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Abstract

We consider the linear regression problem with Gaussian error. We estimate the
unknown parameters via an estimator constructed from a grouped variables penalty.
It can be viewed as a slight modification of the Group Lasso estimator introduced by
Yuan and Lin [15]. We establish several new theoretical results which prove that the
considered estimator exploits more the sparsity in the model than the well-known
Lasso estimator.
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1 Introduction

We focus on the usual linear regression model:
yi:xiﬁ*‘l’gh izl,...,n, (].].)

where the design x; = (7;1,...,2;,) € RP is deterministic, 3* = (57, ..., 8;) €
R? is the unknown parameter vector of interest and ¢1, ..., £,,, are i.i.d. centered
Gaussian random variables with variance o%. We wish to estimate 3* in the
sparse case i.e. when many of its unknown components are equal to zero. Thus,
only a subset of the design variables (z_;); are truly of interest.

It is well known that, in such case, Ordinary Least Square and Ridge regression
procedures lead to bad control of the variance in the estimation. Selection type
procedures are then recommended. They are of the form:

G = Argmin {||Y — X0} + pen(5)}
BERP
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where X = (x1,...,2,), Y = (y1,...,y») and pen : R? — R, a positive
convex function. For any vector a = (ay,...,a,), we adopt the notation
lal|> = n7t 3%, |a;|?. The Lasso procedure introduced by Tibshirani [13]
seems to respond to our objective: it performs both regression parameters
estimation and variable selection. In the literature, the theoretical and com-
putational Lasso properties as well as its asymptotic results have been inten-
sively studied. See, for instance, Efron et al. [6], Meinshausen and Biihlmann
[12], Fan and Li [7], Knight and Fu [9], Zou [17] and Zhao and Yu [16], among
others. Using the advantages of the Lasso [1-penalty, many new penalized pro-
cedures have been proposed to solve the linear regression problem. We refer to
Fan and Li [7], Meinshausen [11], Zou [17], Zou and Hastie [18] and Tibshirani
et al. [14].

In this paper, we study Lasso-type procedures which take into account the
group structure of the variables. We consider a slight modification of the
Group Lasso procedure developed by Yuan and Lin [15]. This construction
has the ability of selecting variables by groups and evaluating the estimation
of the regression parameters inside the groups in a Ridge-type fashion. For the
sake of clarity, we call our modified Group Lasso: Grouped Variables Lasso.
Such procedures are really promising as they nicely combine Lasso and Ridge
with a single control parameter. Here, we derive new theoretical results to
the Grouped Variables Lasso estimator based on the sparsity of the model.
We adopt the following criterion that measures the performance of a given
estimator (§ of §*: find the best rate ¢,,, (i.e. as small as possible) satisfying
the following inequality:

P(|X8— X8 < pnp) = 1= tny,

where u,, , is a positive sequence of the form n=*p~ with a,y > 0. We prove
that, for the same u,,, the Group Lasso exploits the sparsity of the model
more efficiently than the original Lasso. This can easily be seen through the
form of ¢, , which depends on the sparsity. This study is in the same spirit
as that of Bunea et al. [3] for the aggregation problem via the Lasso penalty.

The rest of this article is organized as follows. The Grouped Variables Lasso
estimator is described in the next section. Section 3 presents the assumptions
made on the model. The theoretical performances of the considered estimator
are studied in Section 4. Proofs are given in Section 5.



2 The Grouped Variables Lasso (GVL) estimator

We define the estimator /3 by

B = Argmin {||Y = X 5|2 + pen(3) } (2.1)
BERP

where pen is the penalty function defined by

pen(f —22 Z ‘wny‘ |ﬂ]‘2

JEG
In this expression, L is a positive integer, G = (G)); is a sequence of sets

satisfying UL Gy = {1,...,p} and, for any u # v with uw,v € {1,...,L},
G, NG, = 0. The sequence w = (wy,;); is defined by

Wi = Anp(VIllZ_jlln) = Anpy Z\xm (2.2)

Ay = kon”Hy/logn + logp, (2.3)

where k is a real number greater than 1. Given the definition of ﬁ, specific
choices of the sequence G determine specific estimators.

with

- The Lasso estimator: The Lasso estimator 3% is defined by (2.1) with L = p
and, for any [ € {1,..., L}, G, = {l}.

- The Grouped Variables Lasso (GVL) estimator: Assume that p/|logp]| is an
integer where |a] denotes the whole number part of a. The Grouped Variables
Lasso estimator 3 is defined by (2.1) with L = p/|logp]| and, for any | €
{1, ..., L}, G is the following set:

Gr={ke{l,...p}: (=1)llogp] +1 <k <lllogp|}.  (24)

Comments on the GVL estimator. The GVL estimator is a slight modification
of the Group Lasso estimator proposed by Yuan and Lin [15]. The only differ-
ences are the choice of the blocks GG; and the fact that, in our setting, we do
not have X’Gngl Icard(a,), where X, is the restriction of X on the block
(. Recent developments concerning the Group Lasso method can be found
in Kim et al. [8] and Meier et al. [10].

If X is the identity matrix I,,, then the linear regression model (1.1) becomes
the standard Gaussian sequence model. Moreover, each component of the GVL



estimator 3¢ in the block G; can be expressed in the following explicit form

/@G = (1 - \/ﬁ)‘n,n/ Z |yj|2) Yis
+

JE€G

where A, ,, = kon~'y/21Iogn. The notation (a), means max(a,0). In this case,
BG can be viewed as a slight modification of the blockwise Stein estimator.
This construction enjoys powerful theoretical properties in various statisti-
cal approaches (oracle inequalities, (near) minimax optimality,...). See, for
instance, Cavalier and Tsybakov [4].

3 Assumptions

Here, we adopt the notations of the previous section.

Assumption (A1). Let X = (z;;);; be a nxp matriz. Let us define the sequence
(vnj); by

n

Vng = | D il (3.1)
i=1
and the set Sy by S = {a = (a;); € Z*; Yjeq, |a;|* < 1}. There exists a
constant C, > 1 such that

n
sup sup | > > ajap|ve | Hoasl D mizin | < O
I=1,...,.L a€S3 JEG, kEG, i=1

Lemma 3.1 below proves that Assumption (A1) is satisfied by a large variety
of matrix.

Lemma 3.1 Let X = (x;;):; be a n X p matriz. Suppose that, for any j, k €
{1,..,p}, each component of the p x p matriz X'X satisfies

n

D TiTik = 22k, (3.2)

i=1

where z = (z,), denotes a positive sequence and b = (b,), denotes a sequence
in I;(N) with by > 0. Then X satisfies Assumption (A1) with C, = 1 +
205" 101l

For any set B C {1, ..., L}, we make the following assumption:



Assumption (A2)(B) . Let us consider the sequence (v, ;); defined by (5.1).
We have

sup sup | Y. > (v 2 o] 2D @izl < (32) 7 Card(B)

leB u=1,...,L FEG, kEG. i=1
k#j

If, for each [ € {1,...,p/|logp|}, the set G is defined by (2.4), then Assump-
tion (A2)(B) can be viewed as a particular grouped version of the ”local”
mutual coherence condition considered by Bunea et al. [2] in the aggregation
framework. This "local” mutual coherence condition has been introduced by
Donoho et al. [5].

Remark 3.1 For any two sets By and By such that By C By C {1,..., L},
Assumption (A2)(By) implies Assumption (A2)(B ).

Remark 3.2 IfB={1,..., L} then Assumption (A2)(B) implies Assumption
(A1) with C, = (32)"'L~'. This is an immediate consequence of the Holder
imequality.

Example. A simple example of n x p matrix X = (x;;);; which satisfies As-
sumptions (Al) and (A2)(B) for any B C {1,..., L} is the one characterized
by the equality S0, ; 7, = (32)"'p~V=* with a > 1. A concise proof is
given below.

Thanks to Lemma 3.1, Assumption (A1) is satisfied with C,, = 14+2p/(p—1) <

4. Moreover, we have (32)7'sup,_;  ;SUP,_ 1 [>jeq ke, P20V TH <
oy
; Card(G)) < (32)7' L~ and Assumption (A2)(B) is satis-

(32)~'p~*sup,,
fied.

.....

4 Theoretical properties

In this section, we set theoretical results for the GVL estimator and the Lasso
estimator. We show that the GVL estimator is better, in some sense, than the
Lasso estimator. Let us mention that all results in the present section do not
exclude the case p > n.

4.1 Main results

Theorem 4.1 below investigates the upper bound for the least square error of
the GVL estimator and the Lasso estimator.



Theorem 4.1 Let us consider the regression model (1.1). Let 3 be either the
Lasso estimator 3* or the GVL estimator 3. Let A, , be the random event
defined by

Anp = {lﬂfaXL > Jun |2V < 2} (4.1)

T JjEG,

where V; =n~ S0 @ e, wy ;i is defined by (2.2),

- L=p and Gy = {I} when 3 = f*, A
- L =p/|logp| and G, is described by (2.4) when (3 = [3°.

Let © be the sparsity set defined by:

0= {l € {1,..., L} : there exists an integer jo € G; such that 3; # O}.
(4.2)
Suppose that X satisfies Assumption (A2)(B) for any set B such that © C
B C{l,...,L}. Then, on the event A, ,, we have

1X3 = XB|[2 < sn,Card(©), (4.3)
where s, = 16nX2 .

The proof of Theorem 4.1 is based on the 'argmin’ definition of the estimators
{ﬁL, ﬁG} and some technical inequalities. The main contribution of Theorem
4.1 concerns the GVL estimator ﬁG. The result obtained for the Lasso esti-
mator is an adaptation of those in Bunea et al. [3]. We have formulated it
in order to make easier the comparison with the GVL estimator. Let us just
mention that the nature of © defined by (4.2) will play a crucial role in our
comparative study. Further details are given in Subsection 4.2.

Remark 4.1 The inequality (4.3) can be proved for any \,, > 0 instead of
the specific choice of A, given by (2.3).

Thanks to the definition of ), ,, Propositions 4.1 below proves that, under
some assumptions on X, the inequality (4.3) of Theorem 4.1 is true with a
high probability.

Proposition 4.1 Let us consider the regression model (1.1). Let 3 be either
the Lasso estimator B~ or the GVL estimator 3°. Let © be the sparsity set
defined by (4.2). Suppose that X satisfies Assumptions (A1) and (A2)(B) for
any set B such that © C B C {1,...,L}. Then we have

P(IIX3 = X8| < snpCard(©)) > 1=y, (4.4)

where s,, = 16x%02n" (logn + logp) and u,, = p(np)~ & #1*/2C),



The proof of Proposition 4.1 uses the result of Theorem 4.1 and a concentration
inequality of the form P(A;, )) < u,,, where A  denotes the complementary
of the set (4.1). The main interest of this proposition is developed in Subsec-
tion 4.2 below.

Corollary 4.1 below shows that, under some extra condition on p and with an-
other choice of A, , in the definitions of {3%, 3%}, the result of Proposition 4.1
holds for a smaller bound s, .

Corollary 4.1 Let us adopt the same mathematical framework of Proposi-
tion 4.1. If there exists a positive sequence v = (Un)n Such that lim,, ., v, = oo
and v, < p, then the estimator 3 € {B#L, 3%} defined with

Anp = kon " y/logp (4.5)

and k> 2(1+/2C,), satisfies the inequality (4.4) with s, , = 16x*c°n""logp
and Upp = ,U111_(2*1,L;_1)2/(20p).

The proof of Corollary 4.1 is rigorously similar to the proof of Proposition (4.1).
The restriction v,, < p is only used to obtain the following inequality P(Asj, ) <
plm @ IA1?/20) < 127 1R=1)%/(2C)  Note also that the main difference with
Proposition 4.1 is that Corollary 4.1 excludes the case p constant whereas
Proposition 4.1 does not.

4.2 Comparison with the Lasso

Starting from Proposition 4.1 (and Corollary 4.1), we can set a significant
result concerning the superiority of the GVL estimator over the Lasso esti-
mator. First of all, let us notice that the set © defined by (4.2) does the link
between the considered estimators and the sparsity in the model. For the Lasso
estimator, it can be reexpressed as

0 =0, = {l€{1,...p} & £0}.
For the GVL estimator, we have
O =0qg= {l €{1,...,L} : there exists an integer jo € G, such that 3 # O},

where L = p/|logp| and G is described by (2.4). Therefore, for any 3*, the
following inequality always holds:

Card(@g) S CCL’/’d(@L).



It follows from Proposition 4.1 that, with a high probability, the GVL estima-
tor has a smaller least squared error than the Lasso estimator. This is only due
to the fact that the GVL estimator exploits more the sparsity in the model
than the Lasso.

Moreover, in the sparse case, the quantity Card(©¢) can be asymptotically
smaller than Card(©r). For example, if p = n and the unknown parameter

vector 0% = (07, ..., 3%)" is defined by

B =(1,...,1,0,...,0),
—— ——
logn n—logn

then Card(©¢) = 1 and Card(©r) = logn.
4.8 Discussion on Assumption (A2)(B)

According to Remark 3.1, Assumption (A2)(0) is clearly less restrictive than
Assumption (A2)(B) with © C B C {1, ..., L}. However, it requires the knowl-
edge of the set © by the statistician. Moreover, we understand that this as-
sumption is related to the sparsity of the model. Indeed the more sparse 3*
is, the easier Assumption (A2)(©) will be fulfilled. The best case being when
the correlations between variables in groups belonging to © and those in the
others groups are concentrated in a few correlation coefficients. The others are
set to 0.

We now introduce a new assumption which can replace, in some cases, As-
sumption (A2)(B).

Assumption (A3). Here, we exclusively consider the case where p < n. Let us
consider the p x p matriz U defined by ¥ = (X1, :E”x,k)]k For any p > 2,
there ezists a constant ¢, > 0 such that the matriz Z defined by

Z =V — ¢, diag(V),
s positive semi-definite.

Assumption (A3) is the same as in Bunea et al. [2, Assumption (A3)] which
has been introduced in the aggregation framework. We then refer to Bunea
et al. [2, Remarks 4-5] for more details. Assumption (A3) is, for instance,
always fulfilled for positive matrices X’X. It is important to notice that this
assumption can be helpful when the ”group mutual coherence” is not small
enough. In other words, Assumptions (A2)(B) and (A3) can recover different
types of design matrices.

Moreover, we can rewrite Proposition 4.1 with Assumption (A3) instead of



Assumption (A2)(B) with © C B C {1,...,L}. The only difference is the

quantity s, , which becomes s, , = 16¢,~ 1/@20271 '(logn + logp), where ¢, is

the constant appearing in Assumption (A3).

5 Proofs of the main results

[Proof of Lemma 3.1.] For the sake of simplicity in exposition and without loss
of generality, we work on the set G; = {1, ..., [logp|}. Let us notice that, for

any u € G, we have vy, , = /21 |%iu|?> = 2uV/bo. Therefore,

Z Z a]akvn ]'Un k Z zz,]xz k

JE€G1 keGy
[log p] [logp] [log p] llogp] j—1
=b' D Z ajapbn = Y o +2b5" Y0 D ajarbii
j=1 j=1 71=2 k=1
[logp] [logp] j—1
< Z |a]|2+b_ Z Z |a]|2+|a] u| )by

=2 u=l1

For any a € S,, we have Z]Llﬁpj laj|* <1 and, a fortiori,

[logp| j—1 [logp]
> D lalb, Z |a;? Zb < [[olli,
j=2 u=l1
and
[logp| j—1 ) logp]—1  [logp] ,
Z Z|aj—U| by = Z bu Z laj—u|™ < |6l -
j=2 u=1 j=u+l
Therefore,

Sup (Z Z a]akvnjvnkzxijl’lk> 1 +2b 1||b||l1) =

a€Sy j€G1 keGy

This inequality can easily be extended to any set Gj. Thus, the matrix X
satisfies Assumption (A1) with C, = 1+ 2b5||b]|;, -

[Proof of Theorem 4.1.] By definition of the penalized estimator (2.1), for any
£ € RP, we have



||Xﬂ Xp ||2 +22 Z |wnj| ‘63‘2__25 xzﬂ

=1 jeG)
<|XB-Xp5" r|2+22 > fwn 2 wj\?——Zamﬂ
=1 JjEG)

Therefore, if we chose 3 = (3*, we obtain the following inequality:

=1 JjeG, JjeG,

L
X6 — X8 n <2} { DORCHILEHEENDS Iwn,jlzlﬁjlﬂ
2 & - .
+E;€ﬂi (/6—5) (5.1)

Using the Holder inequality, on the event A, ,, we have

2 e (5-5) =23 X (5, - )

=1 jeqG;

L
<237 37w 2Vi2 |37 lwa P15 — G512

=11\ jeqG, JjEG

L
<3 [ fwasPI3 - 5P (5.2)
=1 JjEG

It follows from (5.1), (5.2) and the definition of © that

L
X8 = XBN2+ > [ D w218, = 552

=1 jeG;

L ~
<22 3 Jwagl?18 — ﬂﬂ“rQZ[ o lwngPIB5P = [ wn ;121535

JjeG; =1 jeG jeG

|

le® | jeiG; le®

=23 > lwal?l0; =GP+ 23 [ > lwngPIB;I2 = |3 lwayl?10;12

JjEG Jj€G;

By the Minkowski inequality, for any | € {1, ..., L}, we have

D wng PSS = [ TwngPIBi1> < 1D w2185 = 851

JEG JEG JEG

Therefore,

10
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L
X8 = X815+ 32 | D lwn P18 = B2 <430 > w16 — 852

=1 jeG; leo \ jeq;
<4,/Card(O) Z Z |wn,j|2|/éj — B (5.3)
€O jeG;

Now, let us bound the term Yo X jeq, [wn;]%6; — 37]. By a simple decom-
position, we have

IX6 - X312 =
2
Z Z (n_l Z |$zg|2> |Bg - /5;|2 +n7! Z (Z Z zi,j(ﬁj — /5;))
1€0 jeG, i=1 i=1 \Ig®O jeG,
+ R(©), (5.4)
where

RO©)=2>_ > > > (n_l éwm) (B = B;)(Byr = 55)

1€© I'¢0 jeG, j'€CG)

SYYY Y (z) Gy — 8By - 82)
1=(C] lll’e;é(? JjEG j’EGl/ =1

SIS <n_1 Z%ﬂ?u> (B; — B3)(By — B7).
€O jeG, j'€Gy =1
' #5

s — n A * 2
By noticing that n=! 30, (Zl€@ Yiec, Tij (B — ﬁj)) > () and

L n
[ROI<23 > > > I > wismipllBs = 518y — B,
leel'=1jeG, j'eGy =1
J'#3

the equality (5.4) implies that:

S5 way?18 - B

€O jeG,;

<2, n(IX3 = X712~ R©)) < X2 (115 - X2 + [ R(©)] )

<2, n(IX5 - XB°|2 +

L n
303D I DUTED SERERII ) 55
le®l'=1jeG, j'eGy =1
J'#3

11



Let us set IT; y = n~ ' Y0 |wp |~ Hwn /| "2 j2: ;. The Cauchy-Schwarz in-
equality yields

L
SO 1Zx,]xullﬁ] BNl = By
le0'=1j€eG, j'eGy
J'#3

L
=> > > > M pllwnllwa 185 — 81185 — Bl
€6

I'=1j€eq, j'eGy

e
L A A
ZJ STOST LR ST S Jway 2lwa 2155 — 85218 — 532
€0 V=1 ,|j€G, j'€CGy JEGL 5 €Gy
e

le® I'=1,..., jeEG ] EGZ’ =1\ jeG
J'#3

5 i 2
<sup sup JZ > |2 (Z > |wn,j|2\ﬁj—ﬁf|2)

— B(O).

Combining (5.3), (5.5), the previous inequality and using an elementary in-
equality of convexity, we obtain

L
IX8 = XBN2+ > [ D w2185 = 552

=1\ jeG

<402\, 0/ Card(O)V/]|X 3 — X 7|2 + 2B(O)
<An'? N\ [Card(©)||X B — X B2 + 4v/2n"/° X, ,\/Card(©) B(©).

(5.6)
Assumption (A2)(B), with B such that © C B C {1, ..., L}, yields
L A~
42012\, 1 /Card(©) B(© Z S Jwagl213; — 8512 (5.7)

=1\ jeaG

It follows from (5.6) and (5.7) that

1X5 = X312 < 402X/ Card(©)[| X5 — X 5.

Therefore,
IXB — XB|2 < 16n)\2 Card(O).
This ends the proof of Theorem 4.1.

12



[Proof of Proposition 4.1.] We split this proof into two parts. The first part
considers the case where 3 = $“. The second part focuses on the case where

6= p"

- The case where 3 = (3. According to Theorem 4.1, it suffices to prove that

g (m >l Vi 2 27 ) < plnp) & ),

----- jeGl

We have

L
_ -1
P(lglaXL Z |wn, ;| 72|V;]? > 27 )S;P( Z lwn ;|72 V|2 > 2 )

""" JEG) JEG)

<(p/|logp]) maxLIP’ ( 37 Jon] 72| V52 > 2—1Han‘11/10gn+logp) :
----- JjEG]

(5.8)

In order to bound this last term, we introduce the Borell inequality. For further
details about this inequality, see, for instance, Adler [1].

Lemma 5.1 (The Borell inequality) Let D be a subset of R and (n:)iep
be a centered Gaussian process. Suppose that

E <sup nt> <N and supVar(n) <Q.

teD teD

Then, for any x > 0, we have

P (sup N >+ N) < exp(—2?/(2Q)). (5.9)

teD

Let us consider the set Sy defined by S» = {a = (a;) € Z*; ¥jeq, |a;* < 1},
and the centered Gaussian process Z(a) defined by

Z(a) =Y a;Vjv,;

JE€G

By an argument of duality, we have

sup Z(a) = sup Z a;v, V; = Z |on 512 V]2

a€ES2 a€S2 b=e jeG;

Let us investigate the upper bounds for E(sup,cs, Z(a)) and sup,cs, Var(Z(a)),
in turn.

13



The upper bound for E(sup,es, Z(a)). Since V; ~ N(0,0°n72 31, |x;;]?), the
Cauchy-Schwarz inequality yields

E(sup Z(a)) ( > longl 2|V\2> <[22 ng I PE(IVS?)

a€Ss ]EGl jeGl
n

_1J > ongl 2w )? = on~ty/logp.
JEG; 1=1

So, N = on~t/logp.
The upper bound for sup,cs, Var(Z(a)). We have

Var?(Z(a)) = Z Z ajakvgjv;}fE(Vij),

Jje€G keG,

with E(V;Vy) = n7 230 S0 2y 20k E(en€,) = 0*n 230 2y jTy k. Using
this with Assumption (A1), we obtain:

sup Var(Z(a)) = o®n~? sup (Z > ajagvy o, waxu k) < Cyo’n~2

a€ES2 a€S2 j€G; keG,
So, Q = Cpo’n=2

Combining the obtained values of N and () with Lemma 5.1, for any [ €
{1, ..., L}, we have

P ( > o722 > 2_1mm_1\/logn+logp)

JEG
S Jong2Vil? > (27 — 1)on"flogn + log p + on~"y/log p
JEG
- (Sup ne = (27" = Lon™"y/logn + log p + N)
teD

<exp (27 = 1ot~ log(np)/(2Q) = (np) ¢ VC). - (5.10)

Putting (5.8) and (5.10) together, we obtain

P| max Z lwn | 2| Vi2 > 270 | < p(np)—(%l,@—l)z/(ch) = U .
=1L\ 2 ’

This ends the proof of Proposition 4.1 when ﬁ = ﬂAG,

14



- The case where 3 = 3. According to Theorem 4.1, it suffices to prove that

_ —_ _ 71&— 2 C
PLE”& XIWWWﬂWP221)§me(2 e,

..... jeaq,

i.e., due to the definition of L and G, in the Lasso definition,

e

Since V; =n ' S0 x5, ~ N(0,0*n 230 |z ;]?), an elementary Gaussian
inequality gives

P ( max [wn| Vi > 2—1> <p max P (Jwn |~ Vi] > 27)
I=1,....p =1

7777777777 D
<pexp (—n*k?A2/(80%))

— p(np>_'%2/8
_ 71‘,{_ 2 C
)@ R1R00) _

This ends the proof of Proposition 4.1 when B = BL )
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