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Abstract

After adding 7 auxiliary scalars to the d=10 super-Yang—Mills action, 9 of the

16 supersymmetries close off-shell. In this paper, these 9 supersymmetry generators

are related by dimensional reduction to scalar and vector topological symmetry in
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1 Introduction

The off-shell field content of 10-dimensional super-Yang—Mills theory has an excess of
seven fermionic degrees of freedom as compared to the number of gauge invariant bosonic
degrees of freedom. To balance this mismatching, it was proposed in [1] to add to the
supersymmetry transformation laws a set of seven auxiliary scalar fields G, together with
a ., G2 term in the action. In order for the algebra to close off-shell, the parameters
associated with the supersymmetry transformations must obey some identities. However,
there is no linear solution to these identities, and thus no conventional supersymmetric
formulation which permits the algebra to completely close.

It has been demonstrated in [1] that it is impossible to construct more than nine
consistent solutions of these identities. Thus, only nine supersymmetry generators can
generate an algebra that closes off-shell. These nine supersymmetry generators in ten-
dimensional super-Yang—Mills are related to the octonionic division algebra in the same
manner that the supersymmetry generators in three-, four-, and six-dimensional super-
Yang—Mills are related to the real, complex, and quaternionic division algebras. However,
the non-associativity of octonions makes the ten-dimensional supersymmetry algebra
more complicated than in the other dimensions.

On the other hand, the N/ = 2 twisted 8-dimensional super-Yang—Mills theory, which
is a particular dimensional reduction of the 10-dimensional theory, has been determined in
2] by the invariance under a subalgebra of the maximal Yang—Mills supersymmetry. This
subalgebra is small enough to close independently of equations of motion with a finite set
of auxiliary fields, and yet is large enough to determine the Yang—Mills supersymmetric
theory. It is also made of nine generators. The latter can be geometrically understood and
constructed as scalar and vector topological Yang—Mills symmetries. This 8-dimensional
topological symmetry can be built independently of the notion of supersymmetry, but,
surprisingly, the latter symmetry with 16 generators can be fully recovered at the end of
the construction.

The aim of this paper is to make a bridge between the results of [1] and [2]. We will
find that in 10-dimensional flat space with Lorentz group SO(1,9) reduced to SO(1,1) x
Spin(7), the supersymmetry algebra can be twisted such that the 10-dimensional super-
Yang-Mills theory is determined by a supersymmetry algebra with 9 generators, which
is related by dimensional reduction to the twisted N' = 2 8-dimensional super-Yang—
Mills theory. Reciprocally, the extended curvature equation of the A/ = 2 8-dimensional

supersymmetric theory can be “oxidized” into an analogous 10-dimensional equation



that determines the supersymmetry algebra and 10-dimensional super-Yang—Mills action.
We argue that the largest symmetry group that can preserve an off-shell subalgebra of
supersymmetry is SO(1,1) x Spin(7), and we obtain the most general SO(1, 1) x Spin(7)
covariant solution of the identities defined in [1]. The supersymmetry algebra that we
derive is exactly the one obtained by the twist operation.

We then define a superspace involving nine Grassmann ¢ variables such that the
off-shell supersymmetry subalgebra acts in a manifest way on the super-Yang—Mills su-
perfields. Using these off-shell superfields, a superspace action is constructed which
reproduces the ten-dimensional super-Yang—Mills action including the seven auxiliary
scalar fields GG,. Although this superspace action is manifestly invariant under only a
Spin(7) x SO(1,1) subgroup of SO(9,1), it is manifestly invariant under nine super-
symmetries as well as gauge transformations. This can be compared with the light-cone
superspace action for ten-dimensional super-Yang—Mills which is manifestly invariant un-
der eight supersymmetries and an SO(8) x SO(1,1) (or U(4) x SO(1,1)) subgroup of

SO(9,1), but is not manifestly invariant under gauge transformations.

2 Ten dimensional supersymmetric Yang—Mills with

auxiliary fields

The Poincaré supersymmetric Yang—Mills theory in ten dimensional Minkowski space
contains a gauge field A, (u = 1,---10) and a sixteen-component Majorana-Weyl spinor
U, with values in the Lie algebra of some gauge group. In order to balance the gauge-
invariant off-shell degrees of freedom, one can introduce a set of scalar fields G, (a =
1,---7) which count for the 7 missing bosonic degrees of freedom [1]. The Lagrangian is
given by
1 | = 4

L= Tr{=FuF*" + %(\prﬂpuxy) +8G,G,} (1)
where T" are the ten-dimensional gamma matrices. As shown in [1], the action (1)
is invariant under the following supersymmetry transformations, which depend on the

ordinary Majorana—-Weyl parameter € and on seven other spinor parameters v,

0A, =iel, U
U =T F, e + 4G v, (2)
5G, = —i@afﬂpuxy (3)



The commuting spinor parameters v, must be constrained as follows
@afue = 7, f‘uvb - 5ab€fue =0 (4)

The transformations (2) generate a closed algebra modulo gauge transformations and

equations of motion
{4, 5} R~ —2i€f“é§u — 2i5gaug°(€f“AHé) (5)
and close independently of equations of motion when

(€, 7,) (6)
is some linear combination of (f‘ e, f“”va). To recover conventional supersymmetry
transformations, one must have a solution for v in (4) that is linear in e. This in turn
will give a realisation of (5) which, thanks to (6), will effectively hold off-shell.

Using octonionic notations and light-cone coordinates, a solution was found for the
v’s and € in [1] that preserves nine supersymmetries. This solution is only covariant under
SO(1,1)x Spin(7) € SO(1,9). In fact, in order to define the v’s as linear combinations of
€, we must reduce the covariance to a subgroup H that admits a 7-dimensional represen-
tation. Moreover, since the maximal sub-algebra that can be closed off-shell contains 9
supersymmetry generators, the Majorana—Weyl spinor representation of Spin(1,9) must
decompose into 7+ 9 of H. The biggest subgroup of SO(1,9) that satisfies these criteria
is SO(1,1) x Spin(7).

2.1 Light-cone variables

The choice of light-cone variables implies a reduction of the Lorentz group as
SO(1,9) — SO(8) x SO(1,1) (7)

where the spinor U € 16, of SO(1,9) decomposes into one chiral and one antichiral
spinor of Spin(8), ¥ — A\ @ Ay € 8;1 D8 aswell as € — €; D ey and v, — Vg1 D Vgo.
The connection A,, € 10 of SO(1,9) decomposes according to A, — A, @ AL ® A_ €
8212m172 of SO(8)xSO(1,1), where the superscripts denote the eigenvalue associated
with the SO(1,1) factor and AL = Ay £ Ay.

We can consider a gamma matrix algebra of CI(1,9) in terms of gamma matrices of

Cl(0,8)
Ty = (ioy) ® Ty
=0, (i=1...8)
f9201®1 (8)



and T30 = 03 ® 1¥ = U. These matrices obey [fu,f,,] = 21, with the metric
nw = diag(—1,4+1,...,+1) and [I;,T;] = 24;;. The decomposition SO(1,9) — SO(8) x
SO(1,1) is performed by taking AL = Ay + Ay and by projecting ¥ to f+\If — A9 and
D U — Ay, with DA = A and Tghg = —As.

The transformations laws (2) read

(SA+ = —2€2)\2
(SA_ - 2€1)\1
1
5)\1 = (E]F” + §F+_)€1 -+ iE_FiEQ -+ 4Ga’Ua1
1
(5)\2 = (FZJFZJ — §F+_)€2 — iFi+Fi€1 + 4Gava2
) 1 1
5Ga - %’(_JGFZDZ)\ + ZT_JGID—F)\I - ZT_JQQD_AQ (9)
together with the constraints
’(_JaFiE - 17&161 - 17&262 =0 (10)
Va1V = dap€1€1 Val'j0p = 0ap€l’€ Va2Vb2 = Oap€2€o
The Lagrangian is given by
1, 1, 1, . 1 _
£ =1r( = 1 (F9)(Fy) = {(F*)(Fy) = 1 (FO)(F) = <(FF)(Fy)

) — 1- 1-
—%)\FZDM — MDA+ 50D e+ 8(Ga)2>. (11)

2.2 Twisted variables

In [1], the light-cone projections €; and €, of the spinor parameter are expressed in
terms of octonions and the imaginary components of €, are set to zero, that is €; is
taken real. Formally, the reality constraint on the supersymmetry parameter €; implies
the decomposition of the corresponding representation 8, — 1 & 7 associated to the
inclusion Spin(7) C Spin(8)*

6E8, —1pT7
ee8 — 8 (12)

LA discussion of various solutions of (4) can be found in [4] together with their invariance groups. In

particular, a solution is presented preserving nine supersymmetries, but with a reduction of SO(1,9) —
G2 x SO(1,1).



where 1,7 and 8 define the scalar, vectorial respectively spinorial representations of
Spin(7). The reality constraint is then equivalent to retaining just the singlet part of €,
isolating 9 supersymmetries.

For expressing the decomposition SO(8) — Spin(7), it is convenient to introduce
projectors onto the irreducible representations of Spin(7). In order to do so, we use the

spinor ¢ scalar of Spin(7). We take it chiral and of norm 1 and define
(ANCT ¢ = Qi with (¢ =1, (13)

where €, stands for the octonionic Spin(7) invariant 4-form. It can be used to construct
orthogonal projectors to decompose the adjoint representation 28 of Spin(8) into the
irreducible Spin(7) ones 21 G 7

3 1

6
P; Kl — (5kl _ _ka>

P+ kl (5kl+ le) (14)

The supersymmetry parameter can then be expressed as
€1 :(Dg + FijVijC
€9 = ZFZé?ZC (15)

where v;; = P My. This provides us with a decomposition of the supersymmetry
generators as an antiselfdual tensorial charge 0;;, a scalar charge ¢, and a vectorial charge

0;, of which we will retain just the scalar and vectorial ones.

2.3 Decoupling and resolution of the constraints

In terms of Spin(7) representations, the relations (10) together with the explicit expres-

sion for the supersymmetry paramaters (15) read
,,-j(@ + VM) =0, YT ThC 4 99 Tp(@ 4 V9T )¢ = 0, @;'%'g’frkg =0 (16)
Dyt = 8P M(@% + 2[u?), Uk = 16iP; M (Den + 4™ mn), Taijvs' = =8P Me]?

In order to find the most general covariant solution for v;; that is linear in the supersym-

metry parameters, we consider

v =awl¢ + ev ¢+ fr T
v = beFT T ¢ 4 celTil=¢ (17)



from which we can show, remembering that all terms, but (¢ and érijklc , vanish, that
(16) is verified for the solution v =0, a = —ib = 2 and ¢ = 0, that is

€ = w( Uij = 20T ¢

€ =il v = 2D ¢

As expected, this solution provides us with a set of nine components parameterized by w
and &', which form the maximal set of supersymmetry generators that can generate an
off-shell algebra.

The fields of the theory decompose according to

)\1€8+—>1@7
Ag €8_, A, €8 — 8 (18)

and G, is reexpressed in terms of Gy; € T as Gg, = G, and Gop = Cop°Ge, where Cy,” are

the structure constants of the imaginary octonions. One has explicitly

A =n¢+ Fz‘injC

and
n= @\1
1_
Xij = —§Crz‘j)\1

where x;; = P My w. The supersymmetry transformations are now generated by
0% = @50 + €i52‘ (21)

We display here the resulting transformation laws in a form which is more convenient with
respect to the approach related to theories of cohomological type ( called BRSTQFTs in
the terminology of [7]) of the next section. That is, we redefine G;; — G;; — Pij_'lekl and



redefine some of the fields by scale factors to get

oo Ai =1
dpAL=0
0A_=n
oot = —Fiy
oon=F,_
doxij = Gij
850Gy = D xi (22)

0iAj=—0in — Xij

0i Ay = —1;
0;A_=0
Oty =Fij + Gy + 0y -
oin=Fj-
Ok Xij = SPZ-;lez—
01Gij = Dixij — 8P, (Din — D_4y) (23)

The algebra closes independently of the equations of motion as

52— 8, + 55 A,)
a0y = 045 (0 + 658 (A))
{80,0;} = 0; + 05*"8°(A;) (24)

and the action becomes
1. 1 ~ 1 .
S = /Jw leLL’ Tr <§ GZJ (FZJ + ZGW) — X” (Dle -+ §D+XZ]) + T]DZIDZ +
HEO(F) = 6D+ (P~ D). (29

The formal dimensional reduction on the “Minkowski torus” consists trivially here
to neglect the non-zero modes of the operators di. Doing so we recover the eight-
dimensional cohomological action and its twisted supersymmetry algebra, obtained in
2] by twisting the eight-dimensional theory. In the next section, we discuss this link to

eight-dimensional cohomological theory in more details.
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3 Link with eight-dimensional Yang—Mills BRSTQFT

In this section, we will directly obtain the light-cone twisted subalgebra of 10-dimensional
super-Yang-Mills of the last section. It will close off-shell by construction and will be
inspired by the analogous known subalgebra of maximal twisted? supersymmetry in 8
dimensions.

The eight-dimensional algebra has been built [2] from the scalar and vector topological
symmetries with 9 = 1 4+ 8 generators that can be algebraically constructed. These 9
generators build a maximally closed and consistent sector of the twisted N' = 2, d = 8
Yang—Mills supersymmetry. Invariance under this subalgebra completely determines the
Yang—Mills supersymmetric action. The full on-shell supersymmetry is recovered in this
way and one can then interpret the invariance of the action under the 7 additional

supercharges as accidental.

3.1 The 8-dimensional BRSTQFT formula

The nine 8-dimensional supersymmetry generators can be encoded in a graded differential
operator () which depends on nine twisted supersymmetry parameters consisting of one
scalar w and one eight-dimensional vector €.

Using the notation of [2], () satisfies the horizontality condition in eight dimensions

Fy=(d+Q—wi)(A+c)+ (A+c)?
=F+ &Y +6(e)n +icx +0°P + [e*D. (26)

In Eq. (26), all fields are forms taking values in the Lie algebra of the gauge group.
For example, A = A;dz’ is the Yang Mills connection where i = 1 to 8, ® and @
are scalars, and F' = dA + AA is a two-form. Furthermore, ¥ = W,d2’ is a 1-form,
X = % Xijdz'dz? is an antiselfdual 2-form with seven independent components, and 7 is a
scalar field where (U;, x;;,7) are twisted Fermi spinors. Moreover, d is the usual exterior
differential d = 9;dx’, i, is the contraction operator along the vector v, i.dz’ = ', and
d(e) = &'6;;dad.

Finally, the anticommuting scalar field ¢ is a shadow field. It plays an important
role by closing the supersymmetry without field-dependent gauge transformations in the

right-hand-side of commutators, and, eventually, for quantizing the theory [3] . There

2Here, the word twist means the mapping between forms and spinors that is allowed reducing the
SO(8) covariance down to Spin(7) [7].



is no need at this stage to introduce a Faddeev—Popov ghost. Note that all fields and

operators have a grading that is the sum of shadow number and ordinary form degree.
The closure of () is ensured by the Bianchi identity, which also determines the action

of the symmetry on the fields on the right-hand-side of Eq. (26). By expanding the

equation
(d+ Q — @i)(F 4+ @y + 6(e)n + ix + 0*® + |¢|*®)
+A+ e, F+ o+ 6(e)n +icx + @°® + |e|*®] = 0, (27)

one finds that the action of the operator ) on the fields can be decomposed into a
gauge transformation with parameter ¢ and a supersymmetry transformation §°** with

9 twisted parameters w and ¢ as
Q = & — 5% () = Wiy + £'6; — 05 (c). (28)

The off-shell closure of §** follows from the identity Q? = wL.. Notice that no gauge

transformation is involved in this equation.

3.2 Light-cone 10-dimensional equation

We may understand Eq. (26) as a light-cone projection of an analogous equation in
10 dimensions. In order to determine the subalgebra of the 10-dimensional theory, we
“oxidize” this equation by introducing light-cone modes (d,,0_) and redefining (®, ®) —
(A4, A_) in such a way that

Spin(7) x R% = Spin(7) x SO(1,1) C SO(8) x SO(1,1) C SO(1,9). (29)

In this way, we can interpret the scalar fields in the right-hand-side of Eq. (26) as el-
ements of a connexion in 10 dimensions. They can be carried to the left-hand-side of
the horizontality condition (26), which thus appears as the dimensional reduction of the

10-dimensional condition

Fio=(d+ Q — wi. — %, — el!is)(A+¢) + (A +¢)?
=F+ o +nde™)+ (6(e)n + icx + it da™). (30)

Eq. (30) has the Bianchi identity

(d+Q —wi. — &%y — |e]*i_)(F + o +ndz™) + (5(e)n +i-x + i da™))
+HA+ e, F+ @@ +ndz™) + (6(e)n +icx +ibdr™)] =0, (31)

9



which insures that (d + Q — wi. — ©?%i, — |e|*i_)* = 0.

By expansion according to the various gradings, we obtain 10-dimensional transfor-
mation laws for all fields, which exactly reproduce those described earlier and determined
by a mere twist of supersymmetry transformations. The self-dual 2 form auxiliary fields
G; with seven degrees of freedom is now introduced here in the standard TQFT way, by
solving the degenerate equations dox;; +6; ¥V, +--- = 0. As a consequence of the Bianchi
identity, the algebra of generators o, and 9; closes independently of any equations of
motion, as expressed in the preceding section. Let us stress again the relevance of the
shadow ¢ for supressing field dependent gauge transformations in the commutators of
supersymmetries.

The 10-dimensional action (assuming no higher-derivative terms) is completely deter-
mined from the Q-invariance with the nine parameters w and ;. As in [2], one can show
that the most general Q)-invariant expression, which is independent of ¢; and contains
no higher order derivative terms, can be written either as a dg-exact or as a d;-exact

functional up to a topological term
1 -
S:(SOZ(_l) - g Adlox Tr <Q”le’iijl)

, 1
_ 25iz(+1) - /
€ + 3

M

4" Tr (Qijleiijl> (32)

where Z(-1) and ZtY) are completely fixed respectively by the §; and &, symmetries, i.e.
52D = 6,2+ = 0.

As will be shown in the following section, this matches the Lagrangian obtained by
twist in (25). We have thus obtained an off-shell formulation of ten-dimensional super-
Yang—Mills from the eight-dimensional Yang-Mills BRSTQFT.

4 Toward a superspace formulation in twisted fermionic

variables

The fact that we are able to obtain a subalgebra that closes without the use of the equa-
tions of motion suggests that there should exist an off-shell superspace formulation of ten
dimensional super-Yang—Mills. Since there are nine off-shell supersymmetry generators,
it is natural to define a superspace with nine anticommuting variables. Let us define the

reduced superspace with vector coordinates 6% (spinor representations of Spin(7)) and

10



scalar coordinate 6. We define superspace derivatives

0 0

V:%—H&F, Vi:%—eai_eia—a
8+, 8—, 8727 (33)
which obey
@2 = —8_,’_7 @{Z@]} = —5ija_, {@7 @2} = _aiu (34)

with all other commutators equal to zero. For each of the superspace derivatives, we intro-
duce a corresponding gauge connection superfield and define the covariant superderiva-

tives

V=V+C, Vi=V,+T,
Dy=0,+Ay, D_-=0-4+A_, D=0+A, (35)

To reduce the number of degrees of freedom, one needs to constrain the supercurvature
associated to the connection superfields. The usual SO(9,1)-covariant constraint for
N =1 D = 10 super-Yang-Mills superfields is {V,, Vz} + 2745Dm = 0, which puts the

superfields on-shell. However, in the reduced superspace, the analogous constraints are

V24D, =0, {Vi,V,}+25,;D_ =0,
(V.V} +D; =0, (36)

It is remarkable that the resolution of these constaints no longer imply the equations
of motion, in contrast with the case of the full superspace constraints, that can only be
written on-shell.

As usual, the commutator of a fermionic covariant derivative and a bosonic covariant
derivative gives a fermionic gauge-covariant superfield. The Bianchi identities imply
that the symmetric part of [V;, D;] is proportional to d;;. In order to obtain the right
supermultiplet we furthermore impose the constraint that the antisymmetric part of
[V:, D] is antiselfdual

PV, D=0 (37)

We therefore define the gauge-covariant superfields W;, n and x;; = Pij_-kl)(kl that corre-

spond to the commutators

[V>Dz] = l'Pz = _[Viap-‘r]a [V>D—] =n, [V>D+] = Oa
[V,’, D—] =0, [Vi’ Dj] = _5ijr] — Xij- (38)

11



The constraints and their Bianchi identities imply that W, n and X satisfy
VWi +0;;Vn =0, ViXij +8 Pi;klvlr] =0. (39)

Furthermore, the commutators of bosonic covariant derivative give the superderivative

of these fermionic superfields as

D;,D_|=F,_ =Vin, [D_,Dy]=F_, =Vn, (40)
[Di, D4] = Fiy = VY, [Di, Dj] = Fij = VXij — Vi¥y)-
The superfields C and I'; have expansion of the form
@:C+9ici+... rlzf}/l_i_ejryw_i_... (41)

The transformation laws are such that, ¢ can be identified as the shadow of [3] and ;x’
as an analogous field introduced in [2], in the context of the topological vector symmetry,
for k a constant vector field.

In order to concretely realize the abstract algebra defined by the above equations,
one must determine the action of dy and 9; on all components of C and [I';, which satisfy
the relevant commutation relations. We have checked this non trivial property, both in
component formalism and directly in superfield formalism [8], and prove thereby that
the above constraints that hold off-shell can be solved and that the solution corresponds

to the supermultiplet of ten dimensional super-Yang—Mills in its twisted formulation.

4.1 Super-Yang—Mills action in superspace

To write a superspace action in terms of these constrained superfields, first note that the
component action of (25) can be written as a dp-exact functional as long as we neglect

instantons
S = §yZ~Y (42)

with Z(=1 completely fixed by the §; symmetry, i.e. §,ZY = 0 where
1 . 1 .
ZY = /M dz Tr (5 XY (Eij + 7 Gyg) + Fg' + nF+_> (43)

Moreover, defining d(g) = £';, the action can be expressed as a dyd(g)-exact term as

1
S = 50d(e) / Az —.F (44)
M

le[?

12



with
o 1 ijkl 2 ij ]
F ="1r 1 Y (Aijl - gAjAkAl) + 52‘(_5 /¢ )% : (45)

Note that .# is completely constrained by the condition that its () variation is inde-
pendent of ¢.

This situation is reminiscent of the case of harmonic superspace [5, 6] where harmonic
coordinates allow the construction of manifestly supersymmetric actions using a reduced
superspace. In this case, one does not have harmonic variables but one can nevertheless

write the above action in reduced superspace as

S = / dVzVV, K’ = / d"z / dodo; K (46)
M M
where
i L ijw 2 ij ij
K'="Tr Z Q (AjIFkl — gAyAkAl> - (5 r] + X )ij . (47)
Since the d(e) variation of #9‘ is independent of ¢, one learns that
Y
V.K; +V,;K; =6 f + @hi]— (48)

for some f and hj;. Using (48), it is straightforward to show that (46) is independent of

0 and #° and is therefore invariant under all nine supersymmetries.
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