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REPRESENTATIONS ADMITTING TWO PAIRS OF
SUPPLEMENTARY INVARIANT SPACES

LIONEL BERARD BERGERY AND TOM KRANTZ

ABSTRACT. We examine the lattice generated by two pairs of supple-
mentary vector subspaces of a finite-dimensional vector-space by inter-
section and sum, with the aim of applying the results to the study of
representations admitting two pairs of supplementary invariant spaces,
or one pair and a reflexive form. We show that such a representation is a
direct sum of three canonical sub-representations which we characterize.
We then focus on holonomy representations with the same property.

1. INTRODUCTION

A famous paper of Gelfand and Ponomarev [GP] classifies the systems
on four vector subspaces of a finite-dimensional vector space. We focus on
the systems of two pairs of supplementary spaces and explore the lattice
generated by sum and intersection starting from the four spaces. The aim
is to apply the results to lattices of stable spaces of finite-dimensional rep-
resentations and in particular of holonomy representations of torsion free
connections preserving a reflexive form.

2. LATTICE GENERATED BY TWO PAIRS OF SUPPLEMENTARY SPACES

We suppose throughout the paper that K is a commutative field of char-
acteristic different from 2.

2.1. Definitions. We call decomposition of a finite-dimensional K-vector
space E into 2 direct sums a quintuplet V = (FE,Vq, Vo, Wi, Ws) where
V1, Vo, W71 and Wsy are four vector subspaces of the finite-dimensional vector
space E verifying V1 & Vo = W) & Wo = E.

Example 1. In particular if E carries a non-degenerate reflexive struc-
ture(i.e. for us a non-degenerate symmetric or antisymmetric bilinear form)
and if E =V, @ Vi then (B, V1, Va, V-, V5b) is a decomposition of E into 2
direct sums.

Associated to a decomposition of a finite-dimensional K-vector space E
into 2 direct sums V = (E, Vi, Vo, Wi, Ws) is a dual decomposition into two
direct sums: V* = (E*, W{, W3, V], VJ), with X' := {u € E*|u(X) =0 }.

If £ = F1 & Es is a direct sum, let p% be the projection on F; parallely
to Fo. To simplify notations lets write p; for the projection on V; parallely
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2 LIONEL BERARD BERGERY AND TOM KRANTZ

to V.(;) and ¢; the projection on W; parallely to W_(;). We define the map
0y : E — Ebyby, = pmw/f o p“ﬁf — p“ﬁf o p%ﬁ To simplify notations we write
for By if it is clear which V we mean.

It is easy to verify:

W \% \% W Ww- Vi Vi W, Vi W
Lve[z/mmg 1. HV: pwvzopva; pvf‘f pr = pW; Opvé — pV; opW; = pV; opr —
pwf © pV; = pv? © pW; - pW; 0 pv?
We have also:
Lemma 2. H(VZ) C VT(z) and H(Wz) C Wr(z)
Lemma 3. If V* is the dual system of V then Oy« = (6y)*
Proof. We have:
W: 1% 1% W
Ov) = (ow Opvf - Pvf Opwf)*
W- \% Vz 1%
= (pwf Opr)* - (pvf Opr)*
\% W: W: 1%
= (pvf)* o (pwf)* - (ow)* © (pvf)*

_ v Wi Wy v
- pV2/ Opwé - pW2/ OpV2/

2.2. Canonical decomposition of E.

Definition 1. Let us define a sequence of vector subspaces of E: F(0) :=
{0}, F(n+1) =3, ;(F(n) + Vi) N (F(n) + Wj)) forn > 0.

(F(n)), is an increasing sequence of vector subspaces of the finite-
dimensional vector space E and necessarily stationary Let us write F' or
F(c0) the space ), F(n). F is the smallest fix-point of the increasing map-
ping X +— >, (X +V;)N(X+W;)), and F is the smallest common fix-point
of the four increasing mappings X — (X + V;) N (X + W;) for i,j € {1,2}.

Lemma 4. F(1) =@, VinW;

Proof. By definition we have F'(1) = >_, ; ViNWj, and it is easy to see that
the sum is necessarily direct. O

Definition 2. Let us define a sequence of vector subspaces of E': F(O) =F
F(n+1) ==, (F0) N Vi) + (F(n) 1 W;)) for n > 0.

(F(n)), if a decreasing sequence of vector subspaces of the finite-
dimensional vector-space FE and so stationary. LetF (00) or simply F be
the space ), F(n) F is the biggest fix-point of the decreasing mapping
X = N,,;(XNV;) + (X NWj)), and F is the biggest common fix-point of
the four decreasing mappings X — (X NV;) + (X nWj), for i,j € {1,2}.

Proposition 5. For every non-negative integer n
(1) ker 0" = F(n)
(2) im" = F(n)
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Proof. (1) Let us show first that kerd = F(1) = Vi N Wy + Vi N Wy +
VaNWi+VonWa. If z € VinWj, 0(z) = (—1)" ((piogj)(z) — (gj0
pi)(x)) = (=1)"*(x — x) = 0. As 0 is linear, §(F (1)) = 0.

Inversely if #(z) = 0, we have (¢1 o p1 — p1 0 ¢q1)(x) = 0 and so
(g1op1)(z) = (p1ogqi)(x). We have (g1 op1)(z) € Vi NW;. Similarly
(gj o pi)(z) = (piogqj)(x) an so (g; o p;)(z) € V; N W;. We deduce
r=q(z)+qz) =2 ,(gop)(x) € X, VinW; = F(1).

Let us show F(n) C keré”. For n = 0 it is clear. If n = k + 1,
suppose ker 0¥ = F(k). Let x € F(n) = i (F (k) + Vi) N (F(k) +
W;)). x can be written z11 4+ x22 + 212+ 221 With z;; € ((F(k)+V;)N
(F(k‘) + WJ)) Tij = Yij + 255 = Lij + w4 with Yij, tij € F(k‘), Zij € Vi
and u;; € W;. We have be induction hypothesis #%(y;;) = 0 and
0%(t;;) = 0. Be iterated application of lemma 2 we have 6%(z;;) €
Viky et 0% (ui;) € Wik ;). As a consequence 0k (zi5) € Viky D Wk
and so 0% (z) € F(1) = ker 0, giving: 0*+1(z) = 0.

Let us show ker 0" C F(n). For n = 0, ker§° = {0} = F(0). For
n = k+1, suppose ker 0¥ C F(k). Let x be such that 6" (x) = 0. We
have then 6%((x)) = 0. By induction hypothesis 8(x) € F(k). S
(gjopi)(x) — (piogj)(x) € F(k) and as a consequence: (gjop;)(x)
(F'(k) + Vi). As (g; 0 pi)(x) € Wy, (gj o pi)(x) € (F(k) + Vi) N W
(F(k)+Vi)N(F(k)+Wj). Finally z = 37, :(gj0pi)(x) € 3=, ;((F (k)
Vi) N (F(k) + Wj)) = F(n).

(2) To show that imf™ = F'(n), we will use duality’:
In finite dimension it is easy to show by induction that for every
n, (Fy(n))" = Fy-(n) and (Fy(n))" = Fy«(n).

So we have: (Fy(n))" = (Fy«(n)) = (ker0%.) = (ker(65)") =
er = (1m . By Injectivity in finite dimension o we
K 03*, .03,,]3.. vitv in fnite di . ¢

have imé}, = Fy(n).

(6]
<
C
+

O

Proposition 6. (1) ¥n,F(n+1) =0~ (F(n)),

(2) ¥n,F(n+1) = 60(F(n)).
Proof. We have: F(n +1) = ker(6"+1) = 67 1(ker(0")) = 071 (F(n)) et
0(F(n)) = 0(im(0")) = 6(F(n)). O

From the first point one can deduce: Vn,0(F(n + 1)) C F(n).
We recall without proof the following well known result:

Proposition 7. If E is a finite-dimensional vector space and ¥V an en-
domorphism of E then the two subspaces of E: En = Y ker(¥") and
Er =, im(¥") are stable by ¥ and we have E = Enx & Er. Moreover V|,
is nilpotent and W|g, is invertible.

The result applied to £ and the endomorphism 6 gives us for F :=
>, F(n) and F := (), F(n): E = F & F. Moreover F' and F are sta-
bles by 6 and 6| is nilpotent and 6| is invertible.

IWe use the following lemma which is easy to show: For ¥ € £L(E, F), ker * = (im¥)’
and im¥* = (ker ¥)’.
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We say that the subspace V of E is homogeneouswith respect to the sum
Ey + E5, where E; and FEj are vector subspaces of E if: V N (Ey 4+ Ey) =
(VNE)+(VNEy). Similarly we say that V' is co-homogeneous with respect
to the intersection Ey N Ea, if: V + (E1 N Ey) = (V + E1) N (V + Es).
Proposition 8. (1) (FnW) e (FNW) =F

(2) (FnWi)& (FNW;) =F
(3) Vi,j, (FNV) @ (FNW;) =F

Proof. Let us start by the proof of point 3. We have: V;NW; C F(1), which
gives us (ENV;)N(FNW;) € FNF(1) = {0}. From F = (FNV;)+ (FNW;)
we deduce then F = (FNV;) @ (FNW;).

Let us note n; = dim(EF NV;) and m; := dim(F N W;). Point 3 implies
then that n; + m; = dim F (*). This gives us n; = ng and m; = mao.

AsViNnVa = {0}, (FNW)N(FNV,) ={0}. As (FNW)& (FNV,) C F,
we have: 2ny = ny + ny < dim F. (**) Similarly (F NWL) @ (F NWsy) C F
et 2my =mi +mo < dim F. ()

From (*),(**) and (***) follows that 2n; = 2m; = dim F' and that (F N
V)@ (FNVa)=F and (FNW,) & (FNWs) = F. O

We can refine the two first points of the proposition as follows:

Proposition 9. For every non negative integer n we have:
(1) (F(n)nW1) & (F(n) N V2) = F(n)
(2) (F(n) N Wh) & (F(n) N W) = F(n)

Proof. We will just prove the first point, the proof of the second point being
similar.

By induction on n: For n = 0 we have effectively: F(0) = E =V} @ Va.
Suppose the the result true for n. Evidently we have the inclusion: (F (n+
DNWV) @ (F(n+1)NV,) C F(n+1). Let a € F(n+1). We can write
a=xz+y with 2 € V] and y € Va. Let us show then z,y € F(n + 1).

Asa € F(n+1) C F(n) and F(n) is homogeneous with respect to V; & Va
we have: z,y € F(n).

By definition of F(n+1), a we can write a = x;; +y;; with 2;; € F(n)NV;
and y;; € F(n) N W;. We deduce that x is an element of F(n + 1) =
ﬂ”((ﬁ’(n) NV;) + (F(n) NW;)) by writing: =2 +0=2+0 = (221 —y) +
Y21 = (222 — y) + ya22. A similar reflection shows that y € F(n +1). O

We will see in the following that one can decompose canonically F(n).

Let’s write e = id(; 9y and 7 = (12) the elements of the group Sy of the
permutations of the set {1,2}. We will write for i = 1,2, i := 7(i). For
o € Sz, we write ¢ the element of Sp such that {o,5} = Ss.

Definition 3. Let F,,(0) =0 and Fy(n+1) = >, ((Fs(n) + Vi) N (F(n) +
Woi)))-

One can see that (Fy(n))y is an increasing sequence of subvectorspaces of
E, and so finally stationary (as E is finite-dimensional). Let’s write F,(00)
or simply F, the space ), Fy(n) i.e. the maximal element of this sequence.
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Let’s remark on the other hand that lemma 4 implies that F.(1) = (V3 N
Wl) D (va N WQ), FT(l) = (Vl N Wg) D (‘/1 N WQ) and F(l) = Fe(l) FT(l).

Proposition 10. Vn,0(F,(n+ 1)) C F,(n).

Proof. By induction: It is true for n = 0. Suppose its true up to order n.
Letz € Fy(n+1),y € Vi,z € Fy(n+1),t € Vo,2’ € F,(n+1),y € Wy,2' €
F,(n+ 1), e Wy, suchthat e +y=2'+y et 2+t =2"+1".

Let us show that O(x +y + 2z +t) € Fy;(n+ 1). Let us recall first that
0(Vi) C Viu) and (W;) C W,(;. We have consequently: 6(z) + 0(y) =
0(z") + 0(y') € (Fy(n) + V2) N (Fs(n) + Wy(2)) and 0(z) + 0(t) = 0(2')
0(t") € (Fo(n) + V1) N (Fy(n) + Wy)). This gives us 0(z +y + 2 + t)
0(x) 4+ 0(y) +0(2) +0(t) € Fp(n+1).

We will need the following lemma:

on+ |

Lemma 11. Let Ay, A, By, B be four vector subspaces of E such that Ag C A
et Bg C B. We have then

(A4 Bp) N (Ao + B) = Ao+ By + (AN B).

Proof. The inclusion ”"D>” is clear, as every A + By, Ag + B contains every
Ag, By, ANB.

For the inclusion ”C” let x € A, yg € By, x9 € Ag, y € B such that
rT+1yo =x90+y. Onededuces x —zg =y—yo € ANB. Sox+yy =
xo+yo+ (x — ) € Ag+ By + (AN B). U

Proposition 12. (1) Fy(n) is co-homogeneous with respect to the direct
sum Vi & Va or equivalently (Fy(n) + V1) N (Fy(n) + Va) = F,(n).
(2) Fy(n) is co-homogeneous with respect to the direct sum Wy & Wa or
equivalently (Fy(n) + W1) N (Fy(n) + Wa) = F,(n).

Proof. We will prove the first point, the proof for the second being similar.
By induction: For n = 0 its clear. Suppose the result true at the order n.
It is evident that F,(n) C (Fy(n) + Vi) N (Fx(n) + Va).
Let’s prove the other inclusion: We have:

Fg(n+1)+vl = Z((Fc(n)+%)Q(Fa(n)+W0(i)))+Vi

C Fo(n) + Vi + (Fo(n) + V2) N (Fo(n) + Wo3)) -
—_——

A Bo

Similarly
Folnt 1)+ Ve € (Eo(n) +VA) O (Fy(n) + Wyy) + Foln) + V.

Ao B

By application of lemma 11 and the induction hypothesis we obtain:

(E,(n+ 1)+ V)N (Fy(n+1)+V3) C F,(n+ 1)+ (Ey(n) + V1) N (Fy(n) + V)

ind. hyp.
C Fy(n+ 1)+ Fy(n)

C F,(n+1).
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Proposition 13. Vn, F;(n) N F5(1) = {0}.

Proof. Let’s make the proof for o = e, the case ¢ = 7 being analogous.

By induction: It is true up to order n = 0. Suppose it is true up to
order n: Let € F.(n),y € V1,2 € F.(n),t € Va,2' € F.(n),y € W1,2 €
F.(n),t' € Wa,v € ViNWa,§ € VoNW such that z+y = 2'+y/, 2+t = 2/ +1t
and (x +y) + (z+t) =7+ € Fe(n+1) N Fr(1).

On has then x + (y — ) € Fe(n) + Vi,— (2 + (t — 0)) € Fe(n) + Vo, et
x+ (y—7) = —(2+ (t — §)). By application of proposition 12 one obtains
y—v € Fo(n)and t — 0 € F.(n). One deduces: x +y = (z+ (y —7)) +7 €
Fe(n)+ (ViNnWsy) and also z +t = (2 + (t —9)) + 6 € Fe(n) + (Vo N Wy).
Analogously one proves that ' +y' = (' + (v —9)) + 6 € Fy(n)+ (VaNWy)
and 2/ +t' = (2 + (t' — 7)) + v € F,(n) + (V1 N W>). By a new application
of proposition 12 (possible by the fact that Vi "W, C V; and VoNW; C V3)
one obtains that x +y = 2’ +4/ € F.(n) and similarly z+t = 2/ +t' € F.(n).
So (x+y)+ (2 +t) € Fe(n) N F-(1). By induction hypothesis one has so
(x+y)+(z+1t)=0. O

Corollary 14. Ifn > 1 then Fy(n) N F(1) = F5(1)

)=
Proof. Tt is clear that F,(1) C Fy(n) N F(1). For the other inclusion, lets
remark first: F,,(n)NF(1) = F,(n)N(F,(1)® F5(1 )) Let z = a+be€ Fy(n)
with a € Fy(1) and b € F5(1). x—a=0b € F,;(n)NF5(1) = {0}. So we have
x € F,(1). O

Proposition 15. F.(n) N F;(n) = {0}

Proof. By induction: It is true for n = 0. Suppose its true up to order n. Let

x € Fe(n+1)NFr(n+1), one deduces then 0(z) € 0(Fe(n+1))NO(F(n+
prop. 10

1)) C  Fe(n)N F-(n) = {0}. From this we obtain z € F(1) N F.(n) N

corr. 14

Fr(n) = (F(1) N Fe(n)) N (F(1) N Fr(n)) =" Fe(l) N Fr(1) = {0} O
Proposition 16. Vn, Fr(n) & F(n) = F(n)

Let’s start by proving two lemma:
Lemma 17. Vi,n, F;;(n) C V; + W5

Proof. Let’s give the proof for ¢ = 7. The proof is essentially the same in
the case 0 =e.

By induction on n: For n = 0 we have F;(0) = {0} C V; + W,. Suppose
the result true up to order n. (Fr(n )+V) (Fr(n) +W5) C Fr(n)+V;
and (Fr(n)+ V5) N (Fr(n) +W;) C Fr(n) + W,;. By summation of the two
inclusions one obtains Fr(n + 1) C F;(n) + V; + F-(n) + W;. The latter is
included in V; + W; by induction hypothesis. O

Lemma 18. Vn, 1, j, V;+W; is homogeneous with respect to the (direct) sum
Fe(n) + Fr(n).

Proof. Let’s make the proof for ¢ = j = 1, the proof being similar in the
other cases.

The inclusion (V4 + Wh) N F.(n) + (Vi + W1) N Fr(n) € (Vi + Wi) N
(Fe(n)+ Fr(n)) being trivial, let us show the other inclusion: Let o € F,(n),
B € Fr(n) with a+ 3 € V1 +Wj. By the inclusion F;(n) C V; +Wj obtained
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by the preceding lemma one has: 5 € F.(n)N(Vi+W1). Asa+5 € Vi+W,;
and 3 € Vi + Wi one has a = (a+ ) — 5 € F.(n) N (V1 + Wh). O

Proof. proposition 16: By induction on n. For n = 0 it is evident. Suppose
the result proved up to order n.

Let us recall that F'(n + 1) = ker"*!. Let x € F(n + 1). By induction
hypothesis there exists a € Fe(n), 8 € Fr(n) such that 6(z) = a + 3. Set
vij = (pi o ¢;)(z) and w;; = (g o pi)(x). Let us remark that v;; € V; and
wij € Wj. Recall that w;; = 6(z) + vij = a + 8 + v;;. So one has more
precisely w;j € (Fe(n)+Fr(n)+V;)NW;. Asin the proof of proposition 5 let
us remark that z = 3, -w;;. If one proves that w;; € Fe(n+1) + Fr(n+1)
the proposition is proved.

As a+ 3 = —vij + wij € (Fe(n) ® Fr(n)) N (V; + Wj) one can apply
lemma 18 in order to obtain that a;; € V;, a;j € W; such that a = a; + a;j
and fB; € V;, B; € W such that 8 = §;; + §};. One has: a}; = a —aj; €
(Fe(n)+Vi))NW; C Fe(n+1) and B; = 885 € (Fr(n)+Vi)NW; C Fr(n+1).
On the other hand Wj > w;; — a;j — Z{j = a; + (vij + Bij) € Fe(n) +V;
and so w;; — a;j — z{j € (Fe(n) + Vi) N W; C Fe(n+1). Finally w;; =
(wij — aj; = B;) + oy + Bi; € Fe(n+1) + Fr(n+1), and sox = 3, s w;; €
Fe(n+1)4+ F-(n+1). O

Proposition 19. (1) Fy(n) is homogeneous with respect to the sum Vi@
Va, equivalently F,(n) = (F,(n) NV1) & (Fy(n) NV3).
(2) Fy(n) is homogeneous with respect to the sum W1 & Wa, equivalently
Fy(n) = (Fy(n) N W1) & (Fy(n) 0 W)

Proof. Let us prove the first point. The proof of the second is similar. Let

x € Fy(n), z =y+ 2z with y € V] and z € Vo. We have then y =z — z €
Prop.

Vi N (Fy(n) + Vo) C (Fy(n) + Vi) N (Fy(n) + Va) "2 F,(n). From

this y € Fy(n) N Vi. In the same way z € Fy(n) N V2. As a conclusion

F,(n) = (F,(n)NV1) @ (Fy(n) N Va). O

Proposition 20. Vn, (F,(n) NV;) ® (Fo(n) N Ws;)) = Fo(n)

Proof. We have from proposition 13 (F,(n) NV;) N (Fy(n) N Ws;)) = {0}
Let us write n; := dim F;(n) NV; and m; := dim F,,(n) N W;. We have from
the preceding remark that n; +mgs(;) < dim Fi;(n) (*). From proposition 19
one has ny + ng = dim F;(n) and m; + my = dim F,(n). By summing the
two equalities it is necessary that (*) is an equality and so (Fy(n) N'V;) ®
(Fa(n)ﬂW&(i)) :Fa<n>' U

Proposition 21. If A, B vector subspaces of E are homogeneous with re-
spect to the sum @ijcrl; = F then A4+ B and AN B are homogeneous with
respect to the sum ®;crF;.

Proof. ” A+ B”: Equivalently one has: @,(F; N (A+ B)) C A+ B. Let us
show the other inclusion. Let z € A+ B = (,(Fi N A)) + (D,(Fi N B)).
So one has z =Y, z; + ), 2} with z; € F; N A andz), € F; N B. By writing
z =Y. (x; + x}) one sees that z € @,(F; N (A + B)).

AN B”: Evidently one has: @,(F; N (AN B)) C AN B. For the other
inclusion let z €¢ ANB = (P,(FinA)N(P,FinB)),z=> ,zi=y,
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with z; € F; N A and 2} € F; N B. By unicity of the decomposition of =
with respect to the direct sum @Z F; it is clear that Vi, x; = x; and so that
ze@,(Fin(ANB)). O
Proposition 22. For every element V' of the lattice generated by Vi, Va,
Wi and Wy one has: V=(VNF)&(VNE)&(VNF)

Proof. Due to proposition 21 it is enough to prove that Vi, Vo, W1 and Wa
are homogeneous with respect to the sum: E=F, @ F. & F.

Let us prove for this purpose the lemma:s:

Lemma 23. Let E, E; et F; be vector spaces. If E = Ey @ Ey with Vi, F; =
(F; N Ey) & (F; N Ey), then E; N & F; = @;(Ej N F;) for j =1,2.

Proof. &;F; = @;(F; N (E1 @ Ez)) = &;((F5 N Ev) @ (F; N Ep)) = @i(F; N
El) (o) @z(Fz N Eg) But @Z(E M E]) C (@ze) N E As (( ) N El) D
((®:F;) N E2) C @F;, the inclusions in this proof are necessarlly equalities.
So @Z(FZ N E]) = (@1Fz) N Ej. O

end of proof of proposition 22: By applying the lemma for Vi, E; = V;
(respectively Vi, E; = W;) proposition 19 and proposition 8 show that Vi,
Vo, W1 and Wy are homogeneous with respect to the sum decomposition:
E=F aF.-aF. O

2.3. Reflexive case. Suppose that E, Vi, V5 are finite-dimensional vector-
spaces such that £ = V] & V5 and suppose that E carries a non degenerate
reflexive form a. We have seen that (F,Vq, Vs, Vf‘, VQL) is a decomposition
of E into two direct sums. Suppose F(n), F, F,(n), F,, F(n) and F defiend
as before.

Let’s prove the following proposition:

Proposition 24.
F= Fe @L FT @L F
Proof. For 0 € Sy let F,(0) := E and F,(n + 1) := (;((F,(n) N V) +
(Ex(n) NW, #(#)))- The sequence F,(n) is decreasing and so stationary in
finite dimensions. Note F, := 1, Fy(n).
By induction it is easy to see that? Vn,Vo € So, F,(n)+ = F,(n).
By writing the definition of F(n) and F,(n) it is easy to see by induction

that Vn, Vo, F(n) C F,(n), from which we obtain VYo, F C F,.
In order to finish the proof lets show the following lemmas:

Lemma 25. For o € Sy we have: Vn, Fy C Fy(n)
Proof. By induction on n: It is clear for n = 0. For n+1 we have: E,(n41) =

(i ((Fo(n)NVi)+(F5 (1) NWo i) © (5 NVi) +(F5NWo(;))) by induction
hypothesis. The latter expression is equal to Fj3 by proposition 20. O

end of the proof of proposition 24: As dlm( v) + dlm( v) = dim(E) =
dim(F,)+dim(F;)+dim(F) (because F, and E, are orthogonal, respectively

by proposition 22) we have dim(Fy,) = dim(F5) + dim(F"). By the inclusion
F; & F C F, we must have F&@F F O

2By using again the fact that (4 + B): = A* N B+ and (AN B)* = At + B! for A
and B vector subspaces of F
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2.4. Sublattice ”with 5 direct sums”. It is known that the lattice gen-
erated by the three vector subspaces of E: U,V,W such that E=U& W =
V @ W has the following structure:

E

LN
./

U+ (UNV)+W
U vV (UNV)+(WNU+V))
(Un V)INW

N
Ny

{0}

The construction applies to the lattice T' generated by the 4 subspaces of
E, Vi, Vo, Wi, Wasuchthat E =V @& Vo =W Wy =V @& Wa =W BV,
in the following way:

We can choose for (U, V, W) the triple (V1, W7, V3) or (Vi, Wy, Ws). Note
that then in the first case: T1 := (Vi N Wy) + (Vo N (V4 + W1)) and in the
second: Uy := (Vl N Wl) + (WQ N (V1 + Wl))

The interval [V3 N W7, Vi + W1] is a sub-lattice 77 of T which contains is
particular the elements V] := Vi /(Vi N Wy), W{ = Wi/ (Vi nWh), T :=
T/ (Vi nWh) et Uy := Vi /(Vi N W) verifying:

Viewi=VieT|=VieU =W aeT| =W, aU

On the other hand it is possible that 7] NU{ # {0} (as well as T] + U; #
(Vi + W)/ (Vi N W)).

Note is particular that 7" contains two sublattices of type M3: The one
constructed on the elements {{0}, E,V{, W/, T{} and the one given by the
elements {{0}, E, V|, W{,Uj}.

The data of T7 is equivalent to the data of an isomorphism i of V{ onto
Wi, and the data of Uj of a second isomorphism j of V{ onto W{. the
conjugation class in GI(V{) of 57! o4 is then an invariant of the lattice. We
can compare this result to the operators that Gelfand and Ponomarev used
in their paper [GP].

2.5. Example. In this paragraph we are going to study the structure of
the lattice generated by four finite-dimensional vector spaces Vi, Vo, W1, Wo
such that E =V & Vo = Wy @ Wy = Vi @ Wy = W1 ® Vs supposing that
9‘2} =0for V= (E, Vl,Vg, Wl, WQ).

Lemma 26. On a: (Vi +Wy)NVo = (Vi+Wi)NWy CVonWy et (Vo +
WQ)ﬂWZ(VQ~FW2)ﬂW1CV1ﬂW1
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Proof. Tt is clear that (Vi + Wi)NVe C (Vi + Wyp) N (Vo + Wa) = imf C
ker § = (ViNW1) @ (VoNWs). From which one can see that (V4 +W1)NV, C
kerd NVy = Von Wy So (Vi +Wi)NVa C (Vi + Wp) N Wy and similarly
(Vi+Wi)NWy C (Vi +W1)NVa, which proves the first assertion. The proof
of the second one is similar. |

Note Xog = {0},X1 = (‘/2 +W2) NV, Xo =ViNnW;, X3 =V et Yy =
{01, Yi=(Vi+ W) NV, Yo =VonWa, Yz = V5.

As Xoc X1 c Xoc Xg=Viand Yy Y7 C Yy, C Ys = V5 and
Vi NV, = {0}, it is easy to see that the lattice 7y generated by the X;
and the Yj for ¢,7 = 0,1,2,3 is precisely the set {X; ®Y;|4,j =0,1,2,3},
ordered by inclusion.

It is easy to verify that X; @Y; = (X; ® Vo) N (V1 @Y;) and so the lattice
7o can be written as well:

Note X! = X; ® Vs et Yj’ = Vi @Y. We have then: X = Vo, X| =
(Vo +Wo)NWV1) + Vo, X = (ViNWi) + Vo, and X5 = Vi + Va.

Let’s verify: X| = Vo 4+ Wa. It is clear that X} C Vi + Wy inversely if
x € Vo and y € Wo, x+y can be written uniquely a+b witha € V3 and b € Vs,
soa= ((z—b)+y)+be (Va+Wy)NVi and so a+b € ((Va+Wa)NVy)+ Va.
So X{ = V2 + WQ.

We have as well: Y] = Vi, Y] = Vi + W, Y] = (Vo NWa) + V4, et
Ygl =+ W.

The underlying set of the lattice 7y is so: {X/ N Yj’ ‘ i,7=0,1,2,3}.

We are going to prove that 7 = 7o U {W7, Ws} is a lattice. Let us verify
that 7 is stable by intersection and sum.

Verify that (X; ®Y;) + Wy € T: If j =0 and ¢ = 0,1,2 it is clear that
(Xi@Y})—FVVH =W,eT7.Ifj=0andi=23, (Xi@yj)—le =Vi+W,eT.
Ifji>1,(X;@Y;)+ W, =1+ W+ X;+Y)). By a similar argument to
the one which allowed us to have before: (Vo + Wa) NVy) 4+ Vo = Vo + W,
one can prove Y1 + Wi = (Vi + Wi)NVa) + Wy = Vi + Wy € Ty, and so
Yi+Wi+X,+Y;€TyCT.

By using the second representation of 7y we can show for every 7 and 7,
(XiNY/)NnW1 € T. The only delicate point is to verify that ((ViNW1)+Va)N
Wi = VinNWi. Let’s do it: It is clear that Vi N Wy C (Vi NWh) + Vo) N7,
inversely let x € Vi N Wy, y € V5 and z € W such that x +y = z. We have
then: y =z —2z € VonNW; ={0}, and so z =x € V; N Wj.

In conclusion we can state:

Theorem 27. The structure of the lattice generated by the four finite-
dimensional vector spaces Vi, Vo, W1, Wo such that E = Vi@ Vo = W1 Wy =
Vi ® Wy =Wy & Vo and supposing that 9]2; =0 for V = (E, Vi, Vo, W7y, Ws)
s given by the following diagram:
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E

N\
VAVAN
SINSNSIN,
NN
NS

./

3. APPLICATION TO REPRESENTATION THEORY

3.1. Preliminaries.

3.1.1. General case. We will note gl(Vy, Vo, W1, Ws) the set of a € gl(E)
such that aV; C V; et aWW; C W;. It is easy to see that gl(Vi, Vo, Wi, Wa) is
a sub Lie-algebra of gl(E). Let g be a sub Lie-algebra of gl(Vi, Va, Wy, Wa).
We have for all A, B vector subspaces of E such that gA C A et gB C B:
g(A+B) C (A+B) et g(ANB) C (ANB). So we have, as g leaves invariant
Vi, Vo, W1 et Wa, g leaves invariant every element of the lattice generated
from Vi, Vo, W7 et Wy by intersection and sum.

It is easy to see that the projections pgj and p%ﬁ commute to the action

of g: Va € g,ap“;z = p“ga and ap%z = p% a. So every element of the

associative unitary algebra A generated by the p“z and the pxz commutes

to every a € g. As an example 6 = [p%f, p%] commutes to every a € g.

Lemma 28. The data of two supplementary vector-spaces V7 et Vo stable
for the action of a linear Lie algebra g is equivalent to the data of an endo-
morphism L commuting with the action of g, verifying L?> = 1. V| et Vy are
then the proper subspaces of L associated to the eigenvalues 1 and —1.

Proof. In fact it is easy to see that the endomorphism L = p“ﬁf — p“g is of
square identity and commutes to the action of g. Inversely if an endomor-
phism L is such that L? = I and commutes to the action of g, it admits the
proper values 1 and/or —1. The corresponding eigenspaces are supplemen-
tary and stable for the action of g. O

3.1.2. Reflexive case. We recall that in the reflexive case we suppose that
there exists a non degenerate reflexive form (-, -) such that Va € g, Vz,y € E,
we have: (az,y) + (x,ay) = 0.
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Recall as well that if V' is a subspace of E which is g-invariant then V+
is invariant as well. We suppose here that W; = Vf‘, Wy = VQL. These two
spaces are supplementary and invariant.

Lemma 29. Let L* be the adjoint with respect to a reflexive form of the
endomorphism L = p“ﬁf —p“g which commutes to the action of g and is such

that L?> = I. Then L* is of square identity, commutes to the action of g and
one has:

v vt
L - pvl pvl
1
Proof. Let’s note L' := p“;i —p“jzl and let us show that Yo, w € E, (Lv,w) =
2 1
(v, L'w),
We write for z € Vy,2' € Vo, y € Vi, € Vi,
(Lz+a),y+y) = (@—2y+y)
(z,y) — (@', y)
= (e+2',—y+y)
(z+2', L'(y+y))

As a consequence L* = L. O

Let’s remark that L = —L* for L = p pV is equivalent to have V; = V-

and Vo = V- Tt is the same to impose (Lx, Ly) = —(z,y) for x,y € E i.e.
L is anti-hermitian with respect to the reflexive form.

The data of L € End(E) such that L? = Id and of a reflexive form for
which L is anti-hermitian is also called a para-Kéahler structure.

We recall that the reflexive representation g C gl(E) is called weakly
irreducible if any invariant subspace V' C E is either {0}, E, or is degenerate
i.e. VOV £{0}.

As we saw in paragraph 2.3, if W, = VlL and Wy = VZJ-, we have in the
weakly irreducible case and if V; et V, are different from {0} necessarily
E = F,.. In fact if two of the three spaces Fg, Fi, F are non trivial then
F is not weakly irreducible. The more in the case E = F, or E = F, the
fact that E' = V1 @ Vi would imply that if E is non trivial, F is not weakly
irreducible.

Proposition 30. In the case the representation E = Vi & Va is weakly
irreducible and if Vi and Vo are different from {0}, Vs identifies (as a rep-
resentation) to the dual Vi* of V1.

Proof. Tt identifies by the map
Vo — Vi

v (w e (U w))

which is injective by the fact that Vi3 N Vi~ = {0} and surjective for
dimension reasons. In fact we have V; & VQJ' = Vi @& V5 implies that
dim(Va) = dim(V3"). From this we obtain dim(V2) = 3dim(E) and simi-
larly dim (V1) = dim(E) — 3dim(E) = idim(E). As dim(Vy") = dim(V1),
we have: dim (V") = dim(V3). O
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3.2. Main result. The following result could be formulated thanks to a
suggestion of Martin Olbrich. He communicated to us a direct proof of
the result 32, which we had established for pseudo-riemannian holonomy
algebras only.

Theorem 31. If E is a representation admitting two decompositions into
supplementary sub-representations E = Vi @& Vo = W1 & Wy, then, not-
ing B\ the generalized eigenspace associaled to the eigenvalue A for the
operator L, we have:

(i) Fe = E,—1) ® E,1) as a representation for the invariant operator
L = p% — p%; The more we have V1 N W7 C E(L,l) and Vo N Wy C
Er,-1)

(ii) Fr = E(Lly_]_) >, E(nyl) as a representation for the invariant operator
L = p“fi —p%ﬁ. The more we have Vi N Wa C E(pr 1) et Va N Wy C
B,

When E is in addition reflexive and W; = le, then

(i) L is anti-self-adjoint with respect to the reflezive form, E 1y and
E(11) are totally isotropic and their direct sum is non degenerate.

(it) L' is self-adjoint with respect to the reflexive form, Eq 1y and Ep )
are non degenerate and orthogonal.

Proof. Tt follows from the fact that the spaces F,, F, and F are homoge-
neous, that L = p% — p%; (and similarly L' = p% — p%ﬁ) is an endomorphism
of each of these spaces.

For o0 = e or 7 note P,(X) = IIyep, P2} (X) the minimal polynomial of L

a” o,A -
restricted to F, and similarly P(X) = II rei P (X) the minimal polynomial
of L restricted to F.
F, decomposes into the generalized eigenspaces Fy (g, \) = ker(P(fi(L‘Fa).

and F decomposes into the generalized eigenspaces F( L) = ker(P;L ML)

Let’s make the convention that P, \(X) = X + A and P\(X) = X 4 X for
A=0,-1,1.

It is immediate that: Vi N Wy C F (1) and Vo N Wa C F (1 _1).

It is easy to verify from the definitions that 6L = —L6. On deduces that
¢ maps Fy(p, ) into Fo (g, »y with Py x(X) = £, \(—X).

Similarly # maps F(Ly)\) into F(L)\/) with Py (X) = £P\(—X).

Let x € Fe(p,») and let n be the smallest integer such that " ti(z) = 0,
which exists from the fact that € is nilpotent on F,. 6"(x) € ker(f) C
VinWy @ Van Wy C Fer1) @ Fer,—1)- As a consequence A = *1 and
Fe=Fer1)® Fer,—1)

An analogous argument gives Fr = Fr(r, o).

Finally let us show that A=0,1,—1 ¢ A. Suppose the contrary. It exists
then an eigenvector x in F associated to the eigenvalue \. L(x) = p% (z) —
pMW/; (x) = Az implies in the three cases a contradiction with proposition 8.

It follows that F, = E(L,—l) @E(L,1)7 as E(L,)x) = Fe(L,)\) @FT(L,)\) @F(L,)\)-

The same arguments show mutatis mutandis that Fr = Frp 1y®Fr (1 1y,
VinWa C Frpry, VaN Wi C Frpr _1), and Fe = Fe(py o).
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It follows similarly Fr = E/ 1) ® Ep/ 1.

The generalized eigenspaces appearing in the proof are invariant by the
fact that for any polynomial @, Q(L) commutes to the action of the repre-
sentation and so ker Q(L) (and also imQ (L)) is invariant.

In the reflexive case we have: L = —L*. As a consequence F(j, _y) is
orthogonal to any Er, y) for A # 1 and E(z, 1) is orthogonal to any E, ) for
A # —1. This follows from the relation

(PA(L)™ ) = (- PA(LT)™) = (-, Pa(=L)™),

and from the fact that Py(L)™ is an isomorphism of E(y, ) for u # A.(kernel
lemma)

So E(r,—1), and E(z, 1y are totally isotropic, E(y, _1)® E(z,1) is orthogonal
to all other generalized eigenspaces and non degenerate.

One obtains similarly that L' = L'*. E(y/ , is orthogonal to any E(
for u # A. In particular E;, ) is non degenerate and E;, 1) is orthogonal
to E( ') O

Let us remark that in the weakly irreducible case, the existence of a de-
composition of £ into two a direct sum of two degenerate sub-representations
implies that E = F,.

Theorem 32. If E is a weakly irreducible representation preserving the non
degenerate reflexive form (-,-) and admitting a decomposition into a direct
sum of degenerate sub-representations E = Vi & Va, then E = E, 1) ®
E,_1) with L := p —p*. We have: Vi N Vi* C E1y and V2 N Vs~ C
Er,—1)- In addition Ey, 1y et E, 1) are totally isotropic and their sum is
non degenerate.

Proposition 33. If E = E| @& Es is a representation preserving the non
degenerate reflexive form (-,-), and Ey and Eo are totally isotropic, then Fs
identifies to EY.

Proof. As in proposition 30 the map

Ey, — Ef

V= (w e (0 w))
which is injective because Fs N E{ = {0} and surjective for dimension
reasons. 0]
Lemma 34. If the representation E admits three sub-representation Iy, Fo
and F3, such that E = FL @ Fy = Fo,  F3 = F1 & F3, then E = F; @ K?
where K2 is the trivial representation.
Proof. Let’s note p the projection on F; parallely to F5 restricted to Fj.

p is an isomorphism of F3 onto F; and commutes with the action of the
representation. As a consequence £ =} & ) = F1 ® K2. |

Proposition 35. If E is a representation admitting two decompositions into
supplementary sub-representations £ = V1 @& Vo = W1 @ Wa, F identifies to
V @ K2 where V = F NV, and K? is the trivial representation.

Proof. In fact we have F = FnVi®aFNVy = FOVi@FNW, = FNVa® FNW;.
We are in the situation described by the preceding lemma.
O
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To summarize we have:

Theorem 36. If E is a representation preserving the mon degenerate re-
flezive form (-,-) and the direct sum decomposition E = V) & Vs, then
(Z) E:Fe@LFT@LF;
(i) F. = F @ (F.H)* for a totally isotropic representation F.¢,
(iii) Fy = FX @+ F= for a non degenerate representation FF,
(iv) F=FyoKk? for a non degenerate representation Fy and K2 being the
trivial representation.

4. APPLICATION TO HOLONOMY

A particular case of the preceding is when g is a holonomy algebra. We
call formal curvature tensor an element R of (E* A E*) ® E* ® E such that
for all x,y,z € E we have: R(z,y)z + R(y, z)x + R(z,x)y = 0 (first Bianchi
identity). We will suppose the that there is a finite set of formal curvature
tensors { Ry, Ra, ..., Rp} such that g is the linear Lie algebra generated by
the R;(z,y) € End(E) fori =1...m and z,y € E. We will call such an
algebra Berger algebra. For a holonomy algebra this situation is given by the
Ambrose-Singer theorem which relates the curvature tensor of a connected
manifold equipped with a torsion-free connection to its holonomy algebra in
a point of the manifold. In the following we will write R one of the formal
curvature tensors Ri, Ra, ..., Ry,.

Definition 4. If R is a formal curvature tensor and g C gl(E) a Berger
algebra, we say that R matches g, if Vx,y € E, R(z,y) € g.

4.1. General case.

Lemma 37. If g C gl(E) is a Berger algebra admitting the invariant spaces

Fi,.F,...,Fr with E=F1®F,®---®F,, and if R is a formal curvature

tensor which matches g, then Vi,j k,k & {i,j} = Vo € F,y € Fj,z €

Fk:a R(l‘, y)Z =0.

Proof. Suppose x, ¥, z as in the statement. Then by the identity
R(z,y)z+ R(y,z)z + R(z,z)y =0

and by the fact that R(y,2)x € F;, R(z,2)y € F; and R(z,y)z € Fj it is
clear from (F; + F;) N Fj, = {0} that R(x,y)z = 0. O

Definition 5. We will say that the representation g C gl(E) admitting the
invariant spaces F; with £ = F1 @ Fo @ --- @ F,. decomposes into an exterior
product along the decomposition E = F; @ Fo @ --- ® F,. if for any a € g,
Vi, a\Fi cg.

Proposition 38. If g C gl(E) is a Berger algebra and preserves Vi, Va,
W1 and Wy such that E = Vi @ Vo = W1 @ Wy then E decomposes into an
exterior product along the decomposition F & F. If in addition g preserves
the reflexive form (-,-) and if W1 = Vi* and Wy = V-, then E decomposes
into an exterior product along the decomposition F, ® F, ® F.

Proof. For the first affirmation, this results from the preceding lemma and
from the fact that F is of type Fy®@R? ~ Fy® Fy. In the reflexive case F is
of type F)" & (F;")* from which by a similar argument one can deduce the
second affirmation. O
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4.2. Metric case. In the metric case the invariant non degenerate reflexive
form (-, -) is supposed to be bilinear symmetric and K = R.

It is well known that from the invariance of (-, -), the first Bianchi identity
and from the antisymmetry in the two first arguments of R, one can deduce

Va,y,z,t € B, (R(x,y)z,t) = (R(z,t)z,y), (%)
for any formal curvature tensor R matching the algebra.

Lemma 39. If the algebra g is Berger, preserves two supplementary spaces
Vi et Vo and a non degenerate symmetric bilinear form (-,-), and if for V =
(E, V4, Vs, Vf‘, VQJ-) E = F,, then one has for any formal curvature tensor
R matching g and x,y € V1, R(x,y) =0 and for 2’,y' € V3, R(2',y") = 0.

Proof. From the first Bianchi identity one has Vz' € Vs, R(z,y)2" +
R(y,2")x + R(Z,x)y = 0. We have: R(x,y)z’ € Vs, R(y,z' )z € V; and
R(Z',x)y € Vi by invariance of V5 and V5 under the action of R(z,y) € g
(respectively R(y,2") € g, R(z/,z) € g. As V; and V5 form a direct sum, one
has: R(x,y)z’ = 0.

Let’s show us further Vz € Vi, R(z,y)z = 0. Let t’ € Va. (R(x,y)z,t') =
—(z, R(z,y)t'y = 0, by the preceding argument. So from R(z,y)z € Vi, it is
clear that R(z,y)z € Vi N Vg = {0} (in F,).

As a conclusion for z,y € Vi,R(xz,y) = 0. Similarly for 2/,y" €
Vo, R(2',y") = 0. O

Theorem 40. If the algebra g C gl(FE) is Berger, preserves the the two
supplementary spaces Vi and Vo and a nmon degenerate symmetric bilinear
form {(-,-), for V = (E, Vi, Va, Vi*, V55), one has: gE C ker 0y and gimfy, =
{0}

Proof. By theorem 36 one has the decomposition into sub-representations
E = (Ffo(FH*Y) et Ff et F- ol (Fy®R?) with Ft (and (EF5)* totally
isotropic, F, F and Fy non degenerate

For R a formal curvature tensor matching g, as R(z,y) =0 for x L y (by
(*)), g is generated by the R(z,y) for (z,y) € F; x (F.;5)*, (respectively
(x,y) € FX x F resp. (z,y) € F- X F7). R(x,y) acts only on F.,f @ (F.)*
(respectively I, resp. F).

For (z,y) € F.t x (EN)*, z € ViNF,, t € Vi N F,, one has (R(z,y)z,t) =
(R(z,t)x,y) = 0, and similarly for (z,y) € F." x (F.N)*, 2z € VanF,, t €
VaoNF,, one has (R(x,y)z,t) = 0. So we obtain: gF, C VinVi-®&VanVy- C
ker(6y).

Recall that & maps W7 into Ws and Wy into Wi,

For (x,y) € Ff x Fr, 2 € Fr, t € F-, one has: (0(R(z,y)z),t) =
(R(z,y)z,0(t)) = (R(z,0(t))z,y) = 0 because z L 0(t). So 8(R(z,y)F;) C
F-N(F-)* = {0}. Similarly for (z,y) € F x F—, 0(R(x,y)F-) = {0}, so
gF; C ker(0y).

gE C ker(fy) follows from the preceding observations. As 6 commutes
with every element of g, we will have as well: gimf = gf(F) C OgE =
{0}. O

Corollary 41. Let E be a metric indecomposable representation of the
Berger algebra g preserving the decomposition E = Vi & Vo with Vi or Vs
degenerate. ForV = (E, Vi, Va, Vit,V5b), one has: 9\2, =0.
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Proof. Recall that in the metric indecomposable case with £ = Vi @& V,
where V] or V5 is degenerate, one has F = F,. Suppose 19% is non zero. In
this case one can choose a non trivial supplementary space A of ker #Nimé in
imf. A is also a supplementary space of ker # in ker 8 +im#. Let us choose a
supplementary space B of ker #+im# in E. One has: Because A C im#, there
exists A’ subset of F such that A = 0A’. Fora € g, aA = afA’ = 0a A’ = {0}
by the preceding theorem because aA’ C gFE. So A is invariant for the action
of g. kerf + B is a supplementary space of A, which is also invariant by g,
because g(ker #+ B) C ker § C ker #+ B. So we obtain a new decomposition
of E into two g-invariant spaces A and kerf + B. the action of g on A is
trivial. So the action of g decomposes into an exterior product along the
decomposition A @ (ker § + B), in contradiction to what we supposed. [
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