N

N

Analytical redundancy for systems with unknown
inputs. Application to faults detection
José Ragot, Didier Maquin, Frédéric Kratz

» To cite this version:

José Ragot, Didier Maquin, Frédéric Kratz. Analytical redundancy for systems with unknown inputs.
Application to faults detection. Control Theory and Advanced Technology, 1993, 9 (3), pp.775-788.
hal-00144067

HAL Id: hal-00144067
https://hal.science/hal-00144067
Submitted on 29 Mar 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00144067
https://hal.archives-ouvertes.fr
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ABSTRACT
A well known method for residual or redundancy generation is extended to systems with
unknown inputs. lis based on the singular form of the system equations which allows the
generation of the substate of thgstem which is insensitive to the unknown inputs. This
generation is achieved by a two-stefgorithm including, first, the elimination of the unknown
inputs and second, tlgeneration of the redundancy equations. Using these results for fault
detection and isolation, we present a simulated example to illustrate our method.
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INTRODUCTION
The basic principle of fault detection is the comparison of the actual behavior of a process with
reference behavior. Fault detection and isolation (FDI) schemes may be thougtdmdiasng
of two stages. residual generation and analysis of these residuals (detection of events,
classification of events int@ults and normal modifications of the process and the isolation of
the faulty components). Generally, tihesidual generation is issued from the knowledge
available upon the process for example analytical models, knowledge base, sartsors
actuators signals, ... One of the maspular approaches is based on the analytical redundancy
(using the mathematical models of the physical system) which leadgptess a set of
invariants: the residuals of the process model. These residuals represent the inconsistency
between thactual plant variables and the mathematical model. They are computed from the
plant observations and with the model of this plant ; they are ideally zero but become nbn-zero
the actual system differs from the ideal one (this haydue to sensor or actuator faults,
modelling errors, non exact parameters of the model, ...) Tierfault detection is achieved by
testing themagnitude of these residuals. When only few sensors are available the analytical
redundancy has to be generatedaotiong” time interval. In this case, system observers are
commonly usedo estimate state time histories for processes with incomplete set of state
measurements (Gertler 1991). However in a certain nurobeapplications a complete
knowledge of the system inputs is unavailable. Several researchersniiastgated state
observers when the inputs are unknown based on a closedHsegver that can identify states
and inputs simultaneously (Park 1988), with the use of a full-observer ¥388), using an
augmented model to estimate the state and the unknown (@e&son 1990) or by designing
a reduced-order unknownput observer (Kudva 1980), (Guan 1991). In 1989, the advantages
of using theso-called Kronecker Canonical Form was pointed out by Frank as a basis for the
mathematical derivation of the FDI proceduféese have also included, during the past few
years, the works listed in the reference section : the geometric approdebiga observer
(Bhattacharyya 1978), the detection using a bainknknown-input observers (Viswanadham
1987), the use of generalized inverse matrices (Miller 1988) the design of disturbance
decoupled observer via singular value decomposition (Fairmann 18&&essary and
sufficient conditions for the existence of @pserver with unknown inputs have been presented
in Meditch (1974) and Kurek (1983). At the same time, singular systems, whithbe
consideredas incomplete equation systems, have been studied (Dai 1989) with many
applications in control and estimation. The connection betwe®jular systems and systems
with unknown inputs will be examined later.

Observers are used in two major applications : statenstruction for state control and
diagnosis of process. For the last purpose, the detection and isolation of samsoeseived a

lot of attention in the literature (Patton 198%Frank 1990). One of the most common
approaches is based on the use of redundancies betveediiferent variables characterizing



the procesander consideration. The generation of these redundancies has also received much
attention, especiallyfor linear systems (Staroswiecki 1989), (Ragot 1990 and 1992),
(Nowakowski 1991) ; for systems with unknown inputs, some pdmars been published
(Chow 1984), (Gertlet991), (Patton 1991) involving a robust residual generation based on
analyticalredundancy in terms of parity space. Recently, design methods for isolating additive
failures from changes in the state transition matrix of a systembjesre examined (Ribbens
1991).

The aim of the paper is to derive some redundancy equations for fault detectisolatimh. In
order to eliminate some "unknown inputs" in the redundancy equationsavan annihilator
matrix to left multiply the system equations that results in a singuiem representation from
which redundancy equations can é&dracted. This is based on the approach proposed in
(Frank 1989)with here an original computation procedure. By assigning different inputs or
outputs as "unknown inputs" the fault isolation is achieved. The praifiéhe observer design
and residual generation is the core of an FDI procesysfematic investigation of applying
unknown input observer to the Fpilocess was carried out recently by Winnenberg. Because
the proposed analysis and design of the FDI obserglgréieavily on the Kronecker canonical
form transformation ofa given pencil matrix, the FDI problem presentation and design
procedure is made to appear more complicated than necessary (Hou 1991).

In the first section of this presentatione shall give the principle of the unknown inputs
elimination. We will proceed to a dimension reductminthe state equations, then we will
explain thegeneration of the redundancy equations after eliminating the unknown inputs by
using singular system representation. Finadlg, example is given to show the different
residuals which may be deduced from the redundancy equations.

PRINCIPLE OF UNKNOWN INPUTSELIMINATION
Although the processes are usually continudhe, diagnosis calculations are generally
performed on discrete data. Therefore, in this presentation we will only codssdestized
models ; however it should be noted that the proposed algorithnagiies to a continuous
model. The consideratiscrete systems are characterized by an n-dimensional state vector x, a
r-dimensional input vector u, a m-dimensional output vector y and a s-dimensional input/vector
of unknown components. Wassume that the number of known output equations m is greater
than the numbesf unknown inputs s, in order to be sure, a priori, that the system has at least
one redundancyequation. The matrices describing the state evolution have appropriate
dimensions. Systems are represented by the model :

X(k+1) = A x(k) + B u(k) + F v(k) (1a)
y(k) = C x(k) (1b)



In this form, u(k) is a known input vector and the unknown input v(k) diregtpears in the
dynamic part of the state equations. The B and F matrices are assumed to be of fulfaokumn
while the C matrix must be of full row rank. As it is well known, the representétian may
describe a wide variety of fault actuators. If each element otcefkgsponds to an actuator and
if all performances of the actuators are wished to be observed, then F must beeghas¢n B

 if the jth actuator fails, the effect of thigilure can be improved by taking tH€ gntry of v(k)

as the negative of th&jentry of u(k)If the fh actuator has a bias of magnitude b, then tthe j
entry of v(k) is equal to b.

This model may include redundancy equations wieskentially take two forms : direct
redundancy when there ardations between outputs of sensors or temporal redundancy when
the time relation between sensor outputs and actuator iapait€onsidered. Based on this
redundancy, residuals are generated and evaluated in order to detect and locateaactuator
sensor faults.

It should be noted that the system (1) may also be written ingtg-output (ARX) form
depending on the two inputs u(z) and v(z) respectively weidivtatie transfer functions (&)

and G/(z). The redundancy equations are obtained first by finding steble transfer function
matrix Q(z) left orthogonal to &z) and secondy multiplying the ARX equation by Q(z).
This canbe done in the stable factorization framework which is especially suitable for
implementation on a computer (Viswanadham 1988) (Ding 1990).

In this paper, we propose using the state-space representation (1) of thelsystel@r: to find
which part of the output process y is insensitive to the unknown inputs v, we wall¢tyninate
these inputs by projection. We define the matrix :

" B
R=H 2)

where E represents a left annihilator of F and N a left inverse of F. Expresspations these
definitions mean :

0
RF:EI E 3

where ks the s-dimension identity matrix. Multiplying equation (1a) by R gives :

E x(k+1) = E A x(k) + E B u(k) (4a)
N x(k+1) = N A x(k) + N B u(k) + 4 v(k) (4b)



Equation (4a) depends on tkeown input ; if its corresponding state is observable, then
equation (4b) shoulbde used to have an estimation of the unknown input v(k). Equations (4a)
and (1b) describe, under a classical representati@mgular system. Then, a regular system
with unknown inputs may be considered as a singular system with known inputs.

It is also interesting toote that the inverse transformation is possible. For that purpose the
singular value decomposition of E is used :

E=UE 0)VI (5)

where U and V are tworthogonal matrices an®l contains the eigenvalues of E. Using the

change of variablg = VT x, the state equations are rewritten :

(= 0)Xk+1) = U EAVX(K) + UT E B u(k) (63)
y(k) = C V xK) (6b)

If we subdividex(k) into x1(k) and »(k) according to the partition adhe matrix £ 0), we

obtain, with obvious definitions fok1, A» and B:

xy(k+1) =Ag xy(k) + A2x2(k) + B u(k) (72)
y(K) = Cy xa(K) + C2 X2(K) (7b)

which looks like the structure ofsystem with partially known inputs. Then, a singular system
may be considered as a regular system with unknown inputs.

For the redundancy extraction purpose we only consider equations (4a) and (Kinpiified
notation :

E x(k+1) = A x(k) + B u(k) (8a)
y(k) = C x(k) (8b)

with E of dimensions (n-sh, A of dimensions (n-gh, B of dimensions (n-sj and C of
dimensions mn. We assume that the numbesstidte variables n is greater than the number of
unknown inputs s in order to be sure that their eliminasopossible. It is clear that the
elimination of the state x(k) between the equations (8a) and (8b) givesithedancy equations
directly. Unfortunately, this is achievedrough the calculation of the inverse of the singular
pencil of matrices (q E - A) where q is the backward shift operator. Wesesdlllater how to
overcome this difficulty.



DIMENSION REDUCTION OF THE STATE EQUATION
The objective of the present section is the dimension reductitwe state equations. Therefore,
we try to isolate the measured part of the stattor by defining the partition C = {C &) in
which G is the regular part of C and thex(r) matrix P :

1~
p= Ecl C1C2E

0  Ihm

It can easily be verified that CP 3l 0). With the change of variable x :%y

Q where the
w

vector w is the unmeasured part of the state vector, the equation (Bearexpressed in the
following form :

y(k+1) O_ y(k)
(E1 E) Ew(m) E_ AP Ew(k) E+ B u(k) 9)

The matrix EP has been subdivided accordmghe partition of C, where 1Eand E are
respectively (n-s)m and (n-sy(n-m) matrices.

Two propositions are then established in order to reduce the dimension of the state equations.

Proposition 1
If the system (5) is observable, then rank £n - m.

E
Proof : assuming the observability of the system, r@r&l:(g: n (see Dai 1989). AR is

EP
regular, we also have rar@cp E: n. Using the partitioning of EP and CP, it follows :

E1 B
rankE E =n
Im O

As rank(}l,) = m, we can deduce the proposition. Moreoverist full column rank matrix.

Proposition 2
A (n-sk(n-s) regular Q matrix exists such that :

E 0
QE2=QEE12 Ezé E (10)
22 In-m

Proof : this proposition may be directly verified by using the matrix :



-1

Im-s -E12E22

Q= g 1 g (11)
0 E>o

Let us now return tthe simplification of the state equations. Multiplying left equation (9a) by
the regular matrix Q leads to :

Ei1 0 HHy(k+1) A11 A12 HHY(K) B1
= + u(k) (12)
Ex1 | BOw(k+1) Az1 A2 BEw(K) B2
where g, Ajj and B are submatrices obtained partitioning Qf, QAP and QB. System (12)
can then be rewritten under the form :

]y [
w(k+1) =Appw(k) + (A21 -E21 Bp) y(k+1) H13a)
u(k)
E11y(k+1) - A11Y(K) - B1 u(k) = A12w(k) (13b)

Equation(13a) describes the dynamic evolution of the substate w(k) driven by the generalized
input J (k) = (yT(k) yT(k+1) u'(k)). We can also define generalized output vector(k) =

E11 y(k+1) - A11 y(k) - B1 u(k). Equation (13b), therefore represents a "measurement
equation" depending on the state w(k) ; the presenteofariable y(k+1) at the time (k+1) is

not constraining because it is only desiredeaerate redundancy equations. Thus system (13)
can be considered as a standard dynamic sysittnihe former definition of state, generalized
input and generalized output. In order to simplify further notations,sygtem will be re
written with classical notation :

Xr(k+1) = Ar X(k) + By ur(k) (14a)
yi(K) = Cr xe(K) (14b)

Note that this form applies even ifA= 0. This case corresponds to the particular redundancy
obtained from equation (13b) :

E11y(k+1) - A11y(k) - Bru(k) =0 (15)

From equations (14), it is then possible to generate the redundancy equations betwgersthe
and the outputs. In order to avdite matrix inversion, we suggest an iterative method which is
based on a progressive elimination of the unknown sjéte x



GENERATION OF REDUNDANCY EQUATIONS
Let us return to the general state equations (14) for whickletsised to extract the redundancy
equations between the inpudsad the outputs. There are several techniques which may be
applied for that generation using, for example, the expansion in a gewes of A (Faddev
1963) or the coprime factorization (Kailath 1980)je present here an algorithm based on a
dimension reduction of the state equations. Withd3 the greatest regular part of thatrix
Cy, a simple permutation of the elementxpénables the breakdown of the state equation (14)

into :
Exrl(k"'l) E EArn Ar12 ngrl(k) E+ EBrl E «
Xr2(k+1) Ar21 Arz2 O0Xr2(K) Br2 (162)
Yr(K) = Cr1 Xr2(K) + G2 Xr2(K) (16Db)

With the change of variables :

X1(K) = Cr1 xr1(k) + G2 Xr2(K) (17a)
X2(k) = xr2(K) (17b)
the state equations (16) are rewritten :
Haket) H Hagy &1 Heato H Hey H
Q: Q [ % Q %r(k) (18%)
X2(k+1) A1 Aoy LLIX2(K) B,
y(K) =x1(k) (18b)

with the definitions :

A1 = (G A1+ G2 Ay G (19a)
A12 = - A1 Co+Cr1 A2+ Co A2 (19b)
P21 = A1 Ci (19¢)
A2z = A22- A21Ci Cro (19d)
Bi = Gu1Br+ G2Bp (19e)
B2 = Br (191)

A more interesting presentation of the equations coulddye obtained by eliminating the
variable X1(k) in the state equations which are re-written :

_ _ y(K)
Xo(k+1)= Az2 X2(k) + (A21 B2) Eu © E (20a)



z(K) = A12 X2(K) (20b)
with z(k) = y(k+1)- A11y(K) - B1 (k) (20c)

This form highlights the generalized input (y(k)(k)) andthe generalized measurement z(k)

which drive the evolution of the state variaBlg€k). Then, equations (20) are structurally the
same as equations (14) ; therefore, the transformased in equations (18) may be applied to
equation (20). By this mean, we can eliminate unobservable variablegtoiaelure is repeated
until the matrix A is reduced to a scalar or the matrix C becomes null.

EXAMPLE
The following example is to demonstrate the design of residualmdan of the proposed
method. Thalifferent codings of the residuals will also be discussed. We will consider the
model system described by equations (1) (n=5, r=2, s=1 and imw4)ich the matrices are
defined by :

00O00O 0
— — — 11000
2 0 0 O 0 | [ |
0100
A= 010 0HB= 1 F= — C =
| || [ 0001
000 1[] 0 ]
] ] ] 0010
0O 00 144 1 |

The regular part of C may be constructed by selecting the columns 2, 3, 5 ahé €£amhatrix.

This choice necessitates a rewriting of the state equation accordagéomutation of the
numberof the state variables. Following the definition of E in equation (5) we can deduce the
singular equation (6a) :

000 -1 0000 0
1000 1000 1
001 o D= 51 0 oW [ o'W
010 -1 0100 1

Using the proposition 2 and the equation (1&g, reader should verify the following numerical
result :



0-200 0 -20 -2 -2
1 B 1 00 B 1
0 x(k+1) = 0 0 x(k) + 0 (K)
0-101 0-10 -1

Thus, for that system, the state equations may be written :

X11(k+1) - 2X13(k+1) = 2%11(K) - 2%3(k) - 2%(K) - 2 (k)
X12(k+1) = X12(k) + 2 w(k) + (k)

X14(k+1) =X13(k) + w(K)

X13(k+1) -Xo(k+1) = Xq3(k) + (k)

whereX11, X12, X13 and x4 are the elements of1 which is completely measured (equation
10b). Here, the generatiaf the redundancy equation is straightforward because the unknown
state variabl&2 may be directly eliminatedVe therefore obtain three redundancy equations,
from which we can deduce the residuals undenadrix form (q is the time forward shift
operator) :

1) [
2(k) [
rk+1) Ll [Ma@-2) 0 -2(0-13 0 0 2(g-1)[] i
ro(k+1) 0 g1 0 0-2 -1 il
4(k)
ra(k+1) 0 0 -1 g-1 O (0 O
o) L

and more succinctly :

Kk
r(k+1) =(My My) Ez((k)) E

where r, y and u state for the vectafsresiduals, output and input andyMand M, are
convenient matrices.

A significant non-zero value of these residuals indicates the presefenkids in the inputs
and/or outputseasurements. Note that the residuals are a mix of input and output variables ;
therefore the isolation of failures is difficu@ne way of enhancing the residuals involves
generating structured residuals which are sensitive to a parfigaulafGertler 1991). The main
advantage of using structured residuals is the resudiplification of the diagnostic analysis.

A satisfactory requirement for fault isolation is that the new residuals will have separated fault
signatures. For example, assumihgt the actuators are functioning correctly, in order that the
residuals are unaffectéy ns output faults, all occurrences of the ns concerned variables have



to be eliminated ; this can be done by using the classical pivotal technique in the incidence
matrix My. For the previous example, with 3 resideglations and 4 outputs, the maximum
number of outputs that may be eliminated is 2. That misats residual may be sensitive to 2
outputs and consequently the perfect isolation of sensor faults may not be achievedrdf we
concerned with the actuator faults (assuming that the sensors are functioning correditlys then
possible to have a complete isolation of the faWlfgh 3 residuals and 2 outputs it is possible

to obtain, by linearcombination, residuals with only one input variable. For example,
considering the submatrix jMit is possible to define a matrix W :

[ 2(a-1) -4(a-1)[]

W = 0 -1
1 0 0
such that :
[0 0 []

W Mu = % 0 Q
2(g-1)

In these conditions, the new residuals e(k) = W r(k)sémgctured to be sensitive to specific
faults. The second term(&) is affected by the failure of the first actuator, the third tegtk)aes
affected by the failure of the second actuator while the first tefk) is not affectedby actuator
faults which could provide a test to prove that the sensors are functioning properly.

It is also possible to generate structured residuals to isolatedauttsnsors and actuators. For
example, let us suppose that faults on outputs 2 amd 4n input 1 are wished to be isolated.
If we denote Mthe regular matrix formed by columns 1, 2 and 5 of (Mly), the matrix W
must be calculated such that the columhthe matrix W M be independent and contain only
one non-zero element. This can be achieved by selecting :

1
0 0
q-2)
W= 12
0 g1 q1
0 0 -1

Hence the three nexesiduals e(k) are sensitive to only one of the specified faults. Notice that
this perfect isolation of faults is not always possible because it depends on the rank of the
matrix Mg



Let us now consider the case of actuéoits detection using a bank of redundancy equations
which are constructed to be directly sensitive to these faults (figure 1). thsdwe consider a
process described by the state equation (21) :

X(k+1) = A x(k) + B u(k) (21a)
y(k) = C x(k) (21b)

We can rewrite the dynamical part :
x(k+1) = A x(k) + B uj(k) + Bj Ti(k) i=1, .., r (22)

where B is the ith column of B anB is the n(r-1) matrix obtained from B bgleleting B. Let

ui(k) be the i entry of u(k) andigk) the (r-1) column vector obtained from u(k) by deleting
ui(k). Now, we construct a set; ®Rf redundancyequations using the proposed elimination

strategy by treating@ij(k) asthe unknown inputs. By the nature of the construction, these

redundancy equations are not sensitivaij{®) whereas variations and failures ug(k) will

affect the outputs y(k). We repehie above procedure to construct r sets of unknown-input
redundancy equations. By monitoring these sets of residuals, actuator failuresisziatéd.
Indeed,if all sensors are good and all the redundancy equations are verified apart frén the i
then theh actuator is faulty.

Ug

>
>
Um ————

Redundanc f
| »| equations =
Redundanc > I

B equations !

Figure 1 : actuator faults detection using unknown-input redundancy equations



Let us consider the previous example without explicit unknown inputHiis.a null vector).
After eliminating the first input, we obtain the singular system :

0020 020 -2
1020 1200 1
0110 D=0 00 o W[ 20
00 -11 0-100
0000
10 )
y(k) = 01 X(K)
0010

The state equations are then reduced to :
yi(k+1) - 2 y(k+1) = 2 yi(k) - 2 y3(k) - 2%(k)
ya(k+1) - 2 y(k+1) = y2(K) - 2 y3(k) + (k)
y3(k+1) - ya(k+1) = p(k)
ya(k+1) -Xo(k+1) = y3(k)

The redundancy equations may be obtaimeeéliminating the stat®(k) between the first and
the last equations. It leads to the following set of residuals :

1(k)
rak+1) O [Tu(o- 2) 0 2(q 1) 2q(1-q) O] Yak)
r1o(k+1) Q 0 g 29 -1HHsm0 H
ria(k+1) 0 -q -1 a(k) [

o(k) L

The elimination of the second input leads to the following singular system :

0000 000 -2 2
1100 1100 1
0010 %Y= 510 o WO 2
0001 0000 1

0000

10 )
y(k) = 01 X(K)

0010



Then, this system is also described by the state equations :
yi(k+1) = 2 yi(K) - 2%(k) + 2 (k)
ya(k+1) - ya(k+1) = yp(K) - y3(k) + w(k)
ya(k+1) = y(k) + w(k)
Xo(k+1) = w(k)

As previously, the elimination of the statg(k) betweerthe first and the last equations leads to
the new following set of residuals :

1(k) [ ]
r21(k+1) Dq(q 2) 0 0 0 2(1-g ]2k
roo(k+1) 1- g10 1 E 3(K)
ros(k+1) -1 qg -1 a(k) [

1(k) L

Clearly, these two last sets of residuals are respectively de-coupledhotwo inputs wk)
and (k). Therefore, they can be used for detecting and identifying faulty actuators.

CONCLUSION
An attractive presentation of the well-known problem of residuals generatitiedagresented
in the case of systems with unknown inputs. Using a transformation of the processioodel
singular system, theedundancy equations are then formed involving simple calculus. The
proposed methochn be used for determining robust parity equations with regard to actuators
failures.
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