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Fractional semi-linear parabolic equations
with unbounded data

Nathaél Alibaud* and Cyril Imbert!
January 30, 2008

ABSTRACT. This paper is devoted to the study of semi-linear parabolic equations whose principal term is
fractional, i.e. is integral and eventually singular. A typical example is the fractional Laplace operator. This
work sheds light on the fact that, if the initial datum is not bounded, assumptions on the non-linearity are
closely related to its behaviour at infinity. The sublinear and superlinear cases are first treated by classical
techniques. We next present a third original case: if the associated first order Hamilton-Jacobi equation is
such that perturbations propagate at finite speed, then the semi-linear parabolic equation somehow keeps
memory of this property. By using such a result, locally bounded initial data that are merely integrable at
infinity can be handled. Next, regularity of the solution is proved. Eventually, strong convergence of gradients
as the fractional term disappears is proved for strictly convex non-linearity.

Keywords: semi-linear equation, Lévy operator, fractional Laplacian, unbounded data, unbounded
solutions, viscosity solution, finite-infinite propagation speed, regularity, non-local vanishing viscosity
method, convergence of gradients
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1 Introduction
The present paper is concerned with the following semi-linear parabolic equation

O+ H(t,z,u,Vu)+glu] = 0 inQp:=(0,T) xRV, (1.1)
u(0,.) = wuy onRY (1.2)

where Vu denotes the gradient with respect to (wrt for short) =, H is a continuous first order non-
linearity (or Hamiltonian) and g[u] denotes a Lévy operator. An important example of Lévy operator is
the fractional Laplacian, i.e. the pseudodifferential operator defined by the symbol [£|*, 0 < A < 2: for
all Schwartz function ¢
- A
glel(@) = F~1 (|- " Fy)

where F denotes the Fourier transform. In general, Lévy operators g[¢] have the following integral form

oty == [ (ot 2) et - TET ) ante) (1)

where p denotes the Lévy measure, i.e. a non-negative Radon measure such that [‘min(1, |z|*)du(z) <
+00. It is convenient to write

1= b+ ps (1.4)

*UFR Sciences et techniques, 16 route de Gray, 25030 Besangon cedex, France. Email: Nathael.Alibaud@ens2m.fr
tUniversité Paris-Dauphine, Pl. de Lattre de Tassigny, 75775 Paris cedex 16, France. Email: imbert@ceremade.dauphine.fr




where y, is bounded and supported outside of the unit ball B, and p; is eventually singular ( [ |z|2us(dz) <
+00) and supported in B. In the case of the fractional Laplacian, the derivative of u wrt the Lebesgue
measure is ¢y (A)|z] 7V, ex(A) > 0. Hence, the first order Hamilton-Jacobi equation is perturbed by a
singular integral term. We refer to (1.1) as a fractional semi-linear parabolic equation.

By many ways, Lévy operators generalize diffusion operators. They are indeed the infinitesimal
generators of Lévy (jump) processes and Brownian motions make part of this large class of stochastic
processes. In particular, they satisfy maximum principles [16]. They appear in many models from
mathematical finance [15], biology [29, 31], combustion theory [13], continuum mechanics [3, 20], fluid
mechanics [32, 14, 24], physical science [35] etc. We can explain their extensive use in models by two
fundamental facts. First, their distribution functions decay as a power law (instead of exponentially
fast). Secondly, Lévy operators can appear when dimension is reduced; for instance, in [3], the geometric
motion of a curve of defaults in a crystal is obtained by considering the Dirichlet to Neumann operator
associated with the elliptic linear elasticity equation.

The study of fractional non-linear equations have attracted a lot of attention since more than thirty
years and the literature is now rapidly growing as far as fractional non-linear elliptic and parabolic
equations are concerned. A relevant example comes from the study of stochastic control of jump processes.
Equation (1.1) can be interpreted as the Bellman equation of such an optimal control problem if there
is no control on the jumps. Maximum principle techniques are used for instance in [9, 23] in order to
construct solutions in Sobolev spaces. Soner [34] first used the weak notion of viscosity solution to deal
with more general non-linear equations. Indeed, viscosity solution theory provides a good framework and
there is a important literature about it; see for instance [33, 4, 28, 6, 7] and references therein. A second
class of non-linear equations is the one composed with fractional scalar conservation laws [10, 11, 1, 2].
We would like also to mention the books by Garroni and Menaldi [21, 22] about linear equations.

The aim of this paper is to study Equation (1.1) in full details. In particular, existence, uniqueness
and regularity of solutions are investigated. Because of several applications we have in mind, one of our
goal is to be able to deal with unbounded initial data ug (See (1.2)). For instance, if Equation (1.1) is seen
as the Bellman equation associated with a control problem involving jump processes, a natural initial
condition is up(z) = max(0,z — K).

In [25], such a Cauchy problem is studied with ug € L in the case of the fractional Laplacian with
A > 1. Regularizing effects are exhibited: with bounded Lipschitz continuous initial data, the solution
turns out to be C? in space en C! in time. We will see that these results are easily extended to the case
of sublinear initial data, i.e. functions ug for which there exists C' > 0 such that for all z € RV

uo(z)] < C(1 + [z]).

Computations next suggest that even superlinear initial conditions can be handled. Precisely, if wug
satisfies for all 2 € RV ,
lug(2)] < C(1+ [z) (1.5)

for a suitable A > 1 and constant C' > 0 (we say that such a function is superlinear), assumptions on the
non-linearity can be modified in order to prove a comparison principle; roughly speaking, the dependence
in x of H is relaxed and the one in p is strengthened. See the introduction of Section 3 for a more
detailed discussion about assumptions on H. Jakobsen and Karlsen [28] developed a general theory for
second order parabolic non-linear integro-differential equations. In particular, they establish comparison
results and continuous dependence estimates. Because of the dependence of H on the Hessian of u, their
arguments are more involved. In our case, classical techniques work with minor modifications and more
general assumptions (a modulus of continuity appear in Assumptions (B2) and (B3) instead of a Lipschitz
constant; (B2) can be local in « and u).

As far as the superlinear case is concerned, Condition (1.5) ensures in particular that the following
uniform integrability condition is satisfied by the continuous function ug:

/ (sup u()) wp(dz) < 400 (1.6)
Bi(z)



where py, is the bounded part of p (it is introduced in (1.4)). The third class of unbounded initial data
up we can treat corresponds to assuming that ug satisfy the uniform integrability condition (1.6). If
assumptions of the superlinear case are strenghtened, existence and (strong) uniqueness can be proved
for (1.1). Moreover, a local L™ bound is derived. We next make assumptions on the non-linearity
ensuring that the associated first order Hamilton-Jacobi equation (with no integral operator) propagates
perturbations of ug with finite speed. This means that the solution at a point (¢, z) only depends on the
value of the initial condition on a ball centered at z and of radius proportional to ¢ [30, 26]. Following
an original idea of the first author [1], we show that, for initial condition satisfying (1.6), the solutions of
(1.1) keep memory of this finite speed property, even if perturbations now propagate with infinite speed.
Precisely, we prove that if v and v are solutions of (1.1) associated with initial data ug and vg, then

u(tx) = o(t,2) S K(t)« sup (uoly) — voly)) (@)
ly—-|<Cat

Following [1], such a property is referred to as a finite-infinite propagation speed property. Let us make

an important remark: this last result only relies on the fact that the perturbation operator has a positive

Kernel (or Green function) and it can also be applied to any Lévy operator, including the Laplacian. In

this latter case, we recover (more or less) classical results where (1+|z|Y+*)~1 is replaced with exp(—|z|?).

We previously mentioned that the fractional Laplacian has a regularizing effect for A > 1. The results
we obtain here in the sublinear framework are in the spirit of those of [25] and the proofs rely on them.
They are obtained in the case of a Lipschitz continuous initial datum wug. As far as superlinear initial
conditions are concerned, we give two different results: the first one asserts the C* regularity in space of
the solutions for superlinear initial conditions that are locally Lipschitz continuous and for a non-linearity
whose Lipschitz constant in p can depend linearly on |x|. If this assumption is strengthened, then C*:!
in space solutions are obtained even for initial conditions that are not locally Lipschitz continuous.

We finally consider the case where the non-local part of Equation (1.1) vanishes. Precisely, we consider

ot + H(t,z,u®, Vu) +eglu®] = 0 inQr, (1.7)
u(0,.) = wuy onRY (1.8)

with ug (locally) Lipschitz continuous and let € go to 0. The theory of viscosity solution ensures that
the regular solution u® converges as ¢ — 0 locally uniformly towards the (locally) Lipschitz continuous
solution u° of (1.7) with e = 0. Hence, the sequence {Vu®}.~q converges towards Vu in the distribution
sense but it is not clear if strong convergence in L} ., p > 1, can be obtained. We prove it in the case
where the non-linearity is strictly convex with respect to the gradient variable by using Young measure
techniques. Let us mention that the result about the convergence of gradients remains true if the non-
local operator is replaced with the Laplacian. Strong convergence of sequences of gradients appear in
[18] in the context of non-linear elliptic equations in the divergence form. To the best of our knowledge,
there are very few results in the literature as far as Hamilton-Jacobi equations are concerned and we did
not find any references. To finish with, we shed some light on the fact that the proof only relies on local
gradient bounds and the strict convexity of H in p.

Let us mention that we decided to present most of our results with the classical fractional Laplacian
instead of a general Lévy operator to avoid blinding technicality. If general Lévy operators are at stake,
most of the results can be adapted if assumptions are properly translated. For instance, Condition A €
(0, A) in the sub- and superlinear cases should be replaced with

/|zlxdub(z) < +o0

and the results of Subections 3.1 and 3.2 remain true under this assumption. As far as regularity results
of Section 4 are concerned, the techniques of [25] we use there only rely on the fact that the Kernel of
the fractional Laplacian satisfies

sup t%/ (1+ |2 VE (£, 2)|dz < 400
t€[0,T] RN



for all M € [0, ). As far as the integrable case is concerned, strong uniqueness result and existence for
instance rely on the construction of barrier functions (see Lemma 2.5.2). We are convinced that such
a construction could be done for a large class of Lévy operators, if not for all of them. See also [7] for
further discussion.

The paper is organized as follows. In Section 2, norms and function spaces that are used throughout
the paper are introduced. Next, the definition of a viscosity solution for (1.1) is given and technical results
related to this notion of weak solutions are stated. We also recall in this section some useful properties
of the kernel associated with the non-local operator. Section 3 is devoted to existence and uniqueness
results and gradient estimates in the three frameworks described above. In Section 4, we investigate
regularity issues in the sublinear and the superlinear cases. Next, a non-local vanishing viscosity method
is considered in the last section; in particular, gradients are proved to converge strongly in L¥  p > 1, in
the case where the non-linearity is strictly convex with respect to the gradient variable. Eventually, we
gathered in Appendices several (more or less) classical proofs for the reader’s convenience; a list of the
different assumptions used throughout this paper is also given just before references.

Notation. We let | - | denote the Euclidian norm, Bg(x) denote the open ball of RY centered
at x of radius R and Bp denote the ball Br(0) and B denotes the unit ball B;. For any real r, we let
r* := min{r, 0} denote the positive part of r and 7~ := (—r)" its negative part. A modulus (of continuity)
is a non-decreasing function m : RT™ — R™ such that lim,_om(r) = 0 and m(r + s) < m(r) + m(s) for
every r,s > 0.

For a Lévy measure p with a density M with respect to the Lebesgue measure, u; denotes the non-
negative bounded measure whose density is 15.M. The space of integrable function on RN wrt sy, is
denoted by L*(RY™, u3). If now ps denotes 1 — pip, one can check that (1.4) holds true.

Acknowledgement. The authors thank the referee for the careful reading and for meaningful re-
marks that yield to a substantially improved version of this paper.

2 Preliminaries

This section is devoted to definitions and technical tools that are used throughout the paper. We
first introduce notation for norms and function spaces (Subsection 2.1), we next recall the definition of
viscosity solutions for fractional semi-linear parabolic equations (Subsection 2.2). In Subsection 2.3 are
gathered technical results related to stability issues. Subsection 2.4 is devoted to the properties of the
Kernel K (or Green function) associated with the Lévy operator g[-] used in the proofs of the main results.
The last subsection defines the notion of uniform integrability related to Condition (1.6) and gives some
basic properties.

Let us mention that we assume throughout the paper that the function H : [0, 7] x R¥ x Rx RY — R
is continuous and that A € (0,2).

2.1 Norms and function spaces

Data. Consider functions ug : R™Y — R. The space of continuous (resp. uniformly continuous) functions
ug is denoted by C(RY) (resp. UC(RY)). For ug € C(RY), M € (0,)) and 8 € (1,)\) (if A > 1), define

the norms and semi-norm

[uo ()]
U ;o= SuUp —— s,
[[uollo, SIS
[uo(x) — uo(y)|
[uol, 5 = sup - -
Lo aerN, ary (L4207 + [y|P= )]z — y|’
luwolli,s == lluollo,s + [uoly g




and the associated function spaces

CLRY) = {ug€ CRY) : Juollo < +oo},
Clg’l(RN) = {UO S C(RN) : Hu()”l,ﬁ < +OO} .

In discussions, CY,(RY) and Cg’l(RN ) are respectively denoted CY, and C’g’l for short.

Solutions. Consider functions u : Q7 — R where Q1 := [0, T] x RY. Define the norms

1,8

[ullor = sup [u(t, o and [luf1p:= sup lu(t,-)
t

) telo,

and the associated function spaces

CU(@r) = {ueC@r):lullon < +o0},
C3 @r) = {ueC@r): lulis < +o0} .

In discussions, C%,(Qr) and C’g’l(@T) are respectively denoted C9, and C’g’l for short.

2.2 Viscosity solutions for (1.1)

Let us introduce the notion of viscosity solution to (1.1). Even if this weak notion of solution is
nowaways well known, we would like to recall some basic facts about it. First, a weak notion of differ-
entiability is obtained by “touching” (from below or above) a semi-continuous function u with smooth
test-functions ¢. Secondly, it is very easy to pass to the limit in non-linear terms with this notion of
solution [8]; in other words, good stability results are available. Thirdly, it is possible (and we will do
so later) to prove strong uniqueness results; they are obtained under the form of comparison principles.
To finish with, existence of solutions is generally proved by using Perron’s method [27]. For a general
introduction, the interested reader is referred to the survey [17] or to the book [5] for instance.

We now turn to the definition of viscosity solution for Equation (1.1). Following [25], we will use
an appropriate notion of parabolic sub- and supergradients to define viscosity solutions of first order
integro-differential equations.

Definition 2.2.1 (Parabolic supergradient). Let u : Qp — R be upper semicontinuous (usc for short).
Then, (a,p) € R x RY is a (parabolic) supergradient of u at (t,x) € Qr if there exist 7 > 0 and o > 0
such that for all s € [0,T] and all y € B,(z):

us,y) < ult,z) +als =) +p-(y— ) +olly — ) + o(ls — 1)), (2.1)

where # —0asl—0F.

In the following, 87 u(t,z) denotes the set of all supergradients of u at (¢,z) and it is referred to as
the superdifferential of u at (¢,z). If u is lower semicontinuous (Isc for short), we then define (parabolic)
subgradients and subdifferentials by dpu(t,z) := —0F (—u)(t, z).

We can now introduce the notion of viscosity solution to (1.1) in the spirit of [7]. We do it for the
following general class of functions

o) = {u 0 — R st. 30 € C2RY) N LY RY, ), V(t,2) € Qp, vt (t,z) < @(x)}

where 1 appears in (1.4) (see also the end of the Introduction). We will consider solutions that lie in
C:=CctncC .

Let us mention that we will consider different subspaces of C: sublinear functions, superlinear ones
and uniformly integrable ones (see below for a definition).

We now can give the definition of a viscosity solution of (1.1).



Definition 2.2.2 (Viscosity solutions for (1.1)). 1. A usc function u € C* is a wviscosity subsolution
of (1.1) if for all (¢,z) € Qr and all (a,p) € 0 u(t,z),

a+ H(t z,u(t,z),p) + g[u](t,z,p) <0, (2.2)

where glu](t,z,p) == — f]RN\{O} (u(tw +z) —u(t,z) — %) du(z).

2. A lsc function u € C~ is a wviscosity supersolution of (1.1) if for all ({,xz) € Qr and all (a,p) €
Opu(t,x),
a+ H(t,z,u(t, x),p) + g[u](t,2,p) = 0.

3. A continuous function u € C is a wiscosity solution of (1.1) if it is both a viscosity sub- and
supersolution.

Remarks 2.1. 1. Notice that the integral term g[u](¢, x,p) makes sense since its integrand is p-quasi-
integrable, thanks to (2.1) and to the integrability condition on w at infinity. Actually, it is u-
integrable because of (2.2). Such an idea already appears in [25]. See also [7] for a complete
discussion.

2. If X € (0,1), then we obtain an equivalent definition by replacing the notion of (parabolic) super-
gradients with the one of first order Fréchet supergradients.

2.3 Stability results

This subsection is devoted to classical and technical results related with stability issues. It contains two
technical lemmata that are used in the proofs of comparison principles. It also contains a discontinuous
stability result that permits to pass to the limit in the equation in a very weak sense. Sketches of the
proofs of these results are given in Appendix A. The reader can easily skip this technical subsection since
it is not necessary in the understanding of the statements of the main results.

When proving comparison principles, we must show that subsolutions u lie below supersolutions v.
In order to do so, we consider M = sup(u — v) and, in order to get viscosity inequalities, the number of
variables is doubled and this doubling is penalized. Lemmata 2.3.1 and 2.3.2 are related to the doubling
of the time variable.

In order to state and use these lemmata, we need to introduce the closure of sub- and superdifferentials.

Definition 2.3.1 (Limiting subgradients). For u usc, 5Pu(t, ) denotes the set of (a,p) € R x RY such
that there exist 7,0 > 0 and a sequence ((tn,Zn,@n,Pn;Tn,n)) ey Such that (a,,pn) € O u(ty, z,),
with (2.1) holding true with the constants r,,0, > 0, and such that (¢,,z,, w(tn, Tn), Gn, Pr, Tn, On) —
(t,z,u(t,x),a,p,r,0) as n — +00.

We then define dpu(t,z) := —EP(—u)(t,a:) for u lsc.

Lemma 2.3.1. If u € C* is a wviscosity subsolution of (1.1), then (2.2) holds true for all (t,z) €
(0,7] x RN and all (a,p) € gpu(t,x).
Remark 2.1. Remark that, passing to the limit in the equation, we conclude that the integrand of the

integral term g[u|(¢, z,p) is p-quasi-integrable with g[u](¢, z,p) < +00. Nevertheless, it could occur that
glu](t, z,p) = —oo; in that case, (2.2) holds true in R U {—oc}.

Lemma 2.3.2. Let u € CT and v € C™ be, respectively, a sub- and a supersolution of Equation (1.1).
Let ¢ : [0,T] x RN x RN — R be smooth and such that the supremum

M := sup (u(t7$) - U(t7 y) - (b(ta Z‘,y))
[0,T] xRN xRN



is achieved at some point (t,T,7). There then exist a,b € R such that
- P
(a/a Vm¢<t7 z, y)) € 0 U( 5$)7
(b, —Vy0(1,7,7)) € Opv(t,7)
and a —b = 0;¢(t,Z,y). Moreover,
9] (1,7, Vyo(t,7.9)) — glu] (1,7, V20(L, 7,7))

< / (¢>(t,x F2,g+2) - 0(E,3,5) - et YW BT 2
RN

L4 [z[?

) du(z). (2.3)

Remark 2.2. Following the previous remark, (2.3) holds true in R U {4+oc0}. But, this lemma will be
used with ¢ such that the last integral term of (2.3) is finite; hence, so will be the integral terms
gl] (1.9, Vy¢(t.7,7)) and g[u] (1.7, V20(1,7.9)).

We now turn to the discontinuous stability result. When dealing with non-linear equations, it is crucial
to be able to pass to the limit in the non-linear terms in an appropriate sense. It turns out that it is very
easy to do so when working with viscosity solutions. Indeed, Barles and Perthame [8] remarked that the
so-called relaxed lower/upper limits of a family of super-/subsolutions is still a super-/subsolution (see
below for a precise definition). It is also classical to prove that the supremum of a family of subsolutions
is a subsolution of (1.1). This result is useful to prove existence by the classical Perron’s method.

Let us make precise the definition of relaxed semi-limits. Let us recall that if O is a nonempty subset
of RM, then the relaxed upper limit of a sequence of functions u,, : O — R is defined as follows

limsup* u,(z) = limsup  wu,(y).
n—+o00,03y—ax

The relaxed lower limit is defined by lim inf, u, := —limsup*(—u,). We then have the following result.

Proposition 2.1 (Discontinuous stability). Let (uy), be a sequence of subsolution of (1.1) such that
there exists ® € C2(RN) N LY(RY, uy) with

Vn eN, V(t,z) € Qp, un(t,z) < ®(x).
Then limsup® u,, is a viscosity subsolution of (1.1). Moreover,
(lim sup” u,, )(0,.) < limsup*(u,(0,.)) (2.4)

where the relaxed upper semi-limit of the left-hand side is computed wrt time and space while the one of
the right-hand side is only computed wrt the space variable.

Remarks 2.2. 1. An analogous result for supersolution can be easily stated and proved. Hence one
can pass to the limit in (1.1) wrt the local uniform convergence of sequences of solutions.

2. Inequality (2.4) implies that if ug is an initial condition, then the notion of subsolution of (1.1)-(1.2)
(the initial condition being replaced with w(0,.) < ug) is stable by passing to the upper semi-limit.
Such a property will be used to prove the convergence of a sequence of solutions under only L7,
estimates, by the so-called technique of the relaxed semi-limits (see [8]).

2.4 The kernel associated with the non-local operator

The semi-group generated by g is formally given by the convolution with the kernel defined for ¢ > 0
by K(t,-) := }-71(64\4*). It is well-known that K satisfies the following properties (see [19] and the item



1) of the remarks below):
K(1,-) € Cp°(RY) n W L(RY) is positive and [px K(1,-) =1,
K(t,x) =t NAK (1,7 2),
K(t, ) * K(s,-) = K(t +s,).

To deal with unbounded solutions, we need the following estimates

/T/ (14 2K (t2)de < oo, (2.5)
0 RN

Ky = sup t%/ (14 M) VE (L 2)lds < +oo, (2.6)
t€[0,T] RN

for all X' € [0,\). These estimates follow immediately from the homogeneity property and the lemma
below.

Lemma 2.4.1 ([12]). Consider A € (0,2). There exists Cy > 0 such that, as |x| — +oo, we have:
K(1,z) ~ Cilz[ ™V, [VEK(1,2)| = O (|2|7¥7*71) and |g[K (1, )](2)] = O (][~ 724).

Remarks 2.3. 1. In [19], it is only proved that K is non-negative. But in [2], it is proved that it is
radially decreasing. Combining this result with the ones of Lemma 2.4.1 permits to conclude that
K cannot vanish.

2. Actually, one have results similar to the ones of Lemma 2.4.1 for the derivatives of all order.

2.5 Uniformly integrable functions

In this subsection, we give the definition of uniform integrability of a function (with respect to py)
and give some basic properties.

Definition 2.5.1 (Uniformly integrable function). Let ug : RY — R be locally bounded. We say that
ug is pp-uniformly integrable if there exists R > 0 such that

/ sup |ug| dup(z) < 400 . (2.7)
RN Bgr(z)

Remark 2.3. We will use this notion for locally bounded functions u : @, — R. In this case, we investigate
either sup;cpo 1 |u(t,-)| is pp-uniformly integrable or not. If yes, we simply say that w is up-uniformly
integrable in space uniformly wrt time.

Here is a result that makes precise the structure of such functions.
Lemma 2.5.1. If ug is pp-uniformly integrable, then (2.7) holds true for all R > 0.

Proof. Let R >r > 0. For z € RV, there exists y. € Bg(z) such that Bz (y.) C Br(z) and

sup |ug| = sup |uol.
Br(2) Bz (y:)

C(R,N,A) .

TH N~ hence,

For y € Bg (yz)a we have B% (yz) C Br(y) and 1+|Z1|N+>\ <

SUpg, (y) |uo]

SUP () [Uo] < C(R,N, ) Y|

L+ |z|N+A — 1+




and integrating wrt y € Bz (y.) yields:

SUPBR(z2) |uo SUPB,.(y) |uol
Br| —2%~— < C(R,N,\ —_—
Bl T oy TH I

Supg, (y) ol
aam»/‘ P8y 701
Br(» L+ [yN A

dy,

IN

Let us now integrate wrt z € RV.

dz Supp, (y)| uo|
Br / sup |u < C(R,N,\ / / dydz,
1Bs] NBR(Z)| o 1+ |2V RN JBr(z) L [yNT

dz )
1+ [z|N+A7

N

C(R, N, \)|Bx| / sup [uo|
RN B,.(z)
the last line is obtained by integrating first wrt z. Since a locally bounded function is integrable wrt p
if and only if it is integrable wrt to ngﬁ, the rest of the proof of the lemma is obvious. |
Let us now construct barrier functions that allow to develop a viscosity solution theory.

Lemma 2.5.2 (Construction of barriers). Let ug : RN — R¥ be a usc and uy,-uniformly integrable.
Then, there exists ®[ug] € C(RN) positive, uy-uniformly integrable and such that

Ve € RN, ug(z) < ®fug(z), (2.8)
uo(x)

|ff\i’H-&1-oo Dlup)(z) 0, (2.9)

[V®[ul + [g[®[uol]] < CnAP[uo], (2.10)

for some positive constant C x that only depends on N and .

Remarks 2.4. 1. We will use this result for usc functions u : Q7 — R* that are yp-uniformly integrable
in space uniformly wrt time. In this case, we apply it to SUP4e(0,77] u(t, ) and ®[u] simply denotes

the barrier function ® [SUPte[o,T] u(t, )}
2. In view of the proof below, one can check that if © < v then ®[u] < ®[v].

Proof of Lemma 2.5.2. Define the positive bounded Borel measure v := (supBl(z) uo) dpp(z). Consider

an increasing sequence r, — +oo such that r, 11 > r, + 1/2 and
W(BC ) < & y(RY)
Tn/ — n3 :

For r > 0, define
Fr) = o g1/2) + Y0 Urs1/2m00041/2)-

n>1

Notice that f > 1, it is non-decreasing and such that lim, . o f(7) = 4+00. Define now for x € RV,

O(z) = f(l=]) Sup uo



Notice that ® is pp-uniformly integrable; indeed,

/ sup @ | dup(z) < / f(lz[+1/2) (Sup uO> dun(2),
RN RN

B (2) Bi(z)
2

[ 11+ 172) dot),
RN

= v(B,)+ Z nv(By,,, \ Br,),

n>1

S V(BT1)+ZHV(B$n)a
n>1

< vB)+ Y % V(RY) < +oo.
n>1

Write now @ := K(1,-) « ®. This convolution product is finite, thanks to Lemma 2.4.1, which shows
that the kernel of g and the density of p behaves the same way at infinity (up to a positive multiplicative
constant). Moreover, the asymptotic properties of the derivatives of K and the theorem of derivation
under the integral sign ensure that ® € C°(RY) with V& = (VK(1,-)) * ® and g[®] = g[K(1,-)] * ®;
notice that g[%] is well-defined since we will prove below that P is p-uniformly integrable thus a fortiori
up-integrable. We have proved in particular (2.10), since adding to the positivity of ®, Lemma 2.4.1 also
implies that |[VK(1,-)| + |g[K(1,-)]| < CnyK(1,-).

Let us now prove that ® is pp-uniformly integrable. We have:

sup @ < K(1,-) * sup ®;

Bl(') Bl(')
indeed, for z € R,
sup o = sup K(1,y)®(z — y)dy,
By (z) z2€B1(z) JRN
< K(lv y) sup (I)(Z - y)dya
RN 2€Bi1(x)

K(l,y) sup &(2)dy,
RN z'€B1(z—y)

= K(1,)x (sup <I>> (z).

Bi(+)

Remark that Lemma 2.4.1 implies that p, < CK(1,-). Moreover, K(1,-) is even and K (1, )« K(1,-) =
K (2,-). Hence, it follows that

/ sup ® duy(z) < C sup ® K(1,—z)dz
RN By (z) RN Bi(z)
= CK(1,") * sup ® (0)
Bi()
< CK(1,)*K(,-)* sup ® (0)
Bi(")
= CK(2,-)* sup @ (0)
Bi()

c sup ® dup(2);
RN Bl(z)

IN
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the last line is obtained by using the homogeneity property of K which shows that K(2,-) behaves as
K(1,-) and a fortiori as the density of u at infinity (up to a positive multiplicative constant). Recalling

now that ® is up-uniformly integrable, we deduce that so is ®.
What is left to prove is (2.8) and (2.9). We have

P(x 2/ Kl,x—z@zdzze( inf tbz)
) By (2)n{|2]>]e|} ( o zilz=2|<1/2,|2 2 o] ¥

where ¢ := inf.cp, K(1, —2) with E; := Bi(z) N {[z] = ||} — 2. Since K(1,-) is positive and radial, ¢ is
a positive constant that does not depend on . On using the definition of &, we get

d(x)>e¢ inf z|) sup u > e f(|z]) ug(x).
SR CCIF LR B CRE
One can check that ®[ug] := %EI; satisfies all the desired properties. |

To finish with, let us give an example of non-trivial uniformly integrable function.

Ezample 2.5.1. Define e; := (1,0,...,0) € RY and let z; denote the variable on the ej-axis of RY.
Consider the function defined by:

uo(m) = Z 1B1(n2el)(x) |$1|N_1+>\.

Then ug is uniformly integrable wrt up,, but does clearly not belong to CY. Moreover, if N > 2, then ug
does also not satisfy the following integrability condition:

/sup luo| dup(z) < +oo. (2.11)
Bz

3 [Existence and uniqueness of unbounded solutions for (1.1)

In this section, we construct a unique unbounded solution of (1.1),(1.2) for unbounded initial datum
ug. In order to do so, different assumptions on the behaviour of ug at infinity are made: we will distinguish
the cases of sublinear data, superlinear ones and “uniformly” ;- integrable data. Precisely, we assume
that ug satisfies one of the following condition

uo(2)] < C(1+ z]),  |uo(w)] < C(L+|z[*) or / sup_|uo(2)| dpp(z) < 400
RN BR(Z)
for some C' > 0, M > 1 and R > 0. We use the weak notion of viscosity solution in order to get uniqueness
for instance. As mentioned in the introduction, the assumptions on the non-linearity H vary from one
case to the other.

Before treating each case successively, we would like first to discuss the different sets of assumptions we
need. To make it clear, let us assume that H is locally Lispchitz continuous, even if this assumption can
be relaxed a bit (compare (A2) and (A2’), (B2) and (B2’)). As far as the behaviour wrt u is concerned,
we classically assume that the Lipschitz constant of H is bounded from below. The way H depends on
(z,p) differs from the sublinear case to the superlinear one. If comparison principles are at stake, the
Lipschitz constant of H in x has to be sublinear in p. But in the superlinear case, this constant can be
local in # which is not the case in the sublinear case (compare (A2) and (B2)). Similar differences about
the behaviour in p appear (compare (A3) and (B3)). These differences can be understood by looking
at the proof arguments: in the sublinear case, the penalization in space parameter vanishes before the
doubling variable penalization one and it is the contrary in the superlinear case. In the latter case, in
order to get local bounds for instance, the behaviour of the coefficients must be prescribed (see (B2’) and
(B4)). If finite propagation speed is expected for the pure Hamilton-Jacobi equation, the Hamiltonian H
has to be assumed globally Lipschitz continuous in p.

11



3.1 The sublinear case

We first consider uniformly continuous initial data. This implies that we expect solutions to be
sublinear at infinity i.e. to lie in CY. Naturally, for the range of exponent A € (0,1], we consider data
and solutions that lie more precisely in C9, with X' € (0, \). As far as the non-linearity is concerned, we
assume that:

(A1) There exists v € R such that for all z € RN, u,v € R, u < v, pe RV, t € [0,T],

H(t,x,v,p) — H(t,z,u,p) > v(v —u).

(A2) There exists a modulus of continuity m such that for all z,y € RV, u € R, p € RV, t € [0, 7],
|H (t, 2, u,p) — H(t,y,u,p)| < m((1+[p])]z = yl).

(A3) For all R > 0, there exists a modulus of continuity mpz such that for all z € RN, uw € R, p,q € Bg,
t e 0,17,
|H (t,2,u,p) — H(t,z,u,q)] <mg(lp—ql).
Remark 3.1. Tt is classical that through a change of unknown function in the equation (namely, U (¢, z) :=
e~ (min{v, 03Dt 4,4 1)), (A1) reduces to the following assumption:

(A1) Forallz e RN u,v e R, u<v,pe RN t € [0,T], H(t,z,v,p) — H(t,z,u,p) > v — u.

For the sake of simplicity, the results of this section are proved under (A1’) without changing explicitely
the unknown function.
We obtain first a comparison principle. Its proof is given in Appendix A.3.

Theorem 3.1 (Comparison principle). Assume (A1)-(A3). Let X € (0,11 N (0,A) and ug € UC(RN) N
CY (RN). Let u and v be, respectively, a sub- and a supersolution of (1.1) such that

wt(t, x) v (t,x)
sup —— 5 <+oo and sup ————7 < +00.
0,7)xr~ 1+ [Z] 0,7)xr~ 1+ 7|

Then u < v whenever u(0,.) < ug < v(0,.).

We now focus on existence issue and provide a LS. bound on the solution. We need to prescribe the
behaviour at infinity of the source terms of the equations for the range of exponent A € (0, 1] (see Remark
3.2 below).

(A4) There exists a constant C such that for all x € RV,

sup |H (t,2,0,0)] < Co(1 + |z[*).
[0,7]

Theorem 3.2 (Existence and Ly, estimate). Let X' € (0,1] N (0,\). Assume (A1)-(A4). Let ug €
UCRM)NCY, (RYN). There then exists a (unique) viscosity solution u € C%,(Qr) of (1.1)-(1.2). Moreover,
there exists a constant M only depending on ||uollo,x and Cy from (A4) such that ||ullox < M, i.e. for
allt € (0,T) x RN

u(t,@)| < M(1+ |z[*) .
Remark 3.2. If A € (1,2), then (A2) implies (A4).
In order to get a gradient estimate, Assumption (A2) is strenghtened.

(A2’) There exists a constant C; > 0 such that for all 7,y € RN, u € R, p € RY | t € [0,7T],

\H(t,x,u,p) - H(tay7u7p)| S Cl(l + ‘p|)|$ _y‘

12



Theorem 3.3 (Gradient estimate). Assume (A1),(A2°),(A3). Let X' € (0,11 N (0,A) and uy € C3,(RY)
be Lipschitz continuous. Then, if u € C3,(Qr) is a viscosity solution of (1.1)-(1.2), then u is Lipschitz
continuous wrt the space variable; moreover there exists a constant M, only depending on ||Vugl|s and
Cy from (A2’), such that |Vul|eo < M.

The proofs of the existence and the gradient estimate can easily be adapted from [25] and are left to the
reader.

3.2 The superlinear case

We now turn to the superlinear case (1.5). In order to deal with A > 1 and initial conditions that
are not sublinear anymore, the assumptions on the non-linearity H need to be adapted, in particular its
regularity wrt the x and p variables. But even in the case A < 1, we exhibit different conditions on the
non-linearity H that ensures the well-posedness of the problem.

(B2) For all R > 0, there exists a modulus of continuity mp such that for all z,y € Bg, u € [-R, R],
peRYN, tel0,T],
|H(t, @, u,p) — H(t,y,u,p)| < mr((1+[p)|lz—yl).

(B3) There exists a modulus of continuity m such that for all x € RN, u € R, p,q € R, t € [0,T],

|H(t,x,u,p) — H(t,z,u,q)] <m((1+ |z])]p — ql).

In this framework, the comparison principle holds true for sub- and supersolutions with (eventually)
superlinear growth.

Theorem 3.4 (Comparison principle). Assume (A1),(B2),(B3). Let X' € (0,\). Let w and v be, respec-
tively, a sub- and a supersolution of (1.1) such that

u(t, )

v(t, x
p MbD) (t, x)
(0,7]x&N 1+ ||

<400 and inf ———>—-c.
[0,7]xRN 1+ |z|*

Then u < v whenever u(0,.) < v(0,.).

Proof. Let M := supjg r)xg~ (4 — v). We must prove that M < 0. Let us assume the contrary and let
us exhibit a contradiction. Let A € (X, A) and v be a non-negative constant that will be appropriately
chosen later. Consider two parameters ¢, > 0 and define

)\7//
| Y U W )

Ma,n = sup (u(t7 LC) - ’U(t7 y) - % A

[0,T]xRN xRN
Since for all > 0:

|z —y|? +n(1 + |=]?)

A//

2

im y = 400, 3.1
(@) —+oo (14 |+ [y[)A (31

there exists (£,Z,7) € [0,7] x RN x RY where the supremum is attained. There exists 79 > 0 such that
for all e > 0, M, ,,, > M/2 > 0. Moreover,

2e o Y

e~0RN ¥ RN

— |2 1 2%”
lim sup <U(07$)—v(0,y)_|x y| . (+|$|) )

1+ |zf2)%
= sup <u(0,x) —v(0,z) — no(—Htz> <0
RN N/
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and it follows that ¢t # 0 for € small enough. By Lemma 2.3.2, there exist
(a,p M ) f) €0 u(t,?),
(bvp) € 5131)(%, y)

2y A _
with a — b :'ynoeﬁ(le\#, p= % and

_ - _ 1" _o e"/z "
gl E.7.p) — glul (EZ.p+me (1 + 1317 7) < —Bg |1 +]- )7 | @

Subtracting the corresponding viscosity inequalities and using (A1’) (see Remark 3.1), we get

< HEL.j,u(t,7

~

D)

- _ — "_ e’Yf "
—H (L3, 3).p+moe (14 30T 7) - B [+ ¥ ] @),

By (3.1), there exists R > 0 that depends on 79 but not on 0 < ¢ < 1 such that Z,7 € Bgr and
u(t,T) € [-R, R]. By (B2) and (B3), we get

(1 + [Z2) I e 7
M/2+v770—( /\,|,|) < mg Iw—y\+7| €y|

7 9\ o’ AT
+m (2 (1 + (7)) - Bg |1+ 17| @)

By Lemma B.0.1 in Appendix B, the function g[(1+ |- |2)AT”] is bounded. If C' denotes its L norm and
v =C+2)\'K (where K is an arbitrary positive real number), then

= _ 7|2 — " — "
Mf2 < mp <|f— g+ M) +m (2m0e (1 + [7) 7 ) = 2Km0e” (1 + [72)%
€
I |
< mg |xfy|+? + sup (m(r) — Kr). (3.2)
r>0
75|

Classical arguments allow to prove that lim._, = 0, since 1ng is a fixed positive number. The limit
as € — 0 thus yields M/2 < sup,.o (m(r) — Kr). Taking the infimum wrt K > 0 gives the contradiction
0 < M/2 < 0. The proof of Theorem 3.4 is now complete. [ |

Theorem 3.5 (Existence and L{5, estimate). Let X' € (0,\). Assume (A1),(B2),(B3),(A4). Let ug €
C%,(RN). There then ezists a (unique) viscosity solution u € C%,(Qz) of (1.1)-(1.2). Moreover, ||luljo» <
M, i.e. for all (t,z) € (0,T) x RN

ult, )| < M(1+ (oY)
where M is some constant that only depends on |ugllo,x', Co from (A4) and m from (B3).

We do not give an explicit proof of this result, since it is similar and easier than the one we will give
for the existence of solutions with integrable initial data (see next subsection).

We now turn to gradient estimates. To get some, we need to make precise the way the derivative of
the non-linearity H wrt « depends on |z| (see R in (B2)) and to strengthen a little bit (B3).

(B2") There exists a constant C; such that for all z,y € RY, u € R, pe RV, t € [0,T],

|H(t,2,u,p) — H(t,y,u,p)| < Cr(1+ [z~ + [y "+ |p)]z — yl.
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(B3’) There exists a constant Cy such that for all ,y € RN, u € R, p,q € RN, t € [0, T],

Theorem 3.6 (Gradient estimate). Let A\ € (1,2) and N € (1,)). Assume (A1),(B2°),(B3’). Let
up € CUHRN). Ifu € CY,(Qr) is a viscosity solution of (1.1)-(1.2), then u € CY' (Qp) and there exists
a constant M, only depending on ||ug||1,x, C1 from (B2’) and Cs from (B3’), such that ||ul|1,x < M.

Proof. Consider a parameter € > 0 and define u®(t, z) := sup,cgn (u(t7 y) — e”t%) with

« = max {201 F 1,40V — 1)+ [ gl + - 2 floe + 1} (3.3)

where C and Cy appear in (B2’) and (B3’). It is easy to see that u® is continuous and such that
SUP[o, 7] xRN % < +4o00. Let us prove that u® is a viscosity subsolution of the following equation:

1 2\\' -1 e
Opu® + H(t,z,u®, Vu') + g[u®] < CE( + o) + Cemxn , (3.4)

<O
where C' is some constant that only depends on C; and \'. Let t € (0,7], x € RN and (a,p) € 0Fus(t,z).
It is well-known that there exists a point 7 such that u®(t,z) = u(t,y) — e”t%, (a + yert Ix y‘ 7p)
OFu(t,y) and p = e”t(xsj). Moreover, using the fact that

p.z
14 [2*

W 2) = (0) = e 2 (T 2) — ult,g) -

we get glu](t,z,p) < glu ](t,y, p). The viscosity inequality corresponding to the solution u of (1.1) at
(t,7) and Assumptions (A1’) (see Remark 3.1) and (B2’) then imply that

a+ H(t,z,u®(t,x),p) + gu®] (¢, z,p) <

_ - |z — 7] _ |z —g[?
Cr (Ll ) 4 T o g e 2T

By (3.3), the right-hand side of this inequality is bounded from above by

, , w_72 .’17—72
Ci(1+ 20N Ve — 7+ Crfo — g1 + Crert Z=IL eI 2;”'

, , 2 1+ |x|2)>\’71 N
< 1+42zM 1 A [l 0l =
_§1>118 (Cl( + 2|z TH)r + Cyr 5 <C 30— 1) e+ Ce

where C' is some constant that only depends on Cy and X'. This achieves the proof of (3.4).
Let us prove that for all C’ > C,

w(t,z) :==u(t,r) — C'eT'e — et

is a subsolution of (1.1). Let ¢ € (0,7], € RY and (a,p) € 0 w(t, ). Then,

(1+ [x[H)> 1

/vt PRV ! vt P, e
(a—i—vC’e € SN — 1) +CeTw P4 Clee(1 + |z x)e@ (t,x)

and

glu](t, 2,p) = g[u] (t,,p+ C'eMe(1 + [22)"22) — C'ert g [0+ 1Y (@),

2V — 1)
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The viscosity inequality corresponding to the subsolution u¢ of (3.4) and Assumptions (A1) and (B3’)
then imply that
a+ H(t @, w(t,x),p) + glwl(t,z,p) < 20,C"e e(1 + [2)Y 7!

(L |2H)N
20V — 1)

(1+ |2V !

+C 2V — 1)

1 /
t 23\ —1 t
5—0’675mg {(1+|| ) (x) —yC'e'e
By (3.3), the right-hand side of this inequality is non-positive for C’ > C' and we conclude that w is a
subsolution of (1.1).

w(t,z)

Clearly SUPG,. T < 400 and by the comparison principle we get
w(t,z) < u(t,z) + sup (w(0,z) — up(z)) (3.5)
RN

for all t € [0,7] and all z € RY. Simple computations show that

P B 0
2% 2(N —1)

sup (w(0,x) — up(x)) = sup (uo(y)—uo(fv)—
RN RN xRN

= e (uOhMl a7+ e - - 22 C(lz+<A||—)1>>
= i <U0|1,N(1 + 2al eyl + ol vz — oY ‘x;*y' - C(12+<Ax|—)i>>
= o <i‘i%’ <||U0||1,/\’(1 + 202+ Juoll v — 2) - 0(1;@”—):))

where C” only depends on |lug||1,» and X. If we take C’ > C” sufficiently large then

sup (w(0, z) — up()) < C"e™ .
]RN

Inequality (3.5) then implies that for all t € [0,7], z,y € RY and ¢ > 0,

2 1 23\ —1 A
Mawgu@xﬂwwm2y+0%%(;&ﬂn)+£;wa+0m
E J—
it follows that
2 1 23\ —1 e
utt) —u(t.g)| < o2 eI o
and taking ¢ = % implies the result. [ |

3.3 The uniformly integrable framework

We present in this subsection a viscosity solution theory in an uniformly integrable framework (see
the definition in Section 2). As we shall see, this theory seems to be related with a property of the speed
of propagation for (1.1). It is as if the equation keeps memory of the finite propagation speed of the
associated pure first order Hamilton-Jacobi equation (i.e. (1.1) without the integral term).

Let us begin by proving a strong uniqueness result. To do this, Assumption (B3) is strenghtened as
follows:
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(C3) There exists a modulus of continuity such that for all z,y € RV, p,g € RN, v € R, t € [0, 7],
|H(t,x,u,p) - H(t7:r,u,q)| < m(lp - Q|)

Theorem 3.7 (Comparison principle). Assume (A1),(B2),(C3). Let u and v be, respectively, a sub- and
a supersolution of (1.1) such that u™ and v~ are py-uniformly integrable in space uniformly wrt time.
Then u < v whenever u(0,.) < v(0,.).

Proof. Let us assume as previously that M := supy ) g~ (u —v) > 0 and let us exhibit a contradiction.
We need to construct barrier functions in order to perturb this supremum. We do so by applying
Lemma 2.5.2. Precisely, define ® := ®[u™] + ®[v~] and

|z — |

2 et + o).

Ms,n = sup (U(t, il') - ’U(t, y) -
[0,T] xRN xRN

By Property (2.9) of barrier functions, we claim that there exists (£,7,7) € [0,7] x RY x RY where the
supremum is attained. Arguing as in the proof of Theorem 3.4, we infer that M. ,, > M/2 and ¢ # 0 for
some 19 > 0 and all € small enough. Lemma 2.3.2 yields the existence of

(a, Pt noeﬁw(z)) e 9 u,7),
(b.p—me™VO@) € Fpv(T)
with a — b= ymoe?® (2(z) + (7)), p = =¥ and
gl0) (£.7.0 = e ™V0(G)) = glu (1.7 p+ me V(@) < —m0¢ (9(2) (7) + 9 2] (7))
The viscosity inequalities and (A1’) now give
M/2+ym0e”™ (8(7) + () < H (1,5, u(l,7),p — 10¢ V(7))
— H (1,7,u(i,7),p + me" V(@) ) — moe™ (9[®] () + g[®] (7))

Using again Property (2.9) of barrier functions, we claim that T,y € Bg and u(¢,T) € [—R, R] for some
R > 0 which does not depend on 0 < € <1 (but does depend on 7). By (B2) and (C3), we get

_ 5_72
M2+ e (0(a) + 05) < e (17 -1+ T2 )

+m (moe (V2@ + [VE@))) — moe” (912] (@) + g [2] (7).

We next use the key property on the barrier function, (2.10), to get
Ve[ +g[®] < [VE[uT]| + g[@[u™]] + [VE[vT][ + g[@[vT]] < Cna (BluT] + @[v7]) = Cyp @
Combining the two previous inequalities yield
M2+ e (8(2) + 0(5) < mn (o -3+ Z )
+m (Cyx moe™ (@(7) + (7)) ) + Cxx moe” (9(T) + (7))
and, on taking v = Cn (K + 1), we deduce that
wj2 < (=314 ) s o) — 1)

>0

taking now successively the limit as € — 0 and the infimum wrt K > 0 gives the desired contradiction
0 < M/2 <0. The proof is complete. |
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To get existence result, we naturally need a uniform integrability condition on source terms
(C4) The function (t,z) — H(t,z,0,0) is pp-uniformly integrable in space uniformly wrt time.

Theorem 3.8 (Existence and L°. estimate). Assume (A1),(B2),(C3),(C4). Let ug be a continuous and
up-uniformly integrable. There then exists a (unique) continuous and pp-uniformly integrable in space

uniformly wrt time viscosity solution w of (1.1)-(1.2).

Proof. Let us first approximate the initial condition ug and the Hamiltonian H in order to apply the
result of [25]. Define u® := ug x x,, where x,, : RN — [0,1] equals 1 in B,, and 0 outside B, ;. We
also define H,, := T,,(H) where T,,(r) := max(—n, min(n,r)) is a truncature function. The W1:>° theory
of [25] ensures the existence of a bounded continuous viscosity solution w, associated with these data.
Assume for a while that we have some L{S. estimate on u,. Proposition 2.1 implies that the upper
(resp. lower) semi-limit of w, is a subsolution (resp. supersolution) of (1.1)-(1.2). The comparison
principle then yields limsup * w,, < liminf, wu,; since the other inequality always holds true, we have:
limsup* u,, = liminf, wu,. If u denotes this function, we see that u is both usc and lsc and both a
viscosity sub- and supersolution.

It now remains to derive a LS estimate on w,. To do this, define ® := ®[|ug|] + [|H(-,-,0,0)[]. In
view of Remark 2.4 following Lemma 2.5.2, we claim that ® > ®[|ul|]+®[|H,(-,-,0,0)|]. Hence, we have

up | + sup |H,(t,,0,0)] < @,

Ve[ +|g[®]] < Cna®.

Let us look for a supersolution of (1.1) of the form w(t,z) := e’ ®(x) + t sup,-o (m(r) — Kr). We
first choose K sufficiently large so that sup,. o (m(r) — Kr) is finite. By using (A1’) and (C3), simple
computations show that we have

Dw(t, @) + Hy(t, 3,0, Vo) + glw] > 1¢7(x) + sup (m(r) — K7)
r>0

+ Hy,(t,2,0,0) —m (7' |V®(x)]) + " g[®](x) .

By the property on the barrier function, we see that

Opw(t, ) + Hy,(t, z,w, Vw) + glw] > ve ' ®(z) + sup (m(r) — Kr)
r>0

— "' ®(z) —m (Cnp 7' ®(2)) — Cn,p €7 P().
If we take v: =14 Cny (1 + K), we get
Opw(t,x) + Hp(t, 2, w, Vw) 4+ glw] > 0.

The comparison principle then implies that u,, < w. We argue similarly to get the other inequality and
prove that |u,| < w. This is the desired L2, estimate and the proof is now complete. [

loc

To get a Lipschitz continuity regularity result, we need to use the following assumptions

(C2) The Hamiltonian H is locally Lipschitz continuous wrt 2 and there are a constant Cy and a locally
bounded function © : RV — RT such that ©2 is jy-uniformly integrable and for a.e. x € RV,
ueR, peRN te|0,7],

(C3") There exists a constant Co such that for all z,y € RY, u € R, p,q € RY, ¢t € [0, 7],

|H(t7$7u7p) —H(t,x,u,q)\ S CQ‘Z)_ ql
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Theorem 3.9 (Gradient estimate). Assume (A1),(C2),(C3’). Let ug be locally Lipschitz continuous, -
uniformly integrable and such that |Vug|? is py-uniformly integrable. Then, if u is a continuous viscosity
solution of (1.1)-(1.2) up-uniformly integrable in space uniformly wrt time, then u is locally Lipschitz
continuous wrt the space variable.

Proof. Consider ® := ®[|u|] + ®[|Vuo|?] + ®[©?] a barrier function given by Lemma 2.5.2. For z,y € RV,
define

d(z,y) ::/0 (1 —7)x + Ty)dT + O(2) + D(y).

For € > 0, define

2
M = sup (u(t,x) —u(t,y) — e’*tM - ee'yt(b(as,y)) .
[0,T] xRN xRN 2e

Let us prove that for ~ sufficiently large, this supremum is non-positive. Assume this is true. In this
case, for every x,y € RV and € > 0, we have

2
ult,y) —u(t,2) < Y ety
9

It follows that )
u(t. ) (e, )] < I 4 cetgpa g

lz—y|
o(z,y)

It remains to prove that M is non-positive. Recall that M is achieved at some (¢, 7,7) € [0, T] x RN x
RY thanks to the definition of ¢ and to Property (2.9) of ®[|u|]. If £ = 0, then

and taking € = implies the result since ¢ is locally bounded.

2
M < sup (uo(x) —ug(y) — |a:27y\ - €¢($ay)> .
RN xRN ¢

Using Property (2.8) of barrier function, we claim that ® is continuous and such that ® > [Vu|?; hence,
it is obvious that for every z,y € RY,

uo(z) — uo(y)l < I(z,y) |z —yl,

where I(x,y) := fol V(1 — 1)z + 7y) dr. Tt follows that

M < I lz—yP
=~ Ssup (xvy) |.TJ - y| - 9 - 5¢($?y) .
RN xRN €

2
But, I(x,y) |x—y|— % < sup,.- (I(m, y)r— %) and an easy computation shows that this supremum
equals %12(:1:7 y)e. Since Jensen’s inequality implies that

2

< /0 O((1—7)x +7y) dr < ¢(z,9),

I(z,y) = (/01 V(1 —7)z +7y) dT)

we conclude that M < supgn v (360(2,y) — ed(z,y)) < 0 in the case where £ = 0.

To prove the non-positivity of M in the other case, we assume the contrary and we seek a contradition.
In particular, we have u(t,T) > u(f,y). Moreover, recall that Lemma 2.3.2 yields the existence of

(ap+2"V.0@ 7)) € 9 u.),

(b.p-="Vy0@.7) € Bpv(i.y)
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with @ —b = 76%@ + 727t p(Z,7), p = " (*=X) and

€

glt] (7.0 — 2"V, 0(.9)) — glul (1.7.p + 20 V,0(z. 7))

< 6672 /RN <¢(x_|_ 27+ Z) _ ¢(§)?) . (VI + Vy)d)(f,?) TR

1422

) du(z) =: ee’t .
By the definition of ¢, simple computations show that the integral term I above equals
1
J=J(z,9) = / g[@)((1 — 7)T + 1) d7 + g[®|(T) + 9[®](Y)-
0

Using Property (2.10) of barrier functions, we see that |g[®]| < Cn 2P and we obtain

1
T < [ O (1= 1)+ 79) dr + Civa (@) + Cova B(F) = Crad(z. D).
0
It follows that the non-local terms satisfy
g1o) (£5.p - 2'V,0(@,7)) = glu] (£.5.0+2€77V.6(7.7)) < Cwnce’ 0(7,7).
The viscosity inequalities and (A1’) now give
'ﬁ'f_yp VE 4= T = o (F = ~t = =
€ o +vee”d(T,y) < H <t7y7u( ,T),p — €€ Vy¢(x,y)>

-H (ﬂ ja ’U/(ﬂ f)vp + Ee’ﬁvm(b(f7 y)) + CN7)\5€’YZ¢(E7 y)

7y

Using (C3’), we get

= _ 772
|7 — - _ _ _ _
Ve’ﬁ% + ’Yge’ytqs(f, g) < H (taya u(t,T),p) - H (t,f,u(t,f),p)

+ Coee™ (Vo + V)@, 9)| + Cn ree” 6(F, 7).

Using that (V4 Vy)o(Z,7)| < Cna¢(T,7), thanks again to Property (2.10) of barrier functions, we
deduce that

S it £7,u(E,T),p) + (1 + Co)COnnce ' 6(Z, 7).

2 -
S e 0@, g) < H (£.3,u(t,7).0)  H (

Since ® > ©2, Assumption (C2) implies that

v

= =2
iz ; }
e I eeto@,9) < (17,) + Culpl)iT - 71+ (1L+ C)Cxace (7, 7),

where we recall that I(z,y) := fol V@®((1 — 7)x + Ty) dr. Using the fact that I < /@, we get
w2 _ w2
eI etom ) < VoET E T+ e T

Rearranging terms, we get

+ (14 Co)Cn e (7, 7).

(3 = (14 Co)Cn)ee6(@.7) < /BT [7— 71+ (€1 —3/2) Z—IL
Take now 7 := max{2(Cy + 1), (1 + C2)Cn » + 1}. We get
co(z.7) < VOED) 771 - T < Lo )
which yields the desired contradiction since ¢ is positive. We then have proved that M < 0. |
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We end this section by studying how (1.1) keeps memory of the fact that the pure first order Hamilton-
Jacobi equation propagates perturbations of the initial conditions with finite speed. It is well-known that
the key assumption to get such a property is (C3’). In order to simplify the proof of the result below, we
shall assume in addition that

(C1) H does not depend on w.
We then have the following result.

Theorem 3.10 (Finite-infinite propagation speed). Assume (C1),(B2),(C3’). Let u and v be, respec-
tively, a sub- and super-solution of (1.1) such that u and v are up-uniformly integrable in space uniformly
wrt time. Then for all t € (0,T) and all x € RY,

u(t,z) —v(t,z) < K(t,-)* sup (u(0,-) —v(0,-)) (), (3.6)

Byt ()
where Cy is the constant in (C3’).

Proof. Notice first that the right-hand side of (3.6) is well-defined, thanks to Lemma 2.5.1 and to the
uniform integrability of u*(0,-) and v=(0,-) wrt up. Now, we let the reader check that w = u — v is a
viscosity subsolution of the equation

Opw + glw] = Ca|Vw|. (3.7)

By the Lax-Oleinik formula, we know that a(t, z) := SUPR,_, (x) (u(0,-) —v(0,-)) is the unique continuous
viscosity solution of

Orw = Co|Vw| (3.8)

such that w(0,-) = u(0,-) — v(0,-). Consider a sequence (w?),, of W1 initial conditions that converges

locally uniformly to w(0,-). Define a,(t,z) := SUPB,,, (x) w?. By stability, a,, — « locally uniformly as

n — +o00. Moreover, we know that «a, is Lipschitz continuous and thus satisfies (3.8) almost everywhere.

Let (0,n)m and (pm)m be mollifiers, in time and space respectively. Assume that supp(f,,) C (—o0,0).
Define

“+o0
apom(t, T) = ap *p (Pmbm)(t, ) == A an(s,.) * pm(x) O(t — s)ds.

The function ay, ,, is smooth and
atan,m = at(an *t,x (pmom)) = (6tan) *t,x (pmam) = C’2|van| *t,x (pmam) > C2|van,m|-
This means that o, ., is a supersolution of (3.8). Using now that 9, K + g[K] = 0, we obtain
(K (L, ) * anm(t, ) (2) = —g[K (¢, ) % cnm (¢, )] (2) + K (L, ) * (Gran,m (L, ) (),
> —g[K(t, ) x anm(t, )] (@) + CoK (L, ) * [Vonm(t, )[(2),
> —g[K(t, ) % anm(t, )](@) + Co VK (E, ) * anm(t, ) ()]
Hence K(t,-) * aun,m(t,.)(x) is a smooth supersolution of (3.7); moreover, it converges locally uniformly
to K(t, ) xan(t,.)(z) as n — 4o00. By stability, K (¢, ) *an(t,.)(x) is a supersolution of (3.7). Write next
K(t,)xan(t,) = | K(Lyan(t,z — " y)dy
RN

and conclude that the limit of this function as ¢ goes to 0T exists and equals a, (0, .) = w. Taking now the
limit as n — +o00, we see that K (¢,-) * a(t,.)(z) is a supersolution of (3.7) that satisfies a(0,.) = w(0, ).
The comparison principle then yields w(t,z) < K(t,-) * a(t,.)(z), that is to say, (3.6) holds true. [
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4 Regularizing effect

In this section, we focus on the range of exponents A\ € (1,2) and we prove that the unbounded
continuous (viscosity) solution of (1.1) we constructed in the previous section is in fact C** with respect
to x and Lipschitz continuous with respect to ¢.

4.1 The sublinear case

In order to get C! solution for (1.1), we need to strenghen assumptions. In particular, we need the
following one.

(A3’) For all R > 0, there exists a constant Cr such that for all z € RN, u,v € R, p,q € Bg, t € [0,T],
|H(t7xa u»p) - H(Lm,v, Q)| < CR(|U‘ - ’U‘ + |p - CI|)

Theorem 4.1. Let A € (1,2). Assume (A1),(A2°),(A3°) and consider a Lipschitz continuous function
ug. Then the (unique) viscosity solution of (1.1)-(1.2) is Cb! wrt the space variable and locally Lipschitz
continuous wrt the time variable on (0,T] x RV,

Proof. Let us regularize the non-linearity and the initial data in order to ensure, thanks to the results of
[25], existence and uniqueness of C? in space and C! in time bounded solution of (1.1). Let us consider
u? € Whe(RY) which converges locally uniformly to ug on RY by satisfying:

lupllon + IVep oo < C

for some constant C'. Consider a sequence of smooth non-linearities H,, which converges locally uniformly
to H in [0,7] x RY x R x RY by satisfying the assumptions of Theorem 4.1 (with same constants). Let
u,, be the viscosity solution associated to H,, and u. The estimates of Theorems 3.2 and 3.3 imply that
there exists a constant M > 0 such that:

[unllox + [[Vtn|loo < M. (4.1)

This gives us in particular an L7S, estimate; hence, we can argue as in the proof of Theorem 3.5 to establish
the local uniform convergence on @ of u,, toward the unique C9, viscosity solution u of (1.1)-(1.2). It
thus rests to derive a C1'! in space estimate on wu,,.

In order to use the results of [25], we need to consider H,, that satisfies in addition:

sup |Hy,(t,2,0,0)| < +oo,
Qr

VR >0, sup (|10uHn| + |VpHy| + |D2  Hy| + |Vp0uHy| + | D2 H,|) < +00.
[0,T]XRN x[—R,R]x Br

Then, u,, € Cy(Qr) N L>([0,T]; WE>(RY)) is C? in space and C! in time on (0,7] x RY with

sup ||t/ D2y (¢, )|l so < +00. (4.2)
(0,77

Moreover, u, satisfies the Duhamel’s Formula: for all t > 0 and all z € RY,

t
un (t, ) = K(t,-) xul(x) — / K(t—s,.) % Hy(s,.,un(s,.), Vun(s,.))(z)ds. (4.3)

0
By (2.6) and the properties of w,, and H,, the theorem of derivation under the integral sign implies that

D?u,(t,x) = VK(t,-) * Vud (z) — /o VEK(t—s,.)*«V (Hy(s,.,un(s,.), Vuy(s,.))) (z)ds. (4.4)
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Compute next

V (Hy(s, ., un(s,.), Vun(s,.))) = V.Hu(s, ., un(s,.), Vus(s,.))
+OuH (8, - un(s,.), Vun(s,.))Vuy(s,.)
+D?up (8, )V Hp (5, - un(s,.), Vun(s,.)).

By (4.1), (A2’) and (A3’), this implies:
IV (H, (s, ., un(s,.), Vun(s,.))) (@)]lco < C1(14+ M)+ Chr (M + || D?un (s, .)HOO) )
By (2.6), we get:
IVK(t—s,.)« V (Hu(s, ., un(s,.), Vun(s,.))) [lco
< (t— ) YA Ko[CL(1 + M) + Cor M) + (¢ — 8) 2™V KoCrl| s D2 (5, ) || so-

Since |[VEK(t,-) * Vul||oo <t~V CoM, we deduce from (4.4) that
t
[tY2D%un (8, )] < KoM + tl/’\/ (t —s)"Y2ds Ko[C1(1 4+ M) + Cpr M|
0

t
—i—tl/)‘/(t—s)_l/ks_l/’\dleOCM sup HTl/’\Dzun(t.)||Oo7
0 T€[0,T]

A
= KoM + - t IKCo[C1(1 + M) 4+ Cpr M)

Izt KoCur SE)pT] 172 D% (7, ) || oo
T7€|0,

where I = fol(l — 5)"YXs=1ds. Let Ty € (0,T] be such that IyT1 > KoChs < 1/2. We have proved
that

sup Htl/)\DQun(t, )Hoo <2 <ICOM + % T ICO[Cl(l + M) + CMM]) : C’(]\47 )\, ICo)

[0,11]
Taking any Tp as initial time, we can argue similarly to prove that for all n € N and all Ty € [0,T — T4,

sup  [(t = To) A D2un(t, )|l < C(M, A, Ko).
[To,To+T1]

Eventually, we get for all ¢ € [0, 7] and x € RY:

| D%, (t, )| < t7Y2C(M, )\, Ky). (4.5)
This gives the desired C1'! estimate in space. The equation dyu,, = —H, (t, 2, upn, Vu, ) — gu,] now allows
to derive a Lipschitz continuous in time estimate on u,. The proof is complete. |

Corollary 4.1 (Duhamel’s formula). The unique viscosity solution of (1.1)-(1.2) satisfies:

u(t,x) = K(t,-) xug(x) — /0 K(t—s,.)xH(s,.,u(s,.), Vu(s,.))(x)ds.

Proof. We need to check that we can pass to the limit in (4.3). This reduces to get pointwise convergence
of gradients. To prove this, remark that we have the C1'! estimate (4.5) and ||V, ||« < M. Hence, we
have compactness. The fact that u, converges locally uniformly towards u tells us that the limit of any
subsequence of Vu,, has to be Vu. Indeed, it coincides with the distribution limit. |
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4.2 The superlinear case
To get the C! and/or C! regularity in the superlinear case, we need to strengthen Assumption (A1).

(B1) There exists a constant C3 such that for allz € RN, u € R, p € RV, t € [0,T],

|H(t,x,u,p) - H(t,I,U,p)‘ < 03|U—U|-

It turns out that the assumptions that permit to get existence of a viscosity solution in the superlinear
case (see the assumptions of Theorem 3.5) only permit to prove C! regularity in space; moreover, initial
conditions have to be locally Lipschitz; precisely, they have to lie in C%'. If now one considers the
assumptions that permit to get existence in the case of finite-infinite speed of propagation (Theorem 3.10),
solutions can be proved to be C!'. Moreover, initial conditions need not being assumed to be locally
Lipschitz continuous; precisely, they have to lie in Cg,. Let us first state both results before turning to
their proofs.

Theorem 4.2. Let A € (1,2) and X' € (1, \). Assume (B1),(B2’),(B3’),(44). Let ug € Cg}l(RN). Then
the (unique) viscosity solution of (1.1)-(1.2) is C* wrt the space variable on (0,T] x RY.

Remark 4.1. Notice that (B2’) and the continuity of H(¢,0,0,0) wrt ¢ € [0,T] already imply (A4).

Remark 4.2. A Duhamel’s formula holds true in this case too (see Corollary 4.1) under the assumptions
of Theorem 4.2.

Theorem 4.3. Let A € (1,2) and X € (1,\). Assume (B1),(B2’),(C3°),(A4). Let ug € CY,(RYN). Then
the (unique) viscosity solution of (1.1)-(1.2) is C1'1 wrt the space variable and locally Lipschitz continuous
wrt the time variable in (0,T] x RY.

Proof of Theorem 4.2. Following the proof of Theorem 4.1, we first regularize the non-linearity and the
initial data in such a way that ||ul||; . remains bounded. We have a C%;' bound on (uy), given by
Theorems 3.5 and 3.6. Let M denote this bound. By the theorem of derivation under the integral sign
and Duhamel’s Formula (4.3),

Vu,(t,x) = VK(t,-) *ul(x) — /0 VEK(t—s,.)* Hy(s,z,us(s,.), Vup(s,.))(z)ds. (4.6)

Define Hy,(s,2) := Hy (8, T, un(s,2), Vun(s, 2))1o,1)(s) and K(s,x) := VK(s,2)1o,1)(s). The last term
of the right-hand side of (4.6) is equal to H,,*K where the convolution is computed wrt (¢, 2). Assumptions
(A4),(B1) and (B3’) imply:

1Hnllon < Co+4CsM.

By (2.6), K is integrable with respect to the measure (1 + |z|* )d7dz. Hence, the continuity of the
translations in L'((1 + |2|* )drdz) implies that (H,, * K),, is equicontinuous in Q,; indeed, we can write

|Hn * K(t,.’L‘) - Hn * ’C(Say)l

IN

[Hn

—S),z T — — T,2 Z)\/ TAZ
oo [ K@ (= 5).2 + (@ =) = Kl )] (15 |2 ards,
(Co-+4CsM) w(lt = 5|+ |o — ).

IN

where w is a modulus of continuity. Using now the bound on [[ul]|o v/, it is immediate to see that the
sequence (VK (t,-) * u?), is equicontinuous in (0,7] x R¥; hence, so is (Vu,), and the local uniform

limit u of u, is C' in space in (0,T] x RY. The proof of Theorem 4.2 is complete. |

Proof of Theorem 4.3. Once again, we regularize the initial conditions as in Theorem 4.1; in particular,
the corresponding solution of (1.1) remains bounded in CY, and M denotes its bound. Let us derive local
gradient estimate on Vu, with the help of (4.6). By (A4),(B1) and (C3),

[ Hn (s, - un(s, ), Vun(s,))llox < Co+ C3M + Cof[Vun(s, ) |ox-
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By (2.6), we get

IVEK(t—s,.)« Hy(s,.,un(s,.), Vup(s, )llon < 2(t — 3)71//\ (Ko + Kx) (Co + C3M)
+2(t = 5) s (Ko 4+ Kav) Calls' A Vun (s, ) llo,xr-

Since ||V (t,-) * ul]lo.n < 2672 (Ko + Kx) M, we deduce from (4.6) that
A
1A (8 Mox <2 (Ko + Ka) M+ 20—t (Ko + K) (Co + C5M)
20t (Ko + Kar) Ca sup [[57 2V (s, ) [loxr-
(0,7]

A—1
Let Th € [0,T] be such that 21,7}, * (Ko + Kx/) C2 < 1/2. We have proved that

A
sup Htl/’\Vun(t7 Mo <4 ((ICO +Kx)M + T Ty (Ko + Kx) (Co+ CBM)) .
[0,71] -

Taking any Tj as initial time, we can argue similarly to prove that for all n € N and all Tp € [0,T — T1],

A
sup ||(t — To)l/AVun(t, .)||07,\/ < 4 <(ICO + K:)\I) M+ ——71T (/CO + ’C,\/) (CO + CgM)) .
[To,To+T1] 1-AX

The local uniform limit u of u,, is then locally Lipschitz continuous wrt 2 in (0, 7] x RY. This process can
be iterated with the formula (4.4) to prove the C'!:! regularity in space and a fortiori the local Lipschitz
continuity regularity in time. The proof of Theorem 4.3 is now complete. |

Let us end this section with a remark on regularity results in the uniformly integrable framework.

Remark 4.1. The key property on the kernel used in the preceding proof is Estimate (2.6). By the
homogeneity property of K, this property still holds true for (1 + |x|)") replaced by ®(|z|), with & :
Rt — R non-decreasing and such that [ ®(|z|)dus(z) < +oo. This suggests that our techniques can be
adapted to initial condition satisfying (2.11).

5 Convergence of gradients as “viscosity” vanishes

In this section, we prove a result about the sequence of the gradients of the solution u® of (1.7)-(1.8)
under the following assumption

(D) The non-linearity H is strictly convex wrt p.

Theorem 5.1. Let A € (1,2) and X € (1, ). Let ug € CLHRY) (resp. let ug be Lipschitz continuous).
Assume (D) and the assumptions of Theorem 4.2 (resp. of Theorem 4.1). Then the unbounded regular
solution u® of (1.7)-(1.8) converges locally uniformly to the solution u® of (1.7) with ¢ = 0 and the
sequence of gradients satisfies: for all p € [1,400),

Vus(t,z) — Vul(t,z) in LY (Qr).

e—0

Proof. To avoid technicalities with Young measures, we only do the proof with H (¢, z,u,p) = H(p) and
let the reader check that the following ideas can be adapted in the general case.
The kernel associated with eg[-] is K (t,z) = K(et,z). We then have

u®(t,z) = K(et,.) xup(z) + /0 K(e(t —s),-) « H(Vu®(s,))ds. (5.1)
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Consider the Young measure v associated with the locally bounded family {Vu®}.~¢ with e — 0. Pre-
cisely, its disintegration is a family of probabilities {1z} (20, such that for all F € C(RY) and all

¢ S CC(@T)7
T T
/0 [ F(vu(a)o(t.o) dide — /O /]R ) /R F©o(tw) v o(©dtdr a5 e—0  (52)

(up to a subsequence). Indeed, Prokhorov’s Theorem gives us the existence of a Young measure vg on
RY indexed by (0,T) x Bg for all R > 0 associated to the bounded sequence (Lo,1)xBr VU )e>0. An
argument of diagonalization (with R,, = n for instance) then implies the existence of the measure v
indexed by Qr that coincides with vg on each (0,T) x Bg. Notice finally, that by the local bound we
have on Vu® (see Theorems 3.3 and 3.6 respectively), (5.2) holds true for F' not necessarily bounded on
RN and ¢ with compact support on Qr; indeed, supp(vi.) C {|¢| < sup.~o|Vus(¢,z)|}. This implies
that

/ot /RN F(Vus(s, z))ds ¢(z)de — /Ot /RN [ () dvac(€)ds oa)da a5 <=0

We will use it with F' = H. The previous convergence result implies that

/ H(Vus (s, x))ds — / H(&) dv,.(&)ds in  D'(RV).
0 0 JRN

We try to prove that for almost every (a.e. for short) (¢t,z) € Qr, v, is a Dirac mass centered at
Vul(t,z). Classical results about Young measures will thus imply the convergence in L (Q;) for all
p=>1

We claim that, as ¢ — 0,

t

0 K(s(t—s),-)*H(VUE(S,.))(x)ds—>/0 [ H© dvaa(€)ds i D'(R). (5.3)

Indeed, thanks to the evenness of K wrt x, we have:
t
/ K(e(t—s), )« HVu®(s,-))(z) p(z)dzds
0o JRN

:/0 RNK(E(t—s)’.)*gp(x) H(Vu (s, z))dzds.

Recalling that fR ~ K(t,-) = 1, the homogeneity property of K implies from the equality above that

/ K(e(t—s),-) « HVu®(s,.))(z) p(x)dzds — / H(Vu®(s,x)) o(x)dxds|, (5.4)
0 JRN 0 JRN

S/0 /RN Kt =9).2) lo(e - 2) = p(@)| [H(V (s,))|dededs,
—5Z z—e'22) —p(x u®(s, x))|dzdxds
S/O/RN K= 5.2) oo —&12) = o(@)] [H(Vu (5,2)|dzdads,

t
gsl/AHwnLl(RN)// K(t—s,2)2] sup  sup  |H(Vu(s,2))|dzds
o JrN 1>e>0 |z|<R,+el/>|z|

where supp(¢) C Bg,. By (2.5), the growth conditions on H and the local bound we have on Vu®, we
deduce that (5.4) goes to 0 as € — 0.

Since u® converges towards u" locally uniformly, we can pass to the limit in Duhamel’s formula (see
Corollary 4.1 and Remark 4.2) in the distribution sense as ¢ — 0. We thus obtain by using (5.3) that:

uo(t,x):uo(m)+/ H(&)dvs ,(§) ae. =z (5.5)
o Jr¥
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Since u° is locally Lipschitz continuous wrt (¢,z), we also have an integral (mild) formulation:
¢
u®(t, x) = ug(z) Jr/ H(Vul(s,z))ds ae. = (5.6)
0

Combining (5.5) and (5.6), we obtain:

/ H(§)dys’z(§)ds:/ H(Vu'(s,z))ds ae. .
0 JRN 0

Both sides are Lipschitz continuous wrt ¢, and we obtain for a.e. (¢, x):
N H(E)d’/t,m(g) = H(vuo(tv CL'))
R

Now use the facts that [,x diyo(§) = Vu(t,x) and that H is strictly convex to conclude that vy, =
Ovuo(t,z)- The proof is now complete. |

A Sketches of proofs of classical results

A.1 Proofs of Lemmata 2.3.1 and 2.3.2

Proof of Lemma 2.3.1. Let (a,p) € gpu(t,a:). Following [5], it is quite classical to pass to the limit in
the Hamiltonian; hence, we only need to check that we can pass to the limit in the integral term. To
do so, let f,(z) denote the function w(t,,x, + 2) — u(tn,Tn) — % where t,,, z, and p, appear in the
definition of the closure of superdifferential. Let ® be the barrier function associated to u € CT. By the
definition of a supergradient, we have:

fn(2) < @2 +2) 1 (2) + g(2)

for n large enough, where ¢ is continuous and p-integrable. For R > 2|x|, define:

w(R) = /B

B+ 2)dpu(z) + / g(2)du(2),

f Br
where
, dz’'
 Rlant2)du(z) = ex() | @) Gy
R R
dz’
N+ /
< 2 CN(A)LE WW’

since |2/ — x| > 2| — |@,| > 3|2/|. By the integrability property of ®, we see that limpg_. 4o w(R) = 0.

Moreover, Fatou’s lemma implies:

lim sup/ fu(2)du(z) < / lim sup f,,(2)dp(z) + w(R).
n—+oo JRV\{0} Br\{0} n—+oo

The positive part of limsup,, ., . fn(2) is p-integrable since it is bounded above by ®(z + 2) 15: + g(2);
hence, we can use again Fatou’s lemma to pass to the limit as R — +oo and deduce that

lim sup /RN\{O} frn(2)du(z) §/ lim sup fr,(2)dp(z).

n—-+oo ]RN\{()} n——+oo
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The limit equation then becomes:

a+ H(t,z,u(t,z),p) < / limsup f(2)dp(2). (A1)
RN\{O} n—-+oo

The right-hand side of (A.1) is finite, which implies that limsup,,_, ., fn(2) is p-integrable. Finally, the
upper-semicontinuity of u and the fact that u, (t,,z,) — u(t,z) imply:

. b-z
lims n(2) < u(t, —u(t,z) - /s = ;
e (2] Sultk2) —ulton) = gy =)

hence, the negative part of f(z) is u-integrable and (A.1) gives:
o+ Aot p) < [ fE)du),
RN\{0}
The proof of Lemma 2.3.1 is complete. |

Proof of Lemma 2.8.2. To prove the existence of a and b, we let the reader check that we can slightly
modify ¢, without changing its first order partial derivatives at (¢,Z,7), in such a way that M achieves
a strict maximum at (¢, T,%) and ¢ is positive and such that

u(t, ) —v(t,y)

limsup sup <0. (A.2)
[(z,y)|—-+o0 t€[0,T] o(t,z,y)
Consider a parameter § > 0 and define
s — tf?
Ms := sup u(t,x) —v(s,y) — — ot x,y) ).
[0,T]%[0,T] xRN xRN 26

This supremum is achieved at some point (ts, Ss,Zs,¥s). By (A.2), the set {(¢s, s, Ts,ys) : § > 0} is
relatively compact and we know that (ts, ss,zs,ys) — (¢,¢,Z,7) as § — 0. Moreover,

(aéa vmd)(té, xs, yé)) € apu(tis? xﬁ)v
(bs, =V yo(ts,75,Ys)) € Opv(5s,Ys),

ts—ss
4

where bs = and ag = bs + O (ts, x5, ys). By writing the viscosity inequality for u, we get

as < —H (ts, u(ts, zs), Vad(ts, s, ys)) — glu] (ts, Ts, Voo (ts, T5,Ys)) -

One can see that the constants in the definition of the supergradient (as, V,é(ts, xs,ys)) can be chosen
as follows: 05 1= SUD|,_ 4, |4+ |w—us|+|y—ys|<1 |D2¢(t,x,y)| and 7 = 1. According to the growth condition on
u, this gives us an upper bound on —glu] (ts, s, V2 ¢(ts, 25,ys)) which does not depend on small §. The
viscosity inequality above then gives us an upper bound on a5 independently on small §. Similar arguments
allow to prove that bs is bounded from below independently on small 6. Since as — bs = O (ts, x5, Ys),
we deduce that as and bs are bounded independently on small §. There then exit a,b € R such that
(as,bs) — (a,b) as § — 0 (up to a subsequence). It is now straightforward that:

(a,Vo0(%Z,7)) € 0 u(®,T),

(ba 7vy¢(%7 z, y)) € 51’”(%7 y)
and a — b= 0¢(t, 7, 7).
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for all z € RY. We have seen in the preceding proof that the negative part of the left-hand side of
this inequality is p-integrable; hence, so do the negative part of the right-hand side and integrating with
respect to du(z) completes the proof of Lemma 2.3.2. |

A.2 Main ideas of the proof of the discontinuous stability

Sketch of the proof of Proposition 2.1. Following the preceding proof of Lemma 2.3.1, one can easily
adapt the ideas of [5] to prove that u := limsup® u, is a viscosity subsolution of (1.1) with general-
ized initial condition:

min {9,u(0,.) + H (0, z,u(0,.), Vu(0,.)) + g[u(0,.)], u(0,.) —uo} <0, (A.3)

where ug := limsup®(u,(0,.)); the main difficulty is to handle the non-local term and this is done by
using Fatou’s lemma.
Let us prove (2.4). For A" € (0,A), e > 0 and C > 0, define

Pe(y — 33)

c - q)(y) - Ct7

X(tvy) = u(tvy) -

where ¢.(z) := % Using some ideas of the proof of Lemma 2.5.2; we claim that ® can be slightly
modified in such Way that ® stays positive, C? and p-integrable and satlsﬁes in addition

su u(t,x
lim sup HPpo,n M5 E) (t.) < 05
|| o0 o (x)

hence, if z € RY is fixed, y achieves its maximum at some (Z,%). We claim that (£,7) — (0,7) as € — 0
and C — +00. Let us ﬁx €. On denoting

pe = (y_ {E) VE¢E(?_ 1.) + vq)(y)7

the optimilaty conditions satisfied by the global maximum (Z,%) imply that (C,pc) € 87 u(t,7) and

gl (. 7.p0) > g {““) N cp] @) = I

By the smoothness of ¢. and ®, we can see that limsups_, . (|pc|+ |[Ic]) < +oo; hence, if C is
sufficiently large, then
C+H (fayau(fvg)vpC) +1Ic > 0.
It follows that
C+ H (1,5,u(l,9),pc) + glul(t,7,pc) >0

)+
and that necessarily ¢ = 0. Moreover, since x(0,7) > x(0,x), we have u(0,7) > u(0,z) + ®(y) — ®(x)
and (A.3) implies that u(0,2) < uo(y ) + ®(x) — ®(y). Since ug is usc as upper semi-limit, we can pass
to the limit as € — 0 and C' — 400 to deduce that u(0,z) < ug(z). The proof of Proposmon 2.1 is now
complete. |
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A.3 Proof of the comparison principle in the sublinear case

Proof of Theorem 8.1. The proof proceeds in two steps. We first prove that there exists a constant K > 0
such that
sup (u(t,z) —v(t,y) — K|z —y|) < +o0 (A4)
[0,T]XxRN xRN
and then prove that u < v.
Hence, let us prove (A.4). First we note that the uniform continuity of ug and (A2) imply that we
can choose K > 0 such that

sup (ug(x) —uo(y) — Klz —yl) < +oo, (A.5)
RN xRN
sup (H(t,y,u(t,z),0) — H(t, z,u(t,x),0) — K|z — y|) < 4o0. (A.6)

[0, 7] xRN xRN
Consider (6gr)r>1 a family of C? functions on RY such that

1) 6R 2 07
ii) liminf|, o0 222 > 2Ry,

(

(... ‘x‘
(i) 1|6

(

(A7)

o + [IVBrlloo + |1D?Brl|oc < C for R > 1,
iv) limpg_ o0 Br(z) =0 for z € RY,

where Ry = max {sup[07T]XRN %ﬁ‘),inf[o,ﬂxﬂw %,O} and C is some positive constant. In view of

(A3), (A.6), (A.7)-(iii) and Lemma B.0.1, there exists a constant o such that for all R > 1, z,y € RV,
pe BKeTa te [07T}7

H(t,y,u(t,z),p+ VBr(y)) — H(t,z,u(t,x), p — VBr(x)) — K|z — y| - g[Br](x) — g[Br](y) < 0. (A8)

Define

Mpi=  suwp (uft,2) = olt,y) — Ke'(1+ |z — y*)'/* = fp(x) - Baly) — ot) .
[0,T] xRN xRN

There exists (£,7,7) € [0,7] x RY x RN where the supremum is attained. Now either (A.4) holds true
or limp_ 100 Mg = +o00. In the latter case, Mp is in particular greater than 0 and greater than the
supremum in (A.5) for R large enough. It follows that u(¢,T) > v(¢,%) and ¢ # 0. By Lemma 2.3.2, there
exist a,b € R such that

(a,p+ VBr(®) € 7 u(f,7),
(b,p — VBr(@)) € Ipv(t,7),

with a — b = Kef(l +z-g) 240, p= Ke?7(1+|g:gg)l/2 and

9]t 7, p — VBr()) — 9[u](t.Z,p + VBr(ZT)) < —g[Br](Z) — g[Br] (7).
Since u is a subsolution and v is a supersolution of (1.1), Lemma 2.3.1 gives

a+ H(,T,u(t,T),p+ VBr(T)) + g[ul(t, T,
b+ H(t,5,v(t,7),p — VOr®)) + glv](t, T,

IV IA

Subtracting the two inequalities, it comes

o < H(t,7,0(t,9),p — VBr®)) — H(t,Z,u(t,T),p + VBr(T)) — K|Z — 7| — g[Br](T) — 9[Br](@)-
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Since u(¢,T) > v(t,y) and H is strictly non-decreasing wrt u (see (A1’)), we find that
T),p— VBr(®Y)) — H(t, 7, u(t,T),p + VBr(T)) — K|Z — Y| — g[Br](Z) — 9[Br](®).

By (A.8), we get a contradiction and this implies that (A.4) holds true.
We this information in hand we repeat the above line of arguments to show that

o < H(t,y,u(t,

M = sup  (u—w) <0.
[0, T]xRN xRN

Let X’ € ()M, ) be fixed. Consider two parameters €,17 > 0 and define

p—yl? Otz
M., = sup u(t,x) —v(t,y) — —-n .
! [O,T}xJRNxRN<( ) (t9) 2e A

There exists (t,T y) [0,T] x RN x RY where the supremum is attained. If M > 0 then for £ and 7
small enough, M., > M/2 > 0 and ¢ # 0; indeed,

1 A

My = sup u(t,xz) —v(t,z) — n% - M
[0,T]xRN xRN A

as n — O and

sup (u(O,m—v(o,y)—'“‘y ] ”) < sw (unlo) -l - ) 0

RN xRN 2e N RN xRN 2e

as € — 0, thanks to the uniform continuity of ug. It follows that u(¢,Z) — v(¢,7) > M/2 and by (A.4):

= (2
lim lim sup Sl = 0, (A.9)
e—0 n—0 E

= =12 —12\ 2 = 2

T—7 1+ |z P) _ _ T—7

| 1 | +T]( |)\”| ) < u(t,T)—v(t,7y) — % <C(l+¢) (A.10)

for some positive constant C. By Lemma 2.3.2, there exist
(ayp + L+ [72) f) €9 u(i®),
(avp) € 5PU(Ev y)
with p = ? and
B = Ao B .
gll@7.p) — olu) (FZ.p+n(L+ 777" 7) < g [1+]- )% | @),

Substracting the corresponding viscosity inequalities and using (A1’) (see Remark 3.1), we get
_ _ _ _ )\1/72 //
M/2 < H@EF,u.3).p) - H (ET.u@2)p+n(1+ 72777 7) - g |1+ )7 | @)

If n < 1, then (A.10) implies that p 4+ n(1 + |Z|?) e Bp, with

1 A -1
R = C(Tje)HX’C(He)) T
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y (A3),

12

M/2 < H(t,5,u(t,7),p) — H (t,7,u(t,7),p) +ng( VO + ) ) 7%9 [(1+|~|2)%

] (@).

Assumption (A2) now gives

M/2<m(|x—y|+'x_€y'2>+m& (e +e) ) - SLg [0+ 1) F] @.

By Lemma B.0.1 and (A.9), we see that the right-hand side of the inequality above tends to 0 as  — 0
and € — 0 successively. This gives us the desired contradiction 0 < M/2 < 0 and this completes the
proof of Theorem 3.1. |

B A technical result
Define for g € (1,2):
CE(RN) := {f € Cy RYN)NCERN) : D*f(z) = O (|z]°?) as |a| — +oo} :
Lemma B.0.1. Let A € (0,2) and X' € (0,\). Then:
o If N >1 then g: C;,(RY) — Cp(RV).
o If\' <1, then g: C3(RY) — Cy(RY).

Proof. Let f € CZ(RY) with A € (0,1]. By a second order expansion, we get

glll@) < s (D2 [ [ePduiar + swp (VA [ P aue) 4 sw 11 [ dute)
B,(x) B, B, (z)° Be 1+ 2] B, (z)° Be

for all » > 0 and all 2 € R, The proof is complete in this case.

If now A’ € (1,2), write for z € RV \ By

e == [ (s =@ - Vi@ g ) - [ Gt
and choose r = |z|/2. Observe that

sup (14 [z +2/)Y 72 < (1 + [x]/2)N 2

Z'EB‘x‘/z
so that
"_ "_ z
@I < Ca+lal/2Y 2 [ sPdu) +o+ el [ )
Bly/2 RN\B|y|/2 142
e At DY e s e 1= du(z),
RN\B,|/ L+ |22 RY\Ba|/2
< CO+ )N I+ C +|2)N U+ Clvi_g + Clyw
where
lz|/2
Iy = / 2P u(dz) :c/ PN < C(1 + 22
|z|<|x|/2 0
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and for « = =1, )" — 2, )" (hence a < X)

—+o0 o0
Iy, = / |z|%dp(z) = C'/ ropN Tl N=A gy = C/ re 1Ay = Cla| .
RN\B|¢| /2 ]/2 z]/2

Hence, we obtain for z € RV \ B;
l9[f](x)| < C + Cla) = + ClzM' 72 < C.

This completes the proof of the lemma. |

C Different sets of assumptions
H continuous, A € (0,2) and X € (0, \).
e THE SUBLINEAR CASE
(A1) There exists v € R such that for all z € RN, u,v € R, u < v, pe RNt € [0,T],
H(t,z,v,p) — H(t,z,u,p) > v(v— u).

(A1) Forallz e RN u,0 e R, u < v, pe RN t € [0,T)], H(t,z,v,p) — H(t,z,u,p) > v — u.
(A2) There exists a modulus of continuity m such that for all z,y € R¥, uw € R, p € RN, ¢t € [0, 7],

(A2’) There exists a constant C; > 0 such that for all z,y € RV u € R, p e RNt € [0, T],
|H(t,:c,u,p) - H(tvyau7p)| < Cl(l + |p‘)|l‘ - y|

(A3) For all R > 0, there exists a modulus of continuity mpz such that for all z € RV, u € R,
p,q € BR7 te [OvT]7
|H(t,$,u,p) - H(tvxaua Q)| S mR(|p - QD

(A3’) For all R > 0, there exists a constant C'z such that for all z € RV, u,v € R, p,q € Bgp,
t e 0,77,
|H(t,z,u,p) — H(t,z,v,q)| < Cr(lu—v|+[p—q]).

(A4) There exists a constant Cp such that for all z € RV,

sup |H (t,2,0,0)| < Co(1 + |z*).
[0,7]

e THE SUPERLINEAR CASE

(B1) There exists a constant Cs such that for all z € RN, uw € R, p € RN, ¢t € [0, 77,
|H(t71‘7uap) - H(t,$, Uﬂp)| S C3|u - U|.

(B2) For all R > 0, there exists a modulus of continuity mg such that for all x,y € Bg, u € [—-R, R],
pe RN te(0,7],

|H (t, z,u,p) = H(t,y, u, p)| < mgr((1+|p])|z —yl).
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(B2’) There exists a constant C such that for all z,y € R¥, u € R, p € RNt € [0, 7],
[ (t,2,u,p) = H(t,y,u,p)] < Cr((1+ [2X 4 yN =" + [pl) |2 — ol
(B3) There exists a modulus of continuity m such that for all x € RNV, v € R, p,q € RN, ¢ € [0,T],
[H (t,z,u,p) — H(t, 2, u,q)] < m((1+ |z])]p — q).
(B3’) There exists a constant Cy such that for all z,y € RN, uw € R, p,q € RN, ¢t € [0,T],
|H(t,z,u,p) — H(t,z,u,q)] < C2(1 + |z])|p — ql.
e THE UNIFORMLY INTEGRABLE CASE

(C2) The Hamiltonian H is locally Lipschitz continuous wrt z and there are a constant C; and a
locally bounded function © : RY — R+ such that fRN SUP R, (2) ©2 duy, < 400, for some R > 0,

and for a.e. z € RV, u e R, p e RN, t € [0,7],
|V.H(t, z,u,p)| < O(x) + Ci|p|.
(C3) There exists a modulus of continuity such that for all z,y € RN, p,q e RN u e R, t € [0, 7],
[H (t, x,u,p) — H(t,2,u,q)| < m(lp—q])-
(C3") There exists a constant Cy such that for all z,y € RV, u € R, p,q € RN, ¢ € [0, 77,
[H (t,z,u,p) = H(t,x,u,q)| < Calp — gl

(C4) There exists R > 0 such that

/ sup  |H(-,-,0,0)| dup < +o0.
RN [0,T]x Br(z)

e THE ASSUMPTION FOR THE STRONG CONVERGENCE OF GRADIENTS

(D) The non-linearity H is strictly convex wrt p.
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