that using some preassumptions on f, from the
final overdetermination

u(z,T) = h(x)

, we get the uniqueness of (u, f).

As shown in [f]], the body force (in the form ¢(¢)f(z)) will be defined uniquely from an
observation of surface stress (the lateral overdetermination) given on a suitable boundary
of Q x (0,7). In the paper, the authors also gave an abstract formula of reconstruction.

Another inverse source problem is one of finding the heat source F(z,t,u) satisfying

ut—Au:F.

The problem was considered intensively in the last century. The problem with the final
overdetermination was studied by Tikhonov in 1935 (see [§]). He proved the uniqueness of
problem with prescribed lateral and final data. In the last three decades, the problem is
considered by many authors (see [, l, [T, [, 3, [4]). Although we have many works on the
uniqueness and the stability of inverse source problems, the literature on the regularization
problem is quite scarce. Very recently, in [[, f[] , the authors considered the regularization
problem under both the lateral and the final overdetermination. The ideas of using the
Fourier transform and truncated integration in the two papers are used in the present
paper. We also consider the regularization problem under the final data and prescribed
surface stress.

To get the lateral overdetermination, some mechanical arguments are in order. Let

01,09, be the stresses (see [fl, f]) defined by

(2 Ou2
TTH 31‘2 31‘1
oj = Adiv(u) + Qu%, je{l,2}
63:j

We shall assume that the surface stress is given on the boundary of the body, i.e.,

(700 -0

where X = (X7, X») is given on 952, and n = (ny,ng) is the outward unit normal vector of
o0

As discussed, our problem is severely ill-posed. Hence, to simplify the problem, a
preassumption on the form of the body force is needed. We shall use the separable form
force as in [f

(F1(x, 1), Fa(z, 1)) = o(t)(f1(2), f2(x))

where ¢ is given inexactly. The form is issued from an approximated model for elastic wave
generated from a point dislocation source (see, e.g., [E, E]) But, since ¢ is inexact, our
problem is nonlinear. Morever, the problem is still ill-posed because the measured data is



not only inexact but also non-smooth.
Precisely, we consider the problem of identifying a pair of functions (u, f) satisfying the

System:
32Uj (9 . .
J

for (z,t) € Q x (0,T"), where u, A are real constants satisfying x> 0 and A + 2u > 0.
Since the boundary of the elastic body is clamped, the displacement u = (u1,us) satisfies
the boundary condition

(ui(x,t),uz(z,t)) = (0,0), z €N (2)
In addition, the initial and final displacement are given in €2
(u1(,0),u2(2,0)) = (uo1(x), uoz(x))
(G0 G260 = () ol ®
(u1(@,T),uz(z,T)) = (ur1(x), ur2(z))

Finally, the surface stress is given on 0f2

nioy +nem = X3
noog +niT = Xo

We shall assume that the data of the system (1) — (4)
I = (p, X, ug, up,ur) € (LH0,T), (L0, T, L' (992)))%, (L1 ()%, (L'())%, (L'(2))?)

are given inexactly since they are results of experimental measurements. The system (1)—(4)
usually has no solution; moreover, even if the solution exists, it does not depend continously
on the given data. Hence, a regularization is in order. Denoting by I, the exact data, which
are probably unknown, corresponding to an exact solution (uey, fe;) of the system (1) — (4)
, from the inexact data I. approximating I.., we shall construct a regularized solution f.
approximating fe, .

In fact, using the Fourier transform, we shall reduce our problem to finding the solu-
tions of the binomial equations whose binomial term is an entire function (see Lemma 1).
In this case, the problem is unstable in the neighborhood of zeros of the entire function.
The zeroes can be seen as singular values. Using the method of Tikhonov’s regularization
and truncated integration, we shall eliminate the singular values to regularize our problem.
Error estimates are given.

The remainder of the paper is divided into two sections. In Section 2, we shall set some
notations and state our main results. In Section 3, we give the proofs of the results.

2. Notations and main results



We recall that Q = (0,1) x (0,1). We always assume that the data I = (¢, X, ug, ur, u})
belong to

(L0, T), (L' (0, T, L' (09)))?, (L' (2))*, (L ())?, (L'(2))?)
For all £ = (£1,£),¢ = (¢1,(2) € R?, we set & - = &1 + &¢ and [¢] = VE- €.

We first have the following lemma.
Lemma 1. If u € (C?([0,T]; L?(2)) N L?>(0,T; H*(Q)))?, f € (L*(N))? satisfy (1) — (4)
corresponding the data I, then for all a = (o, a0) € R?\{0}, we have
2D(I). / fi(x).cos(a - x)dx = g;(I), Vje{l,2}
Q

where

D(I) = D1(I).Da(I), g;(I) = W(%‘Dz(f)ho + Dy (1)h;)

with

T T
Dy(I) = /gp(T—t) sin(\/ A+ 2u || t)dt, Do (I) = /go(T—t) sin(y/i || t)dt
0 0

ho(I) = —sin(y/ A + 2u|a|T). / (- ug). cos(a - z)dx

Q

+\/)\+2u.]a\./(a-uT).cos(a-m)dm
Q
—\/)\+2,u.|oz|.cos(\/)\—|—2,u|oz|T)./(oz-uo).cos(oz-x)dac

Q

T
- //Sin(\/)\ + 2ula|(T —t))(a - X). cos(a - z)dwdt

0 002

h;i(I) = —sin(y/pla|T). / (|a|2uz§j — oo - ug)). cos(a - x)dx
Q

+/1| el / (|a|*urj — aj(a - ur)).cos(a - x)dx
Q

—/1t-|al. cos(/p| | T'). / (JaPug; — aj(a- ug)). cos(a - x)dw

Q

T
- //Sin(\/ﬁ|a|(T —))(lal*X; — aj(a - X)). cos(a - x)dwdt, V5 € {1,2}.

0 002



From Lemma 1, we consider the function

T T
/cp —t)sin(\/ A+ 2u \a!tdt/gp — t)sin(\/p |a t)dt
0 0

The problem is unstable in the neighborhood of zeros of this function. However, from the
properties of analytic function, we can show that if ¢ #Z 0 then this function differ from 0
for almost every where in R3. Furthermore, using the idea of Theorem 4 in B, we get the
following lemma.

Lemma 2. Let 7,q be positive constants, po € L*(0, T)\{0} and D(pg,7): R> - R

T

D(0.7)(a) = / olt) sin(v/7laft)dt

0

Then D(po,T) # 0 for a.e a € R%. Moreover, if we put

_q In(e71)
R = 9eT In(ln(e~1))’ ve>0

then the Lebesgue measure of the set
B(‘)OOaT? 8) - {a € B(07R6)7 ’D(<p077—)(a)‘ < Eq}
1s less than Rgl for e > 0 small enough, where B(0, R.) is the open ball in R? .

Lemma 1 and Lemma 2 imply immediately the uniqueness result.

Theorem 1. Let u,u* € (C?([0,T]; L2(Q))N L2(0,T; H*(R)))?, £, f* € (L2(Q))2. If (u, f),
(u*, f*) satisfy (1) — (4) corresponding the same data I, and ¢ # 0, then

(u, f) = (u*, )

Let (tey, fex) be the exact solution of the system (1) — (4) corresponding the exact data
Iy = (Pexs Xex, uf®, uy™, uG’). Notice that, if we assume
Uex € (C*([0,T]; L2(2)) N L*([0, T]; H*(2)))%, feo € (L2(Q)*, pew € L10, T)\{0} ()

then for all j € {1, 2},

F(Fie)@) =2 [ freala) cosler- )i = L0e2)
Q



for a.e a € R?, where gj, D are defined by Lemma 1, fjez : R?> — R is defined by Eex(x) =
X(Q) fiex() + X(—Q) fiex(—2), and F is the Fourier transform in R?.
From approximate data I. = (¢, X, ug, uj, ur) satisfying

o = ezl < & |1 X; — X5 s¢€

HLI(o,T,Ll(aQ)) = ungLl(Q) =

o < \Zi 1,2 (©)
_uTjHL1(Q)_57 j€{1,2}

*exr

[ ud; — g HLl(Q) <6

, we construct a regularized solution f. = (fie, f2e) whose Fourier transform is

F(f;2)(@) = x(B(0, B.)). %,w e B\{0)

where
1 1+6g _q In(e™h)

g=70=¢ 7 R = 9¢T In(In(e—1)) (7)

7’6

We have two regularization results.

Theorem 2. Let (Uey, fer) be the exact solution of the system (1) — (4) corresponding the
ezxact data I.., and (f) hold. Zhen from the given data I. satisfying (B), we can construct
a regularized solution f- € (C())? such that

ti L = fealiay =0, Vi€ (1,2)

If we assume, in addition, that f., € (H*(Q))?,then

In(In(e~!
e = Fieall}aqy < 63¢T (6611 fjealFri (277)2).%_1))), vj € {1,2}

for e > 0 small enough.

Theorem 3. Let (Uey, fer) be the exact solution of the system (1) — (4) corresponding the
exact data I, and (f) hold. We assume, in addition, that

/ /fjex(:v).cos(a-:c)dx da < 0o, Vje{1,2}
Q

R2

Then from the given data I. satisfying (H), we can construct a regularized solution f. €
(C(2))2, which coincides the one in Theorem 2, such that

ii_{% 1fje = fieallpoo(qy =0, Vi €{1,2}

3. Proofs of the results

Proof of Lemma 1



Proof. Let a = (a1,a2) € R? and G = cos(a - ). Notice that the j—th equation of the
system (III) can rewrite
Ou;  Bo;  OT

Ot2 8—.%'] + 3— + (P( )f](.%'), {37 k} = {172}

Getting the inner product (in L?(Q)) of the equation and G' and using the condition (@),
for {j,k} = {1,2}, we get

d 0G 0G
ﬁ/ujG: /(njaj—i—nkT)de—/aj%jdm—/Ta—xkdm-i-(P(t)/ijdﬂU

0 89 Q Q @ (8)
= /Xdew — ula)? /udem - (AN pa;j / (o - u)Gdzx + p(t) / [iGdx
09 Q ) Q

Multiplying () by «;, then getting the sum for j = 1,2, we obtain

d

p7e] (o u)de—/(a X)de—()\—|—2u)|a|2/(a u)Gdx + p(t / f)Gdz (9)

Q [2}9] Q Q

Multiplying (§) by |a|? and multiplying () by —c;, then getting the sum of them, we have

d;ZQ <|oz|2 uj — oy (o u)) Gdx = / <|oz|2 X —aj. (a- X)) Gdx
—1 \ajz/ (]a!2uj —aj. (a- u)) Gdx + cp(t)/ <]a\2fj —ay. (o f)) Gdx
Q Q

We consider (f]) and ([[J) as the differential equations whose form
y" +n’y = h(t) (11)

where 7 is a real constant and y(0), 3/(0), y(T) are given. Getting the inner product (in
L?(0,T)) of (1) and sin(n(T — t)), we have
T
o @)sin(uT) + ny(T) = ny(O)cos(uT) = [ BT ~ 0)sinne)ds (12)
0

Applying ([12) to (H) with n = /(A +2u)|a| and y = [ (a - u).Gdz, we get
Q

Di(I). / (a- f).Gdz = ho(I) (13)

Q



where Dy (I), ho(I) are defined by Lemma 1.
Similarly, applying (1) to ([L0) with n = /ale| and y = [ (|a*u; — aj.(a - u)).Gdz, we get
Q

Da(1). / (laf2f; — as(a - £)).Gde = hy(D), i€ {1,2} (14)
Q

where Dy(1),h;(I) are defined by Lemma, 1.
Multiplying ([3) by a;D2(I) and multiplying ([4) by Di(I), then getting the sum of
them, we obtain the result of Lemma 1. O

Proof of Lemma 2
Proof. Put p9: R — R

QDO(t) le (O’T)
Po(t) = 3 —po(—t) te(-T,0)

0 t¢(-T7,7)
and ¢ : C — C
0 T
d(z) = / e G0 (t)dt = / e G0 (t)dt
—00 -7

Then ¢ is an entire function and D(¢q,7)(a) = id(y/T|a|). Because ¢y # 0, its Fourier
transform (in R) does not coincide 0. Therefore, there exists zp € R such that |¢(zo)| =
C7 > 0. Thus ¢ # 0. Since ¢ is an entire function, its zeros set is either finite or countable.
Consequently, D (o, 7)(a) # 0 for a.e a € R?.

To estimate the measure of B(pg, 7, ¢), we shall use the following result (see Theorem 4

of $11.3 in [{]).
Lemma 3. Let f(z) be a function analytic in the disk {z : |z| < 2eR}, |f(0)] =1, and let
n be an arbitrary small positive number. Then the estimate

63
In|f(z)] > —ln(%).ln(Mf(QeR))

is valid everywhere in the disk {z : |z| < R} except a set of disks (C;) with sum of radii
> ri <nR. Where M(r) = | ‘zix|f(z)|.

Returning Lemma 2, we put ¢1 : C' — C

o(z + 20)

¢1(2) = c



Then ¢; is an entire function, ¢1(0) = 1, and for all z € C, |z| < 2eR,

T T
Crlor(@)] = | [ e g0 < . [ o]t = T ol
T -T
For € > 0 small enough, applying Lemma 3 with R = %Re and n = 8\/1;3’ we get
In|pi(2)| > — [3lnR —l—ln(\S/_) + In(15e )] . g.eTRg +1In <HSDOHCL#>]

1 q
> —77T.R8 InR. > —qln(e™!) —In(Cy) = ln(g—

Cl)

for all |z| < 3R. except a set of disks {B(zj,7;)}jes with sum of radii > r; < nR = %.

Consequently, for e > 0 small enough, we have 20| < 3 R. and |¢(2)| = C1.|¢1(z — 20)| >
e? for all |z] < R. except the set 'UJB(zj + z9,7;) . Hence, B(go, T,¢€) is contained in the
jE

set U Bj7 where
jeJ

Bj ={a € B(0,R,) |\/_|oz|—y]|<rj}
with y; = Re(z; + 20).

2
If Y > \/7_'R5 +T’j then Bj =0. If Yj < T then Bj C B(O,%), o m(BJ) < 47:—7’1.‘ If
r; <y; < \/7_'R5—|-7“j then
y] + T] V"j
B; c B(0, N\B(0, )
J N \/7__
hence , ,
m(Bj) < w(yj + Tj) _ 7T(yj - Tj) _ Ay, < A7 (/TR + Tj)?“j
T T T -
Thus we get
4m \/—R +7r)r; 47r?
B( ) < J J
m(B(p,T,¢€) Z + Z -
47TR5 8 9 47TRE \/7_- {7 \/7__ ) 1
< o om N2 o . 87 1
sF 2t s e et T am) <R
for £ > 0 small enough. The proof of Lemma 2 is completed. 0

Proof of theorem 1



Proof. Put w =u—u* and v = f — f* then (w,v) satisfies (1) — (4) corresponding the data

I'=(,(0,0),(0,0),(0,0),(0,0))
Let U : R? — R be defined by v;(x) = x(Q)v;(z) + x(—Q)v;(—z). Lemma 1 implies that,
for all j € {1,2}, for all a € R?\{0}, we get
D(I).F(vj)(a) = 2D(I)./vj(x) cos(a - x)dx = gj(I) =0
Q

Applying Lemma 2 with ¢o(t) = (T —t), we get D(I) # 0 for a.e a € R?. Therefore,
F(v;) =0, and it implies that v; = 0. Thus v = (0,0). Hence, w satisfies that

o
ot?
Getting the inner product (in (L2(R2))?) of (L) and dw/dt, we have

= pAw + (A + p) V (div(w)) (15)

2
)2 d 2 )\+M d 2
= LIVl ~ 5 il

2
+ 1) VW) + O+ w) div(w)| 72y = 0 (16)
j=1

L2(Q)

<
Il
-

for all ¢+ € (0,T). Using the condition (B), we have

2 2 2
. ow; Oow1 Ows ow; Oow1 Owoy
d 2, 0= |4 yo [ Q0L T2 N0 gun gwz
ldiv(w)]220) Z o P ) S s
2 2
ow; 8w1 5?1}2 2
< == E | Vw;

Since > 0 and A + 2u > 0, the above inequality implies that
2
13 IV w12y + O ) div(w) 22y = 0

From ([L6), we obtain dw/0t = (0,0). Since w(x,0) = (0,0), the proof is completed. O

To prove two main regularization results, we state and prove some preliminary lemmas.

10



Lemma 4. Let (ueg, fez) be the exact solution of (1) — (4) corresponding the exact data I,
satisfying (H), and the given data I. satisfying (). Using notations of (), we put

0 + (D(I))*

Then for all j € {1,2}, we have G;(I.) € L*(R*)NL%(R?); moreover, there exists a constant
Coy depend only on 1., such that for alle € (0,e7°),

‘Gj(le) - F(Eeaf) < X
+2X(B) || fjeall 20 + X(B\B(O, Be)) |F(Fjea)

where B: = {a € B(0,R.), |D(Iez)(a)| < %}

G;(Ic) = x(B(0, R.)).

(B(0, R.))CoRoc 2"

Proof. First, we show that there exists a constant Co > 0 depend only on I, such that for
alle € (0,e7¢), r >rg=q/(9T), j € {1,2},

1D (ex) || oo (r2) < C2, [ID(Le) = D(Iea)|| oo g2y < Cot
”9]( HLoo (B(0,r)) < Cor, ”gj( I.) - gj(Iex)”Loo(B(o,r)) < Core
Recall that D;(I), Da(I), ho(I), h;(I) are defined by Lemma 1. For all o € R® we have

z)
z)

| Dy, (Lea)| < ”‘Peﬂc”Ll(O,T) | Di(Ie) = D(Lea)| < 0= — ‘Pem”Ll(O,T) <e
2
for all k € {1,2}. Hence, |D(Iez)| < ||@eall71 (0.1 and
|D(Ic) = D(Iez)| = |D1(Ic) = Di(Iea)| - [D2(Ie)| + [D1(lea)| - | D2(Ie) — D2(lea)|
< 5-(”¥’em”L1(0,T) +e)+ H“PGJ»‘HLl(O,T) €< (2 ”‘PeﬂcHLl(O,T) +e©)e
A straightforward calculation show that, for all « € B(0,7)\{0}, we have
lajho(lea)| < Csr |O‘|2 slaj(ho(le) — ho(lex))| < Car |a|2 =
Ihj(Lea)| < Carlal?, |hy(Le) = hj(Le)| < Carlaf®e

for all j € {1,2}, where Cj3 is a positive constant depending only on I.,. Therefore,

195(Ta)] < W IDo(Ia)| + % D1 (Tue)| < 2Cs el s o0,
and
105(1) — g3 (La)| < |Oéj(h0(I€’)a‘—2h0(Iez))|‘|D2(I€)| n W‘ |Do(I.) — Do(I.y)|
‘h](It?)‘a’gO(Iem)"Dl(]—e)’ ’h‘( ’ex)‘ ‘D ( ) Dl(Iex)‘

< Chsre. (HSDemH%l(QT) + 6) + Csr.e + Cyre. (HSDemHLl(QT) + 6) + Csr.e

< 203 (Ilgeclliaory +¢ 7 +1) re

11



Returning Lemma 4, for all j € {1,2}, we get G;(I.) € L'(R?) N L?*(R?) because the
support of G;(I.) is contained in B(0, R.) and G;(I.) € L>°(R?). Moreover,

G;(I.) = F(fjex)| < x(B(0, R.)) ;jfzi)Dj(I)e))Q 5 f()ﬁ( ));

(
g; (Iew) D(Iez) 9j (lex)
)

0+ (D(Le))*  Dllea
We shall estimate each of the terms of the right-hand side. We have
9; Ie) D(Ie)  gj (lea) D(lea) | _ 0cg; (Ie) D(Ic) — gj (Tea) D(Le)|
6+ (D(L)” 8+ (DUea)’| ™ (6.4 (D(L))?) (8 + (D(La))?)
[DUL)| - |DUex)| -19j (Ie) D(ea) = gj (Tew) D(Ie)|

(6 + (D)) (8- + (D(10))?)

)
< ‘gj (Ie) D(Ie) — Gj (Iem) D(Iex)‘ + ‘gj (Ie) D(Iex) — Gj (Iem) D(Ia)‘
- (55 55

If ¢ € (0,e¢) then R, > rg, so for all & € B(0, R.) we get
|gj(Ie)D(I€) - gj(Ie:v)D(Ie:v)|

< ‘gj(Ie) - gj(Iex)’ . ’D(IE)‘ + ‘gj(Iex)’ . ’D(IE) - D(Iex)‘
< CyR.e.(Cy +¢) + CaR.e < (Cy +1)*Re.e

+ X(R\B(0, R). |F(Je0)

+x(B(0, R2))

and similarly,
195 (I) D(Iex:) = gj(Iex) D(I:)| < (Co + 1) Ree
Consequently, for all € € (0,e7¢), we can estimate the first term

9j (Ie) D(Ie) g (Lew) D(Lew) 2(Cy 4 1)2R.e

< x(B(0, Re)).

x(B(0, R
(B0, Re)) .+ (D(L))?* 6 + (D(Lex))? 0
Considering the second term, we have

g5 (Iew) D(Iez) 9 (lex) _ 0 |9j (ez)|

%+ (D) Do) | (5. 4 (D(10))?) | D(L)
We always have

(1 i (Ieg
de |g; ( 2@96)‘ < glj)(j -9 /fjex )cos(av - x)dz| < 2 HfjegCHL2
(6 + (D)) ID(Ler)] | PUer)

Furthermore, if o € B(0, R.)\ B then

Oc |9j (Lex)| 5 |g]( 2| < 0:Co R,

(55 + (D(Iex))Q) .\D(Iw)y ID(L,)| ~— &%

12



Therefore, for all € € (0,e7¢), we can estimate the second term

gj (Iex) D(Iex) g (Lex)
6.+ (D(Ie3))*>  D(lex)

0:CoR,
gba

X(B(OaRe)) < 2X(B€) ||fje:vHL2(Q) + X(B(O, Re))

Thus, for all € € (0,e7¢), we have

~ 2 g
G(1) = F(fiex)| < x(B(O, R2)) (2(02 T, 5€?qR€>

F2X(B) | feall 20y + X(RA\B(O, Be)) | F(Fea)

Choosing ¢, = ™5 and Co = 2(Cy + 1)% + Cy, we complete the proof. O

It is obvious that, for all j € {1,2}, by Lebesgue’s domainted convergence theorem,
X(R\B(0, o)) | (Free)

estimate for it, some a-priori information about f., must be assume.

converges to 0 in L?(R?) when ¢ — 0. However, to get an explicitly

Lemma 5. Let a € R, Q be an measurable subset of R™ (n > 1), and w € LY(Q) N L*(Q).

Then
2

/ /w(x) sin(a + Zakxk)dx da = 2" 1" ||w||i2(Q)

R™ |Q k=1

Proof. We first prove in the case a = 0. Put w: R" — R

Then w € LY(R") N L?*(R") and
Fp(w)(a) = Qi/w(m) sin(z apxy)d
o k=1

where F}, is the Fourier transform in R™. Using Paserval equality, we get
2

- 1 _ 2m)"™ el
[ wtersin awnd| do = 3 IF @) = B 11 = 275" ol
R* |Q k=1

Similarly, we also have

2

/ / ) cos( Zakxk de| da=2""1 nHwHL?(Q)

R |Q -

13



Now, we notice that

2
/w(m) sin(a—i—Zakxk)dx = (cos(a))? /w(m) sin(z axxy)de
Q
2

n

+(sin(a))? /w(m) COS(Z apry)dr| +v(w)
o k=1

where
v(a) = sin(2a). [ w(x)sin(y apzg)dz. | w(z)cos()y arxy)dr

Since v(—a) = —v(a) for all &« € R", we get [ v(a)da = 0. Thus
R’ﬂ

2

/ /w(m) sin(a+zn:ozk:ck)dw do

R |Q k=1
— (cos(@))2.2 " ]2y + (sin(@)) 2.2 w20y = 27 7" ]2 0

The proof is completed.
Using Lemma 5, we have the following result.

Lemma 6. Let w € HY(Q) and r > 7/(2v/2). Then

2

/ /w(m) cos(a - x)dx| da < 72\7{571' lwllF
R2\B(0,r) 19
Proof. Since
2 2
/ / )cos(a - x)dz| da < Z / / )cos(a - x)dz| da
R\B(Or) 19 aglzr/v 10

, the proof will be completed if we show that, for all j € {1,2},

2

/ /w(x) cos(a - z)dz| da < 2t <||w||L2 o) T2 ng
T
|aj|>r/v2 12 Y

2
L2(9)>
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We will prove for the case j = 1, and the other cases are similar. We have

1
r1=1 P . .
/w(m) cos( / [ sm @ x)} dxg — _wlism(a 2) dx
o) 0 n=0 o) Ori o
S0
1 2
3
/w(m) cos(a - x)dx| < v / (1, z9) sin(aq + agwe)dzo
Q “ 0
1 2
—% / (0, z2) sin(agxe)dxs /83:1 sin(a - z)dx
0
Therefore,

2 2

/ / )cos(a - z)dz| da < —/ Bml( x).sin(a - z)dz| do

|l |>r/v2 R 19
1 2
3 .
—2 w(l, xz2) sin(ay + agwe)drs| dag
o]
lar|>r/v2 0
1 2
/ —da1 / /w(O,xg)sin(agxg)dxg dog
lar|>r/v2 0
1272 || dw 627 6\/5 9
=7 | on L2(Q)+ . [[w(l, )||L2(o1)+ [w(0, ) |72(0,1

Noting that

1 1
w(l, z2) /ai (x1w(z))dxy = /( —i—ml (x)) dxy
x1
0 0

, we get
! 2
w(l,z2)* < / 2 lw(z)|)* + 2 Ow —(x)| |dx
2) D2y 1
0
Hence,
ow
w(l, z)|" dxe < 2||w +2
/ o) e < 2l +2| g |
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Similarly,

2

1 1] 1
/\w(O,m)]Qdm:/ /ai (1 —z)w(x))dey| dxo
0 0 10

11
ow 2 ow
< 2 2r2— drydry = 2 2
_//< lw(z)|* + &El(x) ) r1dro HwHLz + ‘8:::1 .
00
Thus, we have
? 2
/ /w(:c) cos(a - x)dx| da < 127; Iw +
T axl LQ(Q)
ja1|>r/v2 19
24/ 21 ow 24/ 21 ow
+ + < +2
/ (nw( R m)) <2 <uw< ] e m))
The proof is completed. O

Remark 1. By the same way, we can show that, if w € H'(Q) and r > 7/(2v/2) then

2

16
/ /w(wl,xg)cos(alxl)cos(agxg)dx do < ——— \/_W HwHH1(Q

R2\B(0,r) |@Q

This result improves immediately the results of [i].

Proof of theorem 2

Proof. Recall that g, ., R. are defined by (), and G;(I..), B. are defined by Lemma 4. For
all j € {1,2}, we define fj. : R> >R

472
R2

f(6) = / G5 (1) ()€ da

Appying Lemma 4, we have G;(I.) € L'(R*) N L*(R?) , so fj. € C(R?*) N L*(R?) and
F(fjc) = Gj(I:). Applying Lemma 4 again, for all € € (0,e7¢), we get

—6q

1
X(B(0,R.))CoRze 2

F(fje) - F(fjeaz) <
F2X(B) | fjeall 20 + X(RA\B(O, R)) |F(Fea)

(17)
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where Cj is a positive constant depending only I.,. It implies that
ANk 2 p2_1-6¢q
F(f0) = F(Fren)| < 20(B(0, R2))C B2

~ 2
FAX(B) | fjeal 200 + 2X(RP\B(O, Bo)) | F(Fea)

Hence,

2

|Ete) ~ P

< QCgﬂ'Rg&l_Gq + 4m(B€) Hf]ezHiQ(Q) + 2 / ‘F(Ee:v)
R2\B(O7R5)

Q(RQ)

It is obvious that 2C2m R2e!=67 < R-! for £ > 0 small enough. Moreover, since
Be € ({a € B(0, Re), [Di(Iex)(a)| < 7} U{a € B(0, Re), [ Da(lex)(@)| < €7})

, we apply Lemma 2 (with ¢o(t) = per(T —t)) to get that m(B.) < 2RZ! for £ > 0 small
enough. Thus, for € > 0 small enough, we get

1 8 9 ~ 2
[P = P Bl sy < o e Wil +2 [ [F(Fen)| dads
R2\B(0,R:)
By Paserval equality, we have
Hf]E f]emHL2 () < Hf]e f]em L2(R?) 4 12 H (fje) - (f]e:v) [2(R?)
(18)
1 1 8 9 ~ 2
<z | ' TR Mellzg) +2 / ‘F(fjex)
R2\B(0,R:)

for € > 0 small enough. Since F(Em) € L?(R?), we obtain that
;i_f)% 1f5e = fjea:”L2(Q) =0
If fjex € H'(Q) then using ([§) and Lemma 6, we get

1 (1 8 7221 9
)§H<}T+ | Fjeall7zq) + 24 —5— R ||fj6:BHH1(Q)>

) 1 1 9 1\ In(In(e71))
< (001l + 572 ) =89 (00Ul + 522 ) iy

for € > 0 small enough. This complete the proof. ]

2
Hfje - fje:rHL2(Q

Proof of Theorem 3
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Proof. We shall use the notations of the proof of Theorem 2. Notice that the assumtion

/ /fjem(x).cos(a-x)dm do < 00,
R2 1Q
is equivalent to F(Eex) € LY(R?). Since Eex, F(Eex) € L'(R?) N L?(R?), we get

.]?jex(f) 471_‘_ / (f]ex)( ) Zozf)da

R2

Therefore,

4772 Hfje - fje:vHLoo(Q) S 4772 Hfjs - fje:v I (R2) S (19)

|F(t) = F(Fiea)

LI(R2)

From ([L7), we have

|F(f0) = F(Fiew)

< Corte = 4 om(B) el = [ [P do
RQ\B(O,R:-)

LY(R2) —

For € > 0 small enough, we have CQ?TR3€ 2 < R and m(B.) < 2RZ'. Thus, from ([L9),
for e > 0 small enough, for all j € {1,2}, we get

1 4 ~
47 | fje = Fieall oy < 7+ 7 Mieo) 2oy + / |F(Fjea)
€ €

R2\B(0,R:)

do

Since F(f]ez) € L'(R?), we obtain that liH(l] | fie — fjexHLoo(Q) =0 for all j € {1,2}. O
£—
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