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Summary. We introduce a vector version of the ARCH(co) equation yielding a
simple approach to various models like bilinear or GARCH models. To this aim we
provide an explicit chaotic expansion of a solution for this ARCH(co) equation, and
show the uniqueness of this solution under reasonable conditions. Independent or
N-Markov approximations of this process allow to simulate their trajectory or to
derive bounds for their weak dependence coefficients as defined by Doukhan and
Loubhichi (1999). We finally consider a long range dependent version of this model;
in this case we provide an existence and uniqueness result.

1 Introduction

The purpose of this chapter is to propose a unified framework for the study
of ARCH(oc0) processes that are commonly used in the financial econometrics
literature. We extend the study, based on Volterra expansions, of univariate
ARCH(o0) processes by Giraitis et al. [12] and Giraitis and Surgailis [11] to
the multi-dimensional case.

Let {&; }+ez be a sequence of real valued random matrices independent and
identically distributed of size d x m, {a;};en+ be a sequence of real matrices
m x d, and a be a real vector of dimension m. The vector ARCH(co) process
is defined as the solution to the recurrence equation:

Xy =& a—l—Zant_j . (1)

j=1

The following section 2 displays a chaotic expansion solution to this equa-
tion; we also consider a random fields extension of this model. Some approx-
imations of this solutions are listed in the next section 3, where we consider
approximations by m-dependent sequences, coupling results and approxima-
tions by Markov sequences. Section 4 details the weak dependence properties
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of the model and section 5 provides an existence and uniqueness condition
for the solution of the previous equation; in that case, long range dependence
may occur. The end of this section is dedicated to review examples of this
vector valued model.

The vector ARCH(oo) model nests a large variety of models, the two first

extensions being obvious:

1.

2.

The univariate linear ARCH(co) (LARCH) model, where the X; and a;
are scalar,
The bilinear model, with

Xe=G|la+ Zant—j + 6+ Zﬁth—j,

Jj=1 j=1

where all variables are scalar, and (; are iid centered innovations. We set

& =(C,1), a= <g>’ “= <gj)

In that case, the expansion (3) is the same as the one used by Giraitis
and Surgailis [11].

. With a suitable re-parameterization, this vector ARCH(o0) nests the stan-

dard GARCH-type processes used in the financial econometrics literature
for modeling the non-linear structure of the conditional second moments.
The GARCH(p, ¢) model is defined as

Tt = Ot€¢
P q

of =Y Bioijtw+d vty >0, =0, §i>0,
Jj=1 J=1

where the ¢ are centered and iid. This model is nested in the class of
bilinear models with the following re-parameterization

7o i > v
o) = ———, ozt = S
‘T35 2 1= Bz’

see Giraitis et al. [10]. The covariance function of the sequence {r?} has
an exponential decay, which is implied by the exponential decay of the
sequence of weights «;; see Giraitis et al. [12].

The ARCH(o0) model, where the sequence of weights §; might have either
a exponential decay or a hyperbolic decay.

oo
2 2
Ty = 04, 0p = o+ E Biri_;s

Jj=1

with the following parameterization
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2 _ .
X; =12 gt:(atﬂ)q’l)’ a:(;l%oo)’ a_j:(;l%j),

where the ¢ are centered and iid, \; = E(¢2), and 2 = Var(e?). Note
that the first coordinate of £y is thus a centered random variable. Condi-
tions for stationarity of the unidimensional ARCH(oo) model have been
derived using Volterra expansions by Giraitis et al. [12] and Giraitis and
Surgailis [11]. The present paper is a multidimensional generalization of
these previous works.

. We can consider models with several innovations and variables like:

o0 o0 o0
Zi=Cula+d ajZij | +ma | B+D_ BV, | +7+ > %%

j=1 j=1 j=1

o0 o0 o0
Y =G OH—ZO[?YH' + p2 5+25]2-th3' +FY+Z’Y]2’}/:‘,7J'

J=1 J=1 J=1

This model is straightforwardly described through equation (1) with d = 2

al o?
1). .. 1 23
and m = 3. Here §;, = CLt fi is a 2x 3 iid sequence, a; = 5]1- ]2
Gt 2, 1 1.2
T 5
«@
is a 3 x 2 matrix and @ = [ 8| is a vector in IR® and the process
Y
Z\ . . . . .
X = t ) is a vector of dimension 2. Dimensions m = 3 and d = 2 are

Y:
only set here for simplicity. Replacing m = 3 by m = 6 would allow to
consider different coeflicients a, 3 and ~ for both lines in this system of
two coupled equations.
This generalizes the class of multivariate ARCH(oc0) processes, defined in
the p-dimensional case as:

1
Rt = Etz Et,

where R, is a p—dimensional vector, X is a p X p positive definite matrix,
and ¢; is a p—dimensional vector. Those models are formally investigated
by Farid Boussama in [2]; published references include [3] and [9].

This model is of interest in financial econometrics as the volatility of asset
prices of linked markets, e.g., major currencies in the Foreign Exchange
(FX) market, are correlated, and in some cases display a common strong
dependence structure; see [18]. This common dependence structure can
be modeled with the assumption that the innovations €1, ..., ¢, are cor-
related. An (empirically) interesting case for the bivariate model (X;,Y;)
is obtained with the assumption that the (1, ¢2,1) are cross-correlated.
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2 Existence and Uniqueness in L?

In the sequel, we set A(z) = Y
matrix norm.

lla;ll, A = A(1), where || - | denotes the

iz
Theorem 2.1 Let p > 0, we denote

o= llajlIP"* (Ell&o|?) 7 . (2)

jz1

If ¢ < 1, then a stationary solution in LP to equation (1) is given by:

X = §t a+ Z Z ajlgt*jl o 'ajkgt*jlf'“*jka : (3)

Proof. The norm used for the matrices is any multiplicative norm. We have
to show that expression (3) is well defined under the conditions stated above,
converges absolutely in L?, and that it satisfies equation (1).

Step 1. We first show that expression (3) is well defined (after the second line
we omit to precise the norms). For p > 1, we have

Z ”ajlft*jl "'ajkft*jlf“-*ijme

Jisendk 21

< Z Haj1||m><d"' ”aijde”gt—lede'" ||§t_j1_”'_jk||d><m
J1s--ndk 21

The series thus converges in norm LP because

1
Z (EHajlgt*jl g &gy i 1”) /P

k=1j1,..,jk =1

<D >0 Napllllag I BIE—s I7)VP - (Bllé—jy - )7

k=1j1,....5k 21

<Y lag - llag |l (ElléolP) 7

k=1j1,....5k 21
oo
k
< ®
k=1

The series Y-, ¢" is finite since ¢ < 1, hence the series (3) converges in LP.

For p < 1, the convergence is defined through the metric d,(U,V) =
E||U — V||? between vector valued LP random variables U,V and we start
from
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p

Z Hajlgt*jl S g &gy i, |

J1s--dk 21

< Z Ha“jlgt_jl AL IR T ”pv

Jireodk 21

and we use the same arguments as for p = 1.
Step 2. We now show that equation (3) is solution to equation (1):

Xe=& |1+ Z Z U«jlgt—jl T a’jkgt_jl_'”_jk a

k=1j1,...5k 21

= gt a -+ Z ajlgt*jl'i_

jiz1
oo
+§ E ajy &t—jy E Ajo&t—ji—jo = Q3 St—ji—jr—— i @
k=27121 J2,--odk =1

=& |a+ Z aj, &—j (a—l—

Jj1=21

+ Z Z ajzg(t*jl)*jz e ajkg(t*jl)*jzf“'*jka)

k=2 ja,...,5k>1

=& | a+ Z ant—j

Jj=z1

Remark 2.1 The uniqueness of this solution is not demonstrated without
additional condition; see Theorem 2.2 and section 5 below.

Theorem 2.2 Assume that p > 1 then from (2), ¢ = 3, [la;||[$ollp- Assume
¢ < 1. If a stationary solution (Yi)icz to equation (1) exists (a.s.), if Yy is
independent of the sigma-algebra generated by {&s;s > t}, for each t € Z,
then this solution is also in LP and it is (a.s.) equal to the previous solution
(Xt)iez defined by equation (3).

Proof. Step 1. We first prove that ||Yp]|, < co. From equation (1) and from
{Yi}iez's stationarity, we derive

o0
Yollp < llgolly { llall + D llalllYoll | < oo,

Jj=1
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hence, the first point in the theorem follows from:

L=y

Step 2. As in [12] we write recursively Y; = & (a +2 551 aj}/tfj) = X{"+S7,
with

m
Xgn = §t a+ Z Z aj1§t*j1 T a’jké.t*jl"'*jka’ )

k=1j1,,jk>1

Sit =6 ) DR TR SERFRELT VAV SRS Y TS 0
Jiy s dm41 21
We have
171 < 1€le D Nagill -+ llagm e HEN 1Yollp = [Yollpe™

Jir s dm41 21

We recall the additive decomposition of the chaotic expansion X; in equation
(3) as a finite expansion plus a negligible remainder that can be controlled
X = X" + R* where

R;n =& Z Z ajlé-t—jl T a“jkgt_jl"'_jka )

k>m g1, ik 21

satisfies

m o™
IR < lallliéoll, D ¢* < H@HH&HPE — 0.
k>m

Then, the difference between those two solutions is controlled as a function of
m with Xy — Y, = R” — 5], hence

1Xe = Yillp < IR [lp + [15:" (1,

o™ m
STo wllalllléollp + 1Yol
spm
<27 wl\allllﬁol\p

thus, Y; = X; a.s.

We also consider the following extension of equation (1) to random fields
{Xt}iezr:
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Lemma 2.1 Assume that a; are m X d-matrices now defined for each j €
ZP \ {0}. Fiz an arbitrary norm ||-|| on ZP. We extend the previous function
A to A(z) = 3252 llasll, A = A(1) and we suppose with p = oo that ¢ =
Alléolloe < 1. Then the random field

X = §t a+ Z Z T Z aj1§t*j1 o 'ajkgt*jlf“'*jka (4)

k=110  ji#0

is a solution to the recursive equation:

Xe=6& a—i—Zant,j , teZ”. (5)
70
Moreover, each stationary solution to this equation is also bounded and equals
X, a.s.

The proof is the same as before, we first prove that any solution is bounded
and we expand it as the sum of the first terms in this chaotic expansion, up to
a small remainder (wrt to sup norm); the only important modification follows
from the fact that now j; + - - + j¢ may really vanish for nonzero j;’s which
entails that the bound with expectation has to be replaced by upper bounds.

Remark 2.2 In the previous lemma, the independence of the £’s does not
play a role. We may have stated it for arbitrary random fields {&;} such that
I€lloe < M for each t € ZP; such models with dependent inputs are inter-
esting but assumptions on the innovations are indeed very strong. This means
that such models are heteroscedastic but with bounded innovations: according
to [14], this restriction excludes extreme phenomena like crashes and bubbles.
Mandelbrot school has shown from the seminal paper [15] that asset prices
returns do not have a Gaussian distribution as the number of extreme devia-
tions, the so—called “Noah effects”, of asset returns is far greater than what
1s allowed by the Normal distribution, even with ARCH-type effects. It is the
reason why this extension is not pursued in the present paper.

3 Approximations

This section is aimed to approximate a sequence {X;} given by (3), solu-
tion to eqn. (1) by a sequence {X;}. We shall prove that we can control the
approximation error F||X; — X;|| within reasonable small bounds.

3.1 Approximation by Independence

The purpose is to approximate X; by a random variable independent of Xj.
We set
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Xt =& |a+t Z Z a“jlgt_jl e ajké-t—jl_"'_jka

k=1 g1+ +jr<t

Proposition 3.1 Define ¢ from (2). A bound for the error is given by:

t—1
~ _ t t
BIX, - X < Bl (Eum Skt (1) + 1?—¢> Jal.
k=1

Furthermore, we have as particular results that if b, C > 0 and q € [0,1), then
for a suitable choice of constants K, K':

El|IX, — X < K(log(tt#, for Riemannian decays A(z) < Cx~°,
' s K'(qV @)Vt, for geometric decays A(z) < Cq°.

Remark 3.1 Note that in the first case this decay is essentially the same
Riemannian one while it is sub-geometric (like t — e’c\/z) when the decay of
the coefficients is geometric.

Remark 3.2 In the paper Riemannian or Geometric decays always refer to
the previous relations.

Idea of the Proof. A careful study of the terms in X;’s expansion which do
not appear in X, entails the following bound with the triangular inequality.
For this, quote that if j; + --- + jx > t for some k& > 1 then, at least, one of
the indices ji, ..., or jg is larger than ¢/k. The additional term corresponds
to those terms with indices k& > ¢ in the expansion (3).

The following extension to the case of the random fields determined in
lemma 2.1 is immediate by setting

oo
Xe = gt a+ Z Z ajlgt*jl o 'ajkgt*jlf'“*jka
k=1

,,,,,,

Proposition 3.2 The random field (X;),czp defined in lemma 2.1 satisfies:

- 3 |l ol
BIx - %l < Blel (lole 3 w04 (L) 4 20 )
1<k 4

3.2 Coupling

First note that the variable X, which approximates X; does not follow the
same distribution. For dealing with this issue, it is sufficient to construct a
sequence of iid random variables £ which follow the same distribution as the
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one of the &;, each term of the sequence being independent of all the &. We
then set

- {ﬁéift co MAXS =& |at Y Y @& b

k=1j1,--,Jk

Coefficients 7+ for the 7—dependence introduced by Dedecker and Prieur [6]
are easily computed. In this case, we find the upper bounds from above, up
to a factor 2:

t—1
. it ¢!
n = E|X, - X; || < 2B] & <E||§0||Zk80k A7)+ 2 @) al;

1
k=1

see also Riischendorf [17], Prieur [16]. These coefficients 7 are defined as
T = 7(0(X;, 4 < 0), X)) where for each random variable X and each o-
algebra M one sets

where IP x and IP y| o denotes the distribution and the conditional distribution
of X on the o—algebra M and Lip f = sup,, | f(x) — f(y)|/l|z — yl|-

T(M, X) = E{ sup

Lip f<1

/ F(@)P x pa(da) — / f ()P (dx)

3.3 Markovian Approximation

We consider equation (1) truncated at the order N: Y; = ft(a—i—Z;-V:l a;Yi—;).
The solution considered above can be rewritten as

XtN =& |at Z Z a’jlgt_jl o -ajkgt_jl_“'_jka

k=1NzZj1,....jk 21

We can easily find an upper bound of the error: B[ X: — XN || < Y7 | A(N)*.
As in proposition 3.1, in the Riemannian case, this bound of the error writes
as C'Y po N7 < C/(N® — 1) with b > 1, while in the geometric case, this
writes as Cq™¥ /(1 —¢"N) < Cq™V/(1—-¢q),0<g< 1.

4 Weak Dependence

Consider integers u,v > 1. Let i1 < -+ < 4y, j1 < -+ < j, be integers with
Jj1—iy = 7, weset U and V for the two random vectors U = (X;,, X4y, - .-, Xi,)
and V = (Xj,,Xj,,...,X;,). We fix a norm || - || on R For a function

h: (Rd)w — R we set

Wz, .. 20) — h(y1, . ..
Llp(h) = sup | (xl’ 75711) (yla 7yw)|
I17y17~~~7ww>yw€Rd Elzl sz - yZH
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Theorem 4.1 Assume that the coefficient defined by (2) satisfies ¢ < 1. The
solution (3) to the equation (1) is 0—weakly dependent, see [{]. This means
that:

[Cov(f(U), 9(V))| < 20| flo0 Lip(g)r,
for any integers u,v = 1, 41 < - <y, J1 < -0 < Jy Such that j1 — iy = 1]

with )
_ k=14 (T "
0, = Bl <E||5o| 3 ket (1) + 7= @) Jall.

Proof. For calculating a weak dependence bound, we approximate the vector

V by the vector V = (Xj,, Xj,,..., X}, ), where we set
o0
Xe=& |a+ Z Z Wjr§t—j * " A&ty —-rji @
k=1j1++jp<s

Note that for each index j € Z, X; is independent of (X;_s)ss,. Note that
for 1 <k <wv, E||Xj, — Xj,|| <6, defined in theorem 4.1. Then

[Cov(£(U), gV < |E (F)(9(V) = 9(V)) = EGU)E@(V) = 9(V)
<2 |g(V) = 9(V)|

< 2[|flloo Lip(9) Y ElIX;, — X, ||
k=1

< 2U||f||oo Lip(g)er'

Remark 4.1 We obtain explicit expressions for this bound in proposition 3.1
for the Riemannian and geometric decay rates.

Remark 4.2 In the case of random fields the n-weak dependence condition
in [8] or [7] holds in a similar way with

olr/2l
L=

llall,

m= 2B | Igollo Y k" A (T) +

k<r/2

which means that the previous bound now writes as

[Cov(£(U), (V)| < (ullglloo Lin(f) + vl flloc Lin(g)) 1r-

The argument is the same except for the fact that now U and V are inde-
pendent vectors with truncations at a level s = [r/2] but V and U are not
necessarily independent (recall that independence of U and 14 follows from
s = r in the proof for the causal case). This point makes the previous bound a
bit more complicated than the one in theorem 4.1 and it explains the appear-
ance of the factor 2 in the expression of n,.
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Remark 4.3 Those weak dependence conditions imply various limit theorems
both for partial sums processes and for the empirical process (see [8], [4] and

[7))-

5 L? Properties

For the univariate case, the uniqueness of a stationary solution to equation
(1) has been demonstrated by Giraitis et al. [12].

We first present an existence and uniqueness condition for the model in
L2. The situation is then no longer necessarily weakly dependent.

Theorem 5.1 Assume that the iid sequence {&:} satisfies E(&) = 0.

Assume that the matrix S = Za%E(f,’c&g)ak has a spectral radius which
k=1

satisfies p(S) < 1.

Then there exists a stationary solution in L? to equation (1) given by (3).

Moreover the solution in L? to equation (1) is unique.

Remark 5.1 e The assumption p(S) < 1 implies & € L? for t € .

o In [11], the example 2 of the bilinear model displays the double long mem-
ory property when the corresponding series o; and [3; are not summable
but -

> (3EG+82) < 1.

Jj=1

As a particular case, the squares of the LARCH(c0) process, example 1,
display long—range dependence as well. Those authors prove that the corre-
sponding partial sums process converges to the fractional Brownian Motion,
appropriately normalized (with normalization >> \/n).

e  Models GARCH(p,q), in example 3, are always weakly dependent, in the
sense of [8].

e Note that [12] and [11] prove that the stationary ARCH(co) model, de-
scribed as example 4 in section 1, is not long range dependent in the previ-
ous sense; more precisely the sequence of partial sums processes, normal-
ized with \/n, converges to the Brownian Motion.

Proof. Step 1: existence. Define T = E(§.€,,). Considering the chaotic solution
(3) and setting

Cilka, ... ko) = &an,Ee—ky -+ Ayt —kge—kp O

we write F(X[X;) = d'E¢j{;a + B = o'Ta + B where
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B= Y EC{,, (k... ke)ay, Ta,Co s, (ka, ... k)
Lk, ke>1
= Z EC{ ., (ka, ... kp)ay, By & kyan, Crp, (Ko, ... ko)
Cky,....ke
= Y EC (ks ko) (Baj, &g & rahy) Coopy (K2 Ke)
£ky,....ke

I
]
&
Q
F

ey kg) (Ea%lfgfklft,klakl) Ct(kg, ceey /{2)

Iy
= Z EO;(kQa'"akf)SCt(kQV"ka)
£k kg
ép(S) Z EC{(kQV"ka)Ot(ka"'akf)
l,ka,..., ke
< E(%a)'(%a) Y _p(S)"  (recursively)

T)

B(XIX)) < aTa+da—T)_ < 6

(X{X1) <a a—i—aal_p(s) 00 (6)
In the previous relations we both use the fact that the & are centered and iid
and the relation v’ Av < v'vp(A) which holds if A denotes a non-negative d x d
matrix and v € R?. This conclude the proof of the existence of a solution in
L2

Step 2: L* uniqueness. Let now X/} and X7 be two solutions to equation (1)
in L?. Define X; = X! — X7, then X; is solution to

Xi = &A;, A= Z axXi— k- (7)
k=1

Now we use (7) and the fact that X, is centered and thus EX,X; = 0 for
s # t to derive
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.o\ (X _ = ’ ! ’ v
E((X9)(Xi9)) = > 9B (X _sai_yTar kK1) g
k=1

- Zg’E (Xgag_kTat_kXO g
k=1
=J¢'FE (X{Sf(t) g

= B ((%19)'5(Xag))
< o(S)E ((Xug) (%i9))

From equation (6), this expression is finite and thus the assumption p(S) < 1
concludes the proof.

Remark 5.2 The proof does not extend to the case of random fields because
in this case the previous arguments of independence cannot be used. In that
case we cannot address the question of uniqueness.

The previous L? existence and uniqueness assumptions do not imply that
>_j>1llajll < oo, thus this situation is perhaps not a weakly dependent one.
Giraitis and Surgailis [11], prove results both for the partial sums processes of
X; and X? — EX?. In our vector case the second problem is difficult and will
be addressed in a forthcoming work. However X; is now the increment of a
(vector valued-)martingale and thus we partially extend Theorem 6.2 in [11],
providing a version of Donsker’s theorem for partial sums processes of {X;}.

Proposition 5.1 Assume that the assumptions in theorem 5.1 hold. Then
Sn(t)/\/VarSy(t) converges to ZW(t), if Sn(t) = 32 <icpns Xi for 0 <t <1
and where W (t) is a R® valued Brownian motion and X is a symmetric non
negative matriz such that X? is the covariance matriz of Xo. The convergence
holds for finite dimensional distributions.

Remark 5.3 o The convergence only holds for any k-tuples (t1,...,t;) €
[0,1]% and since the section is related to L? properties we cannot use the
tightness arguments in [11] to obtain the Donsker theorem; indeed tight-
ness is obtained through moment inequalities of order p > 2. LP existence
conditions are obtained in [11] for the bilinear case if p = 4; the method
is based on the diagram formula and does not extend simply to this vec-
tor valued case. A bound for the moments of order p > 2 of the partial
sum process Sy (t) can be obtained using Rosenthal inequality, Theorem
2.11 in [13], if E||X||P < oo. This inequality would imply the functional
convergence in the Skohorod space DI[0,1] if p > 2.

o If E&y # 0 (as for the case of the bilinear model in [11]), we may write

X, = AM; + E& (a + E;’;l ant_j) where
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o0
AM; = (& —B&) | a+ > a;Xi
j=1

is a martingale increment. This martingale also obeys a central limit the-
orem. then, -
n"28,(t) — TW(t),

where W (t) is a vector Brownian motion, where 'Y = X. If E&y = 0 this
is a way to prove proposition 5.1, which is a multi-dimensional extension
of the proof in [11].

For the case of the bilinear model, Giraitis and Surgailis also prove the
(functional) convergence of the previous sequence of process to a Fractional
Brownian Motion in [11]. For this, Riemannian decays of the coefficients
are assumed. The covariance function of the process is also completely
determined to prove such results; this is a quite difficult point to extend to
our vector valued frame.

o A final comment concerns the analogue for powers of X: which, if suitably
normalized, are proved to converge to some higher order Rosenblatt process
in [11] for the bilinear case. We have a structural difficulty to extend it; the
only case which may reasonably be addressed is the real valued one (d =1),
but it also presents very heavy combinatorial difficulties. Computations for
the covariances of the processes (X[F)iez will be addressed in a forthcoming
work in order to extend those results.

Acknowledgements. The authors are grateful to the referees for their valu-
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