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A bilinear optimal control problem applied to a
time dependent Hartree-Fock equation coupled
with classical nuclear dynamics

Lucie BAUDOUIN
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ABSTRACT : We study a problem of bilinear optimal control for the electronic
wave function of an Helium atom by an external time dependent electric field.
The behavior of the atom is modeled by the Hartree-Fock equation, whose solu-
tion is the wave function of the electrons, coupled with the classical Newtonian
dynamics, corresponding to the motion of the nucleus. We prove the existence
of a bilinear optimal control in the case when the position of the nucleus is
known and also prove the corresponding optimality condition. Then, we detail
the proof of the existence of an optimal control for the coupled system and
complete the study giving a formal optimality condition to define the electric
control.
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1 Introduction

We are interested in a bilinear optimal control problem applied to the mathe-
matical model of the behavior of a simplified chemical system, in fact an Helium
atom, controlled by an external electric field. We describe the chemical system
in terms of ordinary and partial differential equations using very classical ap-
proximations of quantum chemistry.

On the one hand, since the nucleus is much heavier than the electrons, we
consider it as a point particle which moves according to the Newton dynamics in
the external electric field and in the electric potential created by the electronic
density (nucleus-electron attraction of Hellman-Feynman type). We obtain a
second order in time ordinary differential equation solved by the position a(t) of
the nucleus (of mass m). On the other hand, under the restricted Hartree-Fock
formalism, we describe the behavior of the electrons by a wave function, solution
of a time dependent Hartree-Fock equation. We can define it as a Schrodinger
equation with a coulombian potential due to the nucleus, singular at finite dis-
tance, an electric potential corresponding to the external electric field, possibly



unbounded, and a nonlinearity of Hartree type in the right hand side. We want
precisely to study the optimal control of the wave function of the electrons only,
the control being performed by the electric potential.

We are in fact considering the following coupled system :

1 1
ZatU-FAU—‘rmu—f—‘/lu_ (|u|2 ‘ |) in R3 « (O,T)
U(O) = U, in R3
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where V] is the external electric potential depending on space and time variables,
which takes its values in R and satisfy the assumptions:
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We will define later on the optimal control problem related to this system and
recall the precise results of existence and regularity of the solution we need in
the sequel. One can already find in reference [2] the study of existence and
regularity of solutions to this coupled system.

The Cauchy problem for this kind of non-adiabatic approximation of the
general chemical Schrédinger equation has also been studied in the particular
case when the atom is subjected to a uniform external time-dependent electric
field I(¢) such that in equation (1), one has V3 = —I(t) -  as in reference [5].
The authors remove the electric potential from the equation using a change of
unknown function and variables (gauge transformation given in [8]). From then
on, they have to deal with the nonlinear Schrodinger equation with only a time
dependent coulombian potential.

We work in R? and throughout this paper, we use the following notations:

Ov Ov Ov 352 Ov
= _— A —
Vo <5$1’8$2’3$3>7 v Za 70 %=

Re and I'm are the real and the imaginary parts of a complex number,
(., .) stands for the scalar product in an Hilbert space

w0, T) = W>1(0,T;R?), for p>1, LP = L?(R?) and

the usual Sobolev spaces are H' = H'(R®) and H? = H?*(R?).



We also define

H,

{u € L*(R?), /Rg(l + |z} |v(z)|? de < +oo}

Hy

{1} € L*(R?), /Rs(l + 122 |v(z)|? do < —|—oo} .

One can notice that H; and H, are respectively the images of H' and H? under
the Fourier transform.

On a mathematical point of view, the optimal control problem consists in
minimizing a cost functional depending on the solution of a state equation (here,
a coupled system of partial differential equations) and to characterize the min-
imum of the functional by an optimality condition. One will see in the sequel
that even if we can prove existence of an optimal control for system (1), we
cannot justify the optimality condition we formally obtain. However, the pro-
cess will be described and fully proved in the following section in the simpler
situation where the position of the nucleus is known at every moment.

Let (u,a) be a solution of system (1) where the external electric field V; is
the control, and u; € L? be a given target. We define the cost functionnal .J by

1 r
J(Viu) =3 . u(T) — w1 |* da + §|IV1H?1

where r > 0 is a weight affecting the control cost and
_1
H= {V, (14 |z[*) 2V e H'(0,T;W) and VV € L*(0,T; WLOC)}
where W is an Hilbert space which satisfies W — W1 (R3). The problem is:

Can one find a minimizer V; € H for inf{J(V,u), V € H} ?

Remarks: 1) For example, in the space H, we can choose the Hilbert space

W = H? @ Span{t1, ¥, ..., Y }
where m € N, and for all i € [1,m], ¢; € WH(R3) \ H3(R3).
2) In H, we can replace the hypothesis on VV by VV € L? (O, T; VVﬁ);X’) as in
assumption (2). Indeed, since we do not use any hypothesis on VV;j to prove
that the solution a is bounded in C([0,T]) (see [2]), then we do not need any
information on VV; at infinity in R3. We will give details later on.

We can actually prove the following theorem :

Theorem 1.  There exists an optimal control Vi € H such that

J(Vi,u) = inf{J(V,u), V € H}.



One can notice that we first need an existence result for a solution of the
coupled system (1) in order to be able to formulate the bilinear optimal control
problem . We have already proved one, in reference [2] (also in [1]), actually
with a more general hypothesis on V7. Indeed, we have

Theorem 2. We assume that T is a positive arbitrary time and
1+ |2[*)~'W
1+ |z>)~ oWy
(1 + ‘$|2)_IVV1
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If ug € H? N Hy, ag, vo € R, then system (1) has at least a solution
(u,a) € (WH™(0,T5L*) N L>°(0,T; H* N H)) x W*(0,T).
Moreover, for any solution of (1) in this class, if po > 0 is such that

||(1 + ‘x|2)71Vi||W1’1(07T7L00) S ,007

then there exists R > 0 depending on po such that ||a|co,r) < R and if p1 >0
is such that

WA

+ H + IVVillL2(0,05w 100 (Br)) < P1
H1+w|ku10TLm) 1+ |z ( (Br))

L1(0,T,L°°)

then there exists a non-negative constant K%pl depending on the time T, on p1,
on ||uollg2nm, and on |ag|, |vo|, such that:

lull oo (0,752 Hy) + 10kt oo (0,7522) + M H
L= (0,T)

+tes[%%] (/Rd (|u(t,x)| z |> u(t, ;1c)|2)é <K9,. (4)

One can notice that if V3 € H then it satisfies assumptions (2) and (3), and
we have at least a solution to equation (1) with Theorem 2. The optimal control
problem is then well defined.

The reader may also notice that we do not give any uniqueness result for
the coupled system (1) in Theorem 2. Indeed, even if we are convinced that the
solution in this class is unique, we do not have a proof of this result up to now.
Actually, E. CANCES and C. LE BRIS give a proof of existence and uniqueness
of solutions for the analogous system without electric potential in [5]. Of course,
the method for proving uniqueness used in this article cannot be applied here
because the Marcinkiewicz spaces which are used do not suit the general electric
potential V; satisfying (3).

We underline that the lack of proof for uniqueness of the solution has no
effects on the proof of existence of an optimal control (Theorem 1) but of course

L1(0,T)



it is a main obstruction to the obtention of an optimality condition.

The next section presents the study of the situation where the position of
the nucleus is known, instead of being the solution of an ordinary differential
equation coupled to the Hartree-Fock equation. Without any coupling, the
problem comes down to the difficulty of dealing with a nonlinear Schrédinger
equation. In section 3, we give the proof of Theorem 1 and a formal optimality
condition.

2 Non-Linear Schrodinger Equation

Before studying the optimal control problem linked with the coupled situation
described in the introduction, we will consider the position a(t) of the nucleus
as known at any time ¢ € [0, 7] and forget the second equation in (1). Of course,
this is too restrictive for the study of the control of chemical reactions by an
external electric potential, but this section is only a first step in the study of the
more realistic coupled situation. Moreover, in this present case, we will give a
full result for the optimal control problem described further, from the existence
of an optimal control to the proof of a necessary optimality condition.

2.1 Existence, uniqueness and regularity of solution

We consider the following non-linear Schrodinger equation :

1 1
i0u + Au+ ———u+ Viu = (Jul? * —)u, R3 x (0,T)

|z —al |z|
u(0) = uo, R3

where V7 takes its values in R and we make the following assumptions:

W?21(0,T) is known

L*((0,T) x R3),

LY(0,T; L) and (6)
LY(0,T; L™ (R?)).

a
1+ [z*)~'Wvy
(1+ 2?) 1 0,Vs
(1+|z>)~vW

M MMM

We have to underline that one can find in reference [7] the proof of existence,
uniqueness and regularity for the analogous equation without the electric po-
tential V. This paper also deals with the more general case of an atom with
more than two electrons. We draw the reader’s attention on the fact that one
of the main difficulty we encounter in the situation we are interested in is the
coexistence of two potentials whose singularities are non-comparable.

Before describing the optimal control problem we will consider here, we first
give two regularity results, very useful in the sequel. The first one is a theorem
about the linear Schrodinger equation, given in [4] and proved in reference [3]
(also in [1]). The next one gives existence and regularity of the unique solution



to equation (5) and its proof is given in reference [2].

We first consider the linear Schrodinger equation

10w + Au +

u+Viu=0, R3x(0,T)
|z —a
u(0) = uo, R3

)

we set p > 0 and a > 0 such that

H Vi \a%

d a
1+ X ],]( T, oc) 1+ X

= s (D)

LY0,T)

< p and ‘

LY(0,T,L)
and we have the following result:

Theorem 3. Let the initial data ug belongs to H?> N Hy and the electric
potential Vi and the position a of the nucleus satisfy assumption (6). We define
1
the family of Hamiltonians {H (t),t € [0,T)} by H(t) = —A— Toa@] Vi(t).
x—a
Then, there exists a unique family of evolution operators {U(t,s),s,t € [0,T]}
(the so called propagator associated with H(t)) on H? N Hy such that for ug €
H?N H, we have

(1) U,s)U(s,m)ug =U(t,r)up and U(t,t)ug = ug for all s,t,r € [0,T7;
(ii)  (t,s) = U(t,s)uq is strongly continuous in L* on [0,T]* and
U(t,s) is an isometry on L*, that is |U(t, s)ug| z2 = ||uolz2;
(iii) U(t,s) € LIH?* N Hy) for all (s,t) € [0,T)* and (t,s) — U(t, s)ug
is weakly continuous from [0, T]2 to H* N Hy; moreover,
there exists Mr ., > 0 such that: Vt,s € [0,T], Vf € H? N Hy,
NU(t, 8) fllaznm, < Mool flla2nm,-
(iv)  The equalities 10U (t, s)ug = H(t)U(t, $)ug
and 10U (t, 8)ug = —U (t,s)H(s)ug hold in L.

Now, Theorem 3 is the main ingredient to prove the following result of
existence along with a Picard fixed point theorem.

Theorem 4. Let T be a positive arbitrary time and o and p satisfy (7).
Under assumption (6), and if we also assume ug € H? N Hy, then equation (5)
has a unique solution

u € L>=(0,T; H* N Hy) with dyu € L>=(0,T; L?)

and there ezists a real constant C > 0 depending on T, uy, o and p such that:

lull oo 0,752 Hy) + [10cttl oo (0,75122) < Clluo ||z, -



We draw the reader’s attention to the uniqueness of the solution of (5) in
this result. Thus, we can correctly define an optimal control problem on equa-
tion (5), the control being the external electric potential V3 and the solution w.

From now on, we may denote by Vo and we mean a € W21(0,T).

1
|z — al
Theorem 3 is also useful to give a meaning to the equations we will encounter
in the sequel. More precisely, we consider the general equation

i0w + Av+ Vou + Viv = f(v), R3x(0,T) (8)
v(0) = vy, R3

and we give the following result:

Proposition 5.  Let T be a positive arbitrary time. Under assumption (6),
if we assume vg € L? and if we also assume that there exists C,Cp > 0 such
that for all u,v € C([0,T]; L?),

||f(u)||L1(O,T,L2) < CT(H’U’HC([O,T];LQ) + 1)

and when [[ullc(o,r);z2) < M and ||v|co,r):2) < M,

Ilf(u) = f)llzro,7,02) < CuTllu— vl cqo,r);L2),
then equation (8) has a unique solution v € C([0,T]; L?).

The proof uses a Picard fixed point theorem on the functional ® defined on
the space C([0,T];L?) by ® : v — vy — z/ U(-,s)f(v(s))ds where U is the
0
propagator of Theorem 3.

2.2 Optimal control problem

On the evolution system (5), we define an optimal control problem which reads
as follows: if u; € L? is a given target, find a minimizer V; € H for

inf{J(V), Ve H} (9)
where the cost functionnal J is defined by

1 r
JW) =3 [ () - wl*de+ S |[Vallz, v > 0. (10)

There,
H= {V, (14 |22) 2V e HY(0,T; W)}

where W is an Hilbert space such that W < W1°(R3) and in (10), u is the
solution of equation (5).



Remarks: 1) One can notice that if V7 belongs to H, then it satisfies (6) and
we can apply Theorem 4 that gives a unique solution wu.

2) This space H has been chosen here as an Hilbert space in order to have a
differentiable norm.

3) This optimal control problem is a so-called “bilinear optimal control prob-
lem” and the mapping control — state (V3 — w) is strongly nonlinear.

Let us now formulate the result on the bilinear optimal control problem.

Theorem 6.  There exists an optimal control Vi € H such that
J(V1) =inf{J(V), V € H}

and for oll 8V in H, Vi satisfies

T
r{(V1,0V)g = Im/0 /R3 OV (z, t)u(z, t)p(x, t) dedt (11)

where u is solution of (5) and p is solution of the following adjoint problem, set
in R3 x (0,7T).

1 1
i0ip 4+ Ap+ Vop + Vip = (Jul* x —)p + 2i(Im(up) * 7 )u

] ] (12)
p(T) =u(T) — uy.

Remark: If we substitute the Hilbert space H by a reflexive space satisfying
assumption (6) in the definition of J and in (9), the existence of an optimal
control can also be proved. Nevertheless, the proof of an optimality condition
needs an Hilbert space.

A result of existence for a bilinear optimal control problem, governed by
1

a Schrédinger equation with the same Hartree non-linearity (|u|? x m)u, has
also been given by E. Cancis, C. LE Bris and M. PiLoT in [6]. The au-
thors deal with an electric potential homogeneous in space V3 = —I(t) - ¢ with
I € L*(0,T), while we take into account here a more general electric poten-
tial optimal control. For instance, in the definition of H, we can consider the
Hilbert space W = H3®Span{t1, s, ..., ¥ } with m € N, and for all i € [1,m],
P, € WHe(R3) \ H3(R3). Then W — W1 and this example enables us to
deal both with the particular case of [6] where Vi(z,t) = —I(t) - = but for
I € HY(0,T) and with general electric potentials (1 4 |z[2)"2V;(t) € H2(R?)
which are non-homogeneous in space.

We can also specify the optimality condition in the particular case where
W = H3*(R3) @ Span{t;} by an optimality system. We choose for instance
Y1 = 1 where ¢;(z) = 1, for all z € R3. Therefore, from the optimality



condition (11), we can get an optimality system that reads:

(I —02)(I — A)Y; = (I — A)~! (Im(uﬁ)«/l n |x|2) in R? x (0, )
Oy (Y1 — AY1)<> 8y (Y1 — AY1)(0) = 0 in R?

r (E e > [m/ upy/1 + |z|? dz in (0,7)
dE dE
—(T) = 0)=0.
(D =—00)=

1
where Vi(z,t) = (1+[z]?)% [(I — A)~! Yi(z,t) + E(t)] and p is the solution
of the adjoint equation (12). The proof when W = H? can be read for the
problem of optimal control for the linear Schrodinger equation in reference [3],
the only changes being the adjoint equation solved by p and the absence of F.

The proof of Theorem 6 is divided in two steps. Existence of an optimal
control can be treated first while the optimality condition requires the proof of
the continuity and the differentiability of J. The regularity result of Theorem 4
is strongly needed for proving this differentiability result.

2.2.1 Existence of an optimal control

We will prove here the existence of an electric optimal control minimizing the
cost functional. Indeed, we are going to prove:

3Vi € H such that J(V;) =inf{J(V), V € H}.

Remark: The structure of the proof given in reference [3], for a bilinear optimal
control problem defined on the linear Schrédinger equation, is analogous to the
one we will follow here.

We consider a minimizing sequence (V{"),>0 in H for the functional J:

inf J(V) = lim J(V{").

n—oo

Since )
n r n
IOT) =5 [ le(T) =P o+ SV

where wu,, is solution of (5) with potential V; = V|, we then obtain that (V")n>0
is bounded in H, independently of n. Up to a subsequence, we have V{* — V;
weakly in H and

Vil < Hml[[V*| . (13)

The difficulty comes from the term ||u,,(T') — u1||2,. More precisely, the point
is to prove the weak convergence of u,(T) toward u(T) in L? and this is not
obvious. It will implie lim||uw, (T) — u1 32 > ||u(T) — u1||2. but actually, we are
going to prove the strong convergence of u,(T') toward u(T) in L%. Indeed, if



for all t in [0, T, u,(t) — u(t) in L?, where u is the solution associated with
V1, then
Tim fun (T) = wallze = [u(T) = wllze, (14)

n

and from (13) and (14) we obtain

J(V1) < limJ(Vy") = inf J(V).

As Vi € H, we get J(V1) = irf}f‘] and the existence of an optimal control is

proved.

We set F(u) = (|u|? * |71‘)71 and we consider w, = u, — u solution of the

following equation:

10wy, + Aw, + Vow, + Vi'w, = F(uy,) — F(u) +u(Vi — V), R3x (0,7)
wy, (0) =0, R3.

We are going to prove that for all ¢ in [0,T7], ||wy,(¢)||zz — 0.

In order to deal with the nonlinearity, we observe that we have, from Cauchy-
Schwarz and Hardy’s inequality,

IF() — Flun)|z2 < | (Jul? % =)= (]2 % Yo
E 21|,
< |<u|2*1><u—un> +H(<|u|2—|un|2>*1) sy
|z| L2 ||
< 2l =Vl e u — a2
- 2un oz (| Veullzz + [ Vatnllz2) e — el
< Ol + funlZn) 1 — e (16)

Therefore, if we multiply equation (15) by 0, integrate on R? and take the

imaginary part, which means we calculate I'm | (15).w, (x) dz, we obtain:

]RQS
d 2 n
[ waldr) < CNF@) - Fun)lielwnlzs +C [ = Villullwn | do
R3 R3
< O (funlln + lull2) a2
+ cuvln—vlnH/ (1 + |2[2) ¥ | dz
]R3

From Theorem 4, we have:

lltn || oo 0,75 520 Ho) + 108tn || oo 0,752y < Clluo||g2nmH,
where C' is independent of n since (V]*),>0 is bounded in H. Then,

vt € [0, 7], Jun(®)llFn + lu®)7n < €

10

L2



and we actually obtain (C' denoting a generic constant depending on T'),

& (len(®12) < C a1 +C [ Ol +oP) ua@lde (1)

Moreover, we will need the following compactness lemma (see reference [9]
for its proof).

Lemma 7. Let X, B and Y be Banach spaces and p € [1,0].

We assume that X — B — Y with compact embedding X — B.

If {fn,n € N} is bounded in LP(0,T;X) and if {O¢fn,n € N} is bounded
in LP(0,T;Y) then {fn,n € N} is relatively compact in LP(0,T;B) (and in
C([0,T]; B) if p=00).

Then, it has to be noticed that up to a subsequence we also have u,, — u

in C([0,7T]; HL.). Indeed, we can use Lemma 7 since (u)n>o is bounded in

L>®(H? N Hy) and (dyuy)n>o is bounded in L°°(L?). Then for all R > 0,

lwnllco,m:12(B0,R) — O (18)

and on the other hand, for all ¢ in [0, 7],

2\ ? .
|wn (1)) ( 1 )2
d <[ — Lt '
</B(0,R)c 1+ |z|? T =\11R2 [[wn (8)[] 2

Thus, using Cauchy-Schwarz inequality, we can write

[ 1+ 2w ()] do
RS

n (T
< [l Py e @ldet [l L
B(0,R) B(0,R)e (1 + |x|2)§
1
< Hu(t)llfh||wn(t)HL2(B(0,R)) + \/ﬁ ||u(t)||H2||wn(t)HL2
1
< C W, . +— w,(t ) 19
< <|| lleo,m:L2 (B0, R)) N [|wn ( )||L2> (19)
We set Ey(t) = ”wn(t)”%’z + ||wn||C([0,T];L2(B(O,R)), where one can notice that

lwn |l (0,77:2(B(0,R)) does not depend on ¢. From (17) and (19), it satisfies

dFE, C
t) <K CEL(t) + ———
a =0T

Since E,(0) = [lwnllc(o,11;22(B(0,r)) and since we have actually

dv E, C
t < C En t 9
a = OVEOY

En(t).

11



then, from Gronwall lemma, we obtain that for all ¢ in [0, 77,

6C’T

cr 3
T e lenllegomiramon

It means that since T is fixed and since we have (18), then for any € > 0, there
exists R > 0 and ng large enough in N such that

E.(t) <CT

€CT

€ cT 3 €
CT =5 <5 and Vnzno, e lwnlléqoryiemonr) < 5

V1+ R2

We finally obtain that for all ¢ in [0,T], |lwn(t)||lrz — 0 and therefore, u is
the solution of (5) in the sense of distributions and we have proved the existence
of an optimal control V; associated with the functionnal J. We then have to
write an optimality condition for V.

2.2.2 Optimality condition

The usual way to obtain an optimality condition is to prove that the cost func-
tional J is differentiable and to translate the necessary condition

DJ(V)[SVi] =0, V6V, € H

in terms of the adjoint state. Since J(Vi) = 1|w(T) — ui|/2. + 5||VAl%, as
announced in the introduction, the main difficulty comes from the necessity
to differentiate the state variable u with respect to the control V7, in order to
calculate the gradient DJ(V}). We postpone the proof of the following lemma.

Lemma 8.  Let u be the solution of (5). The functional ¢ defined by
¢:H — L*(R?
Vio= ()

is differentiable and if z is the solution of the following equation, set in R3 x
(0,7):

10z + Az + Voz + Viz = —0Viu + (Jul® % i)z + 2Re(uz % i)u

' || =7 (20)

z(t=0)=0

we have z € C([0,T); L?) and Dp(V1)[6V1] = 2(T).

We deduce from Lemma 8 that J is differentiable with respect to V7. There-
after, since Dp(V71)[0V1] = 2(T), the condition

DJ(V)[6VA] =0, V6Vi € H

reads

Re/ (uw(T, z) —uy(x)) 2(T,z) de +r{(V1,6V1)g = 0. (21)
R?’

12



Remarks: 1) As for the study of the same bilinear optimal control problem for
the linear Schréodinger equation one has read in reference [3], we can prove the
differentiability of V; + u(T) with values in L? but we don’t know whether this
remains true if we consider the same mapping with values in H' for example.
We think that the differentiability is not true anymore. Therefore, in the func-
tional J, the first term cannot be replaced by a stronger norm of u(T") — u;.
2) We can also underline the choice of H we made on purpose. As it is an
Hilbert space, we can easily take the derivative of the norm || - ||z in the func-
tional J.

Now, we consider the adjoint system (12):

1 1 .
i0ip + Ap + Vop + Vip = (Jul? * m)p + 2i(Im(up) * m)ﬂ in R? x (0,7T)

p(T) =u(T) —uy in R3.
Using Proposition 5, one can prove that the equivalent integral equation has a
unique solution p € C([0,T7]; L?) since we have
‘ (uf? 5 1) + 2i(Im(up) % )7
|z ||

We then multiply equation (20) by P, integrate on [0,7] x R? and take the
imaginary part. We obtain:

< CTplleqo,);L2)-

L'(0,T;L?)

T T
Im/ / (iOz + Az + Voz+ Viz)p = Im/ / —oViup
0 R3 0 R3

T 1 T 1
+Im/ / (Jul?> x —)zp + 2 Im/ / Re(uz x — )up.
0 JR3 || 0o Jrs ||

Then z(0) = 0 implies

i [ [ = (@4 5 V) + 1 [ =) )

R3

T T N
= —Im/ / 5V1u;5+lm/ / z(|Ju)? * —)p
o JRrs o JRs ||

+2 /OT /]R3 (Im(up) * i)Re(uE)

|z]

and since p satisfies equation (12), we get

T
Im i / (1), (T =) = —Im / SViup
R3 0 R3
which gives

L T
Re /R AT (T) ~ wr) = ~Im /O [ v (22)

13



Using (22), the optimality condition (21) can be written :

T
r(V1,0V1)g = Im/ oViupdzxdt, YoV, € H.
0o Jms

The proof of Theorem 6 will be complete with the proof of Lemma 8. O

Proof of Lemma 8. Actually, we will first study the continuity of ¢ and
then the differentiability. We recall the definition of the functional ¢ : if u is
the solution of (5) with electric potential V; in H, then

¢:H — L*R3)
i~ ().

According to Proposition 5 and to the properties of F', we consider the solution
du € C([0,T]; L?) of the following equation set in R3 x (0,7T):

{ 10i0u + Adu + Voou + (Vi + 0V1)ou = —6Viu + Fu + du) — F(u) (23)

du(0) = 0.
In order to prove the continuity of ¢, we will prove that

0wl Lo 0,7;22) = O([[0V1 || 1)

Let us calculate Im [ (23).0u(x)dz. Using the property (16) of F, we obtain

R3
d 2
% ( s ‘(SU| dl’)

IN

ClloVallmllul 16wl 2 + CllF(u + du) = F(u)| L2]|du] L2

Cll6Val g llwl 1, |6ul 2 + C(||6u + ullF2 + |6ullZ2)]|6ul72
ClI8Vi ||z || 6w 2 + C||6ulf3.

VARVAN

Indeed, the solution u of equation (5) and the solution w + du of the same
equation but with potential Vi + §V;, are bounded in L2 As du(0) = 0 and
using Gronwall’s lemma, it follows

6u(t)|| 2 < CTeC||6Vi|m , ¥t € [0,T].

Eventually, we get ||0ul|c(jo,r3;22) = O(||0Vi||m), the continuity of ¢ is proved
and we will now prove the differentiability.

We first have to prove that z(T') is well defined in L? where z is solution of
(20) and then, if we set w = du — z, we will prove that

lw(T)lz2 = o([|6VAllm)

which means that D¢(V;)[0Vi] = 2(T') and completes the proof of Lemma 8.

14



Since we can prove the right hand side of equation (20) satisfies

1 1
‘ (Jul? % m)z + 2Re(uz x m)u — W

then Proposition 5 gives a unique solution 2z € C([0,T]; L?) to equation (20).

< CT(|lzlleqo,m,Le) + 1),
L1(0,T;L?)

Moreover, if we calculate Im [ (20).zZ(x) dz, we obtain from Hardy’s inequality:
R3

1
4 (/ |2|? dac) =—=2Im | Viuzdx + 2/ (Re(uz) * —)Im(uz) dx
dt R3 R3 R3

]
¢ 1o¥ilaluln =1z +€ [ [N 1) dedy
R3 JR3 |33— |

y
CloVillallzllze + C [IVull 2|2 22 /R3 |u(@)||z(x)| dz

IA

IA

< CloVillmllzllze + C Il

It implies

t t
I2()117 SC||<5V1IIH/0 [12(8)l2 d8+0/0 12(5)72 ds (24)

and a Gronwall argument leads us easily to deduce that there exists a constants
Ct > 0 such that
[z2@)llz> < CrlléVallm, v €0, T]. (25)

In order to simplify the right hand side of the equation solved by w = du— z,
we consider the source terms of equation (23) solved by du:

F(u+ du) — F(u) — dVhu

= (lu+o0ul®« i)(u + 6u) — (Jul* * i)u —WViu
] ]
1

— 1 1
= (|u|** m)&t + 2Re(udu * m)(u + 6u) + (|oul* % m)(u + ou) — dVqu

and since z satisfies (20), we have finally the following right hand side

F(u+du) = F(u) = Viu — <—6V1u + (|uf® * ﬁ)z + 2Re(uz x |$1|)u>
= (|u|2 * i)gu 4 2R6(u57u* i)(u + Su)
|z |z| 2|
1

1 — 1
= ul? x —)w + 2Re(uw x — )u + 2Re(udu * — )du
(f? x o)+ 2Re(u x )+ 2Re(ufi )

+ (|5u|2 * i)(u +w+ 2).

]
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Therefore, the equation satisfied by w in R? x (0,7T) is:

1
i0yw + Aw + Vow + (Vi + 6Vi)w = —Viz + ([ul? x ﬂ)w

] )% (26)

+ (|6ul? * i)(u +w+ 2)

+ 2Re(ut * — )u + 2Re(udu x

Using Proposition 5, since the right hand side of equation (26) belongs to
L'(0,T; L?) and has the good properties, we can prove that there exists a unique

solution w € C([0,T); L?). We can also formally calculate Im/ (26).w(x) dx
3

R
in the same way we did to prove (25). Since we have |[dul| o2y = O(|[6V1 ]| 1),
we obtain:

d(Hw||L2) < C’/ \5V1|\z||w|dx+0/ (Re(u@)*i)Im(uﬁ) dx
dt R3 R3 ‘l‘|

+C Re(u@*

‘31;| YIm(du w)‘ dz

* — Im((u + 2)w)| dx

< C||5V1 IHIIzIIHllleLz + ClIVull 2 lul 2wl 72
+ C(IVullzz + [ V2llz2) [6ulls 1wl e
< Olovillmlzllmllwlcz + Cllw|z: + ClléValF w2

+ Cllzll s 10Va |5 w2
which means that for all ¢ in [0, 71,

d

2 w®lz2) < ClloVille (12Ol mam+ [9Villa) + Cllw@)lze. (27)

Since we want to prove that [[wl|pe(o,r;r2) < C||6V1|/%, we have to work
more on equation (20) in order to obtain an H' N H; estimate on z. Actually,
we could have directly proved with Theorem 3 and a Picard fixed point theorem

that z € C([0,T); H' N Hy). If we calculate Im/ (20).|z|?2(z) dz, we obtain
R3

the following estimate in the usual way:

jt(lllx\ OlZ2) < CIVeOl2llalz®)lL2 + ClUOVAl ()], ||| 2(E)] 2

+ ClIVu®) zallu®)llam, =411,
< CIVe@OlZe + Cle®)i, + CllaVillmlllz]=(t)]l 2

16



Therefore, an integration on [0,¢] and z(0) = 0 give
t t
ezl < € [ IV ds+0 [ el ds28)

t
+C [ 18Vl ol=(0) |2 ds
0

Now, as we need to estimate Vz, we will calculate Re/ (20).0:z(z) dx.
R3
Before, we can notice that:

1 1d 1 1
Re/ UZ*ZaZ(/ ul? % — zz>/ Re(udyu) » —)|z|?
[P0z = 55 ([ Gl s 1) = [ (Re(wdia) « )l

and

2 Re /Rs(Re(uE) * ﬁ)uati = % </RS(Re(uz) * |;|)Re(uz)>

) /]R (Re(uz) 1\ Re(z0,u).

||

After some calculations and integrations by parts, we obtain

d
— /Vo\z|2+/ V1|z|2—/ |V 2|2 :/ atV0|z|2+/ PAAE
dt R3 R3 R3 R3 R3

d

—2— </ (5V1Re(uz)> +2 [ 0,(0V1)Re(uz) —|—2/ 0ViRe(Opu %)
dt \ Jrs R3 R3

+% (/RS(UF * |x1|)|z|2> - Q/RS(RGM@ * ﬁ)IZI2

+2% (/R (Re(uZ) * 1)Re(uz)> _ 4/}}@3(&(@ « L) Re(z0,u).

|| ||

We recall here that Vy(x,t) =

|0ra(t)]
[z —a(t)*

2
/ |u(:£2| dx < 4/ |Vu(9c)|2 dx.
rs |7 R3

1
————— with a € W21(0,T;R3) thus we
|z —a(t)|
have |0, Vo(x,t)| = We also remind Hardy’s inequality for u €

HY(R3):

17



Therefore we obtain

s (Livso) < 4 ([ 060+ nokor2ne [ mou=o)
d

= (2 /]R (Re(u(t)z(t)) » ™ )Re(u(t)z(t))>

#5 ([0uor ol
+ IV +C Millaliel=)13:

+ C [ 0cu() || L2 [Vu®) || 2 [[2(0)] 2
+ C [[oVilla (lu@®llz2 + [10ru(®)l|L2) [[|z]2(#)]] L2-

1

+

We integrate this, between 0 and t € [0, 7], using z(0) = 0,
u € L>®(0,T; H? N Hy) and d,u € L>=(0,T; L?). We obtain:
3

IV2()I7 S/ (Vo(t)Jer(f))IZ(t)ler?/x [6Vi(t)[|u(t)]]2(?)]
R R3
EERYIVANT w12 % V(02
+?/RS(|U(t)||Z(t)I )u@)| (15)|+/lR (Ju(®)] |x|)l )l (29)

] :
t t
e / (IV2() 2 + [2(s)I1%,) ds + C [6Va e / ()1, ds.
We set
B(O) = 120l + =00, = [ 0+l o) do+ [ Vst do.

Moreover, we remind that we have (24) and (28) and adding this to (29), we
get, for all ¢ in [0, T,

t t
E() < C ||5v1||H/ VE(s) ds + c/ E(s) ds
0 0
+ /RS(VO(t) + Vi) + C 16Va |l llut)l|m, [12(2)| 2
+ C )l 2llul) |l 1217
Then, we can prove that for all n > 0 there exists a constant C', > 0 such that
/RS (Vo(t) + Vi(t)]2(t)]* < CyllzON1Z> + nll=(O)17 i, - (30)

Indeed, from Cauchy-Schwarz and Hardy’s inequalities, we have

s < [ B < mlaoln

/ Vi)t < ||V1||H/ (L+ [2*)212(0)* < IVallallz() | 2| 2() 11,
RB R3

18



an we obtain (30) from Young’s inequality. Consequently, if we choose 1 small
enough, we obtain

t t
B() < C||6V1HH/ \/E(s)ds+0/ B(s) ds
0 0
+ Collz®)[|72 + C 16Va |l ]|z (t) || .2

and using (25), we get
t t
Et)<C H5V1||H/ VE(s) ds+C’/ E(s)ds +C ||6Vi||%.
0 0

We recall that here again, C' denotes various positive constants, depending only
on the time T'. We set

F(t) = ||5V1HH/O \/E(s)ds—k/o E(s)ds + ||6Vi|)%.

We have both

E(t) < C F(t) and
Wy = B0+ 10illnV/BD
< C R0+ C Vil VED.

d
Then, 7 (e‘Ct F(t)) < e C*C ||6V1]| g and we obtain after an integration in
time:

vt € (0,T), F(t) <C|6Vil%.

This implies that there exists a constant Cr > 0 such that
vt € (0,7), E(t)=z(t)Fnm < CrlldVill.
Eventually, we have proved that,

16Villz—0
—

sup ([I(L+[z))z(8)l|z2 + [IV2(2)]]2) 0.

t€[0,T)
Now, using this in (27), we obtain

d
Z(lw@®2) < C llVillF + C [lw(®)] 2

and applying Gronwall lemma we get: V¢ € [0,T], |w(t)|2 < Crl|dVi|%.
Therefore, we have
[w(T)|lL2 = o(l6V1l &)

and the proof of Lemma 8 is complete. O
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3 Optimal control of the coupled system

We recall the coupled system (1) we are considering;:

1
00+ A+ —— + Viu = (Jul? * —)u, in R? x (0,7)
|z — al ||
u(0) = uo, in R3
m Lo / lu(2) 2V ——— dz — VVi(a), on (0,T)
— = —|u(z - a
dt? RS |z — al nes ’
a
CL(O) = aop, E(O) = 0.

The electric potential V7 takes its values in R and satisfy assumption (2):

(1+[z)72Vi € L>((0,T) x R®),

(1+ 2728,V € LY0,T;L®),

(1+z)"2VVy € LY0,T;L>) and (31)
vioe L2 (0,Tswh).

On this evolution system we define the following optimal control problem:
if (u,a) is a solution of system (1) and if u; € L? is a given target, find a

minimizer V; € H for

inf{J(V,u), V € H}

where the cost functionnal J is defined by

1 T
J(Vi,u) =3 . (T, 2) — ur (2)]* da + §||V1H31

and
H = {V, (1+|22) "2 V € HY(0,T;W) and VV € L (0,T; le°°)}
where W is an Hilbert space which satisfies W — W1 (R3).

We are now going to prove Theorem 1 and we will make, at the end of the
proof, a remark about the obtaining an optimality condition.

Proof of Theorem 1. We consider a minimizing sequence (V{*),>o in H for
the functional J. It means that

inf{J(V,u),V € H} = lim J(V{*,u,)

where (uy,,a,) € (Wh2(0,T; L?) N L>(0,T; H*> N Hy)) x W1(0,T) is solution
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of

1
i&sun+Aun+ ﬁ_FVlnuﬂ = (‘un|2*m)uny in R3 x (O,T)
un(0) = uo, in R3
d2an 5 1 . <32)
m = /R:Zl—|un(x)| V|17 ol dx — VV{*(a,), on (0,T)
a’ﬂ
an(0) = ag, E(o) = vp.

Since
J(Vr _ 1 T, z)— 2 de + Z V|2
W% >Un)—2 [tn (T, 2) — uy ()] dz + 2” 115
R3

we then obtain that (V{"),>0 is bounded in H, independently of n. Up to a
subsequence, we have V* — V; weakly in ‘H and

[Vl < Lml[|Vy*{l5.

The difficulty comes again from the term ||u,(T) — u1]|3.. We will prove that
the limit (u,a) of (un, an)nen is a solution of system (1) associated with V;.

If we consider a solution (uy,, a,) of system (32), since the sequence of the electric
potentials (V}*) is bounded in H, we can apply Theorem 2 and obtain that the
sequence (U, a,) is bounded in

(Wh(0,T; L*) N L>(0,T; H* N Ha)) x W>'(0,T)

independently of n. We get a,, — a in L*°(0,T) strongly and w,, — u weak in
C([0,T], L?).

Therefore, since the application u — ||u(T") —u1||%, is lower semi-continuous,
then u, (T) — u(T) weak in L?(R3) implies

[u(T) = wi |72 < lim|jun(T) — w |7
and we finally obtain

J(Vi,u) <limJ (V% up) = virelgiJ(V, w).

Since Vi € H, that leads to J(Vi,u) = Vlrelg'{ J(V,u) and the existence of an

optimal control is proved.

Remark: As mentioned in the introduction, we can replace VV € L2 (O7 T Wl’oo)
by VV € L2 (0, T: W1’°°) in the definition of 7. Then, in the cost functional .J,

loc

Vil has to be xeplaced by [[(1+ |2[2)~# V4 | +IVVill 2o v (5,))

H'(0,T;W)
where B, = B(0,p) C R3 and the point is to choose p > 0 conveniently.
From reference [2], and as one can read in Theorem 2, we know that with-
out any hypothesis on VV;, we can bound a in C([0,7]). In fact, we only need
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(1+|z|>)~2V;, € H'(0,T;W). Moreover, when we consider a minimizing se-
quence (Vi"),>0 in H, as soon as J(Vi",u,) is then bounded, for instance by
J(0,uy), we obtain an a priori bound for ||(1 + ‘x|2)7%V1HH1(O,T;W) and then
for ||an||c(jo,r))- Thus, if p is chosen large enough to satisfy ||ay | c(o,r7) < p for
all n € N, we will be able to proceed to the same proof as follows.

For clarity, we denote by (33) and (34) the two equations solved by u and a:

1
10w + Au + ——— | p +Viu = (Jul® % m)u, in R3 x (0,7) (33)
1
_ —/ () 2V do +VVi(a), in (0,T) (34)
R3 |z — al

and we want to prove that the limit (u,a) of (uy, an)nen is a solution of (1).

Up to a subsequence, we have 9;u,, — dyu and Au,, — Awuin D'((0,T) x R3).
Moreover, on the one hand, since V7 is bounded in H, we have <V11>
(1+z[*)z /50
bounded in H'(0,T;W). Since the embedding W*°(R3) — L2 (R?) is com-
pact and since W < W1>°(R3), then from Lemma 7, we get the local strong
convergence

Vln n—-—4o0o V1
—

— —— in L*0,T;L3.
(1+ [2[2)? (1+ [z[2)? ( loc)-

On the other hand, (uy)n>0 is bounded in L*°(0,T; Hy) and since (uy)n>0 is
bounded in L (0, T; H?)NW1:°°(0, T’; L?), we have the local strong convergence

U, "2 u in L>=(0,T; LE,).

T T
// |V1"un7V1u|+// [V u, — Viu|
0 JBp 0 I3
[ )=y
Br | (14 |z]2)2
1+RQ%// ( u)‘
Br +|$|

1+R2% e (1+]z2)F '

We have, for all R > 0,

T
/ ‘Vlnun - V1u|
0 R3

IN

IN

wun (14 |z[?)2
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Then, using Cauchy-Schwarz inequality, we can prove:

A

un (1 + |z[?)2

1+| |2

Ve — Vi H
< [T VY] pupaee )
0 Br (1+[2]?) Br
n 2y—1
< VT = ) L el o i
< or||or =)+ ) =R,
< oror -l
and
2 2 T
w1
o Jerl(1+|z?)2
< C HV 1+ |z[?)~% U
< COp |Va(l+ |2f%) L2(0.T5L%) [[tn = ull Lo (0,7522(BR))
< Crllun — ullL~(0,1:22(BR)) =20

and for all € > 0, there exists R > 0 such that

// \Vlun|+|vlu|( Lt )
1+R2% e (1+zf2)

VT
(1+ R?)2
_Or .
(1+R2)>

Eventually, we obtain V;"u,, — Viu in L}((0,T) x R3).

1
V(L A+ [z]?) > lwn |l oo 0.7 12)

L2(0,T;L2)

Then, we have to work on the terms |u7n| and (|un|2 |> u, of
xr—ap

|z
system (32). One can notice that (a,),>o is bounded in W21(0,T). We then

have, up to a subsequence, the strong convergence a, "—=< a in L>®(0,T).
We will check later that a, together with w, is a solution of coupled system (1).
We set ¢ € D((0,T) x R?) which means in particular that Supp ¢ is a compact
set of (0,7) x R3.

Up, ( 1 1 ) Lt
= —_ u —_—
|z — ay,] v —a,| |r—al) " |z —a

and we will prove that in D’((0,T) x R?), we have the following convergences

‘We have

_Un motoe U and L — L u, "0
|z — al | — al |z —an| |z —al " '
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On the one hand, since Supp ¢ is compact, from Hardy’s inequality we have

dtdr| < Clluy — ulle(0,7:51 (Br))

/ (un(t,z) — u(t, 2))p(t, z)
0,T|xR3 |z —a(?)]

where Supp ¢ C (0,T)x Bg and (uy,),>0 being bounded in the space L>(0,T; H?)
NW12°(0, T; L?) gives the local strong convergence

Up, "ZE 0 in C([O,T];Hlloc).

Then |un — wl| Lo 0,711 (Br)) — 0 and we get —
) |z — al |z — al
On the other hand, for the same reasons, we have

1 1
/[o,T]XRS <|$ —an(t)] o - a(t)l) un (t, 2)p(t, ) dtd

. / un(t, )l (1, )l (1) —a®)]
oixs 17— an(®)lz — a(D)]
1
et .\
< Nunllzo.sm1 (51 [an — alzo o ( / Jet.2) o
(0,7;H*(Br)) (0,7) Sunp o |7 — alt)]?

< C ‘(ln — a|Loc(0’T) n~>_+)oo 0

1 1

|z — an] B |z — al

which means < > Uy, "2 0 in D,

Finally, we are going to prove that (|u,|?
D'((0,T) x R3). We have

ﬁ)un — (Jul? * %l)u "2 0 in

(el % 7ot — () = (5 ) ot — )+ (e — ) % )

] ] ]

First of all, using Cauchy-Schwarz inequality and omitting the time ¢ fixed in

[0,T7], we can write
1 1
i — (Ju? x —)u| do

L1 ] B

1
/|80\|Un* (un? |dx+/ llul (tm] + [uDletn — ul % ) de

B
(/R felln —“|2df)2 (/ |80(|Un|2*|)2dx>2
+(/Rg“|2dfc> (/ 012 ((un| + Jul)|un — u| * ||) )2

(Jun|* *

IN

IN
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which gives

1
(\un|2*m)un— (|u|2* dx

ES

/ ol
R3 ‘l’|

1
1 2
< = wlazqa ([ el » )2 ) (39

1
1 2
T Jullz ( / |so|2<<un|+u|>un—u|*>2dx) .
R3 |9C|

Next, from Hardy’s inequality, we have

1
(Junl?* —5)(@) < lJunllz2|Vun| 2, Vo € R®

]
and since ¢ € D((0,T) x R3),
( [ el @) dx)2 < Ollun 2. (36)
R3 |35|

We will also need the following:

n—-+oo

Lemma 9. Letr >0, v € H' and v, € L?. If we assume that v, —= 0

in L., then
Vz| <7, / YW)on(y) o noioo
R |z —yl

Proof of Lemma 9. We set R > r and Br = {y € R3,|y| < R}. From
Cauchy-Schwarz and Hardy’s inequalities, we obtain for all z such that |x| < r,

[, o[ b, ),
R |7 — Yl ~ Jpr |zl B, |y—zl
1
< HUHHl”UnHL?(BR)+R_7|‘,E|||UHL2”U7LHL2
<

1
C <Un||L2(BR) + R—r> .

Moreover, if we set € > 0, then there exists ng € N and Ry > 0 such that

C
R()*T

Thus, for all € > 0 there exists ng € N such that for all n > ny,

/ v(y)von(y) dy‘ <e
-

|z —yl

€ €
< 3 and Vn > ng, Can||L2(BRO) < 3

and the lemma has been proved. O
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1
We use this result to deal with the term / O (([tn] + |u]) [t — ul x —)2.
R3 T

Let t € (0,T) be fixed. Since Supp ¢ is compact, we apply Lebesgue’s theorem
on a bounded domain to the sequence (fy(t)),cy defined by

h@i%=QuMM+hMDWAﬂ—MM*éJ (x).

Indeed, since u,, — u "2 0 in C([0,T);L2,), w € L>(0,T; H') and u,, is
bounded in L>(0,T; H') independently of n, using Lemma 9 we obtain that for
all ¢ in [0,7T] and for all « in Supp ¢, fn(x,t) — 0. Then, from usual estimates

we prove that |f,(t)| < C € LL (R3) and we finally get: V¢ € [0, 7],

loc

/R ) O (t, ) fu(, t) do = I,(t) "= 0. (37)

Now, plugging (36) and (37) in (35) we obtain, for all ¢ in [0, T,

/RB o(t)

||

mwm*ﬂww—ww%;mm]

< CllunllZoe om0 lun = ull Lo 0,122 (Br)) + 14l Lo (0.7502) v/ In (t)
< C (llun — ullzeora2 sy + VIa®) "0

Thus we have proved

i)un — (Jul® % i)u "ZE0 in D((0,T) x R3).

|z ||

Therefore, we have all the elements to insure that (u,) is converging in a weak
sense towards u which is a solution of (33) in the sense of distributions. We
finally have to prove that the limit a of the sequence (a,) is a solution of
(34). We already know that (a,)n>o is bounded in W*'(0,T) and that a, —
a in L*(0,T) and we have in [0,T],

d’a,, 9
meos = /RS —|un(z)|*V

(R

dx + V'V (ay).

| — an
On the one hand, omitting again the fixed time ¢ in [0, T], we have
VVi*(an) = VVi(a) = (VV)"(an) = VVI*(a)) + (VV"(a) — VVi(a))
and of course, since V{* is bounded in H and V{* — V; weakly in H, we get

YV (a) — VVi(a) "=5°0 in D'(0,T) and

n—-+oo

VVi*(an) = VVI"(@)llz20,7) < VI |20, 73wt ) |an — alp= o,y — 0.
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Therefore we obtain
VVi*(a,) — VVi(a) in D'(0,T).

On the other hand, using the idea of the proof of Lemma 9 we will prove

1
un(2)|2V
/RB| @PY =

Actually for all ¢ in [0,T7], we can prove that an integration by parts gives

‘/ |untx dx—/|utx|v ()‘

n—-—+0oo 1 .
do "= / lu(x)]*V dr in D'(0,T).
R3 |z —a

1 1
< |un|2V< )dm ‘ [l = tay¥
RS [z —an |z — |z — |
1 n n
< c/ | [Vt (un| + JuDltn =l 0 (39
R o —an| |z —a |z —al?

Since u,, is bounded in L*>(0,T; H?), using Cauchy-Schwarz and Hardy’s in-
equality we are able to deal with the first right hand side term. Indeed,

L @190 ’ @ o ‘

|t || Vun|
[Vl g
r3 |T — anl|z — a

< Nlunllzzo, 159 I Vunl 220,551 lan — al L~ (o,1)
< ||un||2Loo(o,T;H2)|an —alp=(0,1)
n—-+o0o
< C |an — a‘LOO(O,T) — 0. (39)
Now, since a is bounded on (0,7), un, —u "—5°0 in C([0,T); HL ), u belongs

to L>(0,T; H') and u,, is bounded in L>°(0,T; H') independently of n, then
we obtain in an analogous way as in the proof of Lemma 9 that for all ¢ in [0, T7,

RS

[z —a(t)]?

In fact, omitting the time ¢, we have from Hardy’s inequality

_ 2
J, < / (‘un| + |U|)\I;n u| dm—i—/ (|U,n|—|-|12|) da

Br |z — a < |z — al

2
< (Jullz + llunllm) lun — ullgr(Br) + m(”ﬂ\l%z + [lunlZ2)

1
< C <|un —ullgr(Bg) + >
Er TR —Tallp~o.m)
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and we can prove (see Lemma 9) that for all ¢ in [0,7] and for all € > 0, there
exists ng € N such that for all n > ng, J,,(t) < e.

Thus, using (39) and (40) together with (38), we get, for all ¢ in [0,T7],

’/|untac|v| /\ut$|v ()|

<C lan — a|Loo(0,T) + Ja(t) "= 0
and we finally obtain the awaited result.

We then have proved that a is a solution of (34). As a consequence, the limit
(u,a) of (un,ay,) is a solution in the sense of distribution of system (1). More-
over, since (u,a) belongs to the class (W°°(0,T; L*) N L>(0,T; H* N Hy)) x
W21(0,T), then it satisfies the estimate (4) of Theorem 2 and is in fact a strong
solution of system (1).

Hence the proof of Theorem 1. O

Remark : First order optimality condition. As we did in the case when
the position a of the nucleus is known (Section 2.2.2), we would like to give
an optimality condition for the optimal control Vi. A first step is to study the
differentiability of the functional

®:H — L=(0,T;L*R?)) x L=(0,T)
Vio— (u(Vi),a(V1))),

where H is an appropriate Hilbert space. One can notice that the lack of
proof for the uniqueness of the solution (u, a) of system (1) makes the study of
optimality conditions completely formal. It is a first and main obstacle to prove
the differentiability with respect to V; of ® and of the cost functional

1 r
T+ (Vi) = SlelT) = wilds + LIVl

Nevertheless, one can obtain a formal derivative of J and an optimal system.
We present these following formal results in order to make completely explicit
the difficulty encountered in trying to show the differentiability of the mapping
® : control— state and to give the possibility to make direct computations on
approximations of the optimality system after regularization of the singularities.

Thus, assuming that we have uniqueness of the solution of system (1) and
assuming that @ is differentiable, if we set D®(6V}) = (z,b), then one can prove
that (z(t,),b(t)) has to satisfy the following coupled system set in R3 x (0,7

1
10z + Az + Voz + Viz = 7% “bu—dViu+ (\u|2*m)z+2(Re(uE)*m)u
db
=0 MO0 G0 =0

/ u \vav‘) b—2/ Re(uz)VVy — V6Vi(a) — V(VVA) - ba)
]:R3
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o
[z —al
obtain that the condition DJ(Vi,u)[0Vi] =0, V6V; € H now reads

where Vy = Thereafter, if J is differentiable with respect to Vi, we

Re/’ (u(T,x) —uy () Z2(T, x) dov +r(V1,0V1) 5z = 0. (41)
Rd

The main difficulty we encounter when trying to give a meaning to the sys-
tem of equations satisfied by the couple (z,b) is of same nature than the one we
had when we studied the equations solved by the difference of two solutions of
system (1). Indeed, as for the proof of uniqueness which misses in Theorem 2,
even in a formal study of the solutions, we have to deal with singularities of
type # that we cannot bound with Hardy’s inequality. Moreover, the use of
Marcinkiewicz (or Lorentz) spaces as in reference [5] is not directly appropriate
here because of the properties of V;.

At last, the following formal adjoint system
1 1

i0ip + Ap + Vop + Vip = (Jul? % m)p + 2i (Im(up) * m)ﬂ —2iu VVy - o,
p(T) = u(T) — s,

o Vo _ o OV
m i —d . 0 Im(up) — 2/11@ Re(uVu)—aa c0—V(VW1)(a) - o,
_qg 2@ _
o) =0, %y~

is such that we have
7 T T
Re/ 2(T) (w(T) —uy) = —Im/ 5V1u}3—/ 0-VoéVi(a). (42)
R3 0JR3 0

Eventually, if §, denotes the Dirac mass at point a € R3, and using (41) and
(42), we prove that the bilinear optimal control V; is the solution of a partial
differential equation defined by variational formulation: VéV; € H

T T
(Vi 6Vh) 5 = /0 /R I (ult, 2)p(t, ) VA (1, ) i~ /0 (o(t) - Vg, 6VA (1)) dt.
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