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EXISTENCE OF GRAPHS WITH SUB EXPONENTIAL
TRANSITIONS PROBABILITY DECAY AND APPLICATIONS .

CLEMENT RAU

ABSTRACT. In this paper, we present a complete proof of the construction of
graphs with bounded valency such that the simple random walk has a return
probability at time n at the origin of order exp(—n®), for fixed o € [0, 1] and

with Folner function exp(nlz_aa . We begin by giving a more detailled proof
of this result contained in (see [ﬁ])

In the second part, we give an application of the existence of such graphs. We
obtain bounds of the correct order for some functional of the local time of a
simple random walk on an infinite cluster on the percolation model.
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1. INTRODUCTION AND RESULTS

A graph G is a couple (V(G), E(G)), where V(G) stands for the set of vertices
of G et E(G) stands for the set of edges of G. All graphs G which are considered
here are infinite and have bounded geometry and we denote by v(g) the number of
neighbors of ¢ in G.

We study the following random walk X on G defined by:

(1) { XO =9, 1
P(Xny1 =01 Xn = a) = ;577 (L@ ner©)) T La=b})

The random walk X jumps uniformly on the set of points formed by the point
where the walker is and his neighbors. Thus X admits reversible measures which
are proportionnal to m(x) = v(z) + 1.
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In this context, the transition probabilties are linked by the isoperimetric profile.
For a graph G and for a subset A of GG, we introduce the boundary of A relatively
to graph G defined by

0cA={(z,y) € E(G); x € Aety e V(G) — A}.
Actually, we will rather work with Fglner function to deal with isoperimetry. Let
G be a graph, we note Folg the Fglner function of G defined by:
9cU] 1,
vl ~k
If G’ C G is a subgraph of G, we will use the Folner function of G’ relatively to G
defined by:

Folg(k) =min{|U|; U C V(G) et

Fol&, (k) = min{|U|; U C V(G) et

We have the following proposition (see coulhon [[l])

Proposition 1.1. Let mg = infy )y m > 0 and X be the random walk defined
by (). Assume that Fol(n) > F(n) with F a non negative and non decreasing
function, then

sup P(X,, = y|Xo = z) X v(n),

z,y

v(t
v'(t) = ~ g
’U(O) = 1/7’77,0

where v satisfies :

(We recall that a, =< b, if there exists constants ¢; and ¢z such that for all
n >0, ap < c1be,n and a, = by, if a, < b, and a,, = by,.)
For example, we retrieve that in Z¢, the random walk X defined above has transi-
tions decay at time n less than n=%2 and in F, the Cayley graph of the free group
with two elements, the transition decay of the random walk are less than e=™. A
natural question is to know if there exists graphs with intermediate transitions de-
cay. Some others motivations can be found in section [

From Z, one can perhaps adjust some weigths on edges to get the expected
decay but we look after a graph with no weigths.Indeed, there are combinatorics
arguments in section E that will not work if any weigths are present.

Our main result is :

2a
Proposition 1.2. Let a € [0;1], F := ¢*'™" and o(n) := e™™". There exists a
graph Dp = (V(Dp), E(DF)) with bounded valency such that :
(Z) FOlDF ~ F,
(ii) there exists a point dy € V(D) such that, for all n, pP¥(dy,do) =~ o(n),
where pPF (1| ) stands for the transitions probability of the random walk X defined
above when G = Dp.

1.1. Example of application of proposition . With the help of these graphs
and with some good wreath products, we will be able to find upper bound of
functional of type:

E(e X Flem:®)y where L,,, = #{k € [0;n]; X = 2} on the graph CY get
after a surcritical percolation on edges of Z¢, where edges are kept or removed with
respect Bernouilli independant variables. The points of CY9 are the point of the



infinite connected component C which contains the origin, we will give more details
in section . In particular, we will prove the following property:

Theorem 1.3. Consider a simple random walk X on the infinite cluster of Z that
contains the origin @ a.s on the set |C| = 400, and for large enough n we have:
-2 Y L

(2) Vae[0,1] Eg(e =0 lix_o) me ",
_d_ _2
(3) Ya > 1/2 Eg( H Lz_ﬁ l{Xn:O}) ~ o~ T2 In(n) d+27
2;L2;n>0
where n = 702113((12—73'

The constants present in the relation ~ do not depend on the cluster w.

Remark 1.4. If we take a = 0 in equation (E), we retrieve the Laplace transform
of the number of visited points N, (see [{]),

ES} (e_AN") ~ e_nd/d+2.

In the whole article, C, ¢ are constants which value can evolve from lines to lines.

2. PROOF OF PROPOSITION @

In this section, we first recall the definition of the wreath product of two graphs
and we explain our strategy aimed at the construction of our expected graphs. This
leads naturally towards two cases corresponding to the two last subsections.

2.1. Wreath products and explanation of our method. Let A a graph and
(B:):ca a family of graphs.

Definition 2.1. The wreath product of A and (B.).ca is the graph noted by Al B,
such that:

V(AB,)={(a,f); a€ Aand f: A— U,B, with supp(f) < oo
and Vz € A, f(z) € B,}
and  E(AB) = {((a,f)b,9)): (f=g and (a,b) € B(4))

(a=b and Ve £ a f(x) = g(z) and ((a).9(a)) € E(B,))}

This graph can be interpreted as follow: imagine there is a lamp in each point
a of A such that each point of B, defined a different intensity of the lamp. The
different intensity of each lamp can be represented by a configuration f : A — U, B,
which encodes the intensity of the lamp at point a by the value f(a). A point in
the wreath product is the couple formed by the position of a walker in graph A and
the state of each lamp. A particular case is when the graph B, (called the fiber) is
the same for all a € A.

Let us now explain the way we construct graph D of proposition E Consider
the wreath product of the Cayley graph of (Z,+) by the Cayley graph of % with 1
as generator. By the Theorem 1 in [{] (or Proposition 3.2.1 in []) we immediatly
deduce that the Folner fonction of this wreath product is like e™. So this graph
answers to proposition E in the case 12_—”; =1.ie: a=1/3.

In the case a # 1/3, it would be rather natural to think that we can get the expected
graph, by considering the wreath product of Z by fibers with variable sizes.
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e If & > 1/3, the return probability in the graph Dp should be in e so less
than in the graph Z 1 Z (in e’”l/s) . Thus to force the walk to come back rarely
at the origin, an idea is to make the size of the fibers grow when we move away the
origin in order to force the walk to loose time in the fiber.

Note that for @ > 1 condition (ii) is always satisfied (in a graph with bounded

geometry).

o If @« < 1/3, the return probability in the graph Dp should be larger than in
e~"""". The idea is to add some links (some edges by example) to force the walk
to come back often to the origin. Suppose all lamps are identified then we get a

—-1/2 n

decay in n and if all lamps are independent we get a decay in e~ 1/3, so it
remains to find an identification of lamps which implies an intermediate decay. We
are going to construct a wreath product where the walker (at a certain point) is
allowed to change the value of the configuration at differents points. Such graphs
are sometimes called generalized wreath products.

To prove isoperimetric inequality on wreath product ( point (i) of the proposition
1.2) we use idea of Erschler and the concept of ”satisfactory” points. We begin to
introduce this notion in section @ At the beginning of section @, we explain why
an improvement is needed in the definition of ”satisfactory” points. The improve-
ment takes place through the introduction of a new and more theoretical way of
defining the notion of ”satisfactory” points than in section @ For simplicity, we
use the same words for this concept in the two sections but notions which appear
in sections E and @ are independent.

2.2. case % <a<l.

2.2.1. Construction of the graph and preliminary notions and lemmas. Let A’ =
(Z,E(Z)) where E(Z) = {(z,y); |r —y| =1} and (B.).ez be the Cayley graph of

the groups (&, +) with {1} as generators where [(z) = |V (B.)| = Fgal:")l), (F is

defined at proposition B)
Notice that since o € [1/3,1], the fonction z +— I(z) is increasing on R,.
Finally put

Dp = A" B..

Let us prove that this graph answers to propostion IE

We begin by proving (i).
The proof is similar to the Theorem 1 in [ﬂ] or proposition 3.2.1 in [ﬂ]

Let = Fol/(n) = ] = 2n.
et (n) = Fola(n) min U] =2n

P </
Take U C V(Dp) = V(A B.) such that ‘6T§‘U‘ < 1/n for some n. We want to

find a lower bound on |U].

e For each set U, we attach an hypergraph Ky = (V(KU), §(KU)) such that:
- the vertices of Ky are the configurations f which belong to the set {f;3a €



Z (a, f) € U},
- let us now define the edges of Ky : for all f € V(Ky) and a € Z, we link f to all
configurations g satisfying:
(a,9) €U
and
Vo #a f(x) = g(x),
by a multidimensional edge [ of dimension d where
d = dimf = #{g; (a,9) € U and Vo # a f(z) = g(x)}.
We say that the edge [ is associated to point a.
e To each hypergraph Ky we associate a graph called the ” one dimensional skele-
ton”, noted by I'(Ky) =Ty = (V(T'v), E(T'v)) and defined by:
-V(l'y) = V(Kv),
- two configurations f; and fy are linked by an edge if they belong to a same mul-
tidimensional edge in Ky .

Let w be the weight defined by w(e) = 1/d for e belonging to E(I'y) and coming
from a multidimensional edge in Ky of dimension d. Notice that this choice of
weights gives :

(4) Ulz2 Y wle),

eeE(T'y)

and if we assume moreover that for all (z, f) € U, dim,f > 1 (U has no separeted
points) then the equality holds in g Let p be the projection Z! B, — Z. Let us now
introduce some notations. Denote A = (A\4)aep) € RP(Y) and b > 0.

e For f € V(Ky), we say that f is (A, b) — satisfactory if :
#{a € p(V);dimf > Ao} > b.

ie : fis (A b) — satisfactory if there exists at least b multidimensional edges
attached to f in Ky of dimension at least A, at point a. We denote by Sy (), b) the
set of these points. Most of the time, in order to simplify notations we will drop
the subscript U when there is no ambiguity.
e Otherwise we tell that f is (A, b) — nonsatisfactory and we denote by NS(A,b)
the set of nonsatisfactory points.
e An edge of T'y is (A, b) — satisfactory if it links two (A,b) — satisfactory con-
figurations otherwise it is said (A, b) — nonsatisfactory . We denote S¢(\,b) [resp
NS¢(A,b)] the set of (A, b) — satisfactory [resp (A, b) — nonsatisfactory] edges.
e A point u = (z, f) € U is (A, b) — satisfactory [resp (A, b) — nonsatis factory] if
f e S(\Db) [resp NS(A,b)]. We denote by SP(A,b) and NSP(A,b) the set of points
which are (or are not ) (A, b) — satisfactory.
e A point u = (a, f) € U is said b — good if diamf > b otherwise it is b — bad.

Let us now explain the main steps of the proof. We take U C V(Dp) such that

|6L|>§‘U\ < % We begin to prove that there exists some value of b and some se-

quence A such that there are few points (A, b) — nonsatis factory. Then, we extract

a subgraph of I'y where all points are (%, %) — satis factory and this allows us to
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obtain a lower bound of |U|. We begin by the following lemma.

Lemma 2.2. Let U € V(A" B.) such that \BT[?‘U\ < oo then
o H#{u=(x,f)€U; u is Ayz(n)—bad
(4) {e=(e) #U (—bad} < T
.. u=(z, U; ue NSP(A\(n)/3.4(n

(ii) #{u=(z,f)€ G#U( (n)/3,%(n)/3) } < Wlo’

where A = (Ay)z with Az(n) = Folp: (n) and ¥(n) = Folar(n).

Proof.
For (i) we notice that we can associate to certain bad points, some point of the
boundary of U. Indeed, for (z, f) a point, we call:

Pry={g(@); (v,9) €U and Vy #x g(y) = f(y)} and
Prg={(z,9); 9(x) € Py s} . Note that [Py ¢| = [Py g
Fy stands for a set of configurations such that:

U Py ={u=(x,9) € U; uis Folg: (n) — bad}.
zeA’,feF,

Take note that, for a point v = (x, f) which is Folp, (n) — bad, by the definition of
a Folner function, we have:

|Pm,f| < FOZB; (n)
So,

Now the application U OB, Pzﬁf — Op, U is injective,
z€ A, feFy

(91:92) = (@ fug): @ fr0))

where (g1,92) € O, Pr,y and fon: v — f(v) for v #a.

a —h

Hence, we have :

U] 5
>[0p, Ul > Y [98Puyl
1000n e
1 ~
z - Z | P £l
z€A,feFy

= %#{u = (a, f) € U; wis Folp: (n) — bad}.

For (ii), the proof splits into three parts.



A. Let,

Neud = {ueU; ueNSp()\ %/())}
— fu=@pevire s Ty

and let:

Neud(f) = {(z, f); (x, f) € U}.
Notice that p(Neud(f)) = {z; (z, f) € U}.
For F a set of configurations, we call

Neud(F) = fLeJFNeud(f).

Note well that it is a disjointed union.

B. Now take f € NS(% A3 :()) “and look at the set p(Neud(f)). There are only
two possibilties:
-either, it gives a large part of boundary in ’base’,
-either, it gives a few part of boundary in 'base’. If this is the case, taking into
account that f is not satisfactory, we retrieve boundary in 'configuration’.
Anyway, we get some boundary of U, but our assumptions restrict this contri-
bution.

So we differentiate two cases:

First case: f e Fy:={f¢€ NS(%, Folgf( ))7 #i;r(z;\(g;;?){)) > 1y

The application |J d4p(Neud(f)) — dp,U is injective.

feFr
(2y) — (@ f): (w.1)
So, we get:
() 10,V > Y oap(Neud(£)| > - 3 p(Neud(£))| > | Neud(Fy)|.
feR fer

Second case : f € Fy = {f € NS5(3, FOlg/(")); #i‘;'(?\(,]evj:(df()f))) < iy

Since f € NS(3, FOlg'(n)) it follows that :

#(o € p(Neud(f)); dimf > 5} < Folu (k).
Hence,
#{zx € p(Neud(f)); dixmf < %} > |Neud(f)| — %FOZA/(TL)

(We use that [p(Neud(f)| = |Neud(f)|.)
Since f € F; and by definition of a Folner fonction:

|Neud(f)| > Folas(n).
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As a result, we have:

#o € p(Neud(f); dimf < 52} > 2| Neud(f)]

(6) je | Pyl > 2 |Neud(f)),

with Py = {z € p(Neud(f); disz < /\?I}

Let P, s = {g(x); (z,9) € U and Yy # = g(y) = f(y)}. To each point of
Opr P,y we can associate, by the same way as before, a point of dp,U. So, we
have:

00, U= > [0, Pyl

x€Py,fEF:

Now for z in Pf, dimf = |Py f| < Ae = $Folp: (n) < Folp: (n). So

. 1 -
108, Pos| > —|Po.sl,

ie:

|83;]3Z7f| > 1.
Then,
~ 2
Y. Pyl = Y ZINeud(f)| by ([,
x€Py,fEF, fEF2
2
> §|Neud(F2)|

We have thus
1
|0p,U| > —|Neud(Fz)| for n > 2.
n

‘aDFU‘ 1

C. Adding (E) and this last equation and using the inequality T < Tooon Ve
obtain :
| Neud| 1
< —.
|U| 500
O

Lemma 2.3. Let (I'y,w) be the one dimensional skeleton with weights w, con-
structed from Ky. Let 1= (1a)aep)-
Assume that E(Ty) # 0 and V(a, f) € U dimf > n, > 0. If the following condition

is satisfied :

w(e)

e€NSE (n,b)

>, w(e)

ecE(Ty)

< 1/2,

then there exists a not empty subgraph TV = (V(F'),E(F')) of Ty such that all
edges are S§;(n/10,b/10).
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Proof. In the gaph (V(FU), E(FU)) , we remove all points N'S7,(1/10,5/10) and the

adjacent edges. After this step, it may appear new points which are NS{Z (n/10,b/10),
where Uy = U — NS7,(n/10,b/10).

We remove once again these points and adjacent edges and we reiterate this process.
Let U; be the set of points still present at step 3.

Uy = U,
for i >1 Upyy = U; — NSV, (n/10,b/10).

It is sufficient to prove that this process stops before the graph becomes empty.

Let Cy = >, w(e), Cy= > w(e),
e€ENSy(n,b) e€SE (n,b);e removed

at the end of the process

Co = Z w(e).

ecE(I'y));e removed

at the end of the process

et

If we show that Cy < (4, the propostion is proved, since :
Co<Ci1+0Cy <20, < Z w(e).
ecE(T'y)

Indeed, this means that it remains point(s) not removed. ie: kg € N such that all
vertices of the graph we get at step kg, are Sgko (n/10,b/10), donc Sf,(n/10,b/10).

In order to see this, let us introduce an orientation on edges removed: if L and
Q@ are points of the graph, we orient the edge from L to @ if L is removed before
@, and we choose an arbitrary orientation if they are removed together. We denote
by % the set of edges leaving the point L and % the set of edges ending at point L,

both at step 0.

Sublemma 2.4. Let k € N and let L stands for a point of the graph T'y (satisfying
assumptions of lemma @), removed after k + 1 steps. Suppose that L is initially

St (n,b), then
1
E wle) < 3 E w(e).

ecL ecL
1 T
INITIAL STATE STATE JUST BEFORE L WAS REMOVED
LisS(n,b) There arelessthan b/10 multidimensiona edges
Thereare at least b multidimensional edges of dimension of dimension at least N, /10 associated to point x..

at least n, associated to point x.

These pictures are represented at step 0 on the left side and at step k on the right
side.
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Proof. Tt would be useful to notice that for a multidimensional edge e, the sum of
the weights (in the skeleton) of edges coming from e and adjacent to a point, is
always equal to 1. This is implied by our choice of the weight.

The proof is divideds into five parts.

A. Let Ny the number of multidimensional edges at step 0. Since L is S}, (n,b),
there are at least b multidimensional edges attached to L. So,

(7) Ny > b.

Note that:

eeE(Ty)

e contains L

B. Let :
Li={ec %, e coming from a multidimensional edge of Ky, ,
1

associated to a point x, of dim > n,/10},

and
Ly={ec %, e coming from a multidimensional edge of Ky, ,
1
associated to a point x, of dim < 1,/10}.
We have:

L=1L,ULy,
! l l

because edges of %, are edges leaving L at step k.

C. Since L becomes NSf; (1/10,b/10), there are less than b/10 multidimensional
edges associated to each point z, of dimension at least 7,/10. Call them
f1, s fq, with ¢ < b/10.

(8) Suwe)= Y Y we<q

e€ly k=1..q
1

e
coming from f,

<1

(Initially this last sum was equal to 1, but after removing some edges, this sum
value becomes less than 1.)

D. Let g1, ..., g, be the other multidimensional edges attached to L at step k as-
sociated to a point z, and with dimension strictly less than 7,/10. We have
h S NO — (.
Consider an edge e coming from a multidimensional edge associated to a point
z. For all k = 1...h we have:

(9) > w(e) < 16 < 1o

€
coming from gj
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Indeed, firstly since all configurations (relatively to this edge e) have initially
dimension at least 7, we deduce that w(e) < 1/n,. And secondly a multidi-
mensional edge of dimension less than 7, /10 gives less than 7, /10 edges in the

skeleton.

E. Finaly by (§) and (@), we get:

Zw(e) = Zw(e)—i— Zw(e)

ecL ecl eclo
1 1 1

1
< g+ No—q)5

10
1 9

= —Ny+ —
10°0 T 107

19

- 100"

(g < b/10 < No/10 by ([).)

So,

1 1
Zw(e) < —9 o and Zw(e) > Ng — —9N0 =

— 100

ecA ecA 100
1 T

So,

To finish the proof, let us consider:
Dy = { vertices removed at step 1}, and for i > 2
D; = {vertices S}, (n,b) removed at step i},
F; = {edges between D; and D;_1},
F! = {edges leaving D;_1}.

Note that F; C F and that the edges of F] are removed.

81
100

N,
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(A - )
Y }Fz

C
RIRTENS

The proof ends up in four parts:

A. Apply sublemma to each point of D;, in the graph staying at step i — 2.
(Each point of D; is S(n,b).) We get :

Vi > 2 Z w(e) < %Zw(e)

e€EF ecF;
So,
1.
S wle) < (5)7H D wle)
eEFi/Jrl ecky
(We use that F; C F}.)
Hence,

I
g
£
LY

eckFs

B. Now, an edge of Fy is NSf(n,b) since if it was S§;(n,b), it would link two
points S}, (n,b) and in particular points of D; would have been S?,(n,b), then
S7,(n/10,b/10) and so would not have been removed. In consequence :

Zw(e) < Z w(e) = Cy.
e€Fy e€NSe(n,b)
C. Besides, all removed edges Si;(n,b) are in some F; with ¢ > 3, so

Cs = ) we)< Y w(e).

e removed at the end of the process ec U F/
e€SE (n,b) i23

D. Hence, C5 < C7, which achieves the proof.



Now, we use the following lemma to get a lower bound of the volume of U.

Lemma 2.5. Let N : Ry — R, a non decreasing function.
Let us take b € N* and A a not empty set of configurations such that :
Vf e A3dxy,za,...,2p € Z such that Vi € [|1;b]] g; € A
where g; is one of the following functions, defined from f by :
(@) = { f(@) if ¢ # @,
there are N(|x;|) possibilities for g;(x;) if x = x;,

b-1y)” , 18 O
en 1Al > N(0) (N(1)N(2)...N( ))2 f b s odd,
N(0) (N(l)N(Q)...N(b*TQ)) N(L) if b is even.

Proof. We will proceed by induction on b.

If b =1 it is true, since N is non decreasing on R .
Assume b > 1 and consider a point x( in the base such that:
o|zo| > 251 if b is odd and |zo| > £ if b is even.

13

e And there exists fi,..., fn(jao)) € A satisfying Vi € [|1; N(|wo|)|] fi(zo) range

among the N(|xg|) possible images.

For i € [|1; N(|zo]|)|], we denote by A; the set {f € A; f(xo) = fi(x0)}, which is not

empty. )
We have A = U A
1<i<N(|zol)
Besides, the A; satisfies the induction assumption with constant b — 1.
So, if for example b is odd, N(|zo|) > N(%51) and we have:

A = Z |A; |

1<i<N(|zo|)

Y N©O) (N(1)...N( > ))2N(T)

1<i<N(|zo|)

Y

Y
=z
=
—~
=
=
=z
S8
)
w
N
=z

v
=
—~
o
N
/N
=
—~
—_
~—
=
—~
S
K
—_
~—
N———
(V]

The proof unfolds the same way when b is an even number.

2.2.2. Proof of (i) of the proposition [L.4 :
e Lower bound of Folner function.

For the lower bound of Folp,, take U C V(A’ ! B.) such that lafg‘Ul < 105071

Let

K = (V(f(), §(K)) the subhypergraph of Ky constructed with points (z, f) which
are Folp (n)/3 — good. K is not empty, since by the part (i) of the lemma R.g

V)] = (1= 555U
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Then we have:

1 A
> wle) < 5#{ueU;NSP( (3"),@)}
e€B(T(K))NNSe (2 2y
by remark ()
1
< — ..
< Too0”! by lemma R.3(i1)
! As ()
= foo-1 Hu=@Hel — good}
by 1emma@(z‘)
2
= Toof 2 v
e€E(T'(K))
< 00> we).

€ B(N(K))

with 0 = % < %, so lemma E can be applied to K, to deduce there exists a
subgraph K’ = (V(K'), E(K')) of K such that all edges are S¢(\(n)/30,1(n)/30).
Then by lemma P.J applied with N(|z|) = Folg, (n)/30 to the set of configurations

relatively to K’, we deduce for large enough n :

w(n)))QZ F(1) (F(2) F(n/40—|—1))2
40 F0) \F()™" F(n/a0) /-

U] > 1(0) (1(1)...5(

(We use that for k >3, Folp, (k) = |B}| = I(|z]) = T
So,

U| > cF(n/40)* = F(k).

2a

(Since F(z) = e®*'~" we have F ~ F2))

1€

eUpper bound of Folner function.
For the upper bound of the Folner fonction of Dp, we take:

U ={(a, f);0 < a<n;supp(f) C[l0;n[]}.
On a
|U| =nF(n) et |0p.U|/|U| < ¢/n,
Folp.(n) <nF(n) < F(n).

e So the graph Dy has the expected Folner function on the case o > 1/3.
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2.2.3. Proof of (ii) of the proposition @ : We proceed in 5 steps.

A. Let dy = (0, fo) where fj is the null configuration.
Let H,, = (K,, g,) the random walk on Dp starting from dy which jumps uni-
formly on the set of points formed by the point where the walker is and its
neighbors.
This random walk admits a reversible measure p defined by p(z) = vp, (x) + 1.
Note that for all z € V(Dp), u(z) < 5.

B. Using reversiblity, we can write,

ot (do,do) = an (do, 2)py* (2, do)
p(do)
= Z;p (e, 2) u(Z)
> Z( ));p (do, 2)
p(do)

2 [Py (Hn € A)P,

where A is some subset of V(Dp).
Choose A = A, = {(a, f) ; |a| <r and supp(f) C [-r,7]}.

C. The structure of edges on Dp implies:

P)F(H, € Ay)

Y

Pﬁf(w e [lo,n]] |K;i| <7)
PE (Vi € [|0,n] |K;i| <),

V

where P{ is the law of (K;) which is again a random walk with probability
transitions that can be represented for n large enough by :

3/5
1/5

Indeed, as soon as I(|n]) > 3, the point (n, f) has 2 neighbors in ” configuration”,
2 neighbors in "base” and itself as neighbor. For this walk we can prove (as in
proposition 5.2 in [f]) that :

3e>0,¥n>0 PEViel0,n]] |K;|<r)>ecm/rHm),
In fact, a better bound holds PE (Vi € [|0,n|] |K;| < r) > e=/"" (see lemma
7.4.3 of [fl]) but it is not necessary here.
Thus,

(10) PLF(H, € A,) > e c/m47),
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D. Compute now u(A,), we have:

p(Ar) < |Arfmaxp

< (27‘—1—1)%( Lg“(;lfxs)
k=1..r

< CrF(r+1)?

= F(r).

2a

( This last inequality comes from the form of F(r) in e ™ ")
E. Gathering the results, by inequality ) and the fact that 12_—°‘a > 1, we deduce
that it exists ¢ > 0 such that:

2

pgle(dO;dO) Z efc(r%+rlfa).

The function r — 5 + r1i=a is minimal for r like n' 2=,
So , it exists ¢ > 0 such that:

Pl (do, do) > e~

Remark 2.6. Note that by proposition and with our estimate of Folp, , we
have for all x,y in Dp, pgnF (z,y) = e ™. So pgnF (do,do) ~ e~

2.3. case()goag%.

2.3.1. Construction of the graph and preliminary lemmas. Consider the general fol-
lowing context: let A and B two graphs and ¢ an application A — A’. Now we
look at the graph such that:

- the points are elements of (A x BA/),

- edges are couple ((a, f); (b, g)) such that :

(1) either Vo € A’, f(z) = g(z) and a is neighbor of b in A.

(ii) either a = b and Vz # ¢(a) f(x) = g(x) and f(¢(a)) is neighbor of g(¢(a)) in B.

Such graphs are called generalized wreath products.
If A’ = A and ¢ = id we retrieve our ordinary wreath products.

Case which interest us is when A = A’ = (Z, E(Z)) and B is the Cayley graph
of Z with 1 as generator.
To define ¢ : Z — Z, it is sufficient to give the following sets A; = {xz; ¢(x) = i},
which should form a partition of ¢(Z) (which is here Z). Let A = {4;}, we note
A4 B the generalized wreath product considered.

Let g = 1270‘ < 1.

“ s
If we want a Folner function like e™ , we should construct ¢ (or the partition A)
with some redundancies. Suppose for example that Folner sets are :

(11) Un = {(a, f); a € [=n;n] et supp(f) € [-n;n]},

we should have

#6([] — nynl]) = {65 Ai 0 [-n;n] # 0} ~n.
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For 2 C A, it would be useful to introduce:

NAQ) = #{i; AinQ# 0},
and
S;(Q) = #(4; N Q).
In particular, let:
NAk,k+m) = NA([k, k+m]) et S;(k,k+m)=38;([k,k+m]).
The following lemma gives us the construction of the partition which answers to

our problem.

Lemma 2.7.
Let g : N — N increasing with g(1) = 1 such that for all n in N,
9(2n) < 2g(n).
Then there exists a partition Ay = {A;} of Z satisfying:
(i) for all m > 0 and for all k in Z,
N4 (k, k +m) ~ g(m),
(i) there exists K > 0 such that for all m > 0, for all k in Z and for all i,j in
Sl(k}, k+ m) <K
Sj (k/’, kE+m) —

Proof.

A. We first define partition on intervals [1,2%] (s > 0) by induction on s, such that

) {N%u2ﬂ—aw>

S s
5020 < for 5(1,27) #0.

—_

for example A;).

e For s = 0, we put the point 1 in some A;, since g(1) =1 (
,2°]. We extend this

e Let s > 1 and suppose now the partition is built on |
partition to ]2%,25+1].

Let Ay, As, ..., Ag(2s) the partition on [1,2°] given by induction assumption.
Rank by decreasing cardinal these sets: A;,, Ai,, ..., Ai - *)

e #(As, NL,27) > #(A, 1 [1,2°]) > .. > #(A; 00 01[1,27)).

(*) is only to get (ii).

—_

Let j €]2%,25F1], there exists i) such that j —2° € 4;,,
-if k> g(2511) — g(2%), we put j in A;,,
-otherwise, we put j in a "new ” class, j € Ag(as)4i-

Thus we have :
NA9 (1,271 = NA9(1,2°) + #{k € [1,9(2°)]; k < g(2°*") —g(2°)}

= g(2°) +g(2°"") —g(2°)
= g(2""?).
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Besides, note that by construction either S;(1,25%1) = S;(1,2%) or either S;(1,2571) =
25;(1,2%). So the second assertion of (P) is well satisfied at the rank s + 1, ex-

cept when S;(1,25"1) has doubling and S;(1,2°!) is unchanged. But in this
case, by (*) we have #(A4; N [1,2%]) < #(A; N [1,2%]), that could be written
Si(1,2°) < S;(1,2°). So,

S;(1,25th) 251-(1,25)
S;(1,25+1) — T8(1,2¢9) ©

B. We end up the construction of the partition on Z as follow: for j < 0, we put
j € A; where —j +1 € A;. we call AY this partition.

C. Let us check conditions (i) and (ii).
First, notice that for all integers A and for all s > 0, partitions on[l, 2] and
[A2% + 1, (A + 1)2°FY are equivalents. And in particular we have:

(12) NA9(0,2%) = N49(2°4,25(A + 1)),
S;(2°4,25(A+ 1)) .

(13) S, (A, 2(A+1)) =

Consider k£ € Z and m > 0.
Let s > 0 be such that 2°72 < m < 257! and let A = min{D; k < D2°72}. We
have [A2°72 (A +1)2°72] C [k, k + m] and then
NA(kk+m) > NA9(2°724,272(A + 1))

NAg (0, 23—2)
9(2°/4)
g(m/4)
g(m).

Let B = max{D; D2°~! < k}, we have [k, k +m] C [B2°71,(B + 2)2571].
So,

NAs (k) k +m)

Y 1V

IN

NAs(B2571 (B +2)2°7Y)

= NA(B2°7! (B+1)2°"Y) + N4 ((B+1)2°7%, (B+2)2°7Y)
= 29(2'7")

29(2m)

g(m).

A IA

That proves (i).

Let now C' = max{D; D2°3 < k}, by the definition of s, it is easy to ver-
ify that :

(14)  [(C+1)2°7°(C+2)2°7°| C [k, k +m] C [C2°7°,(C +5)2° 7).
3 53

VAN N

| |
@2k ()2 ()2 ktm  (c+5)27
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Let ¢, be the subscript which index the partition such that S;(k,k +m) # 0
and S;(k,k 4+ m) # 0, we can write,
Si(k,k+m) < S;(C2°73 (C +5)2°73)

< 25;(02°7%,(C+5)2°"%)  par ([3)

(15) = 2[S;(C2°72, k) + Sj(k,k +m) + S;(k +m, (C +5)2573)].
Consider the terms S;(C2573 k) and S;j(k +m, (C + 5)2573).
First we have S;(C2°73,k) < S;(C2°73,(C +1)2573).
Besides, there exists j; such that
S;(C2573 (C+1)2°7%) = S;,((C +1)2°73 (C +2)2°7?).

We deduce

S; (02573 (C+1)2°73) = S;,((C+1)2573 (C +2)2°7?)
25;((C +1)2°73,(C +2)2°7%) by (1)

<
< 28;(k,k+m) by the first inclusion of ([L4)

By using the same approach, we prove, S;(k+m, (C+5)2573) < 25;(k,k+m).
Finaly with ([L) we get,

Sl(k,k/’ +m) < KS](k,k? +m) with K = 10.
That proves (ii).
O
Remark 2.8. The property (ii) of lemma @, can be extend immediatly for all finite

set Q. Indeed, we have for each connected component Q° of 2, S;(Q°) < K.5;(Q°).
Then summing on s, we get S;(Q) < K5;(Q)

Before showing that the graph A4, B is solution of our problem, let us notice
the following property of the partition A4, that will be useful in the next.

Lemma 2.9. Let g satisfying assumptions of property @ and Ay = {A;} the
associated partition. There exists constants c1,co > 0 such that for oll Q C Z,
satisfying ‘6“5’{2‘ < 4, for all Qs C Q such that |Qs| > 6|9, (5 >0) we have:

. )
#is AinQs #0} > ergzgleaFola(k)),
where K is the constant which appears in the item (ii) of lemma .
Proof.

(1) Let @ C Z such that |6G2’|Q| < . There exists at least one connected

component Q% of Q such that ‘al*;;ﬁffl‘" < 1 and so Q%] > Folu(k).

(2) Take for ¢; et co the constants verifying N“4s (k, k+m) > c1g(cam), for all
k in Z and m in N.

. Q
(3) There exists ig such that 0 < |4;, N Q| < m.

Indeed, if for all j such that |4; N Q| > 0 we had |4, N Q| > Clg(czgiﬂu(k))
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then we would have had ,

o = Y 14N
J
Q
> N-Ag 0 |—
O G Fola ()
Q
> N-Ag so |—
( c1g(caFola(k))
> || (by the choice of ¢; et c3.)
Absurd.
. Q
(4) We deduce that for all i, |4; N Q| < m.
Indeed, by remark , for all 4 we can write :
[A; N Q| = 8;(Q) <KS,;,,(Q) =K|A;, NQ] < _ K9
! ST s e © = c1g(caFola(k))
(5) Assume now that #{i; 4; N Qs # 0} < c15%g(caFola(k)). Then we have
successively,
sl < (9]
= > ANyl
i AN 0
< #{i; A;N Qs # 0} x max|A; N Q]
<

#{i; AiNQs # 0} x max|A4; N Q|

) K|Q| 5|9
< 2 g(eaFola(k)) x ——11 O
- “ 2Kg(c2 ola(k)) x c1g(caFola(k)) 2

Absurd.
O

Take now g : © — 2. Since 8 < 1, assumptions of lemma @ are satisfying.
Let Dp = A4, B, in the following lines we are going to prove that this graph is
solution of propostion [L.J.

2.3.2. proof of (i) of proposition [[.3.

eUpper bound of Folner function

Using the sets U,, defined by (@), we get upper bound of Folner function. .
Folp, (n) = |[Un| = (2n + 1)2V7"7 () o en”

eLower bound of Folner function

We get the lower bound by the same ideas as in the case « > 1/3, but we have

to improve the definition of satisfactory points. Let M a set of part of V(A) and

let € >0and y > 0. Given U C V(Au, B) and f a configuration of U, we say

that the configuration f is (1 — e, y) pm satisfactory if there exists M € M such that

M’ C M and (1 —€)|M| < |M'|, where M’ = {a € V(A); 2%11)1]" >y}

Then the proof falls into 3 steps.

(1) Let U C V(D) such that |61|3§‘U‘ <+ (%%
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(2) For W C V(Dp), we call W, = {f; Ja € V(A) (a, f) € W}. By the same
way as in the proof of propostion E in the case a > 1/3, we prove that
there exists € > 0 such that for all U verifying (**), there exists W C U
such that all f of W, is (1 — ¢, Folp(k)/30) p satisfactory, with

D 1
M ={D C V(A); "{sz)"gg.

This result is analogous to lemma E et @ is proved in the next section

(3) Take now f € W, there exists M € M such that,
M ={acV(A); %%H)lf > Folp(k)/30} c M

and
|M'| > (1 —€)[M].

Lemma@ apply with d =1—¢, M = Q and M’ = Q5. We deduce that
for all f in W,, we can change the value of the configuration f in at least
c157£g(caFola(k)) points in Folp(k)/30 ways by staying in W.. Then we
conclude by the following lemma:

Lemma 2.10. Let Y >0 and X > 0. Let A a non empty set of configu-
rations, such that for all configurations of A, there exists at least Y points

where we can change the value of the configuration in X way without leav-
ing A. Then : |A] > XY.

1e:
(Vf € A Jay,az,...,ay € A such that g€ A) = |A| > XV,
f(ZE) fo 7& Qg

h is defined by : =
where g is defined from f by : 9(x) X possibilities  for g(a;,) if x = ay,.

Proof. We proceed by induction on Y.

If Y =1, it is exact.

Suppose Y > 1 and consider a point x( in the base such that there exists
X distinct configurations f1, ..., fx € A such that Yy # o f1(y) = f2(y) =

= Ix(y).
Forall i =1..X, let A; ={f € A; f(z0) = fi(z0)}, which are not empty.

A= |J A; and the A; satisfy induction hypothesis with constant ¥ — 1.
i=1...X

So, |[Al= Y |A| > X XY =XV, O
i=1.X
Finally, lemma gives,
FOlB(k)
30
since first Folg(n) = 2 and secondly Fola (k) = 2k.

2.3.3. proof of (ii) of proposition @ We follow idea of the case o > 1/3.

|U| > |Wc| > ( )0/19(02F01A(k)) - eg(k)7

(1) Let do = (0, fo) where fy is the configuration which is null every where. Let
X, = (Kpn,gn) be the random walk on D defined above. X starts from
dy and jumps uniformly on the set of points formed by the point where the
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walk is and its neighbor. On this generalized wreath product, this walk is
still reversible for the uniform measure since the number of neighbor in D
is constant, equal to 4. Now write:

pg)nF(dO’dO) = prz)F do, )pvlL)F(ZadO)
> ZP dOa
ZGG
> D dOa
R
1
> = [PUF (X, € Q)P

]

where G is some finite set of V(Dp).

Take G = G = {(a, f) ; |a| < r and supp(f) C ¢([| =7 7))}
By the structure of edges on Dp, we have :

PP (Xn €Gy) > PYF(Vie[l0,n] |Ki| <)
> Pi(Vie[0,n] |Ki| <),

where P& is the law of (K;); which is still a random walk with transitions
probability which can be represented by :

1/2
1/4

| |
h-1 \?f/ml
n 14

Now we have to find a lower bound for P& (Vi € [|0,n]] |K;| < 7). It is
not sufficient to use ]P’K(VZ' € [|0,n|] |K;| <7) > e e(/7+7) as in the case
a > 1/3, because # = == < 1 ( see step D of this proof). However we can
prove that :

Je>0,Yn >0 IP’{J((W c[lo,n]] |Ki| <7) > e—cn/r?

One can find this result in the lemma 7.4.3 of [ff]. It is known for a simple
random walk on Z% and we can deduce it in this particular case with a
coupling. Consider K which takes values in Z?. K follows the horizontal
jumps of K; if K; moves and jumps uniformly on its 2 vertical neighbors
if K; stays at its place. On the first hand we have {supy<;<, | K| < r} C
{supg<;<,, |Ki| <7} and on other hand K7 is a simple random walk on Z?.
(For x = (a,b) € Z?, we note |x| := max(a,b).) Then the result for K; in Z
follows from the result for K/ in Z2.

We can end up the proof. From |G,| = (2r+ 12NV (=) < e’ we deduce
there exists ¢ > 0 such that :

pgnF (do, do) Z 6_0(:_2+Tﬁ).
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But the function r — & + 8, is minimal for r like nFe.
So there exists ¢ > 0 such that:

D 7 o
Pl (0,0) > ™" =e .
2.4. Complement on satisfactory points. In this section we improve the notion
of satisfactory point used in subsection @ which is more abstract that the notion
introduced in subsection @ The reasons of this improvement will be explain in
the next.

We still consider a wreath product A! B of two graphs A and B or a generalized
wreath product A4 B associated to some partition A. We take U C V(A B)
and as before to each U we associate an hypergraph Ky and its one dimensional
skelelton I'y with weight w, built as the same way that in section E

Let € > 0 and a > 0. Let M a set of parts of V(A). To light the way of this
definition and to link it with the old definition of satisfactory points (section P.9),
one can think to take for M set of the form {D C V(A); |6‘ﬁ)| <1}

e A configuration f of V(Ky) is said (1 — €, a)p satisfactory if :
M cM

(16) there exists M € M such that { and
(1= < |

where M’ = {m € V(A); dimf > a}.

Once again, we denote by Sy (1 —e€,a)a (or S(1 —e€,a)r ) the set of satisfactory
configurations.

e Otherwise f is not satisfactory and we note NS(1 — €,a)nr ) the set of not
satisfactory configurations.

e If TV is a subgraph of T'y, we say that f is S(1 — €,a)r in respect to IV if f
satisfies the same condition as in (E) but where dimension of f is counted only
with edges in IV. More precisely :

gj’g}f =#{g; (f,9) € E(I") and (x,9) € U and Yy # = f(y) = g(v)}.

e An edge of T'y is said (1 — €,a) s satisfactory if it joins two (1 — €, a) o satisfac-
tory configurations, otherwise it is said (1 — €, a) o not satisfactory. As before we
denote by S¢(1 — €;a)am [resp NS¢(1 — €, a) am] the set of satifactory edges [resp
not satisfactory |.

e A point u = (z, f) € U is said (1 — €, a) pm satisfactory [resp (1 — €, a)q not sat-
isfactory | if f € S(1 —€,a)am [resp NS(1 —€,a)m]. We denote by SP(1 —€,a)m
and NSP(1 — ¢, a) for the set of points which are (or are not ) satisfactory.

e We keep the same defintion for good points, u = (z, f) € U is said a — good if
dimf > a otherwise it is said a — bad.
x

The interest of this new definition of satisfactory points is the following. Con-
sider a set U, of (A, b) — satisfactory configurations. With the ”old” definition we
know that we can change the value of f in at least b points in A, ways (at point x)
without leaving U. but we do not know exactly where are these b points whereas
with the "new” definition, for a set U, of S(1 —¢, a) ¢ configurations, we know that
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we can change the value of f in at least (1 —¢€) AI}H}\IA |M| points in a ways without
€

leaving U, et moreover we know that these points are contained in some M € M.
This would be useful for our generalized wreath products since this property con-
centrate points where we can change value of f. By the properties of partition, it
remains only to get lower bound of #¢(M).

Let U € V(A B) such that laf“}ﬁm < oto%» the two following lemmas are similar
to lemmas E et E

Lemma 2.11. Let M = {D C V(A); ‘éﬁ)ll)‘ < 1} then we have :

o #{u€U; u is Folg(k)—bad }
(2) U] = 10007

(7i) there exists € > 0 such that #{uels (-e, FOZB(k?,/J?i)M not satisfactory} ﬁ.

Proof.
For (i), it is the same argument that in part (i) of lemma P.9.
For (ii) let,

FOlB(k?)
€. ——~ 7
’ 3

= {u=(z,f)€U;fe NS(1—¢

Neud = {ueU; ue NSP(1- M }

FOZB k
Fotetb),)
and let:

Neud(f) ={(z, f); (=, f) € U}.
Note that p(Neud(f)) = {z; (z, f) € U}.
For F a set of configurations, let

Neud(F)= U Neud(f).
eud(F) 2 en (f)
Note the union is disjointed.

Take now f € NS(1 —, %B(k))/v[, and consider the set p(Neud(f)).

Two cases appear. Either p(Neud(f)) gives a large part of boundary in ”base”
either not and this case by assumptions on f we will prove that p(Neud(f)) gives
boundary in ”configurations”

; . — Folp (k) #04 p(Neud(f))
First case : f € Fy:={f € NS(1 — e, =52 ) s T Rcuairyy - > 1}.

The application U 04 p(Neud(f)) — 0asU is injective.

fER
(e9) — ((@.£): w.)

So, we can write :

(17) 04U > Y |04 p(Neud(f Z lp(Neud(f |Neud(F1)|.
fer: fEFl
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o 2] eu
Second case : f € Fy:={feNS(1—¢ £ lg(k))M; ##2(’?\(/;”(%1;)) <1}

Since f € NS(1 —6,%’3(@),\4 we have :

Im' e M' — M,
(18) for all M € M or
|M'] < (1—¢)[M],

where M’ stands for {m € V(A); dimf > _FOZPJ’B(’C)}.

Choose M = p(Neud(f)) since f € Fy we have M € M and M’ C M. So it is the
second item of assertion ([L§) which is satisfied. ie : |[M’] < (1 — ¢€)|M|. So,

#lr € p(Neud(f); dimg = “2EEY < (o au] = (1 9 Newd(1)].

(We have used that [p(Neud(f)| = |Neud(f)|.)

So
4o € p(Neud(f)); dimg < Z2E)

(19) ic: |Py| > dNeud(f)],

with Py = {z € p(Neud(f); dz;vmf < %B(k)}
To each point of Py ( for f in F»), we can associate in an injective way a point of

the boundary (in configuration ) of U. Indeed, as before :
for x € Py and f € Neud(F3), we have :

} = e[Neud(f)]

- Folg(k
1P, < O%() < Folg(k).
where P, s = {g(x); (2,9) € U and Yy # = g(y) = f(y)}.
Thus,
_ 1 -
105 Fe,s| > 1 |Pas| 20,
and then 3
|(93Pzﬁf| > 1.
Finally,
|0asU| > > 108Puyl
z€Pyp,fEF
> Y eNeud(f)] by (),
feF:
> ¢|Neud(Fs)]

1
> E|Neud(F2)| by choising € < 1/k.

048U
U]

1
1000k *

By adding ) and this last inequality and using the fact that
get :

< we

| Neud| 1

< .
U] 500
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O

Lemma 2.12. Lete > 0 and x > 0. Consider I'yy the one dimensional skeleton with
weight w, constructed from Ky. Assume that E(Ty) # 0 and Vf € Ky dimf > a

and M does not contain the empty set. If we have :

w(e)

eENSE (1—€,a) m

>, wie)

eeE(Ty)

<1/2,

then, there exists a not empty subgraph T7 of Ty such that all edges are Sy (1 —

91"(')6, 15)Mm satisfactory in respect to I".
Proof. In the graph I'y, we remove all points N.ST,(1 — %< %) 4 and adjacents

edges. After this first step, it may appear some new points ]\7551 (1-— 9;66, 16 )M

where Uy =U — NS{(1 — 91'56, 15 M-
We remove again all adjacent edges and points and we iterate this process.

Let U; the set of vertices staying at step 1.

{UOU,

fori>1 Ujp1 = Ui*NS&.(l - 91-’(_)67%)/‘/"

it is sufficient to prove that this process ends up before the graph becomes empty.

Let Cy = > w(e), Cy= > w(e),

e€ENSy(1—e€,a) m e€S§ (1—¢,a) pm;e removed

at the end of the process

Co = Z w(e).

ecE(I'y));e removed

at the end of the process

and

If we show that Cy < (4, the result is proved since:

Co<Ch1+0Cy <20, < Z w(e).
ecE(Ty)

That would mean that it stays at least one point not removed. ie: 3kg € N such that
all points of the graph get at step k, are S, (1 — 45, &) v, s0 S7 (1 — &5, 1) .
0

10 > 10 10 ° 10

To see this, let us introduce an orientation on removed edges : if L and @ are
points of the graph, we orient the edge from L to @ if L s removed before @ oth-
erwise we choose an arbitrary orientation. We note ll/ the set of edges leaving the

point L and % for the set of edge ending in L at step 0.

Sublemma 2.13. Let k € N and let L be a point of the graph Ty (satisfying
assumptions of lemma @) removed after k + 1 steps. Assume that L is initially

SP(1 —€,a)m, then
1
Zw(e) < 5210(6)

ecL ecL
1 T



27

Proof. Tt would be useful to notice that for a multidimensional edge e, the sum of
the weight (in the skeleton) of edges coming from e and adjacent to a point, is equal
to 1. This is implied by our choice of the weight.

(20)

(22)

(1)

Let now Ny be the number of multidimensional edges at step 0. Since L
is initially S};(1 — €,a)pq, there exists My € M such that (1 — €)|Mo]
multidimensional edges are attached to L. So,

NO Z (1 — €)|M0|

Z w(e) = Np.

eeE(Ty)

e contains L

Besides notice that :

Let :

Li={ec li/’ e coming from a multidimensionnal edge of Ky, ,
1
of dim > a/10},

and
Ly={ec li/’ e coming from a multidimensionnal edge Ky, ,

i
of dim < a/10}.

We have {/ = L1 U Lo, because edges of {/ correspond to edges leaving L
1 1
at step k.

Since L becomes NSgk(l — 9;6‘, 15) M, we have:

M'"¢ M
forall M in M < or
[M"] < (1 - 3)|M]|
where M" = {m € V(A); gllzglkL > {51

Take M = My, observe that M"” C My so that implies |[M"| < (1 —
24| Mo|. Finally L has less than (1 — %5€)|Mo| multidimensional edges of
dimension at least a/10. call them fi, ..., f, with ¢ < (1 — Z£€)|Mp|.

10
Zw(e) = Z Z w(e) < gq.

ecl, k=1..q
1

e
coming from f,

<1

(Initially this last sum was equal to 1, but after removing some edges, this
sum is less than 1.)

Besides, call g1, ..., g5, the other multidimensional edges of dimension strictly
less than a/10, attached to L at step k, with b < Ny — gq.

For all k = 1...h,
Z w(e) <

€
coming from gj

1
10°

IS

a
— <
10 —
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(Indeed, first all point have initially dimension at least a so we deduce

Ve € E(T'y,) w(e) < 1/a and secondly an edge of dimension less than a/10
gives less than a/10 edges attached to one point, in the skeleton. )

(3) Finally with (RT) and (£3), we get :

Zw(e) = Zw(e)Jr Zw(e)

eel e€lq eclo
1 1 !

1
< g+ (No—q)

10
1 9
= —N —_
RGN
9
~ 1000
€ 194
(g < (1—9%5)Mo| <No == <48 by R]))
So,
19 19 81
< 2N, et > Ny — —Np = —N,.
2 w(e) < gggMo et 3 u(e) > No = 755No0 = 75510
ecL eeL
1 T
And then,

19 1
Zw(e) < ﬁZw(e) < QZw(e)

ecL ecL ecL
1 T T

The proof ends up by the same way as proposition @, let:
D, = {vertices removed at step 1},
and for 7 > 2
D; = {vertices S};(1 —¢€,a) removed at step i},
F; = {edges between D; and D;_1},
F! = {edges leaving D;_1}.

Notice that F; C F] and that edges of F] are removed.
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% - )
Y }F2

R
Fh —

applied in each point of D; in the graph get at step ¢ — 2. (Each point of D;
is at this moment, at least S(1 — €, a)rr.) We get :

Vi > 2 Z w(e) < %Zw(e)

e€EF ecF;
S0,
1.
> wle) < (51 Y wle).
eEF],, eckFy
(We have used that F; C F}.)
Thus,

I
g
£
LY

ecks

Now, an edge of F is NSf;(1 — €, a) because if this edge was S§;(1 — ¢, a), this edge
would have linked two points S7,(1 — €,a) and in particular, points of D; would

have been S (1 —¢€,a), so ST;(1 — %€, a/10) and so would not have removed. Thus

Zw(e) < Z w(e) = Cy.

e€Fs eeNSe(a,b)
Besides, all removed edge S§;(1 — €, a) is in some F; with ¢ > 3, so

Cy = Z w(e) < Z w(e).

e removed at the of the process ec U F/
e€SE (1—¢,a) i>3

That ends the proof.
O

Now we are able to explain the fact that we used in section in order to prove

the lower bound of Folp,.. We recall that U C V(Dp) is such that laf“bBlU‘ < i
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Let K be the sub hypergraph of Ky which contains only Folg(k)/3—good points.
As in the proof of (i) in the case a@ > 1/3 of propostion , we prove by using
lemma that there exists § < 1/2 such that,
w(e)
eENSE (1—¢,Folp(k)/3)m
e€B(I' )
> we)

ecBE(lg)
for some € > 0 and M = {D C V(A); |6“1‘)j‘3| <1}
Lemma gives us a sub graph where all edges are S¢(1 — 0, Folp(k)/30)q for
6=1- 91J65. By definition of satisfactory points, this proves the fact that we have
used.

<0,

3. APPLICATIONS: STUDY OF SOME FUNCTIONALS

3.1. Kind of problems, case of the lattice Z?. Recall that for G a graph and
X is a simple random walk on G, we note L, , = #{k € [0;n]; Xy = x}. The
question is to estimate functional of type

A Y F(Lin,2)
(23) Bye s )
where F' is a two variables non negative function. The method developped here is
due to Erschler and can be applied on general graph G provided the isoperimetric
profile on the graph G is known and the function F' has some ”good” properties.
For the case of the simple random walk on Z<, in [l it is proved that

- > Lg;n )
« e iLzin ~em
(24) Vae0,1] Eg(e =t=n>0 ) n
—d_ 2
(25) Va > 1/2 Eg( H L;%) O 2
2 Lz;n>0

where n = %. This section is devoted to extend these estimates to an infinte

cluster of the percolation model.
3.2. In an infinite cluster of the percolation model.

3.2.1. Percolation context.

Consider the graph £¢ = (Z%, E;) where E; are the couple of points of Z% at
distance 1 for the Ny norm. Now pick a number p €]0, 1[. Each edge is kept [resp
removed | with probability p [resp 1 — p] in an independant way. We get a graph
w and we call C the connected component that contains the origin and C, the
connected component of C N [—n,n]? that contains the origin.

We still use the notation w for the application Eq — {0, 1} such that w(e) =0
if e is a removed edge and 1 otherwise. Let @ be the probability measure under
which the variable (w(e),e € E4) are Bernouilli(p) independent variables. If p is
larger than some critical value p., the @ probability that C is infinite, is strictly
positive and so we can work on the event {#C = +o0}.

We denote by CY9 the graph such that V(C9) = C and E(CY) = {(x,y)
E4; w(z,y) = 1} and CY the graph such that V(CY) = C and E(C2) = {(z,v)
E4; z,y € Cp, and w(z,y) =1}

S
S
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From now on and until the end, X will design the simple random walk on the
graph C9. We are going to prove estimate (R4) and (3) for the walk X.

3.2.2. Sketch plan.

Let (By)zec be a family of graphs and let 0, an arbitrary point in each B, that
we call the origin. For all 2 € C, consider the random walk (Y,*),, on B, starting
from point 0,, and jumping uniformly on the set of points formed by the point
where the walk is and its neighbors. Let P(i  be the law of (Y,7),.

Transition kernels of Y* satisfy :

Bm(

PP (a,b) = (La=p} + L{(ab)eB(B.)}):

vy(a) +1

where v, (a) stands for the number of neighbors of a in graph B,.

Consider now the graph
(26) W = WC =C9 (Bz)zEC-

Let fo be the nulle configuration, such that , for all z € C, fo(z) = 0;, and let
o= (0, fo). And we look at the random walk (Z,,),, on the graph W¢ starting from
o, defined by the following: suppose that the walk is at point z = (x, f), then in
one unit of time the walk makes three independent steps. First, the value of f at
point z jumps in graph B, in respect to the walk Y starting from f(z). Secondly,
we make the walker in C jump on his neighbors in respect to uniformly law on his
neighbor, so the walker in C (projection on C of walk on W) arrives at point y € C.
And thirdly, the value of f at point y jumps in graph B, in respect to the walk Y'Y
starting from f(y).

Thus, calling p transitions kernel of Z, we have:

for all ((a, f); (b,g)) € (V(C9 1 B,))?:
x[(a, f), (b, 9)]

(27) Pl NG9 = S @) - 1) e () T 1)

where x[(a, f), (b,g)] is equal to 1 if the walk is able to jump from (a, f) to (b, g)
and 0 otherwise.
More precisely,

X[(a’a f)a (b7 g)] = w(a” b) (Xl[(aa f)’ (bag)] + XQ[(aa f)’ (bag)]
+ X3[(aa f)’ (bag)] + X4[(aa f)’ (b,g)]),

with
x1l(a, £), (b, 9)] = Live f@)=g(x)}> xzl(a, £), (b, 9)] = 1{ ((a).9(a))€E(B.)}>

Vota §(2)=g(x)
xsl(a, ), (b, 9)] = 1 (r).gv))eEBy)Y> Xal(@, ), (0,9)] = Livae(ab} (f(2).9(2)eE(B.)}-
Vartb f(2)=g(x) Varta,b f(e)=g(z)

Notice that m defined by,

(28) m(a, f) = v(a),
is a reversible measure for the walk Z. We note a the following kernels:
(29) a(z,y) = m(x)ple,y)

Let IED‘O” be the law of Z starting from o. The key for our problem is the following
interpretation of the return probability of Z:
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Proposition 3.1.
P$(Z, = 0) = B§( H Poe (Vi =0s) lix,—o})-

I;Lm;n>0

Proof. :
B2(Zy=0) = By((Xarfu) = (0, fo)

= Z ]fD‘OU(XO:I{Zo,Xlzk/’l,...,Xn:k/’n et fn:fO)
(ko,kl ..... kn)EZd

(kosk1,...,kn) €LY
kg =k =0

X P(fn = fol Xo = ko, .. X0 = kn)
- Z PS)(XO:kOaXl:kl,...’Xn:kjn)

ko=kn=0
< [ PE=(vi., =0.)
x;Lgn>0
= Ej( H P(iw(ygn:()z) Lix,=0})-
T3 Lg;n >0

O

In order to estimate functional such that () and in view of propostion @, we
have to find graphs B, such that for all m € N :

Per (Y = 0) e M0,

Moreover, since we know that an isoperimetric inequality with volume counted in
respect to measure m and boundary counted in respect to kernels a, gives an upper
bound of the decay of the probability transitions of walk Z, in a first time we have
to estimate the Folner function of We and so (by similar results of section 1, see [@]
[B] and [[]) we should know Folner function of each B,.

The graph formed by the possible jumps of walk Z is not We = C 1 (B,).ec, S0
we introduce the graph with same set of points of W¢ but different set of edges.
We call it C1(B).ec or shortly Wi (or W), the graph such that :

(30) VW) = V(W) and,
((a, f); (b,g)) e EWVe) <= xl(a, f);(b,g)] = 1.
Thus, in the graph W/, the random walk Z is a nearest neighbor walk. Properties

of Z are linked to geometry of W/, but as we will see later W and W¢, are roughly
isometric, so we can study isoperimetric profile of We.

3.2.3. Study of Eg’(e*AZLf;n),
Upper bound Let o €]0,1] and 8 = 2% and let F(z) = o’
graph given by proposition E We put for all z € C, B, = Dp.

Let Dg be the

First we want to obtain a lower bound of Folggsgi(k). We proceed in 3 steps:
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A. By using general results on wreath product, see [[f], [f] and [{], we have :

7 FolSS (k
FolSy'PF (k) ~ (Folp, (k)" ™.

B. By proposition 1.4 of [E], we get:
for all v > 0, there exists 8 > 0 such that for all ¢ > 0, Q a.s for large enough
n, we have :

B F(k:)k if kK <en”
31 Folg,\ 0 (k) = ’
(31) 0 Cn,zDF( ) = { (F(k)ﬂkd if k> en”.

C. We want to carry ( )on F olgziig’; . Let § a imaginary point and consider the
following graphs:

(32) Wy =Ci Dp,
and

(33) W), = Ci1DF,
defined by :

V(CS 1 D) =V(CHNDR) =V (CI1Dr) U {5}
and set of edges are given by
EW,)=E{C 1 Dp)U{(x,d); x € V(CI1Dp) and Iy € V(W) (z,y) € E(W)}
and

E(W))=E(CI0DF))U{(z,0); z € V(CINDF) and Iy € V(W) (z,y) € E(W')}.

Let respectively d and d’ be the distances on W and W', given by edges of these
graphs. W,, are W/ are rough isometric with constants independant of n. With
the notations of definition 3.7 in [§], we have A = 3 and B = 0.
Indeed, consider

id : (V(W,),d) — (V(W)),d).
For all z,y € V(W,) = V(W,)), we have:

1

Thus the respective Dirichlet forms £ and £’ for simple random walks on W,,
and W/ satisfy: there exists ¢1,¢a > 0 such that for all f : V(W,) — R we

have,
al(f, f) <Ef, f) < €(f, ),
with
ENH =D (fl@)—fw)?
(z,9)€EE(Wn)
and

)= > (fla)—f)*

(z,y)eE(W})
Now, let U C V(CY 11Dp) and take f = 1y, we get :

01|awU| < |(9W/U| < 02|awU|.



34 CLEMENT RAU

Hence, we have proved that () carry to F' olggxgi , so we deduce:

Proposition 3.2. For all v > 0, there exists 8 > 0 such that for all ¢ >0, Q a.s

on the set |C| = +o0 and for large enough n, we have :

k ; ¥
FOZCQ??DF(k) E { F(k) ka <cn’,

34 o
(34) CnttDr (F(k)P*"  if k> cn?.

Now we are able to get an upper bound of I@‘:j (Zayn, = 0) and then an upper bound

of our functional. Let 7, = inf{s > 0; Z; ¢ V(CI N Dp)} .
We have,

P (Zyp = 0) = P¥(Zyy, = 0 and 7, < n) + P¥(Zy, = 0 and 7, > n).

The first term is zero since the walk can not go out the box V(CZ 11Dp) before

time n.
The second term can be bounded with proposition B.9. Let :

F(k)k if k <en?,
(35) H(k) = { (F((Ii)ﬁkd P
- 'H is increasing and we can define an inverse function by
M~ (y) = inf{z; H(z) >y}
- Besides, with the help of (B4),

CInDp
FOZCﬁzzDF = H.

- C and Dy have bounded valency and from formula of 7 and @ (see (R9) and (§))

we have : inf m > 55 >0et inf a>0.
w’)

V( E(W")

Thus, (see theorem 14.3 in[ﬂ] for example) there exists constants c1,co and ¢z > 0

such that 5
P¢(Zan = 0 et 7, > n) < u(n)
where u is solution of the differential equation :

r_ u
U = TG’ (ea/u)?
u(0) = ¢;.

Replacing F(k) by e+’ into H, we get the expression of H ™1

W y(+a)
c(ln(y))hia if1<y<en ™|
(A+a) d+a(2—d))
(36) H'(y) =1 en if ecnvlfa <y< ec"7 e

w 'y(d+la(2—d))
c(ln(y) @D fen T <y

Resolving the differential equation in the different cases, we get :
lta

—ct3= . 1B—a)
ce~ct?? ift <en T-e |
14+ P P
— n T 27 . (B-a) y(d+2—da) Y(@B—a)
u(t) = ¢ cecm e—ct/n ifen 1o <t<en 1-e n -«
~y(d+2—da) Y(B—a) dta(2—d) .
’ — — e . v(d+2—da) Y(B—c)
ce~(et—cn 1 —en ! ) = ifen” 1= 4+ n I-a <{¢.

(Each ¢ design a different constant.)
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Now whe choose 7 such that 0 < v < min(5-: then we get :

d+2 da’ 3 a)
there exists ¢ = ¢(p, d, o, A) > 0 such that

u(2n) < e ",
d+a(2—d)
2Hd(i—a)"
So, Q a.s on the set |C| = +oo, and for large enough n (which depends on the
cluster w),

with n =

P (Zap = 0) <™.

By proposition @, we deduce that Q a.s on the event |C| = 400 and for large
enough n,

(37) Ef( I PRrYDE =do) lixa—op) =e ™
z;Lig;2n>0
By our choice of graph Dp, there exists C7,Cy > 0 such that for all n > 1:
(38) Por (V,0r =do) > Cre” (@7,
(39) > et

)

for some A\g > 0.

From (B7) and (B9), we get that there exists Ao > 0 such that Q a.s on the set
C| = 400 and for large enough n,

2 Y L°

x;2n

(40) Eg(e =t iy, o) 2.
To conclude, it remains only to prove that we can suppress the indicatrice function
and that we can extend the inequality (@) to all A > 0. We explain this in 3 steps.

1. First of all, notice that is is sufficient to prove (E) only for one value of A. Indeed,
let A > 0, assume that for A = Ao, we have:

—Xo Z L;;n n
(41) Eg(e  whem>0 ) <Le™™.

-IEX > N, (@) is true because we can replace A\ by A using merely the decrease.
-If A < Ag, we write

DY L:;n —Xo z L:;n Y
ES} [6 z;Lg;n>0 ] — E(g’[(e z;Lg;n>0 ))\0]
—Xo Z L:;n by

< (Ble e DR

A
(Jensen inequality applied to concave function  — x>o.)

< e

2. To take out the indicatrice function, we use the following lemma:

Lemma 3.3. For all m > 0, we have :

¥ ( ZL )2 < 2d(2m + 1)4 PY( ZL < 2m et Xop, = 0).
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Proof.

B Lo =mP = (X B Lo =miXa=h)

h€B,,(C) x
= > Vu(h) x 1//v(h) x
h€B,,(C)

P ( ZLa =m; :h))2

< v(Bm(C) Y (1/v(h)P5( ZL = h)?
h€B,, (C)
(Cauchy-Schwarz inequality)
< 2@2m+1)* > PIO LS, =m; X, = h) X
h€B,, (C) x
PE () Lo = m; X = 0)(1/2(0))
(by reversibility )
< 2d(2m+1)* > IP‘”ZL = h) x
h€B,,(C)
Pg(z Lg;[n;2n] = m;X”l = h;XQH = 0)
(where Ly [n0n) = #1{i € [n;2n]; X; = x})
<

2d(2m + 1) PG> L., < 2m; Xop = 0).

because {)_, L3, = met >, L3 o = m} C {3, Lis, < 2m}, since for
a € [0, 1], we have :

Lg 2n = (Lzm + LI;["§2"])a < Lg;n + Lg;[n;?n]'

Then we write,

Eg(e 0 2e ooy 5)) = Zei)\om ]P)B)(Z L3 .9, = m; Xo, = 0)

m>1

(1—e" Ze_)‘omIP"” ZLCE%_m Xon = 0),

m>1
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since {Zx Lg;Qn = m} = {Zz Lg;2n < m} - {Zx Lg;Qn <m-— 1} ThU.S, we
have,

E§ (e Lionlixa—oy) = (1—e)) e PG> L%,, < 2m; Xap = 0)
z m>1 T

(we add only the even m )
1

> (I—e)) med’\om Py (> L%, =m)
m>1 T

(by lemma B.J)
> Y e (Y Lg, =m)

m>1 T

(for some Ay > 2X¢ )

-1

> (Ze_/\lm) X

m>1
(D e P> Lo =m)
m>1 T
(By Cauchy-Schwarz inequality)

Z co E‘g[eiAl Z"I‘Lgﬂﬂ]

3. We can now conclude. By previous inequality and by @), there exists A\; such
that :
n

Eg[e M e Lain] < 7",

Then by step 1, we can extend this inequality to all Ay .
Finaly we have proved :

Proposition 3.4. Q a.s on |C| = 400 for large enough n and for all A > 0 we
have, for all a € [0, 1],

-2 X Lga. n
Bye ) g,
d+a(2—d
where n = 72161((12703.
Remark 3.5.

1) If « = 0, we retrieve the Laplace transform of the number of visited points by

the simple random walk on an infinite cluster.

2)For oo = 1, inequality is satisfied since Y. Lz, =mn andn =1 when o = 1.
T3 Lg;n >0

Lower bound
The proof falls into 4 steps.

1. By concavity of the function z+— x® for a € [0, 1], we have :

Z Lg;n

$§Lm;n>0 m;me>0

Lx;n

)Ot

IA
N
g
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So,
X Y Lg,

Eo(e @;Lg;n >0 ) Eo(ef/\n“N}L’“)

> Po( sup D(0,X;) < m)e_’\v(m)lfa”a.
0<i<n

where V(m) = |B,,,(C)| stands for the volume of the ball of C centred at the
origin with radius m.

Y

2. By proposition 5.2 of [E], we have :
(42) Po( sup D(0,X;) <m) > e mHuz)
0<i<n
3. By lemma 5.3 of [ff], there exists ¢ > 0 such that Q a.s on |C| = 400 and for
large enough n,
V(m) > em.
4. So, we deduce, there exists C' > 0 such that @ a.s on |C| = 400 and for large
enough n,
-2 Le,
Eo(e I;LEWO In) > e~ Clmt Iy +Anm a0 =)
Taking m = T , we get :
= Z L;;n n
Eo(e @;Lg;n>0 1{Xn,:0}> > e—cn ,
. d+a(2—d
with n = W and for all « € [0,1].
Hence, we have proved :

Proposition 3.6. For all a € [0,1], Q a.s on |C| = +o0 and for large enough n,
Ay Lo )
Eo(e @;Lag;n >0 ) - g—Cn

— )

d+a(2—d)

Thus, the first assertion of Theorem E comes from proposition @ and propo-
sition @

3.2.4. Study of E§ (T LZ0)-
We assume « > 1/2.

Upper bound
For this functional, one can take for all x € C, B, = L = (Z, Ey) ( if we take some
L7, we get the same bound). We have :

Foli(k) = 2k.

We still use a random walk Y which jumps can be represented by:

1/3
1/3
|

|
h-1 \?f/ml
n 3

Let P£" be the law of random walk Y.
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As before, let W, W’ W, and W/ be the graphs defined respectively by (R6) (80)
(B2) and (B3) with Dy = L' = (Z, E1). With the help of proposition 1.4 in [] and
general properties of isoperimetry on wreath product, we deduce:

for all v > 0, there exists ¢, 5 > 0 such that @ a.s on |C| = +00 we have :

{kk if k < en?,

43 FolWV (k) =
(43) olw, (k) KBk if k> en?.

With the same argument as in the upper bound of section , we carry @)
to F ol%: by rough isometry between graphs W,, and W,. We get:
for all v > 0, there exists 8 > 0 such that for all ¢ > 0, @ a.s on |C| = +00 we have:

’ Kk if £k <en”
44 Folly, (k) = ’
(44) OWn()—{kﬁkd if k> en?.

In order to get an upper bound of ng(Zgn = 0), let again:
T =inf{s > 0; Z, ¢ V(Wy)}

We still have P¥(Za, = 0) = P¥(Zy, = 0 and 7, > n). We use the same way to
get the upper bound from (@)

Inequality ([i4) implies:
1 if k <en?,

w’ _
(45) Yk >0 Folll, (k) = In(k) = { N ik S ot

where N < en”.
Jn is increasing and we can compute Jy 1,

Iyt = inf{a; In(x) >y}

cn” if1§y<NC"d7,
= 1/d
0(111?((1%))) if N <y,

Remark 3.7. Let

Kk if k <en?,
4 k)= a
(46) J (k) {W ik en,

Inequality (f4) can be read FollV, (k) = J(k). J is increasing but the form of J
does not enable us to compute an inverse and for this reason we use Jy for the
lower bound of Foll, (k) instead of J.

C and £! have bounded valency so we still have inf m > 2 >0 and inf @ >
V(W) E(W’)
0. Thus with the same tools as in section we get, there exists constants
c1,c2 and c3 > 0 such that

PY(Z2y =0 and 7, > n) < u(n)

where u is solution of the differential equation:

u = — N
c2(Ty " (es/u))?’
u(0) =1/2.
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Solving this equation, we obtain:

. e=ct/n*? if t < to:= en?( @2 In(N),
ut) = e e(In(N)?/*(t—to)+In(1 /u(to) T )7+ if t > t.

Chosing v < d+r2 and taking N = cn”, we obtain in ¢ = n:

@ a.s on the event |C| = 400 and for large enough n,

B (Zon = 0) < o7 T 00T
So with proposition EI, we deduce :

Proposition 3.8. There exists a constant C > 0 such that Q a.s on |C| = +00
and for large enough n,

1 LQ %
(a1) B I PE (Vieww =0) 1(xyumgp) < e7On77 W00,

x;Lg;2n,>0

For the walk Y, we know that there exists ¢y > 0 such that P& (Y,, = 0) ~ ViR
In particular,

(48) Je1 >0 >1 PE (Y, =0) >

ne’

with ¢; < 1. So, for @ > 1/2 we can find A > 0 and ¢z > 0 such that

L ifn>4
(49) Vn>1 PE (Y, =0)>¢ »* D=
= ifn <A,

with co < 1. If we directly use the lower bound (@) in @) at time Ly.0,, it appears

#{z; 0<La;2n<A}
2

a supplementary factor c on which we do not have control.

So we put :
Nn,2 = #{.’L‘, Lm;n > 2};

which is the number of visited points at least twice by the walk X. And for
€1,€2 > 0, consider the following events :

Ay = {Nap<ey na 1n(n)di+2},
Ar = {Now2er nats hl(”)‘i%z and Nop 2 > €2 nat ln(n)d%z},
Ag = {Nap 2 e n% In(n)7 and Nonz < & 02 In(n) 792},
We have
(50) E§( ]___[ L5, Vxs=0y) = Eg( H L% xan=0p 1a,)
x; Lg.2n>0 3 Lyan>0
+ EB)( H L;gn 1{X2n:O} 1A2)
25 Lg;on>0
+ B H L5n Lixan=0} L1as)-
z; Lg2n>0

Let us examin these three 3 terms.
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1. For the term corresponding to Ay, we write :

w —« w C1 1
Eg ( H L5 Yixy,=0y 1a,) = Eg( H Ta_ X H C_XI{Xml:O} 1a,)
z; Ly;2n>0 x; Lz;2,>0 z;2n T Lg;2n>0 1
1 1
< Bi( I BE Ohen =0)x (1)
z;Lg;2n>0 1

X 1{X2n,:0} 1141)

(par [i§)

E(aj( H ]P)él (YLI;2n = 0)1{X2n:0})

z;Lg;2n>0

IN

2

d
l €1 nd+2 In(n) d+2

X
(%

_d_ _2_
< e—(C—i—al In(c1))n 442 In(n) 4+2

(by proposition B.§)

Now, choosing e; small enough ( recall that In(c;) < 0), we deduce that there
exists a constant C7 > 0 such that @ a.s on |C| = +00, we have,

_d_ _2_
(51) Ecaj( H L;;gn 1{X2n:0} 1A1) < emedu In(n) d+2-
z; Ly2n>0

—x

2. For the second term, we notice that on the event Ay the product [[,. ; , - L5,

_d_ 2
is less than (1/2)27 " ()2 Thys there exists a constant Cy > 0 such that,
_d_ _2_
(52) EB}( H L;;gn 1{X2n:0} 1A2) < e—C2nd+2 In(n) d+z-
z; Lg;2n>0
3. For the last term, we use the following lemma:

Lemma 3.9. There exists € > 0 such that for all € > 0, there exists a constant
Cs3 > 0 such that, for all n, N >0,

(53) P%(N,, >¢eN et Nyo <e'N) <e 9V,
Proof.

e Let 7o =0 and for k > 1 let,
Tk = min{s Z Thk—15 Xs g {XQ,Xl, ...,Xs_l} }

The 7 represent instants when the walk X visits a new point. Consider now,
the variables ¢, defined by :

{ 1 if Xy, = Xrp s,
€L =

(54) .
0 otherwise.

These variables have the following interpretation, €; is equal to 1 only when
the new visited point X,, is immediatly re visited after a backward and foward.
The €j, are not independent but their laws are all some Bernouilli with different
parameters. Besides, these parameters have a same lower bound § > 0, since
the graph CY has bounded valency.
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Consider the following filtrations,
gm:U(Xj; Oéjgm)v
]:m:O—(Xj; OSJSTm)

€, are Goy,, measurable and so Fj1o measurable. For all A > 0 and for all
L > 0, we can write,

Ej(e?imi) = Ej(enZim o By (e N ete|Fy) )
g (72 B (e ) ).
For the term EY (e =*“¢|FL), we have:
Ef§(e | FL) = e *Pg(er = 1[FL) + Pg (e = 0|Fr)
14 (e™ = D)P¥ (e, = 1|FL).
Now, we want a lower bound of P§ (e, = 1|F1). We have successively:
Pgler =11FL) = Pgler =1[X7,)
( Markov property)
= D> Nxyem Pl =Xy =2)

x; IPK(X,—L =z)>0

> 52

IN

Last inequality comes from the fact that the graph CY9 has bounded valency,
so in each point = the probability to do a backward and foward is greater than
82 (with 6 > 1/2d).

So, we deduce from (5f) and (F7) that,

Eg (e L |Fr) <1+ (e7* — 1)6%
Iterating (f5), we get,
Bp(e =i ) < (L (e = 1)a?) /2,
where |a] stands for the whole number portion of a. Let:
ax = —In(1 + (e7* = 1)8%) > 0.

By Bien-aymé inequality, we deduce,
L
P((AJ)(Z e < E/L) < es’)\Lfak LL/2] )
k=1
Using |L/2] for L > 2, L < 3, we get :
L
P‘S(Z e <L) < e—LL/2](ax=3)¢)
k=1

Note that this last inequality is still valid for L = 1.
Fix A > 0, ( by example A = 1) then we can choose &’ small enough such that
ay — 3¢’ > 0. We deduce the existence of constant b such that :
L
P‘a’(z ep <e'L) <ebE
k=1
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e Now, notice that

eN
{Nn>eNet Ny </N}C{D e <&'N}.
k=1

Indeed, first if V,, > N that means that at least ¢IN new points have been
visited. Secondly if there are less than &' N points visited more than twice
then there are less than ¢’ N points which have been immediatly visited after
their first visit. Finaly we have:

PY(N,, > eN and N, 5 <&'N) < eV,

O

We can now get an upper bound of the term corresponding to A The product
is less than 1, so we can write:

Eg ( H L5, Lixs,—0y 1as) < Po(As)

T Lg;2n>0

Let £1 small enough satisfying the first point (event A; ), lemma @ with e = g1
give us the existence of &’ such that (53). Then we take g5 = ¢’ and we deduce
there exists a constant C's > 0 such that,

B (Ag) < o Con 2 w77

So,

4 _2
(60) Eg ( ]._.[ Ly5n Yixan=0y 1a,) < e~ Csn T2 In(n) 742

z; Ly2n>0
Finaly, we deduce from (51)) (53) and (6(), the following property.

Proposition 3.10. Q a.s on |C| = 400 and for large enough n, for all « > 1/2,

I 2z gy i
Eg( H 1{X2n:0}) jefndJr In(n) @+ .

«a
2;L4,2n,>0 x;2n

To get the upper bound of the second point of Theorem B, it remains to take
out the indicatrice 1;x,,—0}. We use the same way as in the section . We
prove:

Lemma 3.11. For all m > 0, we have:

Py (> In(Lym) =m)? < 2d(2m + 1) P§(D> In(La2n) < 2m et Xa, = 0).

x

The proof is similar to lemma @ We use in particular :

1n(Lz;2n) < 1D(Lz;n + Lm;[n;2n]) < ln(Lm,n) + 1D(Lx;[n;2n])'
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Then
EB)(H Lx_;gnl{xmlzo}) = IE((A))(eiatzm ln(LIQn)l{in:O})
= e B (Y In(Lagan) = s Xan = 0)
m>1 T
= (1 — e_o‘) Ze_o‘m ]PB)(Z ln(Lm;Qn) < m; X2n = 0)
m>1 x
> (1—e™®) Ze*amﬂmg(z In(Lyion) < 2m; Xo, = 0)
m>1 T
1
> 1—e @ - —2am P 1 Lmn — 2
- ( e )7nz>12d(2m+ 1)d€ [ 0(; Il( 5 ) m)]
(by lemma B.11))
2 Zeialmﬂ%}(z In(Ly;n) = m)J?
m>1 T
(for some a1 > 2a )
—1
> (Ze*alm) X

m>1
(D e Py W(Lan) = m)
m>1 x
(by Cauchy-Schwarz inequality)
c EB} [e—oq >w ln(me)]

= cEy(J L)

So, with this last inequality and with proposition , we obtain the expected
upper bound for some value a;:

d 2

(61) E((AJ}(H L;;?;l) < efnd+2 In(n)d 2.

From this inequality at point «j, we extend this relation for all « > 1/2. Let
a>1/2.

-If & > a3, we can replace in (@) a1 by a, by monotony in a.

-If a < ay, we write

—a Y (L) —er T Wn(lem)
Egle =m0 ) = Eyle e )E]
—or Y (L)

< (Egle e A

o
( Jensen inequality to concave function z — ze°1.)

_n'rl

e

PN

So we have proved :
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Proposition 3.12. Q a.s on the set |C| = +o0o0 and for large enough n, for all
a>1/2,

w 1 7ndi“ln(n)d22
E5 ( ]___[ I ) Ze .

Z;Le;n>0 zn

Lower bound

By concavity of the function In, we get:

>
—a 2iLn>0 "
Lz‘n - € '
H

z;L 20 >0

L.
—aNyln( X ]\Z[n")
2L >0

€
e—oanln(NLn) )

On the event { sup D(0, X;) < m}, it comes that :
0<i<n
Ny < [Bm(C)] < ¢mf,

and

o, n

N, — emd’
Since function z — @ is decreasing on [e, +00], if we choose m such that
(62) —d Z €,

then we can write :

Eo( II Leg) = e @R sup |Xi| <m).
23 L4, >0 0<i<n

Then by using (1), we deduce :

Eo( [[ Lig )z e oom G elmtss),
Z;Lgn >0
Taking m = (%)#2, inquality ) is well satisfied for large enough n.
Finaly, for large enough n we obtain,

d 2

Bo( ] Laf)me o™,
T;L4;n >0

So,

Proposition 3.13. For all a > 1/2, Q a.s on the set |C| = +oco and for large

enough n,
2

Eo( T[T Eeg )z emnmo s,
T3 Lg;n>0
Remark 3.14. In the proof of the lower bound, we have only used the assumption
that o > 0, so this bound is valid for all o > 0.
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So the second assertion of Theorem follows from propositions and .
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