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1 Introduction and the main result

The paper is devoted to the study of the low-lying spectrum of the Hamiltonian of the
so-called ”spin-boson” model. The Hilbert space of the model is

H=C*® F,,

where Fy is the symmetric (boson) Fock space (see [H]):
Fo = Fs (L*(RY) @f

with FO = C, F» = (L2<Rd))®n

ym (n > 1) the symmetric tensor power, endowed with

the scalar product
wo@(b if n = 07
U, D) rm = -
(¥, ®)rer [ Ry oo k)P Okrs o )y, if 2> 1.

Rdn

The formal Hamiltonian of the ”spin-boson” model is defined as an algebraic sum
H=Hy+ H;; (1.1)

of the Hamiltonian of non-interacting subsystems of two-level spin and of free boson field:

Hy = 503®I[—HI®/ w(q) a*(q)a(q)dg, (1.2)

Rd
and of the Hamiltonian coupled these subsystems:

Hip = o ® /Rd()\ (q9)a™(q) + A (¢q)a(q))dq . (1.3)

Here,



e 03,01, are the Pauli matrices

(10 (01
=0 —1)> "7 \10)

*(k),a(k) are the boson creation and annihilation operators [fl]: for ¢ € Ly(RY),

Z*<<b)== Jala)*¢(q)dq, a(9) = [ alg)¢(q)dq, which act on the vector
U = (1o, 1 (K1), ooy (K1, oo ), ) € Fs
according to the following rules:
0, ifn=0,
(@ (O)0),(ky, .., k) =

S Upr(kyy oo iy k) (R, if > 1
=1

(@A) W) (ko hn) = [ nsr (b, hons K)S(R)dE,  ifn>0.

e the one-boson spectrum w(k) > 0 (the boson dispersion law) and A(k) (the form-
factor) are functions whose properties will be discussed below;

e ¢ > (0 and a > 0 are real parameters, whereby we suppose the coupling ”constant”
a << 1.

The properties we require for w(k), A(k) are the following:

(A1) w(+) : R — (0,00) is a continuously differentiable function, having a unique non-
degenerate minimum at the origin w(0) =: k, and with dw(q) # 0 for ¢ # 0. Moreover,
Jlim 9w (q)|/w(q) = 0;

(A2) A(+) : RY — C is a continuously differentiable function, dominated by a bounded
positive square integrable function h : RY — (0,1], i.e.

M) | < h(q), [0A(q)| < Ch(q),

for some C' > 0;

(A3) on every level set 3, = w™!(x) of the function w, the function X is not identically
equal to zero. i.e. for all kK <z < 00, A|g, # 0.

The Hamiltonian Hy of the "free” (non-interacting) system has two simple eigenval-

ues ey = —¢, ¢} = ¢; the corresponding one-dimensional eigenspaces will be denoted

H((f;go’l) C ‘H. Besides, there exist two sequences H((f;zl, n=12..(G=0,1) of Hy-
invariant subspaces on n-boson states. Under assumption (A1), in each Héf)l, the spectrum
Yo of Hy is continuous and fills the half-infinite intervals [\{,,, c0), where A}, = €} 4+ nx
(1=0,1; n=1,2,...).

The paper is concerned with the description of the structure of the lower part of the
spectrum of the weakly interacting (0 < a < 1) system. Namely, our main result (see
Theorem p.1]) can be formulated as follows:



(i) Below the continuous spectrum Y, there exist either one, eg < —&, or two, ¢y < —¢ <
e; < g, simple eigenvalues of H; the corresponding one-dimensional eigenspaces will
be denoted HY = {CF"}, i = 0,1.

(ii) In the orthogonal complement [Héo) & H(()l)]L there exist (depending on the number

of eigenvalues) either one, or two mutually orthogonal, invariant subspaces Hgizo’l),

such that the restrictions H |, =01 are unitarily equivalent to the operators of
multiplication by the functions

H{=

SZ(Q) = el+w<Q) ’ L= 071 )

acting , respectively, in the Hilbert spaces LQ(GSZOJ)), where the domains GSZO’” C
R? are defined by

fo) ={q¢€ R?: ¢ +w(g) < )\?:07”:2 -n},i=0,1. (1.4)

Here, 0 < 1 := n(a), where n = n(«) is small for small . Thereby, the unitaries
establishing the equivalence are explicitly constructed.

Remark 1.1 In fact, the two points above exhaust (though this is not explicitly shown in

the paper) the spectrum of H in the interval (—oo, )\872 —1n), meaning that the spectrum of
L

H in the orthogonal complement {Héo) & H(()l) & H§°) ® Hﬁ”} has no point below \j 5 —1.

We did not concentrate here on the problem of completeness, although we think that it is

possible within out method. Instead, we focused on the explicit study of the discrete part
of the spectrum.

Let us briefly describe our method, by which the subspaces @ (n=0,1;14i=0,1)
and the spectrum of the Hamiltonian H within them are constructed. It consists in the
following: consider the equation

(H-:0)F =0, FEH, z €R, (1.5)

which determines the eigenvectors F' and eigenvalues z. This equation can be written as
an infinite system of equations for the components of the vector F',

F={fo(0), fi(a, k), ..., fulo, k1, . k), ..}, 0 = %1, k; € RY, (1.6)

where f,, are symmetric functions of the variables ki, .., k,. After eliminating in a special
effective way all higher components f,, n = 2,3, ... from Eq. ([L.3), we are left with an
equation for the vector F<i = (fy, f1) of the form:

A(Z)Fgl — ZFSl == 0, (]_7)

where {A(€), € € (=00, A), — 1)} is a family of generalized Friedrichs operators (see, e.g.
M]). For each given &, the operator A(£) has one (or two) eigenvalues e;(£),i = 0, 1, which
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can be calculated, e.g. as the zeros of the corresponding Fredholm determinant, while its
continuous spectrum is found using scattering theory and coincides with the spectrum of
the operators of multiplication by certain functions e;(q; ¢) in the space Ly(R?). Finally,
the solutions e; of the equations e;(§) = £ define the discrete spectrum of the operator
H, and the solutions @ (q) of the equations e;(q; &) = &, which are shown to be equal to
e; +w(q), give its continuous spectrum.

The method sketched above has been applied in authors’ papers [, [I], where a model
of a quantum particle interacting with a massive scalar Bose field was considered and the
lower branch of the spectrum of its Hamiltonian (polaron) has been studied. It has been
also used in [[[J], for the analogous problem in a model of a quantum particle interacting
with a massive vector Bose field (similar to the Pauli-Fierz model in electrodynamics).

Remark 1.2 [t should be noted that our results concerning the continuous branches of
the spectrum of the Hamiltonian are already contained in the paper [@], but there all
invariant subspaces of H are constructed using the abstract methods of scattering theory,
under condition that its eigenvalues and eigenvectors are known.

The essential difference is that we construct the eigenfunctions for discrete spectrum of
H as well as generalized eigenfunctions for continuous spectrum (lowest one-boson spectral
branches) explicitly.

Besides, some analogous results are contained in the papers [}, [@, [, [[4], and also
in [[0], [BQ], however in the latter the Hamiltonian H with a “cutoff in the number of
bosons” was considered.

Beside this introduction the paper consists of three sections. In Section P, the pro-
cedure of elimination of the higher components of the vector F' from Eq. ([L5) and its
reduction to Eq. ([L7) is presented in detail. Thereby we consider directly the general
case, where the components f,, n > ng with an arbitrary ny > 0 are eliminated. In
Sections B, @, Eq. ([.74) is analyzed for ng = 0 and ng = 1 and the invariant subspaces of
the operator H indicated above, along with its (discrete and continuous) spectra in them,
are constructed.

2 Reduction to a finite number of bosons

We shall show here how the spectral problem for H can be reduced, at sufficiently small
coupling, to an equivalent problem within the subspace with at most n bosons.
It will be convenient to represent H as a space of C2-valued functions:

H = L2(C, C%; dp), (2.1)

where C = |J;7,C,, is the set of all finite subsets of R?, thereby Q € C, if |Q| = n, and
dp is the so-called Lebesgue-Poisson measure:

dp(Q) = (1/1Q) T ] da- (2.2)

q€Q



Also, for Q € C, let w(Q) = > o w(q). To simplify notation, we shall write Q) \ ¢ :=

Q\{q} and QU g := QU {q}.
The Hamiltonian of the spin-boson model ([[.1]) writes in this representation

(HoF)(Q) = [eos +w(Q)F(Q)

(2.3)
(HiF)(@) = ao1[3cq MO F(Q\ q) + [ AF)F(Q U k)dE].
Let us consider the orthogonal sum decomposition:
H="H<p ®Hon, (2.4)

where He, = {F € H; F(Q) = 0,YQ,[Q| > n} ~ L*(U,<, Cr, C*; dp). Accordingly, the
Hamiltonian (B-J) has a matrix representation

An Cn
ne (&), 25

where A, = Py_ HPy_,, B, = Py, HPy_, (here, Py, , Py, denote the orthogonal
projections on the corresponding subspaces), and C,, : Hx,, — H<,, is given by

(CuF)(Q) = Samac [ AFIF(@UK)dk, (26)
while C} : H<,, — H~,, equals
(CLF)(Q) = dgumsiaon . F(Q\WAK). 27)
keQ

As Ran(C,,) C H,, C! can be viewed as an operator : H, — Hx,.
The restriction to H<,, of the resolvent of the Hamiltonian is obtained by solving for
F,, € H<,, F,, € H~, the system of two equations, where G € H<,:

{ (A, — 2, F, + CoF, =G

2.
C¥F, + (B,—zl.,)F, =0, (28)

where [<,, [, are the unit operators in H<,, Hsp, respectively.
For z € C\ spec(B,,), the second Eq.(R.§) can be solved for F,,. Upon insertion of the
solution into the first Eq.(2.§), one obtains a reduced problem in H<,:

(A — Co(Bn — Zﬂ>n)7lc;kz —2)F, =G. (2.9)

If the operator in the Lh.s. is invertible and F,(z) is the solution of Eq.(.d), then
(Fu(2), Fu()), where
Fo(2) = —(B, — 21.,,)) 'CiF,(2), (2.10)

is the unique solution of Eq.(P.§)



Our next task is to obtain a good characterization of the operator
M, (2) == (B, — 215,) 'C : Hp, — Hop. (2.11)
Let n > 0, and define
Dyy:={2€C: Rez <A}, .1 —n}. (2.12)
(We remind that \j,, := —e + nx is the first threshold of the n-boson branch of Hy.)

Lemma 2.1 There ezists ag = ag(n,n), such that, for any a < o and z € D,,,, the
operator M,(z), Eq. (B-11), is bounded.

Proof. We represent B,, in the form
B, = B)+V,,

where

(BaF)(Q) = (05 + w(Q) F(Q),

(VaF)(Q) = aoi[Y_ ME)F(Q\ k) /WF(Quk)dk], F € He,.

ke@Q

Hence, M, (z) is (formally) represented as
M,(2) = (Is,, + (BY — 21.,)"'V,) " H(BY — 2I.,,) ' Cx. (2.13)
The assertion of Lemma P.]] follows from the representation (£.13), if we prove that:
L |(BY = 21.,) 'Vallse, < 1for z € D, and « sufficiently small;
2. ||BY = 2I.,) ' CH |, < 00.

To prove [ we split (BY — 2I.,,) "'V}, into the sum of two terms:

(01 +0(Q) = 2) o T FQ\ @), i [Q]> 41
0 q it1Q = n+1

(S1(z)F)(Q) =
(S2(2)F)(Q) = (c03+w(Q) —2)tao, [ ANE)F(Q U k)dk

and estimate separately their norms.
Let F} € Ly(R¥) be the components of F. We have, for [ > n + 2,

Lo All Lo re)
(l—n—1Dr+n

I(S1 () E il Loy <

1 F—1 ]| £y (ret-1) -
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Hence,

1S1(F W5, = X §l(Si()F)ll, g
I>n+1
IE -1l gy
02 z Ly@4(—D)
< ”)\HLQ(Rd 12%2 ((I—n—1)r+n)2 (=1n!
(n+2) A2,
< a2|])\HiQ(Rd) max m”FHmn QQWL;(R)HFHHM.

A similar calculation gives the following estimate of the second term:

(n+ DAL, ga
1S2(2) Fll3,..,, < o = 1 F Il

As a consequence, the inequality in [ holds for z € D,,,, if

<¥min{ Al ! }
2[|All L ey Vn+2 vn+1

Point f can be proved similarly. O

We shall show that, for z € D,,, and for « sufficiently small, M,(z), Eq.(2.11) has
a particular representation, which we now define. Let M be the space of square 2 x 2
complex matrices with some norm | - | (e.g. |n| = 3 max;; [n;;|), and h : R — (0,1] be
the continuous square-integrable function appearing in assumption (A2).

Definition 2.2 An operator M, : H, — Hs, is said to have a h-reqular representa-
tion in terms of coefficient functions, if there exist continuously differentiable Ma-valued

functions
:ugzm)<7 ) ) CXCn m (Rd)mHMQ, m:(),l,...,n,

where u$™ (Qu;+5-) = 0 for [Qu] < m, and u™ (Q1: Q; ) = 0 for Q1 Q2 # B, satisfying,

for some M > 0, the estimation

sup  max [0°u"™ (Qr; Qo ki, oy k)| < M H h(q H (2.14)

Cr |a\<1
Q€ q€Q1 1=1

such that, for f € H, and |Q| > n,

MAQ= > % [aQ\ Q. k)
m=0QcQ,|Ql=n—m (2.15)

X QU {ky, ...,k V) dky...dEy,.



Here and below, we use the notation: for a multiindex o = {ai; k=1,...n, i =1,...,d}
and Q = {q17 7Qn} € Cna

@NQ = IM-227@),

o] = > aj.

~

In Eq. (BI3), the sum over () is a symmetrization, so that the Lh.s. depends only on
the set (). As f is permutation symmetric, it is not necessary to impose the symmetry
of MS{”’ with respect to the £’s. The estimation (£.I4) means that the function ,u,(lm) and
its gradient are bounded uniformly, in particular M is independent of |@Q);|. The set of all
coefficient functions for a given h and n is a Banach space B,, with the norm ||u,|| = inf M,
where the infimum is over all M for which Eq.(B.14) holds.

In order to show that M, (z) has a regular representation for all z € D,, , and determine

the corresponding functions ugm)(z), we shall use the identity

1+ (BY — 21.,) "'V, ]M,(2) = (B — zI.,)"'C>. (2.16)

Suppose an operator M, : H, — Hs, is defined as in Eq.(R.15) by the coefficient
functions u, = {Mglm)<Q1;Q2;k1,...,]€m>}, where |Q2] = n — m. Then, one can easily

see that (BT(LO) — 2I.,) 7'V, M,, is likewise defined by a sequence of coefficient functions,
{[D(2)pn])™, m = 0,...,n}, with

[T(2) 1] "™(Q1; Qo ks oy k) = 03 + w(Q1 U Qo) — 2) Loy
x { > M@ (Qu\ @ Qe b, o i)

2 . 2.17
+ A (Q1 U Qai ky,y ooy ko) g (2.17)

_'_S\(km),ugbmil) (Qh Q? U kmv klu ce0y kmfl)} )

where the last term does not appear if m = 0. Let us also note that the r.h.s. of Eq.(2.10)
allows the representation Eq.(R.IJ) with the coefficient functions fi,(z):

[ (2)] ™ (Q1, Qa3 k1, ooy ki) = Omobiguneleos + w(QaUaqr) — 2] o M(qr),  (218)

where we put Q1 = {¢1}. Therefore, Eq.(R.16) can be written as a fixed-point equation
for the coefficients i, = p,(2):

i+ D)t = f1n(2). (2.19)

Proposition 2.3 For any n > 0 and n > 0, there exists ao(n,n) > 0, such that for any
a < ag(n,n), and for all z € D, ,, Eq. (2.19) has a unique solution p,(z) € B, which is
B,,-valued analytic in D, , and ||p1,(2)| < Ka/n for some constant K. Moreover,

1™ (2Qu; Qo Kty vy ) = 1™ (2 — w(Q2); Qu; s ks vy Ko (2.20)



Proof. As both sides of Eq. (R.17) defining I'(z) contain the same @, and the same m-
tuple (ki, ..., ky,), it will be convenient to treat these variables as parameters, define (for
|Q2| = n —m) the functions of Q:

Oon iy (@1) = 1 (Q1; Qo ks o), (2.21)

and remark that

[0(2) 18] ™ (Q1; Qs K ooy i) = [A (2 — w(Q2) )V Y@, (kl

-----

(2.22)
taleos + w(Q1) — (2 = w(Q))] - ARV S o Q)

.....

where we used that w(Q; U Q2) = w(Q1) + w(Q2) for Q1 N Qs = (. The operator
An(2), z € Dy, acts on the functions v(Q) (such that v(Q) = 0 for |Q| < m) according
to the formula

(An(2)(Q) = Xxom(Qaleos +w(Q) —2)7
<o {3 Ma)v(Q\ q) + [ A(k)v(Q U k)dk},

q€Q

(2.23)

where X, (Q) is the indicator of the set Cs.,.
Let us consider the Banach space B of all continuously differentiable functions {v :
C — My}, for which

max |0*(Q)]
V|| = sup 2= < 00, 2.24
v Qec 11 Mlg) 22
q€Q
where | - | denotes the norm in M,. Also, let Bs,, C B be the subspace of functions v

which vanish on C,,, i.e. v(Q) =0, VQ,|Q] < m.

Lemma 2.4 For every n > 0 and m > 0, there exists ao(n, m) > 0, such that for any
a < &o(n,m), Ap(2) is a bounded operator in Bs,,, norm-analytic of z in Dy, ,, and

sup [|An(2)] < 1/2. (2.25)

2€Dm

Also, the function

(2 —w(Qa); ) = 10 (25 Qa; 0) = 48 (2 — w(Qa); -5 0; 0)

is a Bso-valued analytic function of z € D, (n = |Qa|) and ||9(z — w(Q2))|| < Ca/n in
D,,,, for a certain constant C'.

The proof of this lemma is similar to that of Lemma R.1]. (]

10



Remark 2.5 We shall consider also the Banach space B consisting of continuously dif-
ferentiable functions v : C — C* with the norm ||v| given by Eq. (2-23), in which now

| - | means the usual norm on C?. Its subspaces B,. Bgn, B-, are introduced as above. It
follows from Proposition B3 and the representation ([2.13) that, for all z € Dy, M,(2)

applies the space~l§’n, the dual space of By, into B'>n C H~n and is bounded with respect
to the norm of B'. Besides, assumptions (A1) and (A2) imply that the operator H can

be extended to an unbounded operator acting in B' (denoted also H) on a domain includ-
ing all finite (with respect to the spatial variables, as well as to the number of variables)

elements of B
(6 € B 6(Q) =0, if IR, 3N, dist(0,Q) > Ror [Q| > N} (2.26)

In this way, as follows from Eq. (B229), v o) satisfies the equation (B.19) for m = 0,

which writes as o

V() + Doz —w(@2))r() = 0(z —w(Q2); ). (2.27)
If z € Dy, the difference z — w(Q2) belongs to Dy, therefore, according to Lemma P.4]
for o < (), 0), the equation has one solution

ézoz)@(z' ) = V@@(z —w(@2);-) € Bso, (2.28)

where the equality comes from the fact that both sides obey the same equation (.27),
therefore both equal its unique solution, (I+Ag(z —w(Q2))'2 (2 —w(Q2)). Obviously, the
solution is analytic of z € D,, ,, and (by the smoothness of w) continuously differentiable
of Q2 ={q,...,qn}. For its norm we have, by Lemma P.4, the estimate:

sup g y(2) < sup [T+ Ao(2) M Illo(2)]| < 2Ca/n. (2.29)

2€Dn,n,Q26Cxn z€Do,n

We consider next the case m > 0, m < n. Eq. (B.I9) satisfied by pm) () writes

Q2,(k1,..,k
V() + An(z = w(Q2))v()
= —aleos + () — (2 — (@) oM k). o

and, for a < ap(n,m), allows to determine inductively 1/ )(kl

solution Vé Ukl) (kv k(75 7) Of the (m—1)th equation. Suppose that V( (k'l) fom ) (2) ()

..........

has been shown to fulfill:

km—l)(z; D, (2.30)

.....

(z17) in terms of the

-----

1. For z € D\Q'Q\er*l,m

m—1 m—1
,/g%’(,cj ..... @ = (= w(@)) € Bomet, (2.31)
and
m—1
m—1 m m
o o s, < C2(a/n)™ T hlks): (2.32)

i=1

11



2. Y ko kmil)(z) is a B-,,_1-analytic function of z € D, ,, differentiable of &y, ..., k1

m—1
sup  max |8k l/émkll) k) (@) < C27 (/)™ H h(k H h(q), (2.33)

2€Dp_1,, 1SiSmM=1 " T i=1 qeQ
where the constants C, C" do not depend on m, ky, ..., ky_1, Q.

Remark that, by Eqs (2.28) and (2.29), 1/8)2)0(2’) fulfills both conditions.
Using Lemma .4 we find that Eq. (£:30) has, for o < ag(n,m) and z € D|g,|+m, one
solution

— [+ An(z — w(Q2))) aleas +w(-) = (2 = (@] oA k)WY o (27)

.....

which has the analogous properties. This proves the existence of the coefficient functions

,u(m)(z; Q1; Q2 k1, ...y k) and their estimates (2.19).
The equality (B.31]) in the case m > 0 follows again by induction with respect to m:

Taking Q2 = 0 in Eq. (-39), we have:

(m)
Yo,(k1,..., km)<z) (1) (2.35)
— (I Am(2) " afeos + () — A oAb (a5

Suppose that (:31]) holds true; then,

iy )5 = Yoyt (2= 9(Q2)1 ) = UGy (5= w(Q@2) =) )

wherefrom it follows that the r.h.s. of Eq. (R.39) written for z — 2z — w(Q2) coincides

with the r.h.s. of Eq. (B:34). This proves (B.3]]) for m, hence the equality (E.20).
The proposition R.J is proved. O

The following corollary collects the information on the structure of the operator
Cn(B,, — 2I.,)"1C* acting in ‘H,, implied by the regular representation of M, (z).

Corollary 2.6 The following representation holds: for a < ag(n,n), and f € H,, Q €
Cn,

[Cn(Bn - Z]I>n)7lcrtf](Q) =my(2;Q)f(Q)+

i—l@ Q% _ [ Do (2,Q1;Q\ Qui Ky ooy k) F(Q\ Q1) U {kir, oo, ko Yy,
- (2.36)

where

1. my(2;Q) = mo(z —w(Q); 0) is analytic of z € Dy, ,, and

[ (25, Q)] < 2C" (0 /)AL gy

Hence, m,(z; Q) is continuously differentiable of Q) € C,,, as well.

12



2. ﬁmm(z; Q1; Qo k1, ooy k) = Dmm(z — w(Q2); Q1; 0; k1, ..., k) is analytic of z €
Dy, continuously differentiable of {Q1; Q2; k1, .oy ki } € Con X Cre X (RD™, and

max |0 Do (2 Qi Qi s s in) | < C'afm)™ ][ hla) [ k). (237)
- qeQ =0

where C' is a constant.

Proof. The assertions follow by applying the representation (R.15), the identity Eq.(R.20)
and the estimates (£.39), (2.33) in the formulae:

mu(2Q) = a0y / M) (24 Q; 0)dy, (2.38)

Do (2,Q1; Qi bty oo k) = oy [ M@ (2: Q1 U ¢; Qa; by, ony i )dd
(2.39)

+O40'1)\<km>/i£lm71)<z; Ql; QQ U km; klv ceey kmfl)-

U
The My-valued kernels D(Ql; Q2; k1, ..., km), which are continuously differentiable on
Crn X (RY)™ and dominated by h as in Eq.(B-37), form a Banach space K,,, with the norm

m

DIl = sup  max|0°D(Q1; Qi k... kw)l/ [ Pla) ] h(ka),

<1
Q1,Q2.k1,.. o [0S 1€ =0

where | - | is the norm in M.

3 Discrete spectrum

We consider here, as an example of the general analysis, the cases n = 0,1. This allows
the construction of the eigenvectors and of part of the one-boson branch. In this section
we consider the discrete part of the spectrum.

I. For n = 0, the equation (R.9) becomes an equation in C*:
(eog —mo(z;0) —2)f =g, (3.1)

where the matrix mg(z; ) is analytic in Dy, and [mg(z;0)] < 2C"||\||*a?/n. Eq.(B) has
a unique solution unless z is a (real) zero of the determinant of the matrix in the Lh.s.,
i.e., denoting m(z) := mg(z;0),

det(eo3 —m(z) — z) = 0. (3.2)
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This equation can be brought to the form

m(2)11 + (1/2e)det(m(z)) N m(z)ea — (1/2¢)det(m(z))
2 —E z+¢€

1+

= 0. (3.3)

Now, m(z) = Co(By — z)~'C§ is positive and increasing for z € (—00,A\j; — 7). As
0 < m(z2); = 0(a?), while 0 < det(m(z)) = 0(a*), both numerators are positive at
z = Fe. The graph of the function in the L.h.s. is schematically depicted in Fig.1 (for the
case € < A); —1)).

% Ny
_____ - \\\
N -
\ o
“: 1 \\.
eot|—¢€ 0 ef\ € e+ K
i s

Figure 1a: The graph of the Lh.s. of (B.) : case of two roots

______________________________________________________________

-

Figure 1b: The graph of the Lh.s. of (B.J) : case of one root
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One concludes that there exists always a zero ey < —e. Also, whenever ¢ < )\871 —n =
—e + Kk — 1, there exists a second zero —e < e; < €. For z = ¢;, i = 0,1, Eq.(B]) with
g = 0 has nontrivial normalized solutions f;, which can be completed with the higher
components —My(e;) f; to eigenvectors of H:

() | fi , Q=10
Fo (Q)‘{ (“Mo(e)£)(Q) 2 Q£0. (3.4)

Eq.(BF) has no other real solution z < Aj, — 7. Also, there are no complex solutions

Z, Imz # 0: otherwise, considering an eigenvector f of the matrix eo3 —m(Z) correspond-
ing to the eigenvalue Z and completing it with the vector —My(2)f € H~o, one would
obtain an eigenvector of H with a non-real eigenvalue.

;From now on, we consider for definiteness the case in which Eq. (B.J) has two
solutions ey, e; < )\871 — 1. The case with one solution is treated similarly.

IT. For n = 1, the equation (R.9) is a system of two equations, valid for z € Dy,
(eos —2)fo + amf;\(k)fl(k)dk = Yo

aoniANq)fo + [eoz — (2 —w(q)) — m(z — w(q))]fi(q) (3.5)

— [ Dua(z;0:k) fu(k)dk = g1(q)

The operator
[B(2)f1)(q) = [e03 — 2 + w(q) —m(z — w(q))]f1(q) — /Dm(z; ¢ 0; k) fi(k)dk (3.6)

has an analytic inverse whenever the matrices o3 — (z — w(q)) — m(z — w(q)), Vq € R?
are invertible, what happens for z € C\ I, where we denoted I = [eg+ Kk, 00). As we shall
see below, A\g1 = eg + & is the left boundary of the spectrum of H. Let Dy = {zeC:
Rez < Xp1}, n=1,2,.... The following proposition holds:

Proposition 3.1 Forn > 0 sufficiently small, « < ap(n,1) and z € Dy, \ I the inverse
B(z)™! ewists and has the representation

[B(z)"' fl(a) = leos — (2 — w( m(z —w(q))] ™ (3.7)
x {f(a) / K (24, B)eos — (= — w(k) — m(= — w(k))] ™ f() dk} |
where the kernel K (z;-,-) € K1 and its KC1-norm is uniformly bounded for z € Dy. Besides,

K(z;-,-) is a Ky-valued analytic function of z in Dy, \ I, which has boundary values at
the cut I, i.e. for all x € [ey + K, )\872 —n) the following limits exist in KCy:

K*(x;-,-) —l{%K(xize, ,). (3.8)
The kernels K=(x;-,-) are Holder-continuous Ky -valued functions of x € [eg+k, N, —1).
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A similar statement is outlined in our paper [f[]. For the reader convenience below we
shortly resume the proof of the Proposition B.J] and we leave a detailed demonstration
(which includes a generalization of the Privalov lemma) for Appendiz. Note that essen-
tially the proof consists in the following :

Denoting by D1 1 the integral operator with the kernel D, 1(z;¢;0; k) € Ky, one has:

B(z)" = (eos— (2 —w(-)) = mlz — ()"

o0

+ {2 [leos = (2 —w(-) = m(z = w(-)) "' D1a]*} (3.9)

k=1
x (03— (z = w(-)) = m(z —w(-)) 7,

where every term of the sum is an integral operator with kernel in Xy and the sum
converges in Ky for o sufficiently small, uniformly for z € D;,. Hence we arrive at
the representation (B.7), where the kernel K(z;-,-) € K; depends analytically on z €
D, ,\I. The existence of the limits (B.§) and the properties of the boundary value kernels
K*(x;-,-) are proved for every term of the series (B-9) using induction over k. Thereby,
we use that, if two z-dependent kernels K;(z), K2(z) € K; possess boundary values like
in Eq.(B.§), then the kernel

Ka(z:, k) = / Ka(z:0,¢)leos — (2 — w(¢)) — m(z — (@)K (2 k) da |

has the same property, in view of the Sokhotski formula: 1/(z +i0) = P(1/x) + ind(x).
Indeed, the inverse matrix (e03 — (z — w(q')) — m(z — w(¢’))) ™! has the structure: either
Ao

oy o el))

if Eq. (B:3) has one solution eg; or

AO + Al
eo— (z—w()) e —(z—w(q))

+0(z —w(d)),

if a second solution e; exists, too. Here, Ay, A; are 2 x 2-matrices and ¢(z) is a My-valued
analytic function in Dy,. Therefore, denoting by dv,(q) the Gelfand-Leray measure on
the surface C;, = {¢' : w(¢’) =y}, we obtain

Ki(z;q,k) = [Zdy |( Y Ajfle; +y—x4i0] + ¢(z —y))

7=0,1
< Jor, Kra(@q:¢) Ko (a3 45 k)duy(Q’)] dz.
As the internal integral over the surface C; , is a smooth function of y, the integral with

respect to y can be done and gives Holder continuous functions of z, K 4 (x;-,-), i = 1,2
(as follows from the Plemelj-Privalov theorem [[7], [[d], and Appendlx)
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Next, we consider Eq.(B.) for g; = 0, i.e. again the resolvent of H restricted to H,.
We have

fi(-) = —a(B(2)) "' a1A() fo-
Plugging f; into the first equation (B.f]) we obtain that

(20— 2 = o1 [ M@IBE o0l ) fo = g0

Comparing this with Eq. (B.J]) we obtain:

nmzmzfmfmww@lmxﬂ@m, (3.10)

what provides the analytic continuation of m(z) to Dy, \ I. We have thus shown that Eq.
(B-3) determines completely the discrete spectrum of the operator H below its continuous
spectrum.

Let us remark that 5/linlL m(€) is finite in dimension d > 3, because the 1/¢*
eoTkK

singularity of the integrand in Eq.(B7) is integrable. Therefore, in the case ¢ > ey + &, the
second solution e; of Eq.(B.J) exists if, and only if, the Lh.s. of that equation is negative
for £ = eg + k. This exhausts the discrete spectrum of H below its continuous spectrum.

4 One-boson branches

We proceed now to the construction of the one-particle branches of the (continuous)
spectrum of the operator H. Consider the family {A(£),€ € [eo+k, A, —7]} of selfadjoint
operators, acting in H<; according to: for F' = (fo, fi) € H<i,

(A)F) = eosfo  + aoy [Ak)fi(k)dk
(A)F)lg) = aomAg)fo + (eo3+w(q) —m(§ —w(q)))fi(q) (4.1)
— [ D€ 0.0, k) fi(k)dk.
Along with this, consider the family {A4¢(¢),€ € [eo + K, A — ]} acting in H;:

(Ao(€) f)(q) = (eos +w(q) —m(§ —w(q)))f(q), f € Ha. (4.2)

Concerning the latter, let us denote by ey(§,q),e1(€,q) the eigenvalues of the matrix
eos +w(q) — m(§ —w(q)). One can easily see that these eigenvalues are the solutions of
the equation

mi (€ —w(q)) + 5 det m(§ —w(q)) | maa(§ —w(q)) — 5 detm(§ —w(q))
—c4w(g) —e e+tw(g) —e

1+ =0 (4.3)
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which is similar to Eq. (B.J). The graph of the Lh.s. as a function of e looks like the
graph of Fig. 1.

‘,‘I—€+w(q) er(€,q) N | etw(q)

Figure 2: The graph of the Lh.s. of ([£3)

Hence one can see that its roots are simple and placed in the order ey(&, ¢) < w(q)—¢ <
e1(€,q) <w(q) +e. As, for fixed ¢, the matrix m({ — w(q)) is positive and increasing of
€ < Ay —n, both roots eq(&, q), e1(€, ¢) are monotonously decreasing functions of £ in the
interval (—oo, )\872 —n). Their graphs are sketched in Fig. 2. Moreover, as a consequence
of Eq. (f£3), the two roots belong respectively to O(a?)-neighbourhoods of w(q) F &,
therefore the distance between them is larger than ¢ for small a:

e1(§,q) —eo(&.q) > e (4.4)

For every & € [eg + K, Aj, — 1), let
E(¢) = infeo(§, ) = == + £ = O(a?).

Obviously, the spectrum of Ay(&) is absolutely continuous and covers the half-axis [E(£), 00).
Let us now calculate the resolvent (A(€) — z)~! of A(£). As a preliminary to this, we

consider the resolvent of the operator B(§) acting in H; as

(BE))(g) = [c0s + w(q) — m(€ — w(@)]i(q) — / Dy (&0 k) fu(k)dk; f € Hy. (4.5)

In the same way as for Eq. (B.1), we find for Ry (2) = (B(§) - z)!
(Rpe(2)9)(a) = [e05 — 2+ w(q)) —m(§ —w(g)]™

x {g(a) + [ Ke(z10.F)[gos — 2+ w(k) —m(€ — w(k))] ' g(k)dk},
(4.6)
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where the kernel K¢(z;-,-) € K; is a Ky-analytic function of z in C\ [E(£), 00). Thereby,
the limits

exist in Ky and the functions Kgi(x; -,-) are K;-valued Holder continuous functions of
z € [E(£), 00).
The resolvent R (z) = (A(§) — 2I<1)~! can now be written as: for G = (go, g1),

(RA(E)(Z)G)O = Jo = Ag_l(z)(go — Qo f(RB(g)(Z)gl)(k)j\(k)dk) wn
4.7
(Ra(2)G)i(e) = file) = (Rp(2)lo1() — aoiA(-) fo])(q)
where A¢(z) denotes the My-valued analytic function of z € C\ [E(£), 00)
A¢(2) = eo3 — 2z — a’oy /[Rg(g)(z))\(-)](k:))\(k)dk: (4.8)

The inverse matrix Agl(z) has either one, or two simple poles 74(§) < 71(£) < E(§) lying
on the real axis at the left of —e and ¢, respectively. These poles are the eigenvalues of
the operator A(§) with corresponding eigenvectors wéo), @Z)él):

v = (180,180 = —a(Ryo @)o A (D@ /) i=0.1 (49)

where fg(zg are the null vectors of the matrix A¢(7;(§)). As agreed before, we consider the
case of two roots 79(§), 71(§). Also, the limits

A @) = lm A (@ £ ie), @ € [E(E), )

exist, whereby, for o small,

SR 0
w(k)—e=x
Im[Af (x)] = a’roy | 07 I pwpar | TOE:
w(k)+e=x

Hence, as a consequence of assumption (A3), the matrices Azt(x)_l are non-singular
on [E(§),00), in other words, the operator A(£) has no eigenvalues embedded in the
continuous spectrum.

Remark that, in view of Eq. (B.I0), for z = &, the matrix A¢(z) equals the matrix
eog — & —m(§) in the Lh.s. of Eq. (B.]) and the zeros 7;(¢) of det A¢(z) satisty

7(6)=¢,i=0,1, (4.10)

i.e. the condition under which they equal, respectively, the solutions e;, © = 0,1 of Eq.

(B3
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Let us construct, for every & € (eg + #, A5 — 1), the vectors

FY = W 0 = Mi(©)fE) € M,
which, obviously, fulfill the equation
HES = ¢F + (1(€) - v,
therefore, if & = e; they are the eigenvectors of H with eigenvalues e;, ¢ = 0,1. In this

way, we reobtain the already constructed eigenvectors of H, Eq. (B.4).

Using general criteria of absence of the singular continuous spectrum of a self-adjoint

operator [[§| and the explicit form of the resolvent R, (2), one can show that A(€)
has no singular spectrum. Hence, the space H<; splits into the orthogonal sum of two
invariant subspaces of A(&):

Hey = H* + HY, (4.11)

where H® = H2(£) is the subspace of absolute continuity of A(¢) and HY = HI(E) is the
subspace corresponding to the discrete spectrum, generated by the vectors wéo), wél) (or

by wéo) alone in the case of one root).
Consider the embedding

ZZHl —>H§1 . Zf: (O,f) GHgl forfGHl,
and construct the wave operator

s— lim exp [itA(€)]T exp [—itAy(€)] = QF = QF(€). (4.12)

t——+o0

The limit exists and QT : H; — H<; is unitary and
O A (E) ()7 = A(E) e (4.13)

i.e. the restriction of A(§) to H?® is unitarily equivalent to Ag(&) (for details, see [[] or
[3).

The generalized eigenfunctions of the operator Ay(§) have the form

o) = d(q — q)dil€. ),

where ¢;(&, q) are the eigenvectors of the matrix o + w(q) — m(§ — w(q)) corresponding
to the eigenvalues ¢;(&, ), ¢ = 0,1 - the solutions of the equation

det [eos — 2z +w(q) — m(§ —w(q))] = 0. (4.14)

Known formulas of scattering theory ([[[)) allow to write the generalized eigenfunctions
of the continuous spectrum of A(§) as

Ypt = Q5L = lim ieRage) (i€, 7) — ic) I8
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Using the explicit form ([7) of the resolvent R4 (z), we find

Wy = —aA M e(€.D)on (M) + [(eos — eil€,q) +w(k) —m(€ — w(k)) +i0)!

| XK~ (e;(€,9); k, ) A(k)dk] ¢;(€,9)
Wi (g) = 8(g— Q)i D) + (03 — ei(€,9) + w(g) — m(E — w(q) +i0)) "

<K~ (ei(€.0): 0. Doil€. 7)

(4.15)

The somewhat formal derivation of the form of the generalized functions wg% is bol-
stered by the following lemma:

Lemma 4.1
(a) For every fized ¢ € R?, € < )\872 —nandi=0,1:
i. the vector @Z)((;;O € C? is a C?-valued bounded function of q;

ii.) the function 1/1@ q) is a C*-valued generalized function of q in [;”1 and, for
7,61
every fized ¢ € R?, it is a C*-valued generalized function of q in B.

(b) For any ¢ € S(RY), define

CSha= [ o@uihatn, COest)= [ o@il o)

then,

g — (0;{20,0;24 ) € Har. (4.16)

w§

Thereby, for two functions o1, ps € S(RY),

(@8 0 = (V0. U e+ [(CY1(0),CLe 1 (q))cady o

= (1, <P2)L2(Rd)5z‘,z‘/

A similar lemma appears in [[I[] and the proof there applies in our case. The meaning
of relation (.17) can be better seen by writing it more formally:

(T, 05)) = 6(7— 7)6 (4.18)

AR

In this way, for every £ < )\872 —n and ¢ € RY, we constructed two generalized eigen-

vectors ‘11?£ € [;”Sl, i = 0,1 of the operator A({) with the eigenvalues e;(¢,§), i = 0,1,
respectively. By acting on them with the operator M; (&) (see Remark B7) we obtain the
generalized functions

U = My(6)9l) e B+, (4.19)
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Obviously, the entire vector F\) = {®) ¢

q,£) 3,6 ((j,) eB } satisfies the equation

(here H denotes the extension of H to B, cf. Remark BH). Let £9(q), i = 0,1 denote
the unique (as seen on Fig. 3) solutions less than +e respectively, of the equations

e(7.8) =€ i=0,1. (4.20)

.................... //eo<£ 7

Figure 3: Solving Eq. (f£.20)

Now, it is clear that F q(;): €0 = q(i) is a generalized eigenvector of H with eigenvalue
€9(q). We remind that e;(q, £) satisfies Eq.([E14), which, for z = £, becomes
det [eos — (§ — w(q)) —m(§ —w(q))] = 0. (4.21)
Comparing this equation with Eq. (B.3), we see that Eq. (f.2]]) has two solutions:
£9(q) = ei +wl(g), (4.22)
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where ¢;, i = 0, 1 are the two solutions of Eq.(B.3). Thereby, as the matrix o3 + w(q) —
m(¢ — w(q)) approaches, when ¢ — £9(q) the matrix o3 + w(q) — m(e;), one of its
eigenvectors ¢;(&, ¢) approaches the eigenvector of the latter for the eigenvalue £€9(q), i.e.

forall g and i = 0,1, ©;(,q)|¢—cr(q) = fi-
The conditions

£9(a) < X2 —n, €9 <€V(9)
define two bounded domains G(l C Rd of allowed values of ¢:
0
Gy = Ha: €9 )< M=) (4.23)
G = {a: €9(a) < Ny —n} < G
For q € Gg,l), there are two generalized eigenvectors of H, Fq(i) = Fq(lg(z)(q), i = 0,1,

with eigenvalues £€7(q), i = 0, 1,respectively, while, for g € G%O) \Gn , there is only one
eigenvector left. The functions £ (g) are smooth functions of g € GSP and ming £©)(g) =
eo + k coincides with the lowest end of the continuous spectrum of H.

Let C&(Gﬁf’) =:C™, § =0,1 be the space of infinitely smooth functions with support
in the domains G’g,i), 1 =0, 1, respectively.

Lemma 4.2 For any ¢ € C%, the vector

FO = / F%(q)dg € H. (4.24)
ayy
A similar statement is contained in [[[] and the proof there applies to the case at hand

through verbatim.
We introduce now two subspaces of H as the closures of the linear span of the vectors

(E29):

HO = {FY, peC®}, i=0,1.

As explained in [, the calculation of the scalar product of two vectors (f.24) reduces to
the calculation of the generalized function

Q" (7.7) = (F", F\ ), € GV, 7 € G, (4.25)

q q

As Fq(i),Fq(,i,) are generalized eigenvectors of H with eigenvalues £@(q), %) () respec-
tively, Q"(q,¢) is concentrated on the surface {£@(q) = £#)(¢)}, hence it is a sum of
generalized functions of the form A(q)8(g7 — ¢') and B(q,7))s(¢€D(q) — £9)(¢)) (this is
rigorously proved in [[]). Therefore, in calculating Q¥ (g,q'), one can discard all terms
not containing such singularities. So,

i)+ I (9@ 0 @) , da
) (4.26)
+ [ (DaE@PHON@). PLED@OD@) , dQ

Cot c2
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(we remind that C; denotes the set of all finite subsets with more than one point endowed
with the measure (.3)). It will be convenient to calculate separately the scalar products
for each pair (4,7") = (0,0),(0,1),(1,1):

e i =4 = 0. The first term in (f20) is a continuous function of ¢, ¢ and will be
discarded, as agreed. To calculate the second term in (f:2g), we represent 1/1;?1) as

(see (I13))
V@) = 8g—a)fo+[AE),q.0) fol /1€ (q) — O (q) + 0]
HALED(9), 0. D) EQ (@), )/ e1(69(), q) — £9(q) + i0]

(4.27)

and similarly Q/Jé%; here, fy is the null vector of the matrix (B.]) corresponding to

the solution ey of Eq. (B3), e1(£(q),q) is the second eigenvalue of the matrix
eos+w(q) —m(E0(q) —w(q)) and ©?(£©(q), q) the eigenvector corresponding to it,
and

A9, q,9) = (K (€9%9), 4,0 fo, fo)e
A€, ¢.9) = (K (£92), 4, 0)91(6€9(2), 0), ¢1(€9(7), @) c2-

By virtue of Eq. (f4), the third term in (f27) is a regular function of ¢ and ¢
and we discard it. For the second term we use Sokhotski’s formula 1/[z 4 i0] =
imd(x) + P(1/z) and obtain

(4.28)

wé?l) (q) = 0(q — @) fo +imAs(£(q), 0. 0)3 (£ (q) — £9(@)) fo + regular terms.

In this way, the second term in Eq. ([.20) equals, modulo regular terms:

J (wé?f (9), 1/)%(61)) L d1=0a-17)

+3(E0 (@) - €9@) {imlAo(€V(a), 7, @) - AV (@), 4,7)] (4.29)

[ A(€9(9), 4, D) Ao(€O(T), 4, Q’)dCJ}
£0)(¢)=6©) (@)

For the calculation of the third term of Eq. (F20) we represent (M (¢ (g))wg)l) ()N(Q)
as (see Eq. (2.13)):
ML EO@IHNQ) = T m (€@ @\ i a: 0wyl (o)

4€0 (4.30)
+ [ (E0@); Q; 05 k) (k) dk.
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Now, it is easy to see that the only contribution of this expression to the third term
of (£:2§) comes from the sum over ¢ and equals

J dq [ dQ(ug” (€ (a) — w(q); Q; 0;0) fo, n§” (€)= w(@); Q; B50) fo)c>
) =
) =

o <[5(g — q) + im A€V (@)s 0, D¢V (a) ~ €010))
x[bla = 2) + imA(€ @) . DEV @) ~ €0)
= JdQ (1" (e0; Q: 0:0) fo, 6 (e0: Qi 0:0) o)
x{8(a - @) + [i7(A0(€V(@):7.0) — A(€0(7): 0,7))
7 fi0 @0 404(E(@): 0,0 A€ (@) 0, 7)] 5(6O(@) - €0(a)) |
(4.31)

In the equality above we used Eq. (-20). Let us remark that the vector

fo, Q=10
O (e0,Q,0,0)fo, Q] >0

is nothing but the eigenvector (found above) of H corresponding to ey. Hence,

rQ-{

JdQ (uéo)(eo; Q: 0:.0) fo, 1y (e0; Qs 0; (Z))fo) .
= Bl = [foll® = IFo]* = 1 = R = O(a?).

Collecting the expressions above, we obtain that Q°%(g, ¢) equals

Q"(g,7) = I[IFl* [6(g—7)
+{im( (€9 (@):7,0) — A€ @) 7. 7))
+7? f{g(o)(q)zg(o)(q)} quO(S(O) (@); 2, 1) A (E9(7); 4, ql)}

x0(§(q) = €9(q))]
e i =i = 1. A similar calculation gives

Q' a.q¢) =|RI* [0(q—-q)
+{in (€@ 7.0 - HED@)3.0)
7 [ e oy 401 (EV (@54, DAED @)1 0,7 |

x0(EW(7) — W (q))] ,

where Iy and F) are the eigenvectors of H constructed above, corresponding to the
eigenvalues ey and ey, respectively.
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e i #i'. Finally,
QO 1(— —/) Ql 0( —/ —) 0 (4.32>

as these functions have as factors (Fy, 1)y = 0.
We have thus proved:

Lemma 4.3 The subspaces HY and H'® are orthogonal. The scalar product in each of
them has the form

)‘82 n

(FS P =11FIP ] e [[ 0 er(@)a(@dn’ (q)
o (4.33)

+ [0 foo M (a0, )1 (@)@ (@)dvi” (¢) |, i =0, 1.
Here, X() is the level surface of the function £ (-):
XY =1g: €)=}, wefrten g, —n),

endowed with the Gelfand-Leray measure v genemted by the function £9(-), and M (’ 7)
denotes the restriction to X(ml) X Xr of the function

MO(q,q) = im(A(E(@): ) - (é“(‘);q,ci')) (4.34)
+ sz{g(z)(q et () Qa4 (ENq); 4, DAED(T); 4, 7). '

Our estimates imply that the operators M@, i = 0, 1 given by the kernels M (g, ), i =
0,1 are bounded in H®, i = 0, 1, respectively, and their norms are < 1 for small .. This,
and the formulas (f:33), (E.33), imply, in particular, that

Collell g0y < 1E N < Cillel, 6

for certain constants 0 < Cy < (', therefore the applications ¢ — F :CO — HO
are continuous with respect to the LQ(G( )) -norm, and, as such, they extend to one-to-
one applications : Ly(GY) — HD, o — FY, o € L (G(l)). Thereby, the action of the
operator H on a vector Fg(, € H" is given by the formula

HFEY = F() (4.35)

where (£0¢)(q) = £0(q)¢(q), q € GY |
As seen from Eq. (f:33), each of the spaces H® can be represented as a direct integral
of spaces

@D
HY = / GWdx, where G = Ly(x{", dv("),
[ei“l‘ﬁy)\g’g_m
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whereby the spaces G are ” eigenspaces” of HW = H|,), i.e.

s>
HY = / IV dz,

[ei'f‘ﬁy)\g,g_m
where I is the unit operator in G\

Lemma 4.4 For each i = 0,1 there exists a bounded operator B® acting in H® and
commuting with H® , such that

(s Fio ) = (01:02) o0+ 0102 € La(GY) (4.36)
Proof. The scalar product (233) induces in G\ a sesquilinear form:
(P 92) g0 = IFO((IF + MP)p1, 02) g

where (1, ¢2) gl is the scalar product in QS) and MX) is the selfadjoint operator in gg(f’

defined by the kernel Mé“(g, ¢'). Our estimates show that ||M£Z) | <1 for a small, hence
that the bounded operator Bg(cz) = (Ig(f) + Mé”)*lﬂ exists. Obviously,

(BP o1, B p2) g0 = (01, 92)g0-

‘ D 4 .
Therefore, the operator B = J Bg(f)d:v, which commutes with H®, satisfies the
[ei“l‘ﬁy)\g’g_m
condition (f.36) as well. The lemma is proved. O

The Lemma [-4 shows that the application ¢ — ﬁw : LQ(GS)) — H®, where ﬁw =
Fpi,, ¢ € Ly(GY)), is unitary. Thereby, as B® commutes with H®, the relation (E39)
still holds:

(i) _ (i)
HF@ = Fg(%.

5 Conclusion

In conclusion we would like to notice that observations made in Sections J and [] can be
resumed as the following statement:

Theorem 5.1 Under the assumptions made concerning the parameters of the model ([I1),
and for o sufficiently small, for the operator H one has:

(i) One (or two) eigenvectors FO(Z) with the eigenvalues e;, respectively, below its continu-
ous spectrum (i =0, ori=0,1).

(ii) For any m, one, or two (depending on the number of eigenvectors Féi)), invariant
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subspaces HW, and one, or two, bounded domains G,(f) C RY, such that the restriction of
H to HWis unitarily equivalent to the operator of multiplication by the function

£9(q) = ei +w(q), g€ GY
acting in Ly(GY).

This theorem summarizes our main result about the structure of the spectrum of a two-
level quantum system weakly coupled to a boson field (spin-boson model) announced in
the Section [l

In conclusion we would like to note that (in spite of the technical difficulties) we believe
that our method allows some generalizations and improvements to be able :
(i) to construct in a similar way the multi-boson branches; cf. [f], where it is nicely done
in a different way (a limited space of the present paper does not allow us to enter into
details of [{] and we recommend it for the reader as an important reference);
(ii) to prove the completeness, which reduces to the proof that the Hilbert space H =

C? @ F, in imbedded by a nuclear operator into the space B, see Remark B and (2:2).
A project concerning these two points is now in progress.
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6 Appendix
Proof of Proposition [3.] :
Let K, be a space of smooth functions: f(q, k) € M, for ¢,k € R%, such that
100702 F)(a, k)|l < C h(q)h(k) , e12=0,1. (6.1)

Here 0; := (05 d;,) and ||+ is equal to the sum of the matrix-norms of {9;! 9 1

a1’ """ 7qd

We deﬁne the norm in Xy by

i,0=1,e1,62"

1fll, = inf C, 6.2)

over C verifying (B.]]). )
Recall that the kernels {D;1(z;¢;0; k)}. belong to the family of /Cy-valued functions
D.(q, k) defined in the semi-plane

={z€C:Rez< X, —n=2k—e—n}, (6.3)
see (P17), with the cut along the interval (see Proposition B.)):
I'=(k+ey, 26 —e—n) . (6.4)

We assume that:

(1) The family {D,(q, k)}. is Ky-analytic in Dy ,\1.

(2) It is also KCy-continuous and bounded: ||D,||x, < Ly, in the closure Dy ,\I.

(3) lim, ¢ [| D ||, =0 .

(4) For x € I the limit values DF(q, k) := lim,_,+, D.(q, k) verify the Hélder condition:

|D;;t1(‘a‘) —Di«é(',‘” < C) |ny —$2|1/2 ) (6.5)

for constant Cy and exponent 1/2.
By (B.G) the kernel of the inverse operator B(z)~! has the form:

[B(z)" g, k) = [e05 — (2 —w(q)) — m(z — w(q))]™" (6.6)
< {0(q. k) + K (24, k)[eos — (2 —w(k)) —m(z —w(k))] '},

where (formally) we put:

(ziq.k) =Y K" (zq,k (6.7)
n=1
with K=V (z;q, k) := D.(q, k) and the other terms are defined by recursions

K(”“)(z; g, k) = / K(”)(z; q,q)eoz — (z —w(q)) —m(z — w(q'))]*lK(l)(ZQ ¢, k) dq

R4
(6.8)
forn+1> 2.

29



Let for a given n the kernel K (z;q,q') verifies the same conditions (1)-(4) as the
function D.(q, k), we denote them (1) —(4)™ with the evident substitutions of the corre-
sponding constants by L, and C,,. Now we have to prove that the function K™+ (z; ¢, ¢')
satisfies conditions (1)™+1) — (4)("*1) with constants that verify the estimates:

Ln+1 <6 Ln and Cn+1 <6 Cn y (69)

for some 0 < 6 < 1. Notice that (£.9) implies (a uniform in the closure Dy, \I) convergence
of (b-7) in the Ky-norm, i.e. the the kernel K(z;q,q’) verifies the conditions (1)-(4) for
some L., and Cy.

To this end we first use the representation:

Ay Ay
+
ep—z—w(¢) e —z—w(q)
Here Ay and A, are two residues of the matrix-valued rational complex function ®(¢) :=

[eo5—C—m({)]~! at poles ey and e, respectively, see (B.9), and ¢ : C — M, is an analytic
function bounded in domain {¢ € C:Re( < A\j; —n =r —e —n}. Then () yields:

[eos—(2—w(q))—m(z—w(q))] " = +o(z—w(d)) - (6.10)

K™ (25q,k) = KO0z, k) + KO (256, k) + K" (250, k) (6.11)
where (j =0,1)
A

KOG g k ::/ KO (g o) — Y W B dd . (6.12

(219, k) » (z,q,q)ej_z_w@,) (2:¢,k) dg' ,  (6.12)

K™(zq, k) ‘:/ K™ (z4,¢) ¢z —w(q) KY(z4 k) dg" . (6.13)
R4

The recursions (B.I2) and (6.13) imply K;-analyticity of terms (B.I7]) in domain Dy ,\I
and the estimates:
max{||0, K" (23 q, k)| xc.; |V (2 ¢, k)|, } < Const x
max{ |0, K" (24, k) | ieys 1O (23 ¢, K) i, } max{[|0. KDY (23, k) ieys KD (250, k) e, }

1 1
{(dz’st(z, E dist(z,])} !
where dist(z,I) is the distance between z and the cut /. Similarly one also obtains:
max{ [|0. K"V (25, k) ey | K" (254, k)|, } < Const x
max{[|0. K (.0, 1) i3 |18 (250, 8) e, masc{ |0 K0 (2.0, B) s |1 KO (250, B, } »

sup [@(Q)] -
Ce(D1y\D)

Moreover, for any n the function K ™) (z; q, k) is Ky-continuous on the closure Dy, \I and
one gets for the limit values on the cut:

KO0%(25q,k) == lim K (z1q,k) = (6.14)

d K(")’i(x; q’q/) cp(:E . w(q/)) K(l)d:(x;q/’k‘) dq/ .
R
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Then estimate (B.3), condition (4)™ | and (F.14) yield
K= (@) = KO (@ e, < Rugn o — wa]'2 (6.15)
where

R,1 = Const max{C,,sup HK(")’i(:c; )l b
xzel

max{Cy,sup [ KD (z-, )} max (O]
wel CE(D1,n\I)

By virtue of (514) one also gets that lim,_s [|K™D(z;-,+)|| = 0. Therefore, the family
{K®D (2. )}, verifies the conditions (1)) — (4)(n+1),

Now we have to check the same properties for the kernel K™V (2. .). To this end
we introduce

Blza, kly > r) = / KO (zq,q) KV, q) dv(d) ., (6.16)
Ty:={q"w(¢)=y}

with integration over the Gelfand-Leray measure v,(-) on the surface 'y, see [f]. Notice

that by (p-1g) one gets:

|B(z:¢, kly)l < 1K™ (23, ), KD (23, ) Ik, h(Q)h(k‘)/ h(q)? dvy(q) . (6.17)

Ly

Thus, B € K; for any z € Dy,\I and y > k with the norm-estimate:

1B(z: - [y)llie < HK(")(Z;-,-)HzclllK(l)(zrw)chl/F h(g')?* dvy(q) , (6.18)
v
and
| 0BG Al dy < 1K el KOGy [ b dg . (619
Now we can prove the following estimates of y-derivative of B:
10, B(: 19l < CONE™ (21, ) e KD (234l (6.20)

where the asymptotic of the function C'(y) for y \, & is
Cly) = (y— )"+ 0y —r)*27), >0, (6.21)
whereas out of this k-vicinity the function C(y) is bounded.

Lemma 6.1 Let f(q) be a smooth function on RY. Let us define the function

I(y) = A f(q) dvy(q) - (6.22)
Then we have
9 (V) (q) [(Aw)(q)]
prwi<e [ {GHO Gt w6



Proof. Notice that using differential forms [A] one can rewrite (£.22) as

I(y) = / (/) . (6.24)

Yy

where Qo(f) = fQ and Q is a special (Gelfand-Leray form), which has the following local

coordinate representation:
1

= dgs ..
Ow /0 ©

Without lost of generality we can suppose that Ow/dq; # O and |0w/dq;| > |0w/0q;| , j =
2,...,d. By (p-24) and (.29) one gets [{:

Q .dqq . (6.25)

1 1 ~
Z(y)= [ Q Q = — — Q. 2

210 = [ 0, w0 ={00f g+ tng | (6.26)

Since the convexity of w implies d|0w/dq;| > |Vw| and |0°w/dq?| < |Aw]|, we obtain the

estimate ([.23). O
Corollary 6.2 The estimate ([0-23) implies (-2Q) with

2h(q)? |(Aw)(9)|
Cly :dz/{i—i—thi dv,(q) = 6.27
v L Ave@ T o 020

o2 2 2 [(Aw)(q)]
= EO ey {\<w><q>| " |<w><q>\2} 9 -

Moreover, since for y \, k one gets in domain of integration: |(Vw)(q)| ~ vy — k and
dq ~ |y — k|Y?7'dy, the right-hand side of the last identity in ([0.27) has asymptotics
(y — k)22 that proves (6.21). On the other hand, for y > k +¢, € > ¢ > 0 the same
expression 1s bounded.

By virtue of (6.20) and ((.21]) we get for d = 3 the B(z;-,-|y) verifies the Holder
condition with exponent 1/2:

1B (%, -ly1) = B(z; |y lie, < Cs lyr — 2| * (6.28)
whereas for d > 3 we obtain:
IB(z:-,[y1) — B(z: - ly2)llic, < Cos [y — vl - (6.29)

Finally, B(z; -, -|y) is continuous in the closure Dy ,\I, as a function of z, and by (.16)
we have for it on the cut I the values:

BE(z;q,kly) = [ K™ (2;q,¢) KV (x4, q) dv,(d) , (6.30)
Ly

which satisfy the above estimates (p.1§)-(F-20) and (6.28) or (6.29), for z = «.
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Moreover, we find behaviour of (£.30) as a function of z:
1B(a1; -, y) = Bz [y) ey < Ca oy — @, (6.31)

where Cy = L, O, + L, C, (see (b.9)) and yg=3 = 1/2, 7453 =1 .
Summarizing we conclude that for j = 0 we obtain the corresponding representation
of the kernel (f.13) in the form:

* B(z; ¢,k
K00z, q,k) = / —e<i(z ‘—yz) dy - (6.32)
K 0 -

Now to establish desired properties, (1)™+1) — (4)("+1) of this kernel on the basis of the
B(z;q, k|y) properties, we consider a more general integral:

~ * B(n;q. k
K002 291, k) = / 76('11’;’ |Zy) dy . (6.33)
K 0 — <2

Lemma 6.3 (Privalov’s lemma for vector-valued functions)

Let {f(z,y)}.y C B for z € Dy \ I with a cut I and y € (k,00) be family of vector-valued
functions in a Banach space B. Assume that they verify the following conditions:

(a) f(z,y) is B-analytic in Dy \ I and B-continuous on the closure Dy \ I for any fired
y € (k,00).

(b) The limit values f*(x,5y) on the cut I verify the Hélder condition:

1 fE (1, y) — f5(22,y) |5 < Chlay — a0|'? | w0 €1 . (6.34)

(c) For any z € Dy \ I one has

1 (zo90) = (2, ) 5 < Calyr — 22, o € (ki 00) (6.35)

(d) For any z € Dy \ I the integral

| WGl dy <. (6.36)
(f) Uniform boundedness and limits at infinity:

sip G p)ls < M and Tim () s = lim |£(0)ls =0 (637)

{ZG'DQ\I,yE(K,OO)}

Let us define the (Bochner) integral

>~ f(zla y)
Flz, 2) = | 209 g 6.38

(21, 22) /,‘-; €+ Y — 22 Y ( )
where eq is defined by the cut I ([6-4). Then the function (B-3§) has the following proper-

ties:
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(1) It is analytic in D := {Dy \ I} x {Dy \ I} in two variables z1, zo . (2) It is uniformly
bounded and continuous in the closure D:

HF(Zl, 22)”8 < Al M .
(3) The limit values F*(xy,z5) on the cut I satisfy the Holder conditions:
|F* (@1 + 61, 2 + 62) — F¥ (w1, 22) |5 < C(161]"2 + 162]72)

where
Fi(xl,l‘z) = lim F(ZEli’iEl,l‘Qﬂ:’iEQ) s

e1,2——+0
and 6 == AQ(Cl + CQ) .

Proof. Follows through verbatim of the standard demonstration for complex-valued func-
tions, see e.g. [[{. O

Applying Lemma p.3 to our case of B = K; shows that limit values l?("ﬂ)’o’i(:pl, T9;q, k)
of integral (p.33) verify the Holder condition for variables xy, z5. Since

K00z g, k) = KMD05(2 20, k)

we obtain that the function K" 1):%% (z; ¢, k) also verifies the Hélder condition for the vari-
abl§ . Moreover, from the estimates that contain the factor max, .5—7, KD (2 )k, =
a yield:

"K(n+1)’0(’z; ) ')”’Cl < const OzHK(n)(Z; ) ')”’Cl

and
||K("+1)’O’i(x1; ) — K("H)’O’i(xg; )k, < const a C,

see (6.9).

Similarly one checks these estimates for the family {K™*+-1(z;. )}.. Therefore, the
whole family { K™+ (z;. )}, verifies the recurrent estimates (6.9), that finishes the proof
of Proposition B.]. O
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Figures Captions

e Figure la: The graph of the Lh.s. of (B3) : case of two roots
e Figure 1b: The graph of the Lh.s. of (B-J) : case of one root

e Figure 2: The graph of the Lh.s. of (.3)

e Figure 3: Solving Eq. (f£20)
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