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On the distance between separatrices for the
discretized logistic differential equation

Hocine Sellama
IRMA - UMR 7501 CNRS/ULP
7 rue Ren Descartes - 67084 Strasbourg Cedex, France
email: sellama@math.u-strasbg.fr

abstract
In this paper, we consider the discretization

y(t+e) =yt —e)+2e(1—y(t)?),

€ > 0 a small parameter, of the logistic differential equation ¢y’ = 1 — 2,
which can also be seen as a discretization of the system

{y' =2(1-v?),

v =2(1-y?%).

This system has two saddle points at A = (1,1), B = (—1,—1) and there
exist stable and unstable manifolds. We will show that the stable manifold
W of the point A = (1,1) and the unstable manifold W,~ of the point

2
B = (-1, —1) for the discretization do not coincide. The vertical distance be-

tween these two manifolds is exponentially small but not zero, in particular
we give an asymptotic estimate of this distance. For this purpose we will use
a method adapted from the paper of Schifke-Volkmer [E] using formal series
and accurate estimates of the coefficients.

Keywords : Difference equation; Manifolds; Linear operator; Formal so-
lution ; Gevrey asymptotic ; Quasi-solution

1 Introduction
We consider the logistic equation
y =1-y(t)? (1.1)

whose solutions are y(t) = tanh(¢ + ¢). The discretization of this equation by
Nystrom’s method, which consists in replacing the derivative by the symmetrical
difference, gives the recurrence :

Ynt1 = Yno1 + 2¢(1 — y2). (1.2)
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FIG. 1 — This figure represents y,, as a function of ne?.

With the initial conditions yo =0, y1 = €, we calculate the discrete solution y,,
with 1600 iterates and € = 2% (see FIG.1). We observe that the discrete solution
rejoins quickly the level y = 1, it stays close to this point for a relatively long time
before it leaves its neighborhood, then for the little while the even numbered points
follow one curve and the odd numbered follow another curve, the two curves meet
at the level y = —1, the discrete solution stays close to this point for a relatively
long time, then it remakes the same cycle.
Now letting u, = Y2, Vn = Y2n+1, We obtain a recurrence of first order in the
plane
(Un+1,Vn41) = P(Un, vn) (1.3)

where the diffeomorphism ® : IR? — IR? is defined by

U = u+2e(1—v2),
v = v—i—2€(1—u%).

This is a discretization of the following system of differential equations

u = 2(1 - 1)2),
{v’ 2(1 - uz). (1.4)

We notice easily that the set ¢ = {(u,v)\(u —v)(u® + uv +v? — 3) = 0} is an
invariant set for this system. The system ([.4) has two saddle points in A = (1,1)



and B = (—1,—1) and corresponding stable and unstable manifolds lie on its
invariant set €.

The stable manifold at A and unstable manifolds at B are part of set {(u,v)\u =
v}, where as the unstable manifold at A and stable manifolds at B are part of set
{(u,v)\u? + wv + v* = 3}. The stable manifold of A coincides with the unstable
manifold of B (See FIG.2).

For the discretized equation ([[.J), these manifolds still exist [Jf], let W, W
denote the stable manifold at A and the unstable manifold at B respectively, W;r
and W, unstable manifold at A and stable manifold at B respectively, W and
W, do not coincide an more (See FIG.3) as we want to show.

In the paper [f], after introducing the notion of length of the first level I1(g) =
2enq (), where nq(g) = inf {n € IN\ya,, () + yon+1(e) < 0}, Fruchard-Schifke had
shown that there exist a postive constant K such that

Ae) < exp<_ﬂ'2—;7:(1)>’ as €\, 0,
2
li(e) > Z—E +o(1),

where A(e) denote the distance between the sets W,;F NS and W,” NS in the sense
of Hausdorff and S = {(u,v)\ =1 <u+v < 1}.

With the initial condition yo = 0, y; = €, the length of the first level satisfies
li(e) = —3(1+o(1)) log(A(e)) as € \, O[F]. They also showed that there are two
families of entire functions y* : C — C, solutions of the difference equation

y(t+e) =yt —e) +2e(1—y(t)?), (1.5)

and the functions ¢t — (yj (1), yj(t—ke)), t— (ye_ t),yz (t—|—e)) provide parametriza-
tion wi (t) of W for ¢ € [—1, 0o[ respectively w; (t) of W, for t €] — o0, 1].

In this work we will prove
Theorem 1.1. There exist a constant « with 1.2641497 < o < 1.2641509 and
go > 0 such that for 0 < e < gqg

Dist. (w{ (t), W;")

)

dracos(Zt+m) a2 1 _x2
= e 2 + 0| e 2 |, as e\, 0,
e3(1 — tanh(t)?) g2 R

where Dist. is defined as the vertical distance between the stable and unstable
manifolds.

In order to show the theorem [l.1], we start with the construction of a formal
power series solution in d whose coefficients are polynomials in u = tanh(dt/e),
afterwards we will give asymptotic approximations of these coefficients using ap-
propriate norms on the spaces of polynomials. The next step is to construct a
quasi-solution i.e. a function that satisfies the equation ([.§) except for an expo-
nentially small error, then we show that this quasi-solution and the exact solution
of equation ([L.§) are exponentially close.



F1G. 2 — The stable and unstable manifolds for the logistic differential equation.

Finally we give an asymptotic estimate of the distance between the stable
manifold of A and the unstable manifold of B and we show that this distance is
exponentially small but not zero, thus completing the proof of the theorem [L1].

F1G. 3 — The stable and unstable manifolds for the difference equation.

2 Formal solutions
We consider the difference equation

ylt+e) =yt —e)+ 25(1 — y(t)Q), (2.1)

where € > 0 is the discretization step and y(t) — 1 as t — 4o00. Our first aim is
to transform (R.1]) in such a way that the new equation admits a formal solutions
whose coefficients are polynomials. We define u and A(d, u) such that

u = tanh(gt), (2.2)



ye(t) = Ald, u), (2.3)

where d := ZZS? dpe™ is a series to be determined. When these variables are

substituted in (R-1), the following equation satisfied by A(d,u) is obtained :

A(d, TH(d,u)) — A(d, T (d,u)) = f(e, A(d, u)), (2.4)

where fe,z) :=2¢(1 — 2?), (2.5)
T+ = T"(d,u) = %, (2:6)

T~ =T (d,u) = %. (2.7)

For small € one can construct a formal expansion in powers of €2 of the form
> Agni1(u)d®™, where Ag, i1 are polynomials which satisfy A;(u) = v and
Agpy1(£1) =0, for n > 1.

The existence of a such formal solution is only possible if d and € are coupled
in a very special way. Indeed, suppose that there exists a such formal power series
solution. We differentiate (R.4) with respect to u and obtain at u = 1

oA THdu)—1  9A T-(dou)—1 of oA
1) tim —2Y T g1y tim — 2 T P ey g,
ou (d,1) bt u—1 ou (d,1) e u—1 835(8’ ) ou (d,1)

Because Agp+1(1) = 0 for n > 1 implies A(d,1) = 1. Thus with %(5, 1) = —4e
and g—ﬁ(d, 1) =14 O(d) # 0, the above equation implies

tanh(d)

1
= ————"— = —ginh(2d). 2.
cTI1C tanh(d)? 2 sinh(2d) (28)

Theorem 2.1. Let ¢ and d be coupled by £ = 3 sinh(2d). Then has a formal
power series solution that can be written in the form

A(d,u) =u+ Z Agpir (u)d*™, (2.9)

n=1
where Agpi1(u) are odd polynomial and Agpi1(1) = Agpy1(—1) =0 for all n.

Proof. We will use the Induction Principle for even n to show that there exist
unique odd polynomials Ay, As, As...A, 11 such that

Z(du) = Y Appadt, (2.10)
k=0

k even

5



satisfy
Z(d,T*(d,w)) — Z(d, T (d,u)) = f(e,Z(d,u)) mod d"*>. (2.11)
For n = 0, we put A;(u) = u and Z(d,u) = u and obtain
Z(d, TH(d,w)) — Z(d, T~ (d,u)) =TT (d,u) — T~ (d,u) = (2 — 2u?)d + O(d*).
and
f(e, Z(d,u)) = 2¢(1 —u?) = (2 — 2u?)d + O(d?).
This gives
Z(d, Tt (d,w)) — Z(d, T~ (d,u)) = f(e,Z(d,u)) mod d>.

Now suppose that for some even n already Aq, Az, As...A,11 have been found
with the above properties. We have to construct A, 3. First, we show that Z(d, u)
satisfies (R.11)) even modulo d"*3. To this purpose, let

Z(d,T%) = Z(d,T7) = f(5,Z(d,u)) + Rpto(u)d"t? + O(d"?) (2.12)
we replace d by —d. Using that Z is even and ¢ is odd in d, we obtain
Z(d,T7) — Z(d,T) = —2¢(1 — Z(d,u)?) + Rpio(w)d"* + O(d"?),
this gives
Z(d,T) = Z(d,T7) = 2¢(d) (1 — Z(d,u)?) — Rppo(u)(d)"™ + O(d"™).
With (R.19) this implies R, 12(u) = 0 and consequently
Z(d,T7) = Z(d,T7) = f(e, Z(d,w)) + Rpps(u)d" ™ + O(d"™). (2.13)
We want to construct A, 3(u) such that
Z(d,TY) — Z(d,T7) = f(e, Z(d,u)) + O(d"**), (2.14)

if we put N
Z(d,u) = Z(d,u) + Apyz(u)d" ™. (2.15)

To this purpose we use again Taylor expansion

fe. Z(du)) = fe,Z(d,u)) — du Apys(u)d™ > + O(d™+?),
Z(d, T (d,u)) = Z(d,u)+ Apss(u)d™? + (1 - UQ)%(u)d"”’ + O(d™),
Z(d, T~ (du)) = Z(d,u)+ Apss(u)d™? — (1 - UQ)%(u)d"”’ +O(@d™).



With (R:13), this gives
Z(d,T%) — Z(d, T7) = f(e, Z(d,u)) + Rpys(u)d™™> + O(d"+4), (2.16)

where

D 8An+3

Rua(u) = 21— u?) 222 () 4+ du Ay (u) + Rosa(u).

u

We see that (R.14) is satisfied if only if

aAnJrB
ou

2(1 — u?) (u) +4u Apis(u) + Ryys(u) = 0. (2.17)

This equation has a unique odd solution which is given by

“ Rn+3 (t)

Apys(u) = —(1— u2)/0 mdt.

We can prove that this solution is polynomial. For that, it is necessary that
Ry 43(u) and R), | 5(u) vanish into 1 and -1. Indeed, if we take (R.13) with u = 1,
we obtain

Ro3(1)d"™3 = Z(d, T (d, 1)) — Z(d, T~ (d, 1)) — f (e, Z(d, 1)) + O(d"**). (2.18)
Since, T (d,1) =T (d,1) = Z(d,1) = 1 and f(g,1) = 0, we obtain
Ry 3(1)d"™ = O(d™™), (2.19)

therefore Ry, y3(1) = 0. In order to show that R;,_ 5(1) = 0, we derive formally
(B.13) and replace u by 1. Using T*(d,1) = T~ (d,1) = Z(d,1) = 1 and %(e, 1) =
—4e, we obtain

A T+ T
0 (d 1)<8 0

ns(Dd™ T = B g (41 = —5—(d,1) + 4€> +O(d). (2.20)

By choice of d, cf (R.§). Thus we have aaT—J(d, 1) — ag—u_(d, 1) = —2sinh(2d). with
(2,8) we obtain

R}, 3(1)d"? = O(d"), (2.21)
therefore R/, , 5(1) = 0. As formula (.13) shows that R,,;3(u) is odd, then Ry, 3(—1) =

R;L+3(_1) = 0.
The first polynomials A,,4+1(u) with even n are given by

n 0 2 4 6

App1(u) |u|u—ud| (1— u2)<§u — %u‘rs) (1 —u?) (6—32u5 — %u‘g’ + %u)




We introduce the operators Co,C,Ss,S defined by
C(Z2)(d,u) = Y(2(d, T+2) + Z(d, T~ 7)),

S(2)(d,u) = 1(Z(d, T*2) — Z(d, T"2)),
(2.22)
Co(Z)(dyu) = 3(Z(d, TT) + Z(d,T7)),

$:(2)(d,u) = H(Z(d,T*) - 2(d,T7)),

where T2 = TH(4,u), T2 = T=(4,u) and Z(d, u) is a formal power series of d

whose coefficients are polynomials. We rewrite equation (R.4) as

So(A)(d,u) = (1 — A(d,u)?). (2.23)

3 Norms for polynomials and basis

In the sequel we denote :

— P the set of all polynomial whose coefficents are complex,

— P, the spaces of all polynomials of degree less than or equal to n,

- Q:={Q(d,u) =377, Qn(u)d", where Q,(u) € Py, for all n € N}.
Proposition 3.1. [i] If we define the sequence of the polynomial functions ,(u)
by To(u) = 1,71 (u) = u,Tpy1(u) = 2D7,(u), where the operator D is defined by
D:=(1- UQ)B%, we have

1 TH(d,u) =Y 00 o Togr1(w)d™,

2. Tp(u) has exactly degree n,

3. Tp(tanh(z)) = ﬁ(%)n_l(tanh(z)).

Definition 3.2. Let p € P,,. As 1o(u), 11 (u), ..., 7 (u) form a basis of P, we can
write p as

n
p=_ aTi(u).
k=0

Then we define the norm

n

Il =Y (5)" (3.1)

1=0

Theorem 3.3. [/ Let n,m be positive integers and p € Py, q € Pp. The norms
Il |l of the above definition have the following property :



| Dplln+1 < nllplln-
If p odd we have ||p|ln < ||Dp|ln+1-

There exists a constant My such that ||pq|ln+m < Mi||pllnlallm-

There is a constant Ms such that [p(u)| < Ma (2)" |Iplln (-1 <u < 1).
There is a constant M3 such that for all n > 1 with p(—1) = p(—1) =0,

SN

p
1=, =< Mallpln.
T lln—2

4 Operators

In this section we will use definitions and results adapted from [[j] by replacing
Z by .
7 by

Definition 4.1. Let f be formal power series of z whose coefficients are complez.
We define a linear operator f(dD) on Q by

F@D)Q =3 (3 fiD'Quoi(w))d", (4.1)
n=0 =0

Where f(z) = > i izt and Q =30 o Qn(u)d™ € Q.
By the above definition and (1) of the proposition B.1, we can show that

Q(d, T* (0d,u)) = (exp(8dD)Q)(d,u), for Q € Q and all § € C. (4.2)
With (R.29) this implies

C(Q)(d,u) = cosh(4D)Q, S(Q)(d,u) = sinh(4D)Q,
C2(Q)(d, u) = cosh(dD)Q, S2(Q)(d,u) = sinh(dD)Q,
for polynomial series @ in Q. We denote HQHn = HQan

Theorem 4.2. . Let f(z) be formal power series having a radius of convergence
greater than m and let k be a positive integer. There is a constant K such that : If
Q is a polynomial series having the following property

0 forn <k
<
1@l < { Mn—k)!==™ forn>k
where M independent of n and Q € Q then the polynomial series f(dD)Q satisfies

0 forn <k
1£(dD)@lln < { MEK(n—k)lr™ forn >k



1
We define the operator C~! by C~! = g(dD), where g(z) = cosh(2/2)

Theorem 4.3. There exists a positive constant K such that, if Q is a polynomial
series such that Q, odd, ||Q||, =0 for n < k for some positive integer k and

ldDQ|l, < M(n—k)!n~"™ forn>k

where M independent of n and Q € Q, the polynomial series C~1(Q) satisfies

n! fork=1
HCil(Q)Hn <MEKn "< (n—1)!log(n) fork=2
(n—1)! fork >3

Theorem 4.4. We consider a polynomial series

1

Qald,u) = i an(n—1) !<—)n_17'n(u)d"
" odd

™

where a, = O(n™%) as n — oo with some integer k > 2. Let a := £ 3°%°  «,.
then the coefficients {C_l(Qa)}n of C™1(Q.) satisfy

{Cil(Qa)}n —a(n—1) !(i')nilTn

™

= O((n — k) !71'7">,

n

as n — oo for odd n.

Theorem 4.5. Let k,l,p, q be positive integer with p > k and q > 1. Define m as
the minimum of k + q and [ + p. Then there is a constant K with the following
property :

If P and Q are polynomial series such that | P, =0 for n <p, [|Q|l, =0 for
n < q and

1P|, < Mi(n—k)!m=", forn >k,
HQHn §M2(n—l)!ﬂ'_n, form >1.

Then

I1PQIl, < KMiMy(n—m)!n™ ", forn>p+q.

Theorem 4.6. Let Q1(d,u) be a convergent polynomial series which is even with
respect to both variables and has constant term 1.

Let Qa(d,u) = d*(1—u?)Q1(d,u) and P(d,u) = S(Q2)/C(Q2). Consider the linear
operator defined by

LQ) =8(@Q) = P(du)-C(Q), Qe (4.3)

10



Then, there exist a constant K with the following property. If Q is an odd polyno-
mial series with odd coefficients Qn(u) satisfying Qn(1) = 0 for alin, |[L(Q)|l, =0
forn <6 and

1L(Q)||n < M(n—6)!7" for n>6,
then also

ldDQ|, < KM(n—6)!7~" forn > 6.

5 Asymptotic approximation of the coefficients of the
formal solution
The objective in this section is to construct an asymptotic aproximation of

the coefficents of the formal solution (R.9). It will turn out to be convenient to
consider the new series B(d,u) = ¢A(d,u),

B(d,u) = eA(d,u) = Z Apt1(u)ed™ + cu,

n even

this gives

ZB )d" + eu,

n odd

where B),(u) are odd polynomials. Furthermore we have B,,(u) € P,, and B, (1) =
B, (—1) = 0 for all n. The new equation for B(d,u) is

Sa(B)(d,u) = €2 — B(d, u)?%. (5.1)

We saw in section 2 that the series A was a formal solution of the starting equation.
For the moment, nothing is known about the norms of its coefficients, but we will
show that this series is Gevrey-1, more precisely ||All, = O(n!7~"). This enables
us thereafter to construct a quasi-solution. To this purpose, we will prepare the
equation (m) so that we can construct a recurrence.

We start with the decompostion of series B(d, u) in the form :

10 16
B=U+F, where U =cu+ (u—u)d®+ (?uS — gu?’ + 2u) B (5.2)
Next, we define
G: = QF,
c(@)
J: = — 5.3
Q 3

11



where

3, 7, 4
Qd,u): = (1—ud)d*+ (ut —u?)d* - (€u6—§u4+§u2>d6
AT Bl B, 10,
* <6“ Tt Tt T “)d’
Ouldu) = (1—u2)d2+;(u2—u4)d4. (5.4)

The choice of @ and 1 and by using the properties of the operators S, C, we
will be able to rewrite the equation (.J]) in the form :

eo(d,w)L(J) = ei(d,u)C(J) + ea(d,u)F + e3(d,u)F?
+ey(d,u)Ca(F) + e5(d, u)

where L is the operator defined in ([.d) and e;(d,u),i = 0,...,5 are convenient
known convergent series in d and u which will be thereafter given.

The left hand side of this equation is series with leading term 1 multiplied
by the invertible operator £ applied to the series J. The right hand side is an
expression of F' and J multiplied by known convergent series e;(d,u),i = 1,...,5.

U, Q, Q1 were chosen so that the series e;(d,u),i = 0..5 are of a rather large
order in d, this makes the second term smaller than the right hand side. This
property will be useful to construct a recurrence on n and to reverse then the
operators £,C, which makes possible to estimate the coefficients of series C(G)
and finally the coefficients of the formal solution of the equation (p.1)).

More precisely, we insert (5.9) into the equation (p.J]) and find

So(F) = —F2—2UF +¢&*> - U? - S(U). (5.5)
We define X by
X :=V(d,u) - SC(G) + W(d,u) - C*(G) (5.6)
where
V(du): = 1+2u%d®— (gu4 - 3u2)d4 - <%u6 - %u4 %UQ - %>d6,
W(d,u): = 2eu.

Then, because of G = Q F, we have X(G) =V -SC(F Q) + W - C*(F Q). Using
the formulas
Co =2C? — 1d,

Sy = 28C,
(5.7)

S2(F Q) = S2(F)C2(Q) + S2(Q)Ca(F),

Co(F Q) = Co(F)C2(Q) + S2(Q)Sa(F).

12



We obtain

X = %V-SQ(FQ)%—%W- (CQ(FQ)+QF>

= 5 (Va@+ W s@)sP) + 5 (V Q) + W @) calF)
+ %WQ - F.
With (b.5) this implies
X = %Wl F+ %WQ Co(F) — %(ch@) +WS(Q)F? + ple,u),  (58)

where
Wy ==2U(VC(Q) + W S(Q)) + WQ,
W =V 8(Q) + W C(Q),
p(e,u) = 5(VECAQ) + W S(Q)) (62 — U? — So(U)).

The lowest power of d in Wy and Wy is the eleventh Wi = O(d'') = Wy,
p(e, u) is analytic. On the other hand C(G) = Q1 J, this implies

X(G):V-S(Q1J)+W-C(Q1J). (5.9)
If we use the product formulas
S(@Q1J) = S(J)C(Q1) + S(Q1)C(J),
C(Q1J) =C(J)C(Q1) + S(Q1)S(J).

(5.10)

We have
2(G) = (Ve(@) +WS(Qn)SW) + (V@) +We@)ew).  (511)

With (5.§) and ([L.3), this implies

ViL(J) = —(Ws+ PWV)C(J)+ %WlF — %(VCQ(Q) + WSQ(Q))FQ
+ %WQ CQ(F) + ,u(e,u), (5.12)
Vi = VC(Q1)+WS(Q1),
Wy = VS(Q 1)+WC( 1),
P = S((1-v*d*)/C((1—u®)d®) = —ud+ O(d*),
L(J) = S ) -C(J). (5.13)

13



We divide (F.19) by (1 — u?)d?, this implies

Vi Wi+ PV Wi Vi (Q) + W S (Q)

mﬁ(J) = m (J) + 21 = u2)d2 - 2(1 — uz)d2 F?
W. g, U
e )+ ﬁ (5.14)

where F' and J are coupled by the equation @1J = C(Q F') = C(G).

Theorem 5.1. With the above notations, we have the following estimation

HdDC(G)Hnle = O((n -7 !71'7"> as n — oo.

Proof. We set

n = % for n>7. (5.15)

We must show that e, = O(n~!). In the sequel we will use the convention : If
an,n =0,1,.... is any sequence of positive real numbers, then

+

an,

= max(ag, ai, ...a, ), for all n > 0. (5.16)
In this proof K1, Ko, ... will always denote constants independent of n. Theorem

gives
1G]], < Kief(n = 1)1, (5.17)

|G|, < Kafu(n—10)1x~", for n > 18, (5.18)

where

n—9 . .
i—1!(n—-i-1)!
fn= ; efet (=101 , forn >18.
Using theorem B.3, (5), we find

17], < Ky (n+ 1) tr,

(5.19)
HFQHn < Kgfn+4(n — 6) lo=™m,
Using theorem [I.9, we obtain
[C2(F)||,, < Kselq(n+ 1)l (5.20)

Observe that the convergent polynomials series Wy /2(1—u?)d? , Wa/2(1—u?)d?
begins with d° and (V C2(Q) + W 82(Q)) /2(1 —u?)d? begin with 1. Using theorem
.5 we thus obtain

Ws

Hm@(m

< Kge -(n =) ", (5.21)

n
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F

Wi _
. < Koet —Nx ™" .22
H sa =yl |, = Krenrn Nir (5:22)

(VCa(Q) + W S2(Q
H 2(1 — u?)d?

) F2Hn < Ksff,y(n—6)ln™ (5.23)
On the other hand
Q| =IC(@)],, < en(n—6)lx".
We apply the theorems B3, (5) and [[J and find
[, < Koentaln —4) 1.

Because the convergent polynomial series (W3 + PV;)/(1 — u?)d? = O(d?), then

< K€ 1(n—9)lx~". (5.24)

n

With a crude estimate of the convergent terms pu(e,u) the inequalities (f.21))-
(B:29) gives

Vi

5=t

<Kiu(l+el |+ f;+4)(” —6) 77",
n

The multiplication by the convergent terme 2(1 —u?)d?/ V4 only changes the con-
stant K11. Since theorem 4.5 applies to the operator £ defined in (f.3), we obtain

|dDJ||, < Kio(1+ e}y + fif)(n—6) 7" (5.25)
This with theorem [I.J gives via
dDC(G) =dD(@Q1J) = J - (dDQ1) + Q1 - (dDJ),
the estimate
|dDC(G)||, < Kis(L+ef_g+ fif o) (n—8) ™. (5.26)

By equation (p.1), we obtain

€n—1 S

3| X

(1+eq_s+ fuyo): (5.27)
Lemma 5.2. Under the condition (5.27), we have e, = O(n™') as n — oo.

Proof. Let K1 > 9 !efo an arbitrary number. We assume that

Ki(n+p)!
“(n—=1lp+10)V

€n for 100 <n < N —3, (5.28)
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with p > —1, N > 14. This gives for 13 <n < N

8l(n+p-T1)! R (i+p)n+p—i+2)!
(n—8)!fn+2§26‘9FK1(—p)+K122( p)ln+p )

2
(p +10)! =70 ((p+10)")
Using the inequality,
n—=_8§
Y i+p)n+p—i+2)! < (p+10)!(n+p—T),
=10
we obtain
m+p—"1)! (n+p—23)!
<K <K for 13<n<N
Tz S Ko e s = 10 orsnsN

with a constant K5 depends on k1, independent of p. The asumption () of the
lemma yields

K (n+p—3)!
<1+ K+ K
en-1 < (U KA o) e T — a1

for 13 <n <N,

this implies

K3 (n+p)!
en§ 9
n+1(p+10)!(n—1)!

for12<n <N —1,

with a constant K3 only depending upon Kj. Now we choose Ny > 12 so large
that %g < K and then p so large that (5.2§) holds. Then

< Ky (n+p)!
St 1(p+10)(n—1)!

for 12 <n < N —1, with N > Ng.

€n

Since K1 > 9leyq is an arbitrary number, we have shown for any p > —1 , taht

en:(’)<%> as n — oo,

implies that

Consequently
en = (’)(nil), as n — 0o
Thus we have shown that

HdDC(G)Hn+1 =O0((n—=T7)I7"") asn — oo .

16



Let E := C(G) . Like G, the polynomial series E is odd in d and the coefficients
are odd in u. We partition them

En = an(n—1) !(%’)"*IT”(U) + Bya(n—3) !(%’)"737,1,2@)
+ Yn_a(n — 5) !(%)"_STN_4(u) + B, (5.29)

for odd n > 7, where «,, and 3, are real number and also £ have at most degree
n for all n. For the whole series F this is equivalent to

C(G)=FE = E, 4+ d*FEy + d*E, + d°F, (5.30)

where

s

+o0o S 1
E, = Z ap(n—1) '(i) Tn(w)d",
n="7
= i\n—1
E, = Zﬁ“n—l)'(;) Tn(w)d",
n=>5
I i\n—1
n=3
E = Y En(u)d".
n=1
Theorem p.1] and the definition of the norms yields
an=0Mn""), B=00n"), v, =00 3) and |DE,||ns1 = O((n—1)lx™™).

We apply C~! to (F:29) and obtain

G =C (B + d*C Y (Fy) +d*C Y (Ey) + d°CY(E). (5.31)
To the first two summands, theorem .4 applies and yields

(BN —a-D(L) m@| = o(m-nw),
(B - D(D) )| = 05w,
(€ (EBs) b — (0 — 1) !(%)’HTN(U) = O,

where
1 & 1 — 1 &
a:;Zan, ﬁ:;Zﬁm 'Y:;Z’Yn-
n="7 n=>5 n=3

17



To the last part of (f.29), we apply theorem f.3 and obtain

lic @

= O((n—1) 7" log(n)).
Using G = C~1(E), we have shown

7 7

O O R R IO

= (’)((n -Nx" log(n)).

n

If we use (b.9) and the relation 7,41 = D7, and we apply theorem B.3, (5), we
obtain our final result of this section

and

6 Preparation of the functions to construct a quasi-
solutions

Foean! (D) = =) T (B)
n—anl{ — Tl B(n—2)! - Tpo1 —Y(n —4)! Tn-3

O ((n —5) 7" log(n + 2))

o 01— e a2 g ()

T2 T2 T2

n

= O((n —5) 7 " log(n + 2))

In the previous section , we have shown that equation (.4) has a formal
solution and we found an asymptotic approximation of the coefficients of this
formal solution. We will use this to construct the quasi-solution. To that purpose,
we define the functions

Hy(u) = (n+1) !(%)"HTM(U) (6.1)
e 1
ht,u) == Hn(u)m. (6.2)
nngjd
We rewrite
a = (2) 3 )+ 2)(2) (). (6.3)
n=6

n even

18



Using proposition (B-1)-(4), we obtain

=2 3 () (e (e

n even

or equivalently
—1 < 1 it\n d"
e = 3 (5) (@),

n even

where g¢(¢) = —2(tanh(¢) — tanh(£)?) and & = £(u) = artanh(u).
and hence that

h(t,u) = _—; i ! (it>n%(g(§)) + pult, ),
n=0

n!\rw

T
n e?)en
where
. 2u 4 3 2 2 5 3 4
p(t,u) = —FTQ(U) + F(?)u —2u)To(u) t* — 3?(45u — 60u” + 17u)ma(u) .
Thus we can write
htw) = 5 fa(e +2) + g6~ D)) + uit.w. (6.4
’ 27?2 T T ’

This gives

4u® — 4u) sin (%)4 — (6u3 — 2u) sin (%)2 + 2u
3
71'2<cos (%)2 + w2 sin (%)2>
+ p(t, ). (6.5)

h(t,u) = (1—u?) [(

For fixed real u the function h(.,u) is analytic in [t| < p, where p = %2 In the
subsequent definition, we consider real values of u, 0 < u < 1, here h(.,u) is also
analytic with respect to ¢t on the positive real axis.

Now we define the function H(d,u) by

+oo ‘
H(d,u) = / e dh(t,u)dt, for (0<u<1). (6.6)
0

The function H(d,.) is real analytic ; they can be continued analytically to the
interval —1 < u < 1 in the following way. Choose some positive number M and let
I’y the path consisting of the segment from 0 to M4 and of the ray ¢t — t+Mi,t > 0.

19



Let 'y the symmetric path that could also be obtained using —M instead of M.
Recalling (6.4), we can also define

H(dw): = _% [/F eég(§+;_t)dt+/r e’ﬁg(g_;_t)dt
+ //Jl(dau)’

where

i i= [ e,
0

for —tanh(2M) < u < 1, where ¢ = artanh(u), because the singularities of tanh
are i(5 4+ nm), n integer. As M is arbitrary, this defines the analytic continuation
of H(d,.) for =1 <u <1.

In the sequel we consider ug €] — 1,0].
Lemma 6.1. If we consider the above function H(d,w) and the operators defined
mn . Then, forupg <u<1

- 1.

S2(H) = (1 — u*)D1(d, u),

where the function Di(d,u) is analytic, beginnings with d°.
- 2.

Co(H) = —H(d,u) + (1 — u2)Ds(d, u),

where the function Dy(d,u) is analytic, beginnings with d’.
-8

S, (T;u) H) = - TZ‘; H(d, w) + Dy(d, u)

where the function D3(d,u) is analytic beginnings with d®
Proof. (1)- If we replace u by T and 7~ in (B.5) we obtain

H(d, T*) — H(d,T™) = /O+oo e i (h(t,T) = h(t,T7) )dt,
this implies
H(d,TT) —H(d,T")=—
where

It = /Ome‘%(g(é“(T’L)Jr;)+g(§(T+)—i;
(



Using &(T7F) = € 4+ d, where ¢ and u are coupled by & = artanh(u), we obtain
+oo ; +o0 ;
t t
I+:/ e dg(€+d+ Z—)dt+/ eig(é+d—Z)dt.
0 n 0 n
If we substitute ¢ + mi d in the first part, ¢ — wid in the second part, we obtain
+oo+mid . +oo+mid -
t t
I+:—/ e_ég(§+z—)dt—/ e_ég(f—z—)dt.
—mid ™ mid ™
We apply Cauchy’s theorem

I+:_/O+Ooe_§(g(§+%)—i—g(f—%))dt + /O_Mde—ég(gﬂ_)dt

t
7r
mid -
_t ot
+ / e dg(&——)dt.
0 T
Substitute ¢ = —i sd in the second part, ¢ = i sd in the third part, we obtain

+oo
I+:—/ e
0

This implies

“+o0o
It = —/ e
0

where

(sfe+ )+ ole=2))ae2a [smergle + Zyas
T 0 T

7
™

e

Qe

(g(s + ;—t) +9(&— iT—t))dt — 4d(1 — w*)D*(d, u), (6.8)

u + tanh(£2)) (1 — tanh(£4)?)

ds.
(1+ utanh(%))3 ’

T(d,u) = ﬂsins(
D(d’)‘/o (s)

We can also use the same method for 7~ and obtain

o= = +Ooe_§ E —i—t — —u?)D™(d,u
I~ = /0 (g(f—l—w)—i-g(é“ 7T))dt 4d(1 — w*)D™(d, u), (6.9)
where
() = Wsins (u—tanh(%))(l—tanh(%i)Q) .
Dia, )_/0 ) (1—utanh(%l))3 a5
Consequently
H(d, TT) —H(d,T™) = M(Dﬂd,u)—b—(d,u))+a(d,T+)—a(d,T—).
Using (R.22), we find
So(H) = (1 —u?) D1(d,u), (6.10)
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where D (d, u) is analytic, beginnings with d®.
(2). Using the same method, we obtain

H(d, T*) +H(d,T™)

—2H(d, u) + 2(1 — u*)Dy(d, u).
With (R.22) we find

Co(H) = —H(d,u) + (1 — u®)Da(d, u).
Dy(d,u) is analytic, beginnings with d".
(3). Using (6.7), £-8), (B-23) and (1), (2) of this lemma, we obtain
55(%%) 52(%)02 (H) +CQ<%)52(H)

= 2% p(d) + Ds(d,w)

To(u)

where

Ds(d, u) := (14 (1 +u?)sinh(d)?)(1 — u®)Di(d, u) + 2ue(l — u?)Do(d, u).
Proposition 6.2. We have
1. Forug<u<1

o0

g\ n+1 "
H(d,u) ~ Z; (n+1) '(E> Tnt2(w)d™, as d ™\, 0, (6.11)
n odd
2. |%—7J(d,u)‘§Kd for ug<u<1 (d>0).
Proof.

1. To prove (1) we use Watson’s lemma and (6.3). if |t — k72| < %2, for
ug <u<l1

1
2. = Forup <u<s

1 o
‘H(d,u)‘ ﬁ/ e Vap(=0) (¢, ) dt,

where h(=6) (¢, u) satisfies

<%>6h<6> — % and( 0 >kh(’6)(0,u) =0, fork=0,...,5.

Because of

for t > 0,



we obtain

This implies

OH

S u)‘ <Kd  (d>0).

fforégugl

S u)( - (/ du)dt

K/eddt

< (d>0).0

IN

Let us consider a sequence Ry, (u) of polynomials of degree at most n, such that

IRl = O((n 51t log(n)>

Lemma 6.3. Let polynomial series difine R € Q with the above estimate be given
and define

0 tn_l 7T2
- L < up<u<l
r(t,u) ;Rn(u)(n_l)', (teClt] < Sup <u <,
w2 72, or 72 2
(= _Tyor T o <u<l
r(t,u) r(Guw)+(t-5) 5 (T, > Fuw<usl),
R(d,u): = / e_%r(t,u)dt.
0

Then

1. 7 is continuously differentiable function on the set B of all (t,u) such that
U satz’sﬁes up < u <1 andt is a complex number and satisfies |t| < %2 or
t > %-. The restriction of r to up < u < 1,[t| < % = s twice continuously

dzﬁerentmble. For fized ug < u <1 the function r(t, u) is analytic in [t| < T

2. R(d,u) is continuous, partially differentiable with respect to u, has continu-
ous partial derivative and

u) ~ ZRn(u)d", as d ™\, 0. (6.12)
n="7

3. |R(d,u)| < Kd,

a—R(d u)| < Kd?, for ug<u<1 (d>0).
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The importance of our definition of R lies in a certain compatibility with
insertion of the functions T, T~ for u. First let

iR:(u)d" = iRn(T‘L(d,u))d",
n="7 n="7

> Ry(wd" = Y Rn(T (d,u))d".
n="T7 n="7

We obtain a new sequences R, (u), R;, (u) of polynomials of degree at most n.

Theorem [£.2, and ({.9) imply
IRt (W), = O ((n —5) " log(n)>
IR, (W) = O ((n _5) g™ 10g(n)>
Therefore we can use lemma . for R (u), R, (u), and obtain functions R*(d, u),

R~ (d,u).

Theorem 6.4. There is a positive constant K independent of d,u such that

7'r2

(RY(d,u) = R(d, TT)| < Kd%¢ 2@ for (0<d<dy,ug<u<1l)
2

IR™(d,u) =R, T7)| < Kd’¢ 2 for (0<d<do,ug<u<1l).

Proof The proof is exactly the one of [f].

Definition 6.5. Let D(d,u) be a function defined for 0 < d < dy and ug < u < 1.
We say that D(d,w) has property G if

D(d,u) = / e q(t,u)dt (0<d<dy, up<u<l)
0

is the Laplace transform of some function q(t,u) that has the following proprties :

1. q(t,u) is defined if up < u < 1 and either t is complex and |t| < %2 ortis
real and t > 0,

2. q(t,u) is analytic in [t| < %2 forupg <u <1,

3. q(t,u) restricted to0 < t < %2 ort > %2 is continuous and the lim, .2 q(t, u)

exists for every ug < u < 1,

4. there is a positive constant K such that
lq(t,u)| < Keft for t>0, up<u<1, (0<d<dy, up<u<1l)

The set of all function with the property G will be denote by G
Lemma 6.6. For ug < u <1
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1. If H(d,u) is the function defined in (p.4) then
~ 7\,2
dH(d, ) = (1 — w?)H(d, u) + o((1 - uz)e—@)
where H(d,u) has property G

2. Let k be a psitive integer. If D1, Dy have property G and their first terms in
the Taylor development at d = 0, begin with d* then

,"2
Di(d,uw)Dy(d,u) = de(d, u) + (’)<dke_ﬂ>7

where D(d,u) has property G
3. If H(d,u) is the function defined in (6.4) then

H(d,u)? = (1 - u?)2d*(d,u) + O((1 - u2)2d367%)

where E(d,u) has property G

4. Any function D(d,u) analytic in a neighborhood of d = 0 has property G if
D(0,u) =0 for all u,

5. If R(d,u) is defined by lemma then %R(d, u) has property G

6. If D1, Dy have property G then so do D1 + Dy, D1 — Do and D1 - Dy

7. If D(d,u) has property G then

1

D(d,u)| < Kd (0<d< %) (6.13)

with some constant K > 0 independent of u.

Proof.
1. For u > 0, we have
d'H = (1~ uz)/ e~ ga(t, u)dt (6.14)
0
where
1 t r0 pv pT ( )
ga(t,u) = 7/ / / / h(s,u)dsdr dv db
(I=w?) Jo Jo Jo Jo

7T2

94(t,u) has a logarithmic singularity at tx(s) = (2k + 1)7 + d”2i for (k >

0,s > 0). it is analytic in |t| < %2 and lim_ 2 g4(t,u) exists.
2

H(d,u) = /000 e
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where

. t,u), ift <
Galt ) = {g4< u)

94(%,u)’ lftZ

vl Lo,

then H(d, u) has property G and
2

d*H(d,u) = (1 — u?)H(d,u) + (’)((1 — u2)ef72rfd).

(ii)- For —up < u < 1, where 0 < ug < 1, we have

H(d,u) = / efﬁh(t,u)dt—i—QWiZRes(eféh(t,u),tk(s))
0

k>0
ooet?
_1 1 2 _x2
= /0 e dh(t,u)dt—l—(9<ﬁ(1—u)e 2d>

T 77
where 5 <p< T For 0 < u < ug, this formula coincides with the formula

/ e h(t,u)dt
0

and extends it by real analytic continuation for —uy < u < 0.

This implis
ooe’® . 2
d*H(d,u) = (1- uz)/ e dgy(t,u)dt + (9((1 - uz)dze_ﬂ)
0

we obtain

d*H(d,u) — (1 —u>H(d,u)=(1 —uz)/re_ggg(t,u)df

+ O<(1 - u2)67%),

where I is the path following the real line from infinity to (”—22, 0), then along
the vertical line from (%2,0) to (%2, %2 tan(cp)) and finally along the line
71"2 71"2

y = tan(yp)z from <7, T tan(<p)) to infinity.
Since g4(.,u) is bounded on T', then

[V

™

‘d4H(d, w) — (1 — u?YH(d, u)‘ < K(1—u?)e 5,
where K is positive constant. Finally

2

d*H(d,u) = (1 — u®)H(d,u) + O<(1 - u2)e_g_d> for (0<wuy<u<l)

26



2. We assume that D (d, u), Da(d,u) have property G and their first terms in
the Taylor development at d = 0 begin with d*. Then

Dlz/ efﬁf(t,u)dt

0

DQZ/ efﬁg(t,u)dt
0

where f(t,u), g(t,u) are analytic in [t| < %2 and f(t,u) = O(t*1), g(t,u) =
o(tF=1).

Qe

Di(d,u)Dy(d,u) = /000 e d(f*g)(t,u)dt (6.15)

Since
) = (Fxa)(t = [ Ftalgle = s u)ds
= /f(t—s,u)g(s,u)ds
0

= [ fswglt—suds+ [ (e s wgls,wyds.
t/2 t/2

For t < %2, the function h(t,w) is k times differentiable with respect to ¢ and

t t

W(tu) = f{t:u)g(0,u) + f(0,u)g(t,u) = f(5,w)g(5,u)
t ¢
+ f(s,u)g (t — s,u)ds + It — s,u)g(s,u)ds
t/2 t/2
t t
= f(8)g' (t —s)ds+ [ f(t—s,u)g(s,u)ds
t/2 £/2
t t
i wew
t t
Ot u) = [ fls)g® Vit —s)ds+ [ FED( — s u)g(s,u)ds
t/2 t/2
< ot t
_ M (2 Wgk—1-m) (2
> rOE g (L )
n=0
Observe that h(*¥)(t,u) is continuous on [0, 72[, it is analytic for [t| < %2 If
we put
N h(t,u), ift <o
h(t,u) = o\ K 22
(t-%) . ez
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then

/ e~ p®) (t,u)dt,

0
has property G and

o0 o0 t ~ ‘rr2
(D1 -Dy)(d,u) = / eéh(t,u)dt:/ e*Eh(t,u)dt—i—(’)(dke*ﬁ)
0 0
o0 t~ ‘rr2
= d’“/ e_Eh(k)(t,u)dt—i-(’)(dke_W)
0
7‘,2
- d’“D(d,u)Jro(dke—a)

where D(d, u) has property G.

3. We have 1

a8
Using (1) and (2) of this lemma, we obtain immediately the result.

For 0 < u < 1, the proof of (4), (5), (6) and (7) is exactly the one of [f]. This
proof is valid for ug < u < 1.

H(d,u)? = — (d*H) - (d*H)

7 Approximate solution A(d, u) of the functional equa-

tion (2.4)

In this section we use the formal solution of (R.4). The estimates of section 5
for its coefficients and the preliminary results of section 6 allow to construct the
function A(d, u) that almost satisfies (R.4)), except an error which is exponentially
small as d — 0.

In theorem P.1 we found that (R.4) has a uniquely determined formal power
series solution

1 1 >
A(d,u) = =B(d,u) =~ U Fo(w)d" ), 7.1
(@ = 28w = (U + 3 Ao ()
nc;id
where

1 1
Uld,u) = eu+ (u—u®)d®+ (§0u5 - §6u3 + 2u)d®,
1

Foo= ant(D)" i + o0 -21(2)" )

b= 1(2)" ) + R

s

[ O((n—5)!7r_110g(n)), (n>7).

n
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Consequently

00 nal
B(d,u) = (a+pd*+~d*) Y (n+1)! (W) T"“ d"+ Z Ry (u)d" +U(d,u),
n="7
nodd nodd

Now we set

1
B(d,u) = (a+ Bd* + 7d4)T—H(d, u) 4+ R(d,u) + U(d,u), (d>0,ug <u<1),
2

(u)
) (7.2)
where H(d,u) is defined in (B.6) and R(d,u) is the function corresponding to
R,, n=17,9,.. By lemma [.3 and proposition 6.3, we have

B(d,u) ~ B(d,u), asd\,0 for every ug<u < 1. (7.3)
Theorem 7.1. We have

A(d,T") — A(d, T™) — f(e, A(d, u))‘ < %e*%, for (0 < d < dop,up <u<1),

where K is a constant independent of d,u and

A(d,u) = éB(d, ) (7.4)

Proof. We set
T(d,u) = S2(B) — 2 + B(d, u)?. (7.5)

then

T(du) = (a+Bd+ 7d4)52( H) — &2 4 B(d, u)?

1
72(u)
1 1
+ 5R(d, Th) — 572(d, T7)+82(U)
With (7.2) and lemma [.1, this implies

7T (d,u) = To(d,u) - H(d,u) + T1(d, u) + T2(d, u),

where
To(dw) = (a+ B +1d") [~ 2eu + 20(d, )| T;u) ,
Tidu) = (a+ B +yd) (Z)ZH(d, W)? + R(d, u)?
+ 2t Bl +Ad) T;u) H(d, w)R(d, )
Tdw) = 20(du)R(du) + SR TT) ~ SR(,T),

T(d,u) = U(d,u)?+ S(U) — &%+ gD(d, )
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Observing that 7o(d, u) is analytic function beginnings with d3. Using (1) of lemma
b.6, we obtain that d7y(d,u)H(d,u) has property G.
Applying lemma .6, we obtain
7‘,2
Ti(d,u) = d*Dy(d, ) + O(de %)

where D3(d, u) has property G.
Using (5) of lemma [.q and theorem [.4, we find

7‘,2
To(d,u) = d*Da(d,u) + O(d*e 50 )

where Dy4(d, u) has property G.
1
On the other hand, E’Zé(d, u) has property G. This implies

ﬂ¢mzépmmo+m¢m,

where D5(d, u) has property G and

2
|K(d,u)| < Kd’e=a  for (0<d<do,up<u<1l). (7.6)
Altogether we have proved that
1 o
T(d,u) = E/ e~ ad(t,u)dt + K(d, u),
0

where d(.,u) is analytic in |t| < %2, it is continuous on [0, %2[ and ]“—22, ool and has

a limit as t — %2 for every ug < u < 1 and satisfaies

16(t,u)| < K el (7.7)
with a constant K independent of u. Now if §(¢,u) = > 07 0,(t)t" is the power
series of §(¢,u) near t = 0, Watson’s lemma implies with ([.g) that

d7 (d,u) ~ Zn!énd"H, as d \, 0 for every ug < u < 1.
n=0

On the other hand, because of its definition
1 1
T(du) ~ 5B, T — 3B.T7) - €2 + B(d, u)?
~ 0+0d+---

because the formal series B satisfy (B.]]). But this means that all §,, must vanish
and 0(t,u) =0 if
t] < %2, up < u < 1. With (7.7), thus we obtain for ug < u < 1

e} oo 2
/ e~ a|8(t,u)|dt < /2 e aKeKldt < Kde 31, (0<d<dy).
0 =

2
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We obtain ,
|T(d,u)| < Ke™22 (0 <d < dp).

Finally, we have shown that there is a constant K such that

s

e 2d,

Ad, T%) = A, T7) ~ f (e, Ald, u))| = §|T(d, W <

| =

for0<d<dy, 0<u<l.

8 Distance between points of manifolds

Let y(t),t €] — 1, 00[ an exact solution to the difference equation (R.]), so that
the stable manifold W, is parametrized by t — (y(t),y(t + €)). We know that
y~(t) = —y~(—t) is also an exact solution of (R.1) with y=(¢) — 1 ast — —oo
. Morever the instable manifold W, is parametrized by ¢ — (y~(t),y™ (¢t +¢)).
We introduced the quasi-solution A(d,u) in previous section, then A~ (d,u) =

—A(d, —u) is a quasi-solution close to the exact solution 3~ (t). We denote by Wi,
W; the manifolds close to W respectively W, parametrized by ¢ (&+(), &4 (t+
e)) respectively t — (£_(t),&—(t +€)), where &(t) = A(d,u(t)) and £_(t) =
A~ (d, u(t)).

In this section we will show that the vertical distance between a point of the
stable manifold and the manifold W, is exponentially small as well as that between
Wi and W, ; both are smaller, as we will show than the distance between Ws and
W;. This eventually proves that W and W,” do not coincide.

In order to estimate the distance between some point (xg,yo) on the stable
manifold W, we consider the sequence P, = (2, yn), defined by P11 = ¢(Py),

where
(b(;c) N <x + 28?1 _ y2)>' (8.1)

P, = (xy,yn) is a point of the stable manifold. We obtain

_ In\  [Tnt1) Yn
Pn+1 B (b(yn) a (yn+1> a (xn + 26(1 - y%)> (8.2)

Since ® = ¢ o ¢, where ® is defined in ([.J), and the stable manifold W is
invariant by the application @, then the stable manifold W remains invariant by
¢. Then theorem [7.1] implies

2

E4(t ) = &40~ 2) +26(1— £4(1) + (e 5 (8.3)
where 7(t) is bounded. There is a sequence t,, €] — 1, +00[ such that
Eltn — &) = wn = A(d, T (d u(ta) ) = A(d, T (d U-(n))) (8.4)
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F1G. 4 — The vertical distance between a point of the stable manifold and the approxi-
mation defined using the quasi-solution 4 for the logistic equation .

E+(tn) = A(d,U:(n))
Ei(tn+e) = A(d,T+(d,U€(n))> (8.5)

where U.(n) = u(t,). The relation (B.4) implies that the point (x,,, b, ), where b,, =
&4 (ty), the vertical projection of the point (z,,y,) on the curve t — (&4.(t), &4 (t+
£)). But, according to (B.9), (B4), we have

E+(tnt1 — €) = Tpt1 = Yn. (8.6)
Now consider the error quantities
d-(n) =y, — .A(d7 Ug(n)) = yp — by, (8.7)

d=(n) denotes the vertical distance between a point P, and the manifold W,. The
manifold W is parameterized by the curve

t— (&4(t), &4 (t +¢)). We obtain
de(n+1) = Ynt1 — f(@n+1) = Ynt1 — F(Un) = Yns1 — f(de(n) + bn), (8.8)

where f(z) =&+ <§;1(m) + a). The point (Y, f(yn)) is the vertical projection of

the point (Zp41,Yns1) on the curve t — (£4(t),&4(t +€))  (See FIG.4).
If we use Taylor expainson, (B.§) implies

de(n+1) = yny1 — f(bn) = f'(6n)de(n), bp < On < bp +de(n). (8.9)

Then according to the definitions of f and b, we have f(b,) = &4 (t, + €), with

(@) and (@), we obtain
Flba) = 70+ 21 = B2) + Zn(tn)e” 5. (8.10)

Together with (B.9) and (B.g) this implies
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de(n +1) = — ' (On)de(m) + 2668 — 2) — Znltn)e %, (8.11)

Using (B.7) we obtain

de(n+1) = —(f(62) + 265 + b)) deln) — én(tn)e*% (8.12)
Now € (o + )
"6, = S+ TE) where z, = -1 0,),
f( ) gq_(zn) ’ 5—}— ( )
then

F1(0n) =1 —2u(z,)d + (3u(z,)* — 1)d* + O(d®).
On the other hand b, < 0, < y,, implies

0 < b, <&(2n) <Yn
and thus
J'On) + 25 (g + b)) > 14 25(€4(20) + b ) — 2u(z0)d
+ (3u(zn)2 - 1) & + O(d®). (8.13)
We know that
€4 (2n) = ulza) + (ulzn) = u(z0)?)d? + O(d"),
this with (R.§) implies
F1(0n) 4 26(yn + bn) > 14 2eb, + O(d?).
As b, > 0, then for sufficiently small d,
I (0n) + 2e(yn + bn) > 1.
This implies
1 (0n) +2e(yn +by) =1+ ge (u(zn)), with some g, (u(zn)) > ec,

9= (u(zn)) = O(e) and c is a positive constant. With (B.13), this implies

deln+ 1) = (14 ge (u(z0) ) de(m) - én(tn)e*z. (8.14)

As d.(n) — 0 as n — 400, this implies that

o

1 _#2
|de(n)] < —e™>=

3
k=n

n(sk)
T (14 - (ul=1)))

, (8.15)
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provided this series converges. This follows from

- 77(816) <K +OO(1 +ec —k
2 I (1+gg(u<zk>))' e

where we used that 7 is bounded. This imply that there is a constant K > 0 such
that

= n(sk) K
2 IT (1+ g (u(z) ' e

With (B.H) implies

sir=0( e (-Z)).

and in particular that the vertical distance d.(0) of (zg, o) to Wi is

d.(0) = O(gi2 exp ( ~ g—€)> (8.16)

~ Now we will calculate the vertical distance between the twomanifolds Wy and
W;. To do this, we will need to extend both quasi-solutions in an adequate way.

We define

Et) = A(dult), for —% <u<i,
E(t) = A (du®), for —1<u< % (8.17)
First, we evaluate the quantities
e (.(0). (1)) = A(d,u) — A~ (d,u), for — % <u< % (8.18)
using (7.9) and (F.4)
(& 0.61) = &W-E, (8.19)
- é(a 4 B+ ~dY) (FU(d, w) — F (d, ),
where
H(d,u) = /OOO e~ dh(s,u)ds, for —% <u< %
H (d,u) = —/Ooo e~ dh(s,—u)ds, for — % <u< % (8.20)



Modifying the path of integral, we obtain

'H(d,u):/r e dh(s,u)ds + Z 27TiR€S(€7%h(S,u),Sk(t)>

Im(sy(u))<0

_ Z 2miRes (e_ih(s,u),sk(t)>,

Im(s(u))>0

where si(t) = %2 + % i+kn? for k >0, T is the sum of two paths I'; and T'. Here

I’y consist of two segments of the higher half-plane, one of these two segments is

parallel to the axis y = 0 and begins at the point (%2, 1), the other ends in the

point (0,0), and the path I'y is the symmetry of I'; relatively to the axis y = 0.
This implies

v _s - (k + 1)m?
'H(d,u):/Fe dh(S,u)dS + mgexp<—7>
it o0
e et (k + 1)72
M7y kZ_OeXp ( T 2d )
Therefore

- s meos(Tl) o (k +1)7?
H(d, ’LL) = /F e dh(S,U) ds + m gexp ( — T . (821)

Similary for H~(d, u)

s meos(El) & k+ 1)r?
'H(d,u):/redh(s,u)ds—(p(li_(euz))zeXp<—%>.

Therefore

0. (5+(t),£, (t)) _ 2r(a + fg?l—i-_’yj;l)) cos(Zh) exp < 772> N O(cos(?t) 37r2>’

for —arctanh(3) < ¢ < arctanh(3). Consequently

2ma cos(ZL)

(1— tanh(gt)Q)

2

e 2% + (9<— Cos(ﬂ—t)e_ﬁ> (8.22)
€ €

d:(£:(0.6-(0)) =

Now we want to estimate the vertical distance between a point on the quasi-
manifold Wy and its vertical projection on the quasimanifold W;. For this purpose

let ¢ such that —3 < u(t) < 4. Then the point <§~+(t), E(t+ 8)) is on the quasi-

manifold W,. We suppose that (§+(t),§~* (t1 + 5)), where —3 < u(t;) < 3, is its
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vertical projection on the quasimanifold W;, then the vertical distance between
these two points is

disty(t) = E(t+e) =& (th +2) =& (t+2) — F(§4(1)), (8:23)

where f(z) = £ (5:1(3:) + 6), £-' the inverse function of £_. Using (B23) and
(B-2() we obtain

dist,(t) = £ (t+ &) — F(E_(t) + ec(t)),

where e (t) = d. <§~+(t), £ (t)) We use Taylor expansion and obtain

dist,(t) = &i(t+e) = F(E-(1) —e=(t) - [(6),
= &(t+e)—E(t+e) —el(t)- ['(6), (8.24)
where €_(t) < 0 < &_(t) + ec(t). With (B20) this implies
disty(t) = e.(t+¢e)—e(t)- f(6). (8.25)

g (5:1(9) + s)

Since e.(t +¢) = —e(t) + O(e-e(t)) and f/(0) = ——— =1+ 0(e),
(e-e:0) & (&)
we obtain
dist,(t) = (—2+0(e))e:(t). (8.26)
Consequently
disty(t) ~ ——TOC0S(T) 2t (8.27)

= (1 — tanh(4t)?)
Combining (B.16) and (M), we conclude

draccos(Zt +m) —a2 1 -2
Dist.(wf (t), W) = S——Te + O<—262E>, as € \, 0,
! e3(1 — tanh(%t)) 5

9 An estimate for the main asymptotic coefficients

In this section we show that the number « in the main theorem of the in-
troduction is not zero and we want to find bounds for «, and will then obtain
estimats for o using the first «,, which can be computed explicitly. We recall that

1 (e 9]
o= Z an (9.1)
n="7
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where ay,(n — 1) !(%)nilu” is the leading term of the coefficient {C(G)}, (u) of
d" in C(G)(d,u), where G = Q(d, u).F(d,u), F(d,u) = B(d,u) —U(d,u) (cf.(p.9)

and (5.5)).

For a polynomial series X (d,u) = > "7 ; X, (u)d" where the degrees of X, (u)
do not exceed n, we can write X, (u) = > }_zpru™. Then we denote by X(z) =

Yoo o Tnn 2™

The mapping X (d, u) — X (z) extracts the leading terms of the series X (d, u).
It is compatible with addition and multiplication. If we define the following oper-

ator D = —zzd%, we also find

where the operators S,C,S2,Cy are defined in (B19). If we apply the mapping
X (d,u) — X(z) to the equation (f.13) , we obtain

3 (@3) () =R(E)(2), 92)



where

Wa

Wi

Wy

i <A S(z2) » )
— ) — =< X
(8- 55w
—% + K;@(i) — Wl,\ Wy <i>y2
z z Q1 222Q 222Q% \Q
/W2 (Y
ﬁ@(a)’
0 n—1
C(G) = Z an(n—1) (77 2",
n=0odd
C (),
24 136 4T g
22+ z 6 z0 + 18Z ,
2 3.4
2 b

422 [ — 192 — 24022 + 5082% + 199525 + 341828
43892'0 + 2172’12} / [3(22 - 4)4] :
M [591 — 1545722 + 216102* + 5919425 + 365832°

2759210} / [27(2«2 — 1)8},

21 [2385 — 3283222 — 117902 + 2319172% — 11626728 + 720682210
1018936212 + 29008924 + 2480z16] / [81(22 — 1)8],

VG (Q) + WS(Q)

—2? {54 — 43222 + 14492 — 272425 + 444928 — 14719210 — 12857212

951462 4 1109052'% 4 290412 + 248z20} / [54(22 - 1)8},
Wi’) + ﬁ‘/}i’n
—82° [ — 1152 4 116822 + 97442* + 189012° + 146642°

1240210} / [3(22 — D4+ 22)] ,
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o = 2% [ — 527000230 — 198830022 + 1476357022° — 2548814522

+ 11808105222 + 11381027220 — 1706556228 — 1547949726 — 1577787821
—  214993212' + 14844222210 + 484717828 — 14190032° — 5410262*

4+ 3204902% — 50220] / [972(2«2 — 1)12}, (9.3)

with z = z(z) is a power series.
Now for integers m > p > —1, m > 0, we introduce the set

M(m,p) = { Z*xnz"\ zn/[(n—p)!l7"],n=m,m+2..is bounded}

M(m,p) is a Banach space with the norm

Zmp =sup {|zy|/[(n —p)!7™"],n Zm,n=m mod 2}. (9.4)

[e.e]

Here the symbol Z* for the summation means that only summands with
n=m
n =m mod 2 are considered.

Proposition 9.1. Let m,p,q be integers and m > p > —1,m > q > —1,m > 0.
The norms have the following property :

1. If g<p<m then M(m,p) C M(m,q) and

— |
i < (el for 2 € Mm,p) 95

2. If x € M(m,p) then zx € M(m+ 1,p+1) and

|Z$|m+1,p+1 = 7T|$|m,p (9.6)

~

3. D: M(m,p) — M(m+1,p) and

ﬂx‘m,p < ’D(x)‘m-i-l,p < mm,p (9.7)

m
S
m—p+1

Now we consider an even power series f(z) = > 72 *f;2’ having a radius of

convergence greater than 7. Then f (ﬁ) maps M (m,p) into itself and

|f(D)2lmp < | fllmplzimp, foraz € M(m,p) (9.8)
where
n—m p—1 n k
= 117 T ———\n > = 2¢if p > 1
| £ 1lm.p sup{Z\fj]W Hn_j_k\n_m,n m  mod }1 p>1,
J=0 k=1
1 fllmp = sup{ Z*|fj|ﬂ'j\n >m,n=m mod 2} if p<o. (9.9)
j=0
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We have also
|f-x|m,p < Mm,p(f)|x|m,pa forz € M(m,p), (9-10)

where

My, »(f) = sup {"i”* mpﬂ%\n >m,n=m mod 2} . (9.11)
=0 p):

We conclude that the inverse of é\maps M(m,p) with p > 3 into M(m,1) and
— 12
Pl 12

Let x € M(m,p) and y € M(m,q) and assume that m + ¢ < n + p. Then we
obtain z.y € M(n + m,q+ m) and

SHIFS

’5—1(@‘%1 < Cmpl®lmp, With emp =

’m-y’n-i-m,q—i—m < Oém—pm—q‘x’m,p‘y’n,m (9.13)

with

N4V )
Qs = SUp Z*W\Nzr—i—s,]\f—r—seven .

J=r

Finally we need estimates for the inverse of the linear operator L in (p-2). L
maps M(m — 1, ¢q) onto M(m, q) and is one to one.Now let z € M(m —1,p) and
w = L(z). If we proceed similar to the proof of theorem .6, we find that

~ ~ 22
Dy = f(D)[—(4:‘71 )w},
r = 2. (9.14)

where f(z) = z/sinh(z/2).
We can apply (P.6)..(P.13) and obtain for m > max(p + 1,4)
L7 (W) lm-1p < Linplwlmyp forw € M(m,p), (9.15)

where

1

Lmp = —

4 2\ ,2
#H My, <(+75)Z> (9.16)
sinh(z/2) m—2p—2 4V

Now we are in a position to use (0.9) to estimate E. We use that E can be
computed recursively from (@) If x is an odd power series and x = F mod 2"
with » > 9 then via C~!(z) = G mod 2" we first obtain R(z) = R(E) mod z"*!

40



and then £ (7%(3:)) = mod 2"t Thus if 2o = 0 mod 2° is arbitrary and

we let

‘9>|tr1>

Tpgt = Q1L " (ﬁ(mn)) forn =0... (9.17)

then z, = E mod 29127 for all n. We begin with the polynomial zy of degree
<79 with 9 = F mod 28'. We computed it explicitly and found that

|zolo,7 < Ko := 308027.359777894414. (9.18)

Then we consider the sequence ,, of polynomial series defined in (p.17), which
now satisfies z,, = F mod 231727, We will show

|zplo7 < Ko for alln >0 (9.19)

and this implies \E’ lo,7 < Ko because each coefficient of E is also that of some Tn
if n is sufficiently large.

We prove (0.19) by induction. For n = 0 it is true. Assume that |z,]o7 < Ko,
for this Let us take again the equation (P.1§) with (B.2). We obtain

Tnt1 + Q1L <Z2>—Q1£ <Z26<@1>> QL <222@3}n>

+
)
‘)
—
VR
N
[N}
Q) S
(Y]
(@)
N
os
N~
<
S
~
|
Q)
piby
o
L
VR
)

w‘w
()
N

|
~_
S~
©
)
=

o (W of
Q1 1<Z—;C<Tn>> < Kilzolo,7,
Q1 11,10
~ W
Q1 1<2—21A37n> < Kslxolo7,
z*Q 17,10
A (Was (Y
Q1 1<gc2<7n>> < Kslzolo,7,
Q 17,10
o Wy oz
Q1 1<2 2§2C<A—n>yﬁ> < K4!360!§,7
ZQ Q1 15,10




where

—

3 W, 2 z
Ki: = 7T2M9,8 <1 + 522> L10,8M7,5 <_55>M977 <T> cosh (_) H ’
2 Q1 27175
3 W
Ky,: = 779M1578 (1 + —22>L16,8M9,1< 1A> €9,7,
2 229Q)
3 Wy 22
Kg o= 7T9M1578 (1 + 522>L16,8M’7,—1 (ﬁ) H COSh(Z)H’L_lMgvl (5) 9,75
1 3, W4 zt 2
Ky: = WMm,g (1 + 352 >L14,8M14,8 (@)Ml&w (@ as;8 Co,7-
This imply
Tp+1 +@1E_1 <%> < (Kl + Ky + K3 +K4K0)K0
11,10

Evaluation of these quantities yields approximately

Kl K2 K3 K4
375142.8501573 | 633.1622891589 | 10214.44411459 | 0.000011150281

and altogether

~

Tni1 + Q12—1< < 118896679183. (9.21)

8=

)

Now we consider g(z) := 22£7! <Z%> , letting 2%y = 272g(z), with (P.1) we

obtain

11,10

~ ~ ~ [z 22
Dy = B(=g) = £(D) [%] , (0.22)
where
f(z) = sinh(z/2)"

The coefficient of z¥ in f(z) is smaller than 4(27)* we obtain by comparison

of the coefficients of 27 in ()

(= Dlgjpsl < 4;* (2m)k—i hk%
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and hence

lg;|m’2 |7r]2]

oo
G-2)! Z

k=4

7 < 3668333.

We obtain for add 7 > 9

|gj| 3 ‘
— ) < 73.3668333-(j—9)(j —8)(j —T)(j —6)(j — 5)2713.
G —10)lnd = (G906 -8 -7 —6)(j—5)
and
|gj72| 5 i
— . (1 — - i —7)2 ]+5‘
10y ST 3668333 (-9 —8)(j —7)
but, {%g(z)}j =g;+ %gjfg, with (P.20) this yields eventually
Mannki| < 118896679184 for j > 81.
(j —10) w3

This implies

{@n41}j] _ 118896679184
(G—7)lr=3 = 72-73-74

< 305691 for j > 81

and with 2,11 = 2, mod 2% we finally proved that |z,41]97 < Ko = 308027.35.
Thus the proof of (P.1§) is complete.

Theorem 9.2.
98048.15
(n—=1)(n—2)(n—3)(n—4)(n —5)(n — 6)

and even better

|an| <

for n > 9.

(n —10)!
(n—1)!

As a consequence we obtain estimates for a

1 &L,
o — — E ay,
T
n=1

|, | < 37845988419 for odd n > 81.

—10)!
(n—1)!

V- 10): 8
12046752267 - 1
HOT20T Jev—2 ' P v 1)

< 762333542
= NV -1)(N-2)(N-3)(N—4)(N —5)(N —6)(N -7

< 12046752267 Z for n >0,

IN

We evaluated «,, for n =9,11,...,81 and obtain

| — 1.264150331| < 6-107". (9.23)
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