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Abstract. Philippe et al. [9], [10] introduced two distinct time-varying mutually invertible fractionally inte-
grated filters A(d), B(d) depending on an arbitrary sequence d = (d;);cz of real numbers; if the parameter
sequence is constantd; = d, then both filters A(d) and B(d) reduce to the usual fractional integration oper-
ator (1 — L)~“. They also studied partial sums limits of filtered white noise nonstationary processes A (d)s,
and B(d)e; for certain classes of deterministic sequences d. The present paper discusses the randomly frac-
tionally integrated stationary processes X [A =A(d)g; and X [B = B(d)e; by assuming that d = (d;,t € Z)
is a random iid sequence, independent of the noise (&;). In the case where the mean d=Fdye 0,1 /2),
we show that large sample properties of X4 and X5 are similar to FARIMA(0, d, 0) process; in particular,
their partial sums converge to a fractional Brownian motion with parameter d + (1/2). The most techni-
cal part of the paper is the study and characterization of limit distributions of partial sums for nonlinear
functions /(X [A) of a randomly fractionally integrated process X tA with Gaussian noise. We prove that the
limit distribution of those sums is determined by a conditional Hermite rank of 4. For the special case
of a constant deterministic sequence d;, this reduces to the standard Hermite rank used in Dobrushin and
Major [2].

Keywords: first keyword, second keyword, third keyword, very long keyword, very long keyword, very
long keyword.
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1. INTRODUCTION

Philippe et al. [9] introduced time-varying fractional filters A(d), B(d) defined by

A@x, =) ajOx—j, B@xi=» bj)x, (1.1)

Jj=0 Jj=0

I'The research was partially supported by the bilateral France—Lithuania scientific project Gilibert and
the Lithuanian State Science and Studies Foundation, grant no.T-10/06.
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where d = (d;,t € Z) is a given function of ¢ € Z, and ao(t) = by(¢t) :=1,

- (S (Y
b(t) = (dtlf1>(d17j2+ 1><dz—j;1 +2>m(dz24;j — 1>, i>1.03)

If d, = d is a constant, then A(d) = B(d) = (I — L)~ is the usual fractional inte-
gration operator (Lx; := x;_; is the backward shift). Let a; (1), b; (1) be defined as
in (1.2), (1.3), with d = (d;);cz replaced by —d = (—d;);c7z. For arbitrary sequence
d = (d;);ez such that d, € Z (Vt € Z), the coefficients in (1.2), (1.3) satisfy the ortho-
gonality relation

D b an—jt— )= a; Obajt — j)=5y.

Jj=0 Jj=0

In other words, the filters A(d), B(—d) are mutually inverse: A~ = B(—d),
B(d)~! = A(=d) (see Philippe et al. [9], [10]). The above mentioned papers stu-
died long memory behavior and partial sums limits of nonstationary processes X ;4 =
A(d)e, X ,B = B(d)g;, where (g;) is a white noise, for certain classes of deterministic
sequences d admitting (possibly different) Cesaro limits d, d_ at +00, —00, respec-
tively, and showed that the limit behavior of partial sums of X ;4 and X ,B essentially
depends on the limits d , d_ alone.

The present paper studies long-memory properties of the randomly fractionally in-
tegrated processes

oo oo
XP =Y "ajwe—j, XP:=>)"bjne (1.4)
j=0 j=0

where (g;,t € Z) is an iid white noise, a;(t),b;(¢) are given in (1.2)-(1.3), and
d = (d;, € Z) is an iid sequence with mean d = Ed, € (0, 1 /2) and finite variance
(the sequences (&;,t € Z) and d = (d;, € Z) are assumed mutually independent). Then
(X;“), (X,B) in (1.4) are well-defined, strictly stationary, and ergodic processes. We
show in Section 1 that long-memory properties of X4 and X? are very similar to
FARIMA(0, d, 0); in particular, partial sums of X A and X5 converge to a fractional
Brownian motion with Hurst parameter H =d + (1/2) € (1/2,1).

The main objective of the present paper is to study long-memory properties of non-
linear functionals (h(X ;4)),62, (h(X tB )tez of stationary processes in (1.4). There is a
large literature concerning limit theorems for instanteneous nonlinear functionals of
Gaussian and linear processes with long memory, see, e.g., Dobrushin and Major [2],
Taqqu [15], Ho and Hsing [6], Surgailis [13], and the references therein. Consider

a linear process Y; = Z?io aje;—j with slowly decaying coefficients a; ~ co ja-1
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(co #0,d € (0,1/2) and iid innovations (&;) ~ iid(0, 1). It was shown in these papers
that the limit distribution of suitably normalized partial sums processes ZEZI] h(Y;) is
determined by the Appell rank of the nonlinear function #, or the integer

d*Eh(Yy + x)

k. ::min{k}l: ok

” o}, (1.5)
x=0
under some additional moment and regularity conditions on 4 and &g.

Note that, for Gaussian processes (¥;) (with Yy ~ N (0, 1)), the Appell rank in (1.5)
coincides with the Hermite rank, or the smallest k > 1 with ¢; # 0 in the Hermite
expansion h(x) = Z/?io cx Hi(x)/k!. Under the long memory condition k,(2d — 1) <
1, the limit of partial sums of i(Y;) is a so-called Hermite process of order k, (see
Section 2 for definition).

To study the asymptotic behavior of nonlinear functionals of “random FARIMA”
processes in (1.4), we assume that the iid sequence (d;) is bounded and the iid sequence
(&;) is Gaussian; moreover, our discussion is limited to the process (X ;4). Extensions to
more general (d;), (¢;), and the filter (X tB) are possible but not easy. The assumption of
conditional gaussianity allows us to use conditional Hermite expansions and simplifies
estimation of remainder terms. Our main result, Theorem 3.1, states that the limit
distribution of partial sums ZEZIJ h(X ;4) is determined by the integer kf :=minfk >
1: B #~ 0}, where ;s are defined via conditional Hermite expansion of 4; it turns out
that, under certain regularity conditions, the integer kf can also be defined as

d"ER(X} +xQ(0))
dxk

k;‘:mm{k> I:

x:O;éO}, (1.6)

where  Q(0) := lim;00a;(0)/¥;(d), and Y72 ¥;(d)L! = (1 — L4 s
FARIMA(O, d, 0) filter. While &, in (1.5) and kf in (1.6) look similarly, the former
quantity is expressed via the marginal distribution of (¥;) at + = 0 alone, and the latter
involves the joint distribution (X()“, 0(0)); moreover, the derivative in (1.6) does not
seem to be related to any polynomial expansion of 4.

2. LINEAR FUNCTIONALS

Everywhere below, (g,t € Z) ~iid(0, 1) is a standard iid sequence of rv’s with
zero mean and unit variance, and d = (d;, € Z) is another sequence of iid rv’s, with
mean d = Edy and variance o2 := E(dy — Edy)? < oo; the sequences (&;);cz and
d = (d;);c7 are assumed mutually independent. Let §; := d; — [Ed; denote the centered
iid rv’s. We also assume thatd; ¢ Z_ := {0, —1,—2,...} as.

Let ¥;(d), j = 0, be the FARIMA(O, d, 0) coefficients defined by (1 — )4 =
Z?io Y (d)z’ . Recall that, for 0 <d < 1 /2, the autocovariance of the process Y; :=

(1 — L) %¢, decays as t>~!, more precisely,

I'(l1 —2d)

2d—1 -1
F@ri—a' (1+00¢™h) 2.1

EYoY: =) ¥y (d) =

j=0
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(see Hosking [7] and Kokoszka and Taqqu [8]). Introduce the Hermite process of order
k=1,2,...:

1 rk _
Ji(7) ::W/Rk {/0 i]:[(t—ui)i Lar | W(dun) . W(dn),  22)

1

given by a k-tuple It6-Wiener integral with respect to a standard Gaussian white noise
W (ds) with zero mean and variance ds; ufi[l :=u?~! foru > 0, := 0 otherwise. The
process Ji in (2.2) is well defined for 1 < k < 1/(1 — 2d) and is self-similar with
index H=1-(1— 2§)k/2. The process Jj is a fractional Brownian motion (up to
the constant E!/ 2J12 (1)). Other properties of J; in (2.2) including the expressions for
Esz(l) can be found in Taqqu [15].

THEOREM 2.1. (i) Let d < 1/2. Then the series X;“, XtB in (1.4) converge a.s. and

in L? for all t € Z and define strictly stationary and ergodic processes with zero mean
EXA =EXZP =0 and respective covariances

oo o.¢]
EXg X! =) Eajaryj, EXFXP =Y Ebjb,;.
j=0 j=0
(i) Let 0 < d < 1/2. Then

EX{ XA =EYoY,(1+0¢ " ogr)), EXEXE =3REY,Y,(1+00%) (2.3)

as t — oo, where EYyY; is the autocovariance of FARIMA(Q, d,0) (see (2.1)), and the
constant c%; is given in (2.8) below. Moreover,

B [N7] _
N0 ST XA s i el (o), 24)
t=1
B [N7]
N*d*(l/z) Z XtB — D[0,1] C(L?)CB Ji(7), (2.5)

t=1

where (J1(t), T > 0) is a fractional Brownian motion with (Hurst) parameter H =
(1/2) +d (see (2.2)).

Proof. (i) Assume first that d ¢ Z_. Define

. a;— (1) i du
0ats,1) = = 5 = I1 (1+—g+t_u_1) (s <1), (2.6)

s<u<t
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d by (t 8
Op(s,1) = Ao ® I1 (1+_—“) (s <t—1), 2.7)
dt*lwtfé‘(d) S<u<t71 d+u_s+1

Op(s,s + 1) := 1. The expectations

2
o
EQ3en= [] (1+=—2—) <
2
s<u<t d+t—u—1
]EQZ(S t): 1_[ +_U—2><C2
o s<u<t—1 (d+u_s+1)2 ’

are uniformly bounded in s < ¢ by finite constants

2 2

A ::1_[<1+(jj_—i)2>’ % ::1_[<1+(jj_—i)2>’ (2.8)

i>0 i>1
respectively. Therefore,
Ea; (1) = Y ((EQ}(s.1) < c3¥7(d),
Ed? | a2
d

+02 -
)EQG () < v (@,

EbL (1) =¥ @(

implying Z?io Ea?(l) < oo and Z?io Eb? (t) < oo by the well-known property of
FARIMA coefficients and, thus, the convergences of the series in (1.4). The stationarity
and ergodicity properties of these series are easy. This proves part (i) ford ¢ Z_. In
the case d € Z_, the above argument requires minor modifications.

(ii) Consider the covariance of X4. Using EQ 4 (s, t) = 1, similarly as in the proof
of (i), one has

EXG X} =) ¢ @y s(d)EQA(s.0)Qa(s. 1) =EXoY; + R},
s<0
where
J 2

AN (TVAA Afpy— o _
R: ._jgle(d)wtﬂ(d)zxj(t), A%): E<l+(c¥+i—1)(c?+t+i—l)> 1.

Note that sup; ., |A;‘(t)| =0@¢! logt); indeed,

2

j
o
1 <1+ A%(0) <ex E log(1+ — =
1 p{izl 2( (d+i—1)(d+t+i—1)>}
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J 2
<eXp{g(dJﬂ—1)(d+r+z—1)}

2

> logt
exp{ ;l(t+l)}_exp{0(logt/t)}—1+O< ; )

Then RtA = O(tz‘z’2 logt) (see (2.1)), proving the first asymptotic in (2.3). Next,

EXEXE = 3 v @ s @EQ5(5, 0005, 0= 1 oy ()
s<—1
=3 EY,Y, + RZ,
where RS := Z?io wj(ci)wtﬂ(cf)Af and
j—1 2 2 00 2
AP =TT (14 =2 {1 VT (1+—=2— _1} > 1),
j ,Dl( o +d<d+j>>[£[j< ) D

Ag =1- c%;, satisfy Af =0(j 1. From this RtB = O(t‘z’l) easily follows, proving
the second asymptotic in (2.3).
To show (2.4), decompose X A=y, + Z, , where

=Y Ui d)(Qalt — j.1) —EQa(t — j,1)e:

j=0

is a short-memory process satisfying Zt 1 ZA Op(N'/?), which follows by eval-
uating the covariance cov(Q 4(s,0), Qa(s, t)) (s <0< ¢) similarly as above. Then
the convergence of finite-dimensional distributions in (2.4) is immediate from the cor-
responding convergence of FARIMA process (Y;), and the tightness follows by the
Kolmogorov criterion using the fact about the covariance of (X ;4) in (2.3). The proof
of the tightness part in (2.5) is completely analogous; however, the convergence of
finite-dimensional distributions is a little more complicated. Namely, one represents
XBasxB=vP+ 7B, where YP = dos<t Vs (d)eB is FARIMA(O, d, 0) process in

strictly stationary backward martingale difference innovations (& f ) defined by

1)
B || s+j—1
e, =€ §,00) =¢& 1—|— )
K sQB( ) sj>1< > ]

with variance E(SB )2 = c%; given in (2.8). The fact that finite-dimensional ditributions

of partial sums of (YtB ) tend to those of the limit process in (2.5) can be easily proved
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using the scheme of discrete stochastic integrals as in Philippe et al. [9], [10]. The
“remainder term” Z,B in the above decomposition of X tB is given by

— (P eyt =D Vies@Qp(s, 085+ ) Wi (@d)(Q(s,1) = Qp (5, 00)ey.

s<t s<t

The proof of the relation Zz 1 Z; B — Op(N'/?) follows using similar argument as in
the proof of (2.3), and we omit the details for the sake of brevity. This completes the
proof of Theorem 2.1.

3. NONLINEAR FUNCTIONALS

In this section, we study long-memory properties of nonlinear processes (h(X tA)),Ez,
where & is a real function such that Ehz(X(‘)“) < 00. As noted in Introduction, the
discussion is limited to the process (X ;4) in (1.4), so we omit the superscript “A" in
the following notation, i.e., we write X; = XtA, O(s,t) = Qa(s,t), etc. Because of the
difficulty of dealing with nonlinear functionals, the assumptions on (d;) and (&;) now
are strenghtened as follows.

Assumption 1. The sequence (&;) is iid N (0, 1)-distributed. _

Assumption 2. The sequence (d;) is iid, independent of (g;), with mean d €
(0, 1/2) and finite variance o2 = var(dy) < 0o; moreover, there is a constant D < 0o
such that

6| <D a.s. (3.1
We use the following notation: ; := ¥ ),

o0

0(1) i= (00, 1) :1—[(

d+z—1> ©2)

o] o] 00 Jj .
A=Y a0 =Y 0% ot =Y W] (1+ —=—)" 33)
j=0 =0 =0  i=1 d+i—1

Also, let D, :=o{ds: s <t} and D :=\/, D; denote the sigma-algebras generated
by the iid sequence (d;). From Assumptions 1 and 2 it follows that the process (X;)
in (1.4) is a conditionally Gaussian process given the sigma-algebra D, with zero
conditional mean and the conditional variance A%(7), i.e.,

E[X;|D]=0, E[X?|D]=A2%@).

For any A > 0 and any real function i(x), x € R, with Eh2(X) < 0o (X ~ N(0, A%)),
we can write the Hermite expansion

>\ g (A)

hx) = il

k=0

Hi(x; A), (3.4
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where

gr(A) = A"FE[h(X) H (X A)]
1

.2 2
— m/h(x)Hk(x;A)e /247 4y, (3.5)
T R

and Hi(x; A) := AYH, (x /A), k > 0, are Hermite polynomials with standard devia-
tion A > 0; Hi(x), k > 0, are standard Hermite polynomials with generating function
3% 2K Hi(x)/k! = ¢¥5='/2_ Finally,

B :=E[g(A0)0* ], k=0,1,..., (3.6)
where g (-), A(0), and Q(0) are defined in (3.5), (3.3), and (3.2), respectively.

THEOREM 3.1. Let Assumptions 1 and 2 be fullfilled. Let h: R — R be a measur-
able function such that
E|h(BXp)|* < o0 (3.7)

for some B > 1 and a > 2. Let kf be the smallest integer k > 1 such that By # 0:
k :=min {k > 1: B #0}, (3.8)
and let (1 —2d)k < 1. Then

[N7]
V(KA 12— IBk,/j
N2k /2)—1 § :(h(X;) —Ehr(X:)) = pio.1 ij?(r), 3.9
el

t=1
where Ji(t) is a kth order Hermite process given in (2.2) with d = d.

Remark 3.1. We show in the proof of Theorem 3.1 below that the coefficients
Br (3.6) are well defined for any k > 1. Moreover, as noted in Introduction, under
additional conditions on the function /(-), these coefficients can be identified with the
derivatives in (1.6), i.e.,

_ d*Er(Xo +w0(0))
o dwk w=0.

k (3.10)

Indeed, Xg =jow A(0)Z, where Z ~ N(0, 1) does not depend on (A(0), Q(0)) =

(A, Q). Then, assuming that the differentiations and integrations by parts below are
legitim, we can rewrite the right-hand side of (3.10) as

b —2%/2 ©
(/RMRM/RMAHwQ)e dz[P’(dA,dQ)) ‘w=o
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Qk / k) -2
= = | W™ (A7e ¥ /?dzP(dA, d
~/1R+><R «/E R ( Z)e ¢ ( Q)

o* / 2
= —= | h(A)H Z/1247P(dA, dQ) = Be:
/}MR =7 | AP azPA, 40) = by

see definitions (3.6), (3.5).

Remark 3.2. Condition E|A(BX()|* < oo (B > 1) entails E|h(X()|* < oco. In-
deed,

Elh(BXo)|* = E [R(BA(O)x)| e /24O gy

1
V27 A0) /

1 a_—x2/2B2A%(0
:E—/ h(A0)x)| e/ O gy
V27 BA(0) | |

-1

1
S BE—— /
V27 A(0)
or E|h(X0)|* < BE|h(BXo)|* < .

(4O [*e™ 24O dx = BE|A(X0) "

The proof of Theorem 3.1 follows technical lemmas discussed in the following
section. In these lemmas, Assumptions 1 and 2 are imposed without explicit reference
to them. On the other hand, some of these statements hold under weaker conditions
without the assumption of gaussianity of (&;) or boundedness of (d;).

4. SOME TECHNICAL LEMMAS
Recall from (2.6) the definition Q(t — j, 1) = Q;(¢), i.e.,
J Or—i

i(H=a; = 14— > 1), =1
0,1 =a;)/¥; E(+d+i_1) G=D. Qo)

LEMMA 4.1. Foranyt € Z, Q j(t) — Q(t) (j — 00) a.s. Moreover, for any p > 2,
there exists a constant C = C, such that, for any t € Z and j > 0,

EIQ;1IP <C, EA*@®)<C (4.1)
and such that
E[Q;() — 00)|" <CjP>. (4.2)
Proof. Denote
8

E=0,10)—Q,;(t)=0Q;() dl}l
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Note that the random variables (§;);>1 are orthogonal (in fact, they are martingale
differences) and, therefore,

Jj
Qi) =14 & (4.3)

i=0

is the sum of orthogonal rv’s. According to a result of Stout [11], the series (4.3)
converges a.s., provided that

> log® (jHEE; < 0. (4.4)
j=1
In our case,
&} = o EQ3 (), 4.5)
J (d + )2 )

where

2

J
EQ(t)_l_[E(1+d+l_1> ]_[( m) <C (46

i=1

is bounded. Therefore, (4.4) holds implying the first part of the lemma.

Let us prove the first bound in (4.1). We shall need the following general inequality:
forany p >2,0 <é < 1,and any rv § with [E§ =0, E|§|? < oo, there exists a constant
C = C), such that

E|l 4+ ad|? <1+ Cd>. 4.7

Indeed, write E|1 4+ ad|? = Zk 1 Jk, where Jp :=E|l + aé|PI(aé < —1), Jp:=
E( + ad)?1(—1 < as < —1/2), J3:=E(1 4+ ad)PI(jad| < 1/2), and Js :=E( +
a8)PI(as > 1/2). Then J; Elad|? < Ca?, Jo» < P(lad] > 1/2) < 4a*Es? <
Ca?, J; < CElad|? < Ca?, and

J3 =1+ paBsI(las| < 1/2)+0(a?) = 1— paBsI(|as| > 1/2)+0(a?) = 1+0(a?),

since E|8|1 (Jad| > 1/2) < CaEs? < Ca?. This proves (4.7).
Applying (4.7) with a = ﬁ, & = &;—;, we obtain

E|Qj<r>|P—]‘[E\1+d+l_1\ ﬁ( )

i=1

and, thus, prove the first bound in (4.1).
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Consider the second bound in (4.1). Since A2(r) = Z?io Q% (t)lﬁ?, the Minkowski
inequality and the previous bound together yield

o o0
1 1
(ELAZ01) " <Y v EIQT M) <CY v <C.
Jj=0 j=0
It remains to prove (4.2). In the case p = 2, we immediately get
) o¢] 2 o.¢] o
E(Q0) - ;) =E(Y &) =Y E&Z<Cy j2<cj!
i=j i=j i=j

due to (3.5) and (3.6).
Let p > 2. Since (§;) is a martingale difference sequence, by the Biirkholder in-
equality we have

o0
"<em(Y8)”

i=j

oo
EIQ®) - Q)P =E| &
i=j
By the Holder inequality, we have
o¢] o _ _
Y=Y +d) i+, 070)
i=j i=j

< (o) (S v a P aieor)

i=j i=j

- = 2/p
<Y+ DS 10i017)
i=j

Therefore, using (4.1), we get
e -
E|Q() - Q;0)|" <Cj™' Y i +d) PPEIs i1 IP1Q:i (1)
i=j

oo
<CjTIY i+d <R,
i=j

proving the lemma.
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LEMMA 4.2. Let p;, ki 20, q; €Z, i = 1,2, be given integers, and let
91(1) == AT (D) QY (OMi(A®), (438)
where
M;(A) = /R h(x)xkie™ /24 4. (4.9)

Then there exists a constant C = C(k;, p;i,qi,i = 1,2) < oo such that, for any t €
Z, jr, j2» =0,

|cov(¢1(1), $2(0))| < Ct ' logr.

Proof. Write the telescoping expansion

¢i(l)—E¢i(l)=iUi(t,j), (4.10)
j=1
where
Ui(t, j) =E[¢i(OIDs—;] — E[i (1) | Ds—j1]
- /R h)xk dx (B[A% () 0™ (e 240 | D, )]
—B[A% () Q" (e X0 | D, ]).
By orthogonality,

o0

[cov(@1 (1), 20| = | Y E[U1 .1 + U0, )]

=1

<Y (BUFG, 1 + ) P (EUR0, )2,

j=1
Thus, the lemma follows from the bound

EUA(t, j) < Cj 2 4.11)
Fix ¢, j,i; then with k =k;, p = pi,q = q;, U(t, j) = U;(¢, j), by definition we have

U, j)=E[V(, )HIDi—;], (4.12)
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where
Vi, j) = /R h(x)xk dx (A‘I (1) QP (1)e*124%0
—E[A1(0 Q" (e PO F ) @13)
and Fy =0 {8,: u #s}. With § :=§,_;, write also
j—1

k 5,_; 2

+(1+#)2iw,§ ﬁ (1+_5’—f")2
d+j—1) & LN dri-]
=af+(1+ m‘j—._l)zag, (4.14)
AXt) = AX(1)|,_y = o} + o, (4.15)
0(1) == 0()|,_y= ]o_o[ (1+5t—”) (4.16)
it dEi—1

where o is o{d,: u >t — j}-measurable, and o, is o{d,: u <t — j}-measurable.
Then

0(x, j) = AU QP (Ne ™ /PP’ O _E[A9(1) QP (e A0 | F,_]
= 9/(X,j) _9//(X’j),

where

0/ (x, j) 1= AL QP (1) A0 — A4(1) GP (e P40

0" (x. j) = E[AT() QP (e P 0 — A1 (1) 0P (e 20 | 7, _)].
We shall prove the bound

0, HI < Ci 1 +xD)A9(1)| D (1) |Pe= /B2, (4.17)

It suffices to prove (4.17) for 6’(x, j) only, as then the corresponding bound for
0" (x, j) is immediate. Clearly, (4.17) follows from

|efx2/2A2(t) _ efx2/2A2(1)| < Cj71x267(x/B)2/252(t), (4.18)
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|A4(t) — A1(n] < Cj~ A1), (4.19)
|0P(1) — 0P ()| < Cj QP (1)), (4.20)

which will be shown below.
According to (3.1), for any B > 1 (arbitrary close to 1), we can find jy > 0 such
that, for any j > jo,

B2< inf (I1+u)?< sup (14u)>< B> (4.21)
lul<D/j [u|<D/j

Clearly, this implies

sup e X2+ 1+0’0)  o—(x/B)}/24%0) (4.22)

lu|<D/j
and
BT2A%(1) < A%(t) < B2A%(r), B7UQ()| <|10()| < BIO()|. (4.23)

Let us prove (4.18). We have
x2 x2
=|expy — —exp} — ———— ‘
‘ p{ 2(01%4—(1 +Z)2a%)} p{ 2(a%+a%)}

2

= ‘ /OZ (eXP{ B 2(0[%4- ()lc—l-u)za%) });du

where 7 :=8/(d + j — 1). Using the expression of the derivative

2 2 2 A2
X242 _ o—x2/24%(0)

’

2 2

(ex {— il }>/ =ex {— * } “%x2(1+”)
@ T arwad e Pl 2@ 1 (At wrad) ) @ + (L + 02l

and estimating the right-hand side of the last equation by means of (4.22) and (4.23),
relation (4.18) easily follows.
Next, with z =68/(d + j — 1),
A9(t) — A1) = (o} + (1 +2)23) " — (@} + a})4/?

¢ (q-2)/2
=(q — 2)a%/ (a% + (1+ u)zoz%) 4 (1+u)du,
0

and so (4.19) easily follows from (4.23). Finally, since Q(t) = Q(t)(l + 2), (4.20) is
immediate from (4.23). This proves (4.17).
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Next, from (4.17) and (4.13) we obtain
Ve DI Ci A1 0017 [ 1heol(1 + 1x|FH2)e=C/B? 2420 gy
| DI<Cj Q)] | | x|
R

and so
EU*(1, j) <EV3(t, j)

< CJZE[AZ"(t)IQ(t)IZ"( /R )| (1 + x [FF2)e 6/ BY2450 dxﬂ,

where we used the fact that, for all sufficiently large j > jg, one has A%(1) < A%(1) by
(4.14)—(4.15).
Let 1/a 4+ 1/a’ = 1, where a > 2 is from (3.7) of Theorem 1. By the Holder in-

equality, I := f [h(x)|(1 + |x|k+2)e’()‘/3)2/2‘52(1) dx < Ill/alzl/a/, where

1 29 4200 R2
I = ———— | |h(x)|%e ¥ 2PA OB 4y —E[|h(BX)|* | D],
1 MA(t)B/I()I [Ih(BX)[" | D]

b= (V2r A@t)B)"" / (14 [x[(H2)" 22208 g
and I < CA'(¢) for suitable » > 0O (r can be explicitly found). Therefore (with g =

2qg +2r/a’),

E[4%(0)| 00 1*] < B[4T (0|00 1]

< (B (E[(A‘?(t) | Q(t)|2p)(a/(a,2)>(a72)/a,

where the last expectation is finite by Lemma 4.1, and E/; < oo by condition (3.7).
Lemma 4.2 is proved.

LEMMA 4.3. Forany e > 0andr > 0, there exist Ny > 0 and ro > 0 such that, for
all N > Ny, the inequalities

|aj )] < j9TOY VIKIKN, V> (ogN)®, (4.24)
oo -
Z |aj(t)aj+s,t(s)| s — 1294971 vI<r<s<N, s—t> (logN)"0 (4.25)
=0

hold with probability not less than 1 — Ne~1ogN)"

Proof. Let € := e/?, e =¢€/2, 1}1' = lﬁj(c? + €’), and Qj(t) = aj(t)/lﬁj =
]_[{:1(1 +(;—; —€')/(d+€ +i—1)). Inview of the assumption that |d;| < D, one can
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choose a (nonrandom) jg > 1 large enough so that |(§;_; — e’)/(c? +§’ +i—1)<3/2
a.s. forall i > jo and ¢ € Z. Then, using the trivial bound |a;(¢)| < D’ a.s., one obtains

j /
= - d—i—€
i) = in (f (1+_—>
10, )] |QJO(>|'14"[ T
i=jo+1
j /
5t,i—6
< Cj ex { —} 4.26
Jo &P Z d+e+i—1 (4.26)
i=jo+1

where Cj, := DY /|y jo |- Introduce the following notation:

Sjo.j = b
l_jOHd—l—e’—l—z -1
! 1
Tjva ::l_40+1 d—l—é’—l—l -1
J
Oy, j = Z((Stfi —€)
i=1

Thus, |Q o< C joeS-/O’-/. We want to evalute the probability of the event

ﬂlgng ﬂj>K0{Sj0,j < 0} or the probability of ﬂlgng ﬂj>K0{|Qj(t)| < Cj )
Let j > Ko (for Kg > 1 specified below). Then

j
O — O ji—1
_ "poo ) ) )
Sjo.j = =€ Tjo.j + Sjo.ko + Z

f,
=Kol d+e+i—1
o j _ at,KO j*l o _
where the last sum equals Trot T Treiks T D imKo+l TroTi—haren: There
L 1"
fore, Sy, ; = Sjo,j + Sjo,j’ where
o7 Ky
S =T S g — ——tKo
JooJ JooJ T 2o Ko T T e

_ Oy i

o il

1j

L= = = .
ol T i e +j—1 Z.ZKZOJrl(d+e’+i—l)(d+e’+i)

1
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Let

J
Qexon= [ [ {‘jlz&i
i=1

< e”}. 4.27)
1<t<N j>Ko

By Bernstein’s inequality for sums of bounded iid rv’s, for any € > 0, one can find
co > 0 and jy such that P(]j~ 1 J 10—l > €’) < e “J holds for all Jj = jo and,

therefore,
P(Qe, ko, n) > 1 — Ne 1Ko (4.28)

holds for all N > Ny and K large enough and some c¢; > 0 independent of N, K.
By the definition of a; ;, on the set Q¢ g, v, one has o, ; < 0 (for all j > Ky
and 1 <t < N) and, therefore, on the same set Q¢ g, n, one has S” < 0 for all

1 <t < N. It remains to evaluate S’ (on the set Q¢ g, N)- Clearly, [Sj0. kol <

z KO
C Zl =i +ll < ClogKy a.s. and |d+ K | < C a.s. for some (nonrandom) constant

C independent of Ko, N. Also, T}, ; > fJOx ldx =log j —log jo (j > jo), and we
obtain

S5 ;< —€'logj+ClogKo+C <0 (4.29)

whenever j > (eKo)C/¢" . Letrg := 2rC/€” and
Ko(N) :=[(log N)" /ey ].

Then j > (eKO(N))C/GN holds for j > (log N)"® and, moreover, c¢; Ko(N) > (log N)"
holds for all N > Ny large enough. We just proved that the inequality

]P’(|aj(t)| < CylFjIVI<I<N.Vj> (1ogN)’0) > 11— Ne~oeM" (430

holds for all N > Ny large enough. The statement of the lemma concerning the event
(4.24) now follows from the fact that C;; lﬁj =Cjl¥; d+ (e/2)] < jd“’1 for all
J > Jjo(d, €, Cj) large enough.

Next, consider the probability of (4.25). By (4.30), for s — ¢t > (log N)"® and N >
Ny, the probability that the following inequalities hold

Y laj)ajps—i(s)]
=0

<Cip Y g +C3 Y WPl @301

0<j < (log N0 j>(log Ny
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is not less than 1 — Ne~(ogN)" Using the trivial bound |a; (¢)| < C2jC3 a.s. for some
(nonrandom) C,, C3 > 0, we see that the right-hand side of (4.31) does not exceed

C4((10gN)r0(1+C3)|s — [|‘z+€*1 +s— t|2(3+€)71> < 2Cyls — t|2(3+e)71

for some (nonrandom) C4 < oo and all |t — s| > (log N)ré, r(’) =ro(1+ C3)/c?. To get
the final bound as in (4.25), we replace the previous rq by r,,. Lemma 4.3 is proved.

5. PROOF OF THEOREM 3.1

Without loss of generality, assume that [E2(X,) = 0. Recall the Hermite expansion in
(3.4). Accordingly, we write the conditional Hermite expansion

ad 1
h(X;) = th(t), hi(t) == ng(A(t))Hk(Xti A@) (=0, (5.1)
k=0 '

which converges conditionally in L? (i.e., with respect to the conditional probability
Pp[-] = P[-|D]) a.s. and, therefore, also unconditionally in L? for all 1 € Z. By the
orthogonality property of Hermite polynomials and using the fact that A%(r) > 1 a.s.,
we have

oo oo

1 1
varp(h(X) = )| =gZ(AM)AY D) >} | —gi(AW), (5.2)
k=1"" k=1 """
covp(h(X). h(X)) = I mar A AN (Y a;0aj4r—)) . 5.3)
k=1"" j=0

Split 2(X;) = h, + h}/, where

hp= Y @), =) (o). (5.4)

0<k<ko k>ko

Let us show that there exist (nonrandom) ky > 1 and r > 0 such that
N o2
E( Y h/) =O(N(ogNY'). (5.5)
t=1

In other words, we want to show that partial sums of () are negligible with respect
to partial sums of (%;) which will be shown below to give the limit law of partial sums
of (h(X;)) as in Theorem 3.1.
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To prove (5.5), split E(Zt 1h”)2 Y1 (N) +2X5(N), where

Ti(N) = > Eh/h!, EH(N):= > Ehh!,
1<t,5<N,|s—t|<(log N)"0 1<t <s<N,s—t>(logN)"0

and where rg > 0 will be determined below. Clearly, |1 (N)| < N (log N)E(h” (O))2
< N(log N)Eh%(Xy). Let us prove 37 (N) =O(N(log N)"). Since kf >1,0<d <
1/2, and (1 — 2&)1@‘;‘ < 1, one can take € > 0 small enough so that 0 < d + € < 1/2.
Choose ko > k2 such that

(1—2(d+e))ko > 1. (5.6)
Let

N(T):= su a;i(t)a (s)
p l<t<E)<N Z | J J+S ! |
s—t=Tt1

By Lemma 4.3, for all € > 0 and r > 0, there exist ro > 0 and Ny > 0 such that, for
any N > Ny,

P(Qen.) i=P(pn(r) < 724971 Vo > (log NY0) = 1 — Ne @V (57

By the orthogonality property,

L= ) Z—EGk(s 0,

s—t>(log N)" k>ko

i k
Gi(s,1) i= (AN AD) (Y ajOaj5— ()

j=0
By the Cauchy—Schwarz inequality,
G (s.0)] < |ge(A()) A* (D g (A(s) A (1)
< %(g%(A(s»AZk(s) + gL (AN AT (1))

and, therefore, by (5.2)

> ElGr(s, O y )

k>ko

2(A(s) A% (s) 2(A)) A% (1)

1
ke S T

k>ko ) k>ko
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1
< EE(VaID(h(Xt)) + varp (h(X,)) 1 (R y ,)-

Next, by using (5.7), E|h(X)|* < oo (a > 2), and the Holder inequality, we have

Evarp(h(X ) (S y ) < EY*Eph(X))* P(QE y )2

< B2/ (Xo)[" (N~ tosN) )4/«

implying

1 r
Y D EIGKE DI ) < CNPH/e2emaloe) = o(N)
k>ko 1<t,s<N

provided that r > 1 + a/(a — 2) was chosen large enough; ¢; :=a/(a — 2) > 0.
Finally, by the definition of Q¢ y ,, fors —¢ > (log N)"® > 1, we obtain

1
> ElGres. 01 (Qcn]
k>ky

1
< ];; TEl @A) AP (s =D (Ren.r)
>ko

b 1
< (Is = 1P 3 S Bl AG)gr(AW)|
k>ky

7 1
< C(ls —1PHOTNO 3T SE(gEAG) + (A1)
k>ky

<Cls — t|7(172(zz+e))k0,

where we recall that ko was chosen so that (1 — 2(d + €))ko > 1. Hence,

1
> > 7 BlGk(s, 01 (Qc ] =0,

1<s,t<N,s—t>(logN)0 k>ko

thereby proving (5.5).
Let us prove that

[Nz]

o Pra
N 2D /2) 12;1; ﬁﬁdiﬁjk?(r), (5.8)
t=1 *
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N 2 _—
2—(1-2d)k
(Y n;) =0(N2-020k), (5.9)
t=1

From (5.1), using the properties and notation of Wick products (see Surgailis [12]), we
have

O, gr(A() o
k
hp=>Y" 0 D aj ) ai 1) ey =Y 260, (5.10)
k=0 ’ k=0 "
where the middle sum is taken over all j, ..., jr =0, 1, .... Next, we decompose each
of the “chaotic” terms Z;(t) as
Zi(t) = Zok (1) + Z1x(t) + Zok (2), (5.11)
where
Zow(t) := Elg(A(0)) QF ()] Hy (Y, W), (5.12)
Zu () = (g (A1) Q" (1) — E[gx (A1) QX ()]) Hy (Y, W), (5.13)

Zo(@) = gk (AN Y (aj (1) -+ aj ()= Q  Ojy -+ Vj)ierjy & jir, (5.14)
where we used the fact that
D Wy ey e o= Hi(Yy, W)

is a Hermite polynomial in the Gaussian FARIMA(0, d,0) process Y; 1= Z?io Vigr—j
with variance W2 := IEYO2 = Z?io W?- Note that Zy,(t) = BrHy(Y;, W) = 0 for
k < kf, according to the definitions of kf in (3.8) and B in (3.6). By (5.10) and
(5.11), the proof of (5.8) and (5.9) reduces to
i [N7] |
NU2DED=UNT (v, W) g J(), 1<k < -, 5.15
D H(Yis W) —aa Ji(r) Y (5.15)

t=1

N 5 ) |
E Hy(Yy; W)) =O(N>U720K) 1 <k -, 5.16
(; i (Yy )) ( ) < Ty ( )
N 2 N 1
E(ZHk(Y,,\IJ)> =O(NlogN). k>———x. (5.17)

t=1

N
E(Zzlk(t)>2:O(NlogN), k>0, (5.18)

t=1
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N
E(ZZZk(t)>2:O(N10gN), k>0, (5.19)

t=1

in view of the fact that k2 < 1/(1 — 2d).
Relations (5.15)—(5.17) are well known (see Taqqu [14]). Consider (5.18). Let ¢, :=
gk (A(1)) Qk (1); then, by independence of (d;) and (&),

cov(Z1x(0), Z1x(1)) = cov(go, ¢r)cov(Hi (Yo, V), Hi (Y, V).
Clearly, the above ¢ is a particular case of (4.8) in Lemma 4.2 yielding cov(¢g, ¢;) =
o ! logt), hence, also cov(Z1(0), Z1x(¢)) = o ! logt) forall k > 0, thus proving
(5.18).

Consider (5.19), which obviously follows from r(¢) := cov(Z,(0), Zy () =
o ! logt). We have

() =K' Eg(AO)g(A®) Y (aj0)--a;0) — Q“ O, - ¥,

X (g, () g () — QX O W)y - Vi)

For simplicity, we consider the case k = 2. Let Qj (1) := Q) — Q) sothata;(t) =
Q@) + Qj (£))¥j. Then ra(¢) can be rewritten as

ra(1) =2 Z Vi ViVt Vit

J1sJ2

where
A ji ol = ‘E[gz(A(O))gz(A(t))(Q(O) 0;,(0) + Q0,0 +0;,(00,,(0)

X (@011, () + QW i jy(O) + Qs jy () Dity (r))]‘

< lg2(A0) 15lg2(AEN 15[ 2(0) 0, (0)+Q(0) 0, (0)+ 0, (0)Q 1, (0)|
x Q) Qrsjy () + QW) 01t jy @) + Oy (1) Qry j, ()]

b/

b/

and where b > 2, 1/b + 1/b’ = 1/2. Let us check that there exists b > 2 such
that E|gk(A(O)|b <oo(Vk > 1). Let 2 < b < a, where a > 2 is the same as in

the formulation of Theorem 3.1. By the Holder inequality, |Eph(X)H (X, AP <

B2 1h(X)|9ES” | Hi (X, A) (1/a+ 1/a’ = 1) and then

E|gi(A0)]” = EA"2 [Eph(X) Hy (X, A)[”
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<EA-MEY 01 EY” | He (X, )
< Eb/a|h(X)|aE(a7b)/a (AkabEb/a/|Hk (X, A)|a/)a/(afb),

where the first expectation on the last line is finite because of condition (3.7) of Theo-
rem 3.1 (see also Remark 3.1), and the last expectation is dominated by E|A|? for suit-
able ¢ < oo and, therefore, is also finite by Lemma 4.1. From Eqgs. (4.2) and (4.1), we

have that ||Qj(t)||p < C]"l/2 and ||Q(®)||, < C forall j, p > 1; hence, the Cauchy—
Schwarz inequality yields

1000, + 00,0+ 0;,0;,00], <C(ii "+ ;')
10 O1sjy )+ QW) Dt jy 1)+ Oy jy (1) Q11 (1))

y <C(E+jD 24 +)713),

and using arguments as in the proof of relation (4.25) and ) =0 [y | < 00, we
finally obtain

OIS C Y Wi vinVien Vi Gy 2+ A (@ + 07 4 @+ 71

J1:J220

=o(t™"),

proving (5.19) for k = 2.
The case k > 2 is considered similarly, but now one needs to use the Holder in-
equality for products of k factors. Now we have

@)=k Y Y Wi Ve Ay

J1ses Jk

The two first factors were already estimated. In the last expression, S(¢) is a sum of
products of Q(¢) and Qj (t) for j=t+ji,...,t+ jr, in which some Qj (t) appears at
least once by using the elementary identity x* — y* = (x — y)(x*¥=1 4 ... 4 yk= 1y,
Exactly the same arguments thus yield this more general result, since ||S(#)|y <
C{(t + ji) "2+ -+ (t + ji)~V/?}. Now we have

J1sees jk 20
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The proof of the finite-dimensional convergence in Theorem 3.1 (3.9) follows from

(5.8) and (5.4), (5.5), (5.9). The tightness in Theorem 3.1 (3.9) follows by the Kol-
morogov’s criterion, or E(Z{%g;hﬂ X)? < CN'tY, y:=1—(1 —253)kf > (, which
follows from (5.4), (5.5), (5.9), and the stationarity of (X;). This completes the proof

of Theorem 3.1.

We end the paper with few examples of nonlinear functions % in which the limit
process in Theorem 3.1 (3.9) is identified.

Example 1. Let /1(x) = x2. Then H(x; A) = x> — A2, g2(A) = 2, go(A) = A2,
Bo = EA2(0), B; = 0, and B, = 2EQ?(0). The same coefficients can be obtain
by differentiating the function Ei(Xo + wQ(0)) = E(Xo + wQ(0))> = EA%(0) +
wZEQZ(O) (see (3.10)). From Theorem 3.1 we obtain that, for 1/4 <d < 1/2,

_[NT]
N2 (X7 —EX}) = pjo. EIQ*0)]12(2),

t=1
where J> is the Rosenblatt process.
Example 2. Let h(x) = x3. Then Hs(x; A) = x3 — 3x A2, g3(A) =6, g2(A) =0,

g1(A) =3A2, go(A) =0, By =0, g =3EA*(0)Q(0), B2 =0, and B3 = 6EQ*(0).
From Theorem 3.1 we obtain that, for0 <d < 1/2,

v
N*d*(l/z) Z X? — D[0,1] 3E[A2(O)Q(O)] Jl (T)’

t=1

where Jj is a fractional Brownian motion. Moreover, if g1 = 3EA2(O)Q(O) =0 and
1/3 <d < 1/2, then

B [Nz]
NN X3 s b E[Q° )] J3(0),

t=1
where J3 is a Hermite process of order 3.

Example 3. Let #(x) = I (x < y) be the indicator function. Then

=\ FO(y/4)

Ix<) =) —55
k=0 )

Hi(x; A),

where F(x) =P(Z <x),Z~N(0,1), and

pi= J%E[e/"z/““” 0" A O H(y/AO)] (k> 1).
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In particular, 1 = Bi(y) = (271)’1/21[5[6’/"2/“2(0) Q(O)/AZ(O)]. From Theorem 3.1
we obtain that, forany 0 <d < 1/2,

) N
N=EUDN (11X < ) = P(X; <)) —1aa LD, (5.20)

t=1

where Ji (1) is a normal random variable. It seems that the convergence in (5.20) can
be extended to a functional convergence in the Skorohod space D(R) with the sup-
topology, using the argument of Dehling and Taqqu [1]. Note that the limit process in
the above equation is degenerate, similarly as in other papers on empirical processes
under long memory (see Dehling and Taqqu [1], Ho and Hsing [6], Giraitis and Sur-
gailis [5], Doukhan et al. [3], [4], and the references therein).
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