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Abstract

In this paper we extend the notion of “filtration-consistent nonlinear expectation” (or “F-
consistent nonlinear expectation”) to the case when it is allowed to be dominated by a g-
expectation that may have a quadratic growth. We show that for such a nonlinear expectation
many fundamental properties of a martingale can still make sense, including the Doob-Meyer
type decomposition theorem and the optional sampling theorem. More importantly, we show
that any quadratic F-consistent nonlinear expectation with a certain domination property must
be a quadratic g-expectation as was studied in Ma-Yao [L1|]. The main contribution of this pa-
per is the finding of the domination condition to replace the one used in all the previous works
(e.g., [A] and [[[4]), which is no longer valid in the quadratic case. We also show that the repre-
sentation generator must be deterministic, continuous, and actually must be of the simple form

g9(z) = (1 + |z])|z|, for some constant p > 0.
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1 Introduction

In this paper we study a class of filtration-consistent nonlinear expectations (or F-consistent non-
linear expectations), first introduced in Coquet-Hu-Mémin-Peng [f]. Such nonlinear expectations
are natural extensions of the so-called g-expectation, initiated in [[[J], and therefore have direct
relations with a fairly large class of risk measures in finance. The main point of interest of this
paper is that the nonlinear expectations are allowed to have possible quadratic growth, and our
ultimate goal is to prove a representation theorem that characterizes the nonlinear expectations
in terms of a class of quadratic BSDEs. We should note that the class of “quadratic nonlinear
expectations” under consideration contains many convex risk measures that are not necessarily
“coherent”. The most notable example is the entropic risk measure (see, e.g., Barrieu and El
Karoui [}]), which is known to have a representation as the solution to a quadratic BSDE, but
falls outside the existing theory of F-consistent nonlinear expectations. We refer to [[]] and [ff] for
the basic concepts of coherent and convex risk measures, respectively, to [[[4] for detailed accounts
of the relationship between the risk measures and non-linear expectations. A brief review of the
basic properties of F-consistent nonlinear expectations will be given in §2 for ready references.
An interesting result so far in the development of the notion of F-consistent nonlinear expec-
tations is its relationship with the backward stochastic differential equations (BSDEs). Although
as an extension of the so-called g-expectation, which is defined directly via the BSDE, it is con-
ceivable that an F-consistent non-linear expectation should have some connection to BSDEs, its
proof is by no means easy. In the case when g has only linear growth, it was shown in [ff] that if

an JF-consistent non-linear expectation is “dominated’ by a g-expectation in the sense that
EX]-EYV]< &YX -], VX,Y e L*(Fr) (1.1)

where g" = p|z| for some constant p > 0, then it has to be a g-expectation. The significance of
such a result might be more clearly seen from the following consequence in finance: any coherent
risk measure satisfying the required domination condition can be represented by the solution of a
simple BSDE(!). In an accompanying paper by Ma and Yao [[[]], the notion of g-expectation was
generalized to the quadratic case, along with some elementary properties of the g-expectations
including the Doob-Meyer decomposition and upcrossing inequalities. However, the representation
property for general (even convex) risk measure seems to be much more subtle. One of the
immediate obstacles is that the “domination” condition ([[.1) breaks down in the quadratic case.
For example, one can check that a quadratic g expectation with ¢ = u(|z| + |2|?) cannot be
dominated by itself(!). Therefore some new ideas for replacing the domination condition ([L.1]) are

in order.



The main purpose of this paper is to generalize the notion of F-consistent nonlinear expecta-
tion to quadratic case and prove at least a version of the representation result for such nonlinear
expectations. An important contribution of this paper is the finding of a new domination con-
dition for the quadratic nonlinear expectation, stemmed from the Reverse Holder Inequality in
BMO theory [f]. More precisely, we observe that there exists an LP estimation for the difference
of quadratic g-expectations by using the reverse Holder inequality. Extending such an estimate
to the general nonlinear expectations, we then obtain an LP-type domination which turns out to
be sufficient for our purpose. Following the idea in [[4], with the help of the new domination
condition, we then prove the optional sampling, and a Doob-Meyer type decomposition theorem
for quadratic F-martingales. Similar to the linear case, we can then prove that the representation
property for the quadratic F-consistent nonlinear expectation remains valid under such domina-
tion condition. That is, one can always find a quadratic g-expectation with g being of the form:

g = p(1 + |z|)|#|, to represent the given nonlinear expectation.

Our discussion on quadratic nonlinear expectation benefited greatly from the recent devel-
opment on the theory of BSDEs with quadratic growth, initiated by Kobylanski [L(] and the
subsequent results on such BSDEs with unbounded terminal conditions by Briand and Hu [H, f.
In particular, we need to identify an appropriate subset of exponentially integrable random vari-
ables with certain algebraic properties on which a quadratic F-consistent nonlinear expectation
can be defined. It is worth noting that such a set will have to contain all the random variables of
the form £ + zB;, where B is the driving Brownian motion, £ € L*°(Fr), and 7 is any stopping
time, which turns out to be crucial in proving the representation theorem and the continuity of
the representation function g. We should remark that although most of the steps towards our
final result look quite similar to the linear growth case, some special treatments are necessary
along the way to overcome various technical subtleties caused by the quadratic BSDEs, especially
those with unbounded terminal conditions. We believe that many of the results are interesting in

their own right. We therefore present full details for future references.

This paper is organized as follows. In section 2 we give the preliminaries and review some
basics of quadratic g-expectations and the BMO martingales. In section 3 we introduce the notion
of quadratic F-consistent nonlinear expectations and several new notions of the dominations. In
section 4, we show some properties of quadratic F-expectations including the optional sampling
theorem, which pave the ways for the later discussions. In section 5, we prove a Doob-Meyer type
decomposition theorem for quadratic F-submartingales. The last section is devoted to the proof

of the representation theorem of the quadratic nonlinear expectations.



2 Preliminaries

Throughout this paper we consider a filtered, complete probability space (2, F, P,F) on which
is defined a d-dimensional Brownian motion B. We assume that the filtration F 2 {Fith>o0 is
generated by the Brownian motion B, augmented by all the P-null sets in F, so that it satisfies the
usual hypotheses (cf. [[5]). We denote &2 to be the progressive measurable o-field on Q x [0, T7;
and MéB,T to be the set of all F-stopping times 7 such that 0 < 7 < T, P-a.s., where T' > 0 is
some fixed time horizon.

In what follows we fix a finite time horizon 7" > 0, and denote E to be a generic Euclidean
space, whose inner products and norms will be denoted as the same (-,-) and | - |, respectively;
and denote B to be a generic Banach space with norm || - [|. Moreover, we shall denote G C F to
be any sub-o-field, and for any 2 € R? and any r > 0 we denote B, (z) to be the closed ball with
center z and radius r. Furthermore, the following spaces of functions will be frequently used in

the sequel. We denote

e for 0 < p < oo, LP(G;E) to be the space of all E-valued, G-measurable random variables
¢, with B(|¢|P) < co. In particular, if p = 0, then LY(G,E) denotes the space of all E-
valued, G-measurable random variables; and if p = oo, then L*°(G;E) denotes the space of

all E-valued, G-measurable random variables ¢ such that ||€||eo 2 esssup|&(w)| < oo;
weN

e 0<p<oo, L5([0,T];B) to be the space of all B-valued, F-adapted processes 1, such that
E fOT |14 ||Pdt < oo. In particular, p = 0 stands for all B-valued, F-adapted processes; and
p = oo denotes all processes X € L%([0,7); B) such that || X || 2 esssup| X (t,w)| < oo;

t,w

o DF([0,T];B) ={X € L¥([0,T];B) : X has cadlag paths};
e C([0,T];B) ={X € Dg([0,7];B) : X has continuous paths};
e HZ([0,T);B) = {X € L%4([0,T); B) : X is predictably measurable}.

The following two spaces are variations of the LP spaces defined above, they will be important
for our discussions regarding quadratic BSDEs with unbounded terminal conditions. For any

p > 0, we denote MP(R?) to be the space of all R%valued predictable processes X such that
T A1/
Xl 2 (B[ ppasy’) ™ <. 2.1)
0

We note that for p > 1, MP(RY) is a Banach space with the norm || - ||s», and for p € (0,1),
MP(R?) is a complete metric space with the distance defined through (B-1) Finally, if d = 1, we



shall drop E = R from the notation (e.g., L% ([0,T]) = L& ([0,T];R), L>®(Fr) = L= (Fr;R), and

so on).

Quadratic g-expectations on L>(Fr)

We now give a brief review of the notion of quadratic g-expectations studied in Ma and Yao [[L].
First recall that for any ¢ € L?(Fr), and a given “generator” g = g(t,w,y,2) : [0, T]x Qx RxR? —
R satisfying the standard conditions (e.g., it is Lipschitz in all spatial variables, and is of linear
growth, etc.), the g-expectation of ¢ is defined as £9(¢) 2 Yo, where Y = {Y; : 0 <t < T} is the
solution to the following BSDE:

T T
Y, =¢ +/ 9(s,Ys, Zs)ds — / ZsdB,, vVt e [0,T]. (2.2)
t t

We shall denote (R.9) by BSDE(¢, g) in the sequel for notational convenience.

In [[L1] the g-expectation was extended to the quadratic case, based on the well-posedness
result of the quadratic BSDEs by Kobylanski [[L0], and under rather general conditions on the
generator g. In this paper, however, we shall be content ourselves with a slightly simplified form
of the generator g that is sufficient for our purpose. More precisely, we assume that the generator

g is independent of the variable y, and satisfies the following Standing Assumptions:

(H1) The function g : [0,7] x Q x R? = R is & @ #(R%)-measurable and g(t,w,-) is continuous
for all (t,w) € [0,T] x &;

(H2) There exists a constant £ > 0 such that for dt x dP-a.s. (t,w) € [0,T] x Q and any z € R?

0
l9(t.w,2)] < £l + 127 and | (t,w,2)

< 0(1+ |2)). (2.3)

In light of the results of [[[J] we know that under the assumptions (H1) and (H2), for any
¢ € L®(Fr) the BSDE (2.3) has a unique solution (Y, Z) € C$([0,T]) x HZ([0,T];RY). We can
then define the quadratic g-expectation of £ as £9(§) = Y and the conditional g-expectation as

SIEIFRIEYE,  Vtelo,T), VYeEe L¥(Fp). (2.4)

It is easy to see that g|,—o = 0 from (H2). So by the uniqueness of the solution to the quadratic
BSDE, one can show that all the fundamental properties of nonlinear expectations are still valid

for quadratic g-expectations:

(i) (Time-consistency) &Y [59[£|ft]‘fs] =EI[¢|Fs], P-as. V0<s<t;

(ii) (Constant-preserving) EI[E|Fi] =&, P-as. Ve L®(F);



(iii) (“ Zero-one Law”) E9[14&|F] = LaE9[E|F], P-as. VAeF.

Furthermore, since ¢ is independent of y, then we know that the quadratic g-expectation is also

“translation invariant’ in the sense that
EIE+n|F] =E%F]+n, P-as. VYtel0,T], Yne L¥(F). (2.5)

Along the same lines of [[[4] we can define the “quadratic g-martingales” as usual. For example,
A process X € Lg([0,T1) is called a g-submartingale (resp. g-supermartingale) if for any 0 < s <
t < T, it holds that

EIX|Fs] > (resp. <) X, P-as.

The process X is called a quadratic g-martingale if it is both a g-submartingale and a g-
supermartingale.

Similar to the cases studied in [[14] where g is Lipschitz continuous and of linear growth, it
was shown in [[I] that the quadratic g-sub(super)martingales also admit the Doob-Meyer type
decomposition, and an upcrossing inequality holds (cf. [[I, Theorem 4.6]). The next theorem
summarizes some results of [[[1], adapted to the current setting, which will be used in our future

discussion. The proof of these results can be found in [[L], Theorem 4.2 and Corollary 4.7].

Theorem 2.1 Assume (H1) and (H2). Then, for any right-continuous g-submartingale (resp.
g-supermartingale) Y € Lg°([0,T]), there exist an increasing (resp. decreasing) cadlag process A
null at 0 and a process Z € H([0,T];RY), such that

T T
Yt:YT+/ g(s,Ys,Zs)ds—AT+At—/ Z.B,,  te[0,T).
t t

Furthermore, if g vanishes as z vanishes, then any g-submartingale (resp. g-supermartingale) X

must satisfy the following continuity property: For any dense subset D of [0,T], P-almost surely,

the limit  lim X, (resp. ltim DXT) exists for any t € (0,T] (resp. t € [0,T)). ]
,re

r,/'t,reD ™\,

BMO and Exponential Martingales

To end this section, we recall some important facts regarding the so-called “BMO martingales”
and the properties of the related stochastic exponentials. We refer to the monograph of Kazamaki
[B] for a complete exposition of the theory of continuous BMO and exponential martingales. Here

we shall be content with only some facts that are useful in our future discussions.



To begin with, we recall that a uniformly integrable martingale M null at zero is called a

“BMO martingale” on [0,T7, if for some 1 < p < oo, it holds that

A
1M paro, = EB{|Mr = M| F | < oo (2.6)

sup
TEMo, T
In such a case we denote M €BMO(p). It is important to note that M €BMO(p) if and only if
M €BMO(1), and all the BMO(p) norms are equivalent. Therefore in what follows we shall say
that a martingale M is BMO without specifying the index p; and we shall use only the BMO(2)

norm and denote it simply by || - [[zao. Note also that for a continuous martingale M one has

E{<M>T - <M>T|-7:T}

’ [e.e]

[M|lrvo = |M||Bmo, = sup
TEMQ,T

Now, for a given Brownian motion B, we say that a process Z € L%([0,T];R?) is a BMO
process, denoted by Z € BMO with a slight abuse of notations, if the stochastic integral M 2 ZeB
is a BMO martingale. We remark that the space of BMO martingales is smaller than any MP(R9)

space (see (R.1) for definition). To wit, it holds that BMOC () MP(R?). Furthermore, by the
p>0
so-called “Energy Inequality” [f, p.29], one checks that

T
2n n n
(1Z130)" = B( [ 12.205)" < | Z B0, Yne N, 27)

We now turn our attention to the stochastic exponentials of the BMO martingales. Recall
that for a continuous martingale M, the Doléans-Dade stochastic exponential of M, denoted
customarily by &(M), is defined as & (M), 2 exp{M; — $(M);}, t > 0. Note that if &(M) is a

uniformly integrable martingale, then the Holder inequality implies that
E(M < E[E(MBIF],  P-as. (2.8)

for any stopping time 7 € Mo and any p > 1. However, if M is further a BMO martingale,
then the stochastic exponential & (M) is itself a uniform integrable martingale (see [f, Theorem
2.3]). Moreover, the so-called “Reverse Holder Inequality” (cf. [f}, Theorem 3.1]) holds for &(M).
We note that this inequality plays a fundamental role in the new domination condition for the
nonlinear expectations, which leads to the representation theorem and its continuity, we give the
complete statement here for ready references. For any o > 2, define

2 — 1
2c — 2

]}é 1,  ze€(l,0) (2.9)

Theorem 2.2 (Reverse Holder Inequality) Suppose that M € BMO(p) for p € (1,00). If it
satisfies that | M| Bypo < ¢a(p), then one has

o () 2 {1 +z 2log [(1 —2a™%)

E[&(M)}|F,] < aP&(M)E, V7 e Mgy (2.10)



Finally, we give a result that relates the solution to a quadratic BSDE to the BMO processes.
Let us consider the BSDE (@) in which the generator g has a quadratic growth. For simplicity,
we assume there is some k > 0 (we may assume without loss of generality that k& > %) such that

for dt x dP-a.s. (t,w) € [0,T] x Q,
9t w,9,2) < B(L+12P),  V(y,2) €R X RY. (2.11)

Let (Y,Z) € C¥([0,T]) x Hz([0,T];R%) be a solution to (£-3). Applying Itd’s formula to e

from ¢t to T one has:

T T T
e4ky’f+8k2/ e4kY$]Z8]2ds = e4kYT—|—4/<:/ e4kYSg(s,Y;,ZS)ds—4k:/ Vs 7 dB,

t t t

T T
< MY | g2 / eYs (14| Z,?) ds — 4k / 'Y Z,dBs.
t t

Taking the conditional expectation E{:|F;} on both sides above, and then use some standard

manipulations one derives fairly easily that
T
E[/ |Z|2ds|F] < eVl Bethe — t0Ye | 7] 4 e8IV Il (7 — 1),
t
In other words, we have proved the following result.

Proposition 2.3 Suppose that (Y, Z) € C3([0,T]) x H&([0,T];R?) is a solution of the BSDE
(2.2) with ¢ € L™(Fr), and g satisfies ([2.11). Then Z € BMO, and the following estimate holds:

HZHQBMO <(1+ T)egk”YHoo_

3 Quadratic F-Expectations

In this section we introduce the notion of “quadratic F-consistent nonlinear expectation”. To
begin with, we recall from [[[4] that an F-consistent nonlinear expectation is a family of operators,
denoted by {&}:>0, such that for each ¢t € [0,T], & : LY(Fr) — L°(F;), and that the following

axioms are fulfilled:

(A1) Monotonicity: &[] > &[n|, P-as., if £ > 1, P-a.s.;
(A2) Constant-Preserving: &[¢] = ¢, P-as., V¢ € LY(F);
(A3) Time-Consistency: &[&[¢]] = &[€], P-a.s., Vs € [0,t];

(A4) “Zero-Omne Law”: &[14&] = 14&[¢], P-as., VA € F;.



The operator &[] has been called the “nonlinear conditional expectation”, and denoted by E{-|F; }
for obvious reasons. It was worth noting that in all the previous cases the natural “domain” of
the nonlinear expectation is the space L?(Fr), thus a nonlinear expectation can be related to the
solution to the BSDEs using the “classical” theory.

In the quadratic case, however, the situation is quite different. In particular, if the main
concern is the representation theorem where the quadratic BSDE is inevitable, then the domain
of the nonlinear expectation will become a fundamental issue. For example, due to the limitation
of the well-posedness of a quadratic BSDE, a quadratic nonlinear expectation would naturally be
restricted to the space L (Fr). But on the other hand, in light of the previous works (see, e.g.,
f] and [[4]), we see that technically the domain of € should also include the following set:

LB M =€+ 2By & € L¥(Fr), z € RY). (3.1)

Here B is the driving Brownian motion. A simple observation of the Axioms (A3) and (A4)
clearly indicates that £ cannot be defined simply as a mapping from .Z2° to .£>°. For example,
in general the random variable 14¢ will not even be an element of .Z72°(!), thus (A4) will not
make sense.

To overcome this difficulty let us now find a larger subset A C L°(Fr) that contains £ and
can serve as a possible domain of a nonlinear expectation. First, we observe that such a set must

satisfy the following property in order that Axioms (A1l)—(A4) can be well-defined.

Definition 3.1 Let 2(Fr) denote the totality of all subsets A in L°(Fr) satisfying: for all t €
[0,T7], the set Ay 2 ANLY(F) is closed under the multiplication with F; indicator functions. That
is, if € € Ay and A € Fy, then 14€ € Ay. [ |

It is easy to see that L (Fr) € Z(Fr) and Z(Fr) is closed under intersections and unions.
Thus for any S C L°(Fr), we can define the smallest element in Z(Fr) that contains S as

VAN . . .
usual by A(S) = ﬂ A. We are now ready to define the quadratic F-consistent nonlinear

ANeD(Fr),SCA
expectations.

Definition 3.2 An F-consistent nonlinear expectation with domain A is a pair (£,A), where
A e D(Fr), and € = {&}i>0 is a family of operators & : A — Ay, t € [0,T], satisfying Azioms
(A1)-(A4)

Moreover, & is called “translation invariant” if A+ LF C A and ([2.4) holds for any ¢ € A,
any t € [0, T] and any n € L>(F;). [ ]



Again, we shall denote &[] = £[-|F] as usual, and we denote A = Dom(€) to be the domain of
£. To simplify notations, in what follows when we say an F-consistent nonlinear expectation &,
we always mean the pair (£, Dom(£)). Note that a standard g-expectation and the F-consistent
nonlinear expectation studied in [fJ] and [[[4] all have domain A = L?(Fr), and they are translation
invariant if ¢ is independent of 3. The quadratic g-expectation studied in [[1] is one with domain
A = L*>®(Fr).

We now turn to the notion of “quadratic” F-consistent nonlinear expectations.

Definition 3.3 An F-consistent nonlinear expectation (€, Dom(E)) is called upper (resp. lower)
semi-quadratic if there exists a quadratic g-expectation (€9, Dom(E9)) with Dom(E9) C Dom(E)
such that for any t € [0,T] and any & € Dom(E9), it holds that

EIE|F) < (resp. >) EI[E|F], P-a.s. (3.2)

Moreover, £ is called quadratic if there exist two quadratic g-expectations £9' and £92 with
Dom(E9)YNDom(E92) C Dom(E), such that for anyt € [0,T] and any & € Dom(E9' )N Dom(E92),
it holds that

ENEIFR] < E[E|R] < ER[E| R, P-as. (3.3)

In what follows, we shall call an F-consistent nonlinear expectation as an “F-expectation”
for simplicity. Note that a quadratic g-expectation (€9, L°°(Fr)) would be a trivial example of

quadratic F-expectations. The following example is a little more subtle.

Example 3.4 Consider the BSDE (R.7) in which the generator ¢ is Lipschitz in y and has
quadratic growth in z. Furthermore, assume that g is convex in (t,y,z). Then, by a recent
result of Briand-Hu [ff], for any & € L(Fr) such that it has exponential moments of all orders
(i.e. E{e)‘m} < oo, YA > 0), the BSDE (.2) admits a unique solution (Y, Z). In particular, if
we assume further that g satisfies g|,—9 = 0, then it is easy to check the g-expectation £9(§) = Y
defines an F-expectation with domain Dom(E9) 2 {5 € Fr: E[e)‘m} < oo, VA > O}. We

should note that in this case the domain indeed contains the set .Z2° defined in (B.1)! |
Since we are only interested in the quadratic g-expectations whose domain contains at least
the set .Z7°, we now introduce the following notion.
Definition 3.5 A quadratic g-expectation £9 is called “reqular” if
{64 2B, : € € L®(Fr), z € R, 7€ Mor} € Dom(E9).

Correspondingly, a (semi)-quadratic F-expectation is called “reqular” if it is dominated by regular

quadratic g-expectation in the sense of Definition [3.9.

10



Example B.4 shows the existence of the regular quadratic g-expectations. But it is worth point-
ing out that because of special form of the set .Z7°, the class of regular quadratic g-expectations

is much larger. To see this, let us consider any quadratic BSDE with g satisfying (H1) and (H2),
T T
Y; =&+ 2B, + / 9(s, Zs)ds — / ZsdBs, t€]0,T], (3.4)
t t

where ¢ € L®(Fr), z € R% and 7 € Mo r. Now, if we set Y, =Y, — 2Bipr, Ty = 7 — 21<r),
then (B.4) becomes

Y, =&+ / 9(8, Zs + 215<ry)ds — / ZsdBs, Vit e[0,T). (3.5)
t t

Since £ € L*>°(Fr), the BSDE (B.5) is uniquely solvable whenever g satisfies (H1) and (H2). In

other words, any ¢ satisfying (H1) and (H2) can generate a regular g-expectation!

Remark 3.6 For any generator g satisfying (H1) and (H2), one can deduce in the similar way

as in (B.4) and (B.§) that
g2 {5 + /T (sdBy : € € L®(Fr), C € L%"([O,T];Rd)} C Dom(&Y). (3.6)
0

Therefore, it follows from Definition B3 that .Z3° ¢ Dom/(E9') N Dom(E92) C Dom(), as both
g1 and g9 satisfy (H1) and (H2). The set jfio is very important for the proof of representation

theorem in the last section. [ |

Domination of quadratic F-expectations.

In the theory of nonlinear expectations, especially in the proofs of decomposition and repre-
sentation theorems (cf. [f] and [[[4]), the notion “domination” for the difference of two values of
F-expectations plays a central role. To be more precise, it was assumed that the following prop-
erty holds for an F-expectation £: for some g-expectation £9, it holds for any X,Y € L?(Fr)
that

(X +Y) - E(X) < E9(Y). (3.7)

In the case when g is Lipschitz, this definition of domination is very natural (especially when
g = g(z) = ul|z|, p > 0). However, this notion becomes very ill-posed in the quadratic case. We

explain this in the following simple example.
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Example 3.7 Consider the simplest quadratic case: g = g(z) = %\zP, and take &€ = £9. We
show that even such a simple quadratic g-expectation cannot find a domination in the sense of
(B4). Indeed, note that

1 T T
EIX+Y) X+Y+§/ |Z;|2ds—/ ZldB,;
0 0

LT o T
E9(X) = X+= [ |Z2Pds— | Z%dB..

2Jo 0

Denoting Z = Z' — Z? we have
1 /T T
EIX+Y)-E9(X)=Y + 5/ (122 + Z,|* — |Z2*)ds — / ZsdBs,.
0 0

But in the above the drift (|22 + Z,> — |Z2|?) < |Z,|* + $|Z2|? cannot be dominated by any g
satisfying (H1) and (H2). |

Since finding a general domination rule in the quadratic case is a formidable task, we are now
trying to find a reasonable replacement that can serve our purpose. It turns out that the following

definition of domination is sufficient for our purpose.

Definition 3.8 1) A regular quadratic F-expectation £ is said to satisfy the “LP-domination” if
for any K, R > 0, there exist constants p = p(K,R) > 0 and C = Cr > 0 such that for any two
stopping times 0 < 7o < 71 < T, any & € L with ||§llee < K, i = 1,2, and any z € R with
|z| < R, it holds for each t € [0,T] that

H(g{&ﬁ-ZBn|ft}—ZBtAn)—(5{£2+zBT2Ift}—ZBtAm)Hp < 3[€1 = &2llp + Crllm1 — 72llp. (3.8)

2) A regular quadratic F-expectation & is said to satisfy the “L°°-domination” if for any
stopping time T € Mo, any & € L™(Fr), i = 1,2, and any z € RY, the process {E{& +
2Br|Fi} — 2Bipar,t € [0,T]} € Ly ([0,T7), i = 1,2, and

[€461 + 2B Fe} — E{& + 2B:| Fi}|| , < ll61 — &2lloo,  VEE[0,T]. (3.9)

3) A regular quadratic F-expectation & is said to satisfy the “one-sided g-domination” if for
any K, R > 0, there are constants J = J(K,R) > 0 and a« = «(K,R) > 0, such that for any
stopping time T € Mo, £ € L®(Fr) with ||£]lc < K, and any z € R? with |z| < R, there is a
v € BMO with |y|50 < J(K,R) and a function gu(z) 2 oK, R)|z?, z € RY, such that for
any n € L>®(Fr), it holds that

E + & + 2B, |F)] — E[6 + 2B,|F] < E%[|F),  Vte[0,T), Pl-as. (3.10)

Here, P7 is defined by dP7/dP = &(ye B)r, and EY* is the g,-martingale on the probability space
(Q,F,PY), and with Brownian Motion BY. [ |
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The following theorem more or less justifies the ideas of these “dominations”.

Theorem 3.9 Assume that g is a random field satisfying (H1) and (H2), and that it satisfies
gl:=0 = 0. Then the quadratic g-expectation E9 satisfies both LP and L*°-dominations ([3.8) and
.

Furthermore, if g also satisfies that ‘%‘ < 0 for some ¢! > 0, then £9 also satisfies the
one-sided g-domination (B.10) with o(K,R) ={'/2.

Proof. 1) We first show that the LP-domination holds. Let (Y%, Z%), i = 1,2 be the unique
solution of BSDE (B4) for & + 2B, i = 1,2, respectively. Define U} 2 Y} — 2Bipns,, Vi =
Z{ — 2ly<ry, AU = Ul —U?, and AV = V! — V2 Then, in light of (B-4) and (B.H) one can
easily check that

VT

T T
AUy =& — & —|—/ g(s, z)ds —i—/ (s, AVs)ds — / AVidBs, Ytel0,T], (3.11)
t t

tVT1o

1
0
where 2 l<my / 8_2 (t, Vt2 + 0AV, + z) df. In what follows we shall denote all the constants
0

depending only on T and ¢ in (H2) by a generic one C' > 0, which may vary from line to line.
Applying Proposition .3 and Corollary 2.2 of [[[(] we see that both V! and V2 are BMO with

IV Ba0 < Cexp{C(L+[2*)[1 + [2* + [|&illoo]}-

Thus, by definition of v we have, for any K, R > 0, with [|}]|oo V [|€?|lc < K and |2| < R,

IN

CLL+12 + VY g0 + 1V aso)
< CO+ P +Cop {CO+ 1Pl Vgl + 1427} (312)

VB0

A

< C(1+R? +Cexp{0(1 +RH)[1 +K+R2]} 2 J(K,R).

Let us now denote &(7)% 2 f;((;’:g))z = exp { f; Y dB, — %f; |vs|?ds}, for 0 < s < t, and define

a new probability measure PY by dP?Y/dP 2 &(v)§. Since v is BMO, applying the Girsanov
Theorem we derive from (B.11) that

tVT1

sUi=E {6 -+ [ gl

tVTo

VT

) =p{la-a+ [

V1o

g(s, z)ds) E)T ‘ft}, (3.13)

for all ¢t € [0, T]. Since g satisfies (H2), applying the Holder inequality we have, for any p,q > 1
with 1/p+1/q =1,

AU < B{l ~ &l + €0+ 1P)n — mlpl7 B (g1 7).
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Now recall the function ¢, defined by (R.9). Let a = 3 and ¢ = ¢(K,R) > 1 so that ¢3(q) =
J(K,R). Applying the Reversed Holder Inequality (R.10) we obtain, for p = p(K,R) = q/(q— 1),

AP < 3 B{ {6 — &l + €01 + |z)m1 — ma |7 ).
Taking the expectation, denoting Cr = 3¢(1 + R?), and recalling the definition of U, we have
H(gg[gl + ZBﬁU:t] - ZBt/\ﬁ) - (59[52 + ZBTz’E] - ZBt/\T2)Hp < 3H§1 - §2Hp + CR”Tl - TZHP?

for all ¢ € [0,T], proving (B.§).
2) The proof of “L>®-domination” (B.9) is similar but much easier. Again we let (Y, Z%) be
the solution of (B.4)) for & + 2B, i = 1,2, respectively. Denote AY = Y!'—-Y? and AZ = Z! - 72,

we have

T T
AYt:Af+/ (%,AZS>ds—/ AZdB,, Yte[0,T],
t t

' 9y
0 0z

that, under some equivalent probability measure P”, it holds that

where ¢ 2 (t, \Z! +(1—X\)Z?)d\ € BMO. Applying Girsanov’s Theorem again we obtain

AY;, = EV[AE|F, Vte[0,T], P-as.

The estimate (B.9) then follows immediately.

3) We now prove the one-sided g-domination (B.10). This times we let (Y!, Z!) and (Y2, Z?)
be the solutions of BSDE (B4) with terminal conditions n + £ + 2B, and £ + zB;, respectively.
Then (B.§) implies that, for all ¢ € [0,7],

~ T ~ - T
AY, = AY,=n+ / (g(s, Zl+ Zl{sgr}) — g(s,Zs2 + Zl{ng})>dS — / AZsdBs
t t

T 1 89 _ ~ B T
= n + /2; </0 &(S; )\AZS + Zs + Zl{sST})d)\, AZS>dS — [ AZSst’

where f/tl 2 Y} — 2Bis, and ng 2 Zi - 21ly4<7y, © = 1,2. Since Zi e BMO, i = 1,2, thanks to
Proposition R.3, it is easy to check that ~. 2 %(-,Z?) € BMO as well, and the estimate (B.19)

remains true. It is worth noting that v is independent of 7 since Z?2 is so. By Girsanov’s Theorem,

_ o[t (9g Z o2 99 o A
AY, = 77—{—/t (/O <£(5,AAZS +Z:+ Zl{sgv}) — &(S,ZS + Zl{sST})>d)" AZg)ds

T ~
—/ AZdBY, Vte|0,T),
t
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where P7 is the equivalent probability measure as before. Now the extra assumption on the

boundedness of % concludes that, with a(K, R) = ¢'/2,

1 ~ ~ ~ ~ ~
‘</0 (%(S,AAZS + 224 21 pen) - %(3,23 + 21 (sen)) AN, AZ, )| < a(K, R)AZ,|

The Comparison Theorem of quadratic BSDE (cf. [[[(, Theorem 2.6]) then leads to that

proving (B.1(]), whence the theorem. [ |

4 Properties of Quadratic F-expectations

In this section, we assume that £ is a translation invariant semi-quadratic F-expectation domi-
nated by a quadratic g-expectation £9 with g satisfying (H1) and (H2). Clearly £ is regular. We
also assume that & satisfies both the LP-domination (B.§) and the L*°-domination (B.9).

We first give a path regularity result for £&-martingales, which is very useful in our future

discussion.

Proposition 4.1 For any 7 € Moz, £ € L®(F,;), and z € R%, the process E[¢ + 2B, |F],
t € [0, 7] admits a cadlag modification.

Proof. We first assume that £ is an upper semi-quadratic F-expectation first. By the L*°-
domination, X. 2 El§ + 2B |F] — 2B.ar € LE([0,T]), which implies that |X;| < || X, P-a.s.
for any t € [0, T] except a null set 7. We may assume that there is a dense set D of [0, T]\7 such
that | X¢| < || X||co, Vt € D, P-a.s. Now we define a new generator

~ A
g(t7w7 C) = g(t7w7 C + 1{t§T}Z) - g(t7w7 1{t§7}2)7 v (t7w7 C) S [07 T] x 2 x Rd' (41)

For any 0 < s <t < T and any n € L>®(F;), it is easy to check that P-a.s.

s t
59[77 + ZBt/\T|‘7:S] — 2Bspr + / g(?“, 1{7"§T}Z)dr = 59[77 + / g(?“, 1{7"§T}Z)dr|‘7:s]' (42)
0 0

In particular, by the definition and the properties of upper semi-quadratic F-expectation, letting
n = X, in ([2) shows that P-a.s.

€[§ + ZBT‘fS] = 8[€[§ + ZBT‘ft”fs] = g[Xt + ZBt/\T‘fS] < gg[Xt + ZBt/\T‘fS]

S

t
= Sg{Xt+/ g(r,l{rsT}z)dr‘fs}—i—zBS/\T—/ 9(r, Lip<ry2)dr.
0 0
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In other words, the process t — X; + fg g(r, 1{TST}z)dr is in fact a g-submartingale. Thus by

Theorem P.1] we can define a cadlag process

A . A
Y; = r\ltl,I?EDXT’ Vte[0,T) and Yr=Xr=2¢.

Clearly, Y € Dg°([0,T7]). Moreover, the constant-preserving property of £ and “Zero-One Law”
imply that

E[E'|F] € Finr, Ve e, vVt el0,T]. (4.3)
To see this, one needs only note that for any s € [0,¢),
Linr<s} 1€ |1 Ft] = 1< EIE'1F] = EM <y | Ft] = 11r<h€’ € F.

Thus X; € Fiar, Vt € [0,T], so is Y by the right-continuity of the filtration F. Now, for any
t€[0,7) and r € (¢,T] N D, we write

Xt — Y;g == 5[5 + ZBT|.7:t] — ZBt/\q— — Y;g = E[Xr + ZBT/\’T|ft:| - E[Y;f + ZBt/\7—|.7:t].
Then applying (B.§) with K = || X || and R = |z| we can find a p = p(K, R) such that
1Xe = Yillp < 31Xy = Yillp + Crllr AT =t A7llp <3 Xy = Yillp + Cr(r — 1)

Letting r "\ t in the above, the Bounded Convergence Theorem then implies that X; = Y;, P-a.s.
To wit, the process Y; + zBiar, t € [0,T] is a cadlag modification of E[¢ + 2B, |F], t € [0,T].

The case when £ is lower semi-quadratic can be argued similarly. The proof is complete. B

Next, we prove the “optional sampling theorem” for the quadratic F-expectation. To begin
with, we recall that the nonlinear conditional expectation £[-|F,] is defined as follows. If £ €

Dom/(&), denote Y; 2 E[E|F], t € [0,T], then for any o € Mo, we define

1>

E[E|Fy] =Y, P-as. (4.4)
The following properties of £[-|F,| are important.

Proposition 4.2 For any 7,0 € Mo, £,1 € L®(F,), and z € R?, it holds that

(1) EI§ + 2B:|Fp) < E[n+ 2B |F,], P-a.s., if § <n P-a.s.;
(i1) EI§ + 2B\ Fr] =+ 2B;, P-a.s.;
(iii) 1AE[E + 2B, | Fy) = 14E[LAE + 2B, |Fy], P-a.s., VA E Fong;
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(iv) If further n € L>°(Frpy), the following “translation invariance” property holds:

ElE+ 2B +n|Fs| = EIE+ 2B |Fs) +1n,  P-as.

Proof. (i) is a direct consequence of the monotonicity of £ and Proposition [L1].
To see (ii), we first assume that 7 takes values in a finite set: 0 <ty < --- < ¢, <T. Actually,
for any & € A,, the constant-preserving of £ and “Zero-One Law” imply that

EENF) =D 1y EENFL) = D EM a1 =D 1pmy8 = ¢, P-ass,
j=1 j=1 j=1

For general stopping time 7, we first choose a sequence of finite valued stopping times {7, } such

that 7, \, 7, P-a.s. Since for each n it holds that
El€+ 2B\ Fr, | =6+ 2By, P-as, n=12,---,

letting n — oo and applying Proposition k1] we obtain that £[¢ + 2B, |F,] = £ + 2B, P-as.,
proving (ii).

We now prove (iii). Again, we assume first that o takes finite values in 0 < t; < --- < t, <T.
For any A € Frpg, let Aj = AN{o=t;} € F,, 1 <j <n. Then it holds P-a.s. that

14 A + 2B-|Fy] = D 14,E[1aé + 2B, |Fy)) = > E[1a;& + 1a,2B-|Fy)]
j=1 j=1

n
= > 146+ 2B |Fyy) = 14E[E + 2B- | Fy).
j=1
For general stopping time o, we again approximate o from above by a sequence of finite-valued

stopping times {0y, }n>0. Then for any A € Frpny C Frao,, ¥V € N, we have
14E[E + 2B7|Fy,| = 14E[1 46 + 2B | F,,],  P-as., VneN.

Letting n — oo and applying Proposition [L.1] again we can prove (iii).
(iv) The proof is quite similar, thus we shall only consider the case where o takes values in a

finite set 0 <t; < --- < t, <T. In this case we have

5[§ + ZBT + n‘fo':l = Z 1{o=tj}€[§ + ZBT + 77’~7:tj]
j=1

- 25[1{0’:%}(5 +2B7) + o=yl ;]
j=1

= > {5[1{a:tj}(€ + 2B7)|F, ] + 1{U:tj}77}

j=1

= Y 1o+ 2B FL) + Y Lomiyn = E[E + 2B Fo] + 1.
i=1 i=1

17



The third equality is due to the “translation invariance” of £ and 1(,—,yn € L>(F;). The rest
of the proof can be carried out in a similar way as other cases, we leave it to the interested reader.

The proof is complete. |

We now prove an important property of £{:|F;}, which we shall refer to as the “Optional

Sampling Theorem” in the future.

Theorem 4.3 For any X € L$([0,T]) and z € R? such that t — X; + 2By is a right-continuous
E-submartingale (resp. E-supermartingale or E-martingale). Then for any stopping times T,0 €
[0,T7, it holds that

EIX; + 2B |Fy] > (resp. < or =) X;pno + 2Brpos P-a.s.

Proof. We shall consider only the £-submartingale case, as the other cases can be deduced
easily by standard argument. To begin with, we assume that o =t € [0,7] and assume that 7
takes finite values in 0 < ¢; < --- < ty < T. Note that if ¢ > ty, then X, + 2B, € F; and
T At =T, thus

E[X: + 2B |F] = Xr + 2Br = Xoat + 2Brags P-as.,

thanks to the constant preserving property of £. We can then argue inductively to show that the
statement holds for t > ¢,,, for all 1 < m < N. In fact, assume that for m € {2,--- N}

E[X: + 2B |F) > Xept + 2Brpt,  P-as. Vit >ty (4.5)

¢

Then, again using the translability and the “zero-one” law, one shows that for any ¢t € [ty,—1,tm),

it holds P-a.s. that

S[X’T + zBT‘ft] = S[S[X’T + zBT’j:tm] ‘E] > S[X’rl\tm + ZBT/\tm’j:t]
EMgrat, 1y (Xont + 2Brpt) + Lirsy, 1 (Xy,, + 2By, )| F)

Lr<ty 1} (Xont + 2Brat) + e, E[Xs,, + 2B, | Fi

v

i<t 1} (Xont + 2Brat) + L,y (Xt + 2By)
Xont + 2Brpg.

Namely ([£J) also holds for any ¢ > t,,—1. This completes the inductive step. Thus ([LJ) holds
for all finite-valued stopping times.

Now let T be a general stopping time, we still choose {7,,} to be a sequence of finite-valued
stopping times such that 7, N\, 7, P-a.s. Then (.§) holds for all 7,,’s. Now let K = || X/ s,
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R = |z|, and p = p(K, R). Applying the LP-domination (B.§) for £ we see that for any n € N,

1E[Xr, + 2B, | F] — E[X: + ZBT|‘7:t]||p
I(E[Xr, + 2B, | Fi] — 2Br,nt) — (E[Xr + 2B |F] — ZBTM)HP + R||Br,at — BTAth
3| Xr, — Xrlp + Crlm — 7llp + Rl Br,at — Bratllp- (4.6)

IN

N

Since X is a bounded cadlag process, we can then apply the Bounded Convergence Theorem
to conclude that the first and second terms on the right hand side of ([.§) tend to 0, as n —
oo. Furthermore, applying the Burkholder-Davis-Gundy inequality and Bounded Convergence
Theorem, we conclude that the last term on the right hand side of ([.9) also goes to 0. Thus,

possibly along a subsequence, we see that for any ¢ € [0, 7]
E[X: + 2B |F] :nlirrgOS[XTn + 2B, |F] > nh_)rrgo (XT",\t + zBT",\t) = Xoat + 2Brpt, P-as.

Thus we obtain (f.5) again.
Finally, let us consider the case when o is also a general stopping time. Following the previous

argument, with the help of Proposition .1, we have, P-a.s.
g[XT + ZBT|]:t] Z Xq—/\t + ZBT/\t, Vi S [0, T]

Consequently, we obtain that £[X; + 2B, |F,] > X;ns + 2Brao, P-a.s., proving the theorem. MW

To end this section we consider a special BSDE involving the quadratic F-expectation &,

which will be very useful in the rest of the paper:

t T
Y, + 2B, +/ £(5,Ys)ds = 5{5 4 2Br + / f(s,YS)ds(ft}, Vit e 0,7, (4.7)
0 0
where f : [0, T]x QxR — R is a measurable function such that it satisfies the following assumption:

(H3) The function f is uniformly Lipschitz in y with Lipschitz constant x > 0, uniform in (¢,w),
such that [ [ f(t,-,0)|dt € L(Fr).

We have the following existence and uniqueness result for the BSDE ([£.7).

Proposition 4.4 Assume (H3). Then for any & € L®(Fr) and any z € R, the BSDE (.1

admits a unique solution in D ([0,T7]).

Proof. We first consider the case when T' < 1/2k, where & is the Lipschitz constant of f in
(H3). For any Y € Dg([0,TY), and ¢ € [0, T, using (H3) we have

| /Otf(s,Ys)dsHOo < /OT £ (5, 0)lds|| -+ rt[¥ oo < o0,
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In particular, we have £ + fOTf(s,Ys)ds € L™®(Fr) so that E{¢ + zBr + fOTf(s,Ys)ds|ft} is
well-defined, and we can define a mapping ® : Dg([0,T7]) — Dg([0,77]) by:

B, (Y) 2 5{5 t2Br+ /OT f(s,Ys)ds‘ft} — 2B, - /Ot f(s,Y)ds,  te[0,T). (4.8)

We claim that ® is a contraction. Indeed, since £ satisfies the L°°-domination, for any Y, Y e
D ([0,77), (B.9) implies that for any ¢ € [0, 77, it holds P-a.s. that

. T T )
|D:(Y) — Du(Y)| = ‘5[5 + 2Br —i—/t f(s,Ys)ds|F] — E[€ + 2Br _|_/t £(s,Y3)ds|F]
T
< | v s, Taas| < wr -0y ¥l £ 2y Pl 09

Since the process t +— ®;(Y) is cadlag, thanks to Proposition .1, we conclude that ||®(Y) —
D(Y)|loo < Y — Y|loo. Thus @ is a contraction, and the lemma holds in this case.

The general case can now be argued using a standard “patching-up” method. Namely we take
a partition of [0,T]: 0 =ty < t; < --- <ty =T, such that max |t,, — t,—1]| < 1/2k. We first solve
the BSDE ([.7) on [ty_1,tn] to get a solution Y. We then solve (.7) on [ty_2,,tn_1] to get

YN-1 satisfying the terminal condition Y;JIX jll =YY

in_,» and so on, thanks to the result proved

in the first part. Denoting the solution on [t,—_1,t,] by Y™, we can then define a new process by
Y; 2 Y t € [ta_1,tn], n =1,--- N, and prove that Y solves ({.7) over [0,7] by induction.
To see this, we first note that Y € D$([0,7]). Now assuming that Y solves ([.7) on [t,,, T,
we show that it solves ([.7) on [t,—1,T] as well. Indeed, for any ¢ € [t,_1,,], we have
t t tn_1
Y+ 2B, + /0 fs,Yo)ds = Y+ zBo+ [ f(s,Y)ds + /0 £(s,Y)ds

tn—1
tn

tn—1
= EY + 2By, + f(s,YS”)ds‘ft} —|—/ f(s,Ys)ds
0

g -
ft}

Fuj |7}

_ 5{5 + 2B+ /OTf(s,Y;)ds‘ﬂ}.

tn

{
= E{Ktn+ZBtn+ f(s,Ys)ds
{

0

~- ¢ 5{g+zBT+/OTf(s,y;)ds

In the above the second equality is due to the fact that Y™ solves ([.7) on [t,_1,t,]; the third
equality is due to the “translation invariance” of £{:|F;}; the fourth equality is because of the
inductional hypothesis that Y solves (f.4) on [t,,, T]; and the last equality is the “time-consistence”
property of £{:|F;}. This shows that Y solves ([.q) on [t,—1,T], whence the existence.
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The uniqueness can be argued in a similar way. First note that the BSDE ([.7) can be written
in a “local” form: forn =1,2,--- | N,

ln

Yi+ 2B = £{Yi, + 2B, + | J(s Y;)ds‘]-}}, t € [taot,tal, (4.10)

t

thanks to the translation invariance property of £{-|F;}. Assume that ¥ € Dg°([0,T]) is another
solution of ({.7). Then it must satisfy (.10) on [tx_1,7]. The fixed point argument in the first
part then shows that Y = Y in D ([tn-1,T]), thus Yz, , = }A/;fop P-a.s. We can repeat the
same argument for [tx_o,tn_1], and so on to conclude after finitely many steps that ¥ and Y are

indistinguishable over the whole interval [0, T]. The proof is now complete. |

5 Doob-Meyer Decomposition of Quadratic F-Martingales

In this section we prove a Doob-Meyer type decomposition theorem for quadratic F-martingales.
We shall assume that £ is a translation invariant quadratic F-expectation dominated by two
quadratic g-expectations £9' and £92 from below and above, and both ¢g; and go satisfies (H1)
and (H2) with the same £ > 0. We also assume that & satisfies both the LP-domination (B.§) and
the L>°-domination (B.9).

The following proposition will play an essential role in the rest of this paper.

Proposition 5.1 For any 7 € Moz, & € L®(F;), and z € RY, denote Y; 2 E[€ + zB-|F,
t € [0,T]. Then there exists a unique pair (h, Z) € Ly ([0,T]) x Ha([0,T]); RY) such that

—0(|Z| +1Z)?) < g1(t, Zy) < by < go(t, Zy) < 0(|Z) + | Z4|?), dt x dP-a.s., (5.1)

and (Y, Z) satisfies the BSDE:

T T
Y, = Yr +/ hds —/ ZdB,,  Vte|0,T). (5.2)
t t

Moreover, if we assume that £ also satisfies the one-sided g-domination ([3.14), with K > ||€]lco,
R>|z|, a=a(K,R), J = J(K,R) and |[¥|%u0 < J. then for any n € L™(F,), the pair (h, Z)
corresponding to the process E{n + zB;|Fi}, t € [0,T], satisfies

iLt — ht < Oé|2t — Zt|2 + <’7t, Zt — Zt>, dt x dP-a.s. (53)
Proof. For each z € R?, define a process }7} = Y: — 2Biar, t € [0,T] and a new generator
gf(t7w7<) égi(t7w7<+1{t§T}Z)7 V(t,w,C) € [07T] X €2 % Rd7 1=1,2.
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By the definition of the L*-domination (see Definition B.§-(2)) and the fact ({.d) we see that
Y € L ([0,T]) and Y; € Finr, YVt € [0,T]. It is easy to check that for 0 < s <t < T and any
n € L>(F),

E9i[n + 2By | Fs| = E% 0| Fs] + 2Bsar, P-as. 1=1,2.
Thus the upper domination of £ by £9' and the time-consistency of £ imply that, P-a.s.,

ERYG|FS] = ENY+ 2Bune|Fs] — 2Bopr = E9[EE + 2B, | F)|Fs] — 2Bsnr
< 5[5[5 + ZBT|]:tH-7:s] — 2Bspr = 5[5 + ZBT|fS] — 2Bspr = K

Namely, Y is both a gj-supermartingale and a g5-submartingale. Applying Theorem P.1 we
obtain two increasing processes A! and A? (we may assume both are cadlag and null at 0) and

two processes Z1, Z2 € HZ(R?), such that
~ ~ T ~ . . . . T ~ .
Y, = Yr +/ G (s, Z8)ds + (—1)i(A! — Al — / ZidB,, tel0,T), i=12
t t
Letting Z; = Zf + 1{4<r}2z we have, for i = 1,2,

T T
Y=Yt [ oo Z0ds+ (14 - 4y) - [ Zias,, veelo1) (5.4
t t
By comparing the martingale parts and bounded variation parts of two BSDEs in (5.4), one has:
Zl =272, and —gi(t, Z)dt — dA} = —go(t, Z2)dt +dAZ, t€[0,T], P-as.

Consequently, we have that dA} + dA? = (gg(t, ZH - a1(t, Ztl))dt, which implies that both A!
and A? are absolutely continuous and dA% = aidt with ai > 0, i = 1,2. The conclusion follows by
setting Z; 2 Z} and hy 2 g1(t, Zs) + aj.

Moreover, if £ also satisfies the one-sided g-domination (B.1(), then for any n € L>®(F,), we
can set V; 2 Eln + 2B-|F], Vt € [0,T] and let (h,Z) be the corresponding pair. Applying the
L>-domination (B:9) for £, we see that ¥ — Y € L3°([0,T]) under P, whence under P7. In fact,
Y —Yisa Jgo submartingale under P7 : for 0 < s <t < T,

sz_YVs = g[ﬁ|fs]_5[£+2BT|fs]:g[ﬁ_n+g[£+2Br|ft]|fs]_5[£+ZBT|]:S]
= EYi—Yi+ &+ 2B F] = E[E+ 2B, | F] < £V, - Yi|F),  Pl-as.

Applying Theorem .7 again, we can find an increasing cadlag process A null at 0 and a process

Z € H&([0, T); R?) such that
Y;—Y}:n—g—i—/ a]ZSIst—AT—FAt—/ ZsdBj], Vtel0,T], P-as.,
¢ t
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which, in light of the Girsanov Theorem, is equivalent to

T T
Yt—Yt:n—H/ (a!Zs\2+<vs,Zs>)ds—AT+At—/ Z,dBs, Vte[0,T], P-as.
t t

On the other hand, we also have

Vi—Yi=n—£&+ /tT(hs — hg)ds — /tT(Zs — Z,)dBs, Ytel0,T], P-as.
Thus by comparing the martingale parts and the bounded variation parts, one has:
Zi—2Zy=2;  and (b — hy)dt = (0| Ze)? + (y, Z4)) dt — d Ay,
which implies that A is absolutely continuous and dA; = a;dt with a; > 0. Consequently,
he—he = a|lZy— Zi* + (. 2o — Zi) —ay < ol Zy — Zi* + (. Ze — Z4), dt x dP-ass.

This proves the proposition. |

We remark that one of the consequences of Proposition p.1], especially the representation (f.9),
is that the “cadlag modification” that we found in Proposition [I.] is actually continuous. In other
words, the unique solution of BSDE ([.) should belong to C$°([0, T7).

We now turn our attention to a comparison theorem for the solutions to the BSDE ([.7).
To begin with, let us note that if f satisfies (H3), then for any ¢ € Lg([0,77), the function
fo(t,w,y) 2 ft,w,y) + o(t,w), V(t,w,y) € [0,T] x Q x R, also satisfies (H3). Thus for any
¢ € L>®(Fr) and z € RY, the BSDE

t T
Vit Bt [ (v s = {¢' +2Br+ [ (7670 + odis

Fi}, tel,T), (55)
admits a unique solution in Cg([0,77]). We shall denote this solution by Y.

Theorem 5.2 (Comparison Theorem) Assume that f satisfies (H3). For fized = € RY, let Y,
Y' € C¥([0,T)) be the unique solution of ([.1) and (B.4) respectively. Suppose that

¢ >¢, P-a.s. and ¢ >0, dt x dP-a.s.,
then it holds P-a.s. that Y} >Y;, Vt €(0,T].
Proof. We first assume ¢; = 0. For any 6 € Q*, define two stopping times
o0 2 inf{t € [0,7)] Y/ <Y; =6} and 7° 2 inf{t € [0°,T]| Y{ > V;}.
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. . A .
Here we use the convention that inf() = T. Since Y] = ¢ > £ = Yy, P-a.s., we must have
00 < 7% < T, P-as. Further, since both Y and Y’ have continuous paths, we know that on
A .
G? = {0% < T}, it holds that

Y, =Y, 0, Y=Y, P-as (5.6)

. . . AN .
Next, for a given t € [0,T], we define a stopping time ¢ = ¢t V 0® A 7°. Then, applying Theorem
and Proposition [L3-(iv) we have, P-a.s.

i 79 i
Y; + 2B; +/ £(5,Ys)ds = 5{1@5 +2B.s +/ f(s,Y;)ds‘flg} +/ f(s.Ys)ds,  P-as.
0 t 0

Moreover, since G° € F,5 C F3;, we can deduce from Proposition 1.9 (iii) that

%}

7.6
- 1G55{1G(5YT5 +2B_s +/ 1Gaf(s,Y;)ds‘}}} (5.7)

3

-5
lgag{IGaYTa + 2B_s —|—/ 1Gaf(8, 1GaYt§)dS

£

7_5
- 1G55{YT5 + 2B +/ f(s,Ys)ds‘}'i} =105V + 15 2B,
t

By using the L*-domination (B.9) for £ and Proposition [.]] one shows that P-a.s.
Té 7_6
(5{1(;51/;5 Y 2B, +/ e f (s, 1GaY§')ds‘.7-“r} - 5{1(;51@5 4 2B +/ oo f (s, 1G5Y§)ds‘}}}‘
7 i

7—6 T
< H / Lo [f(5,1gsYS) — f(5,1gsYe)]ds| < Ii/ 11gsY? — 166 Yzl sods, Yr e [0,T).
t 00 ¢

Setting r = £ in the above and using (5.7) we obtain that
T
aoY! ~ 1g:¥il <5 [ 169! — 1Yol
t

The Gronwall inequality then leads to that ||15s Y} —1¢sYilleo = 0 for any ¢ € [0, T]. In particular,
for t = 0, we obtain that 15:Y/; = 15sY,s, P-a.s., which, together with (i), shows that G =

{09 < T} is a null set. Since Y. > Yy, P-as. and {Y/ > Y, Vt € [0,7)}¢ € U {o° < T}, we
6eQt
conclude that

Y/>Y, Vtel|0,T], P-as. (5.8)

We now consider the case when ¢; > 0, dt x dP-a.s. We proceed as follows. For any n € N,
VAN . .- .
let 7 = 1T, j=0,1,---,n be a partition of [0,T], and define recursively a sequence of BSDEs:

t

Y™ 4 2By + /0 f(s,Yimds = €{X7 + | yds+ 2By + /0 ", Yimas| R, e 08,

n
tj—l
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where {X7'};>0 are defined recursively by X = ¢', and X7, 2
applying the result for ¢ = 0 (similar to (p.§)) with &7 2 X!+ fttg ) ¢sds, we can then show by
n

induction that for each 1 < j < n, it holds that Y;j’n >Y, telo, t;‘], P-a.s. We now define a new

Y;%{_nl, for j = n,---,1. Now,

A i . . .
process by V' = Y/" t € [t?ﬁl,t?], j=1,---,n. It is easy to check that for any j =1,---,n and
any le [t_?flat?)a

T T
Y 4 2B, = 5{5’ v | uds+2Br+ / (s, n”)ds‘ﬂ}, P-as.
t

n
tj—l

Applying L>°-domination (B.9) for £ we see that for any j = 1,---,n and any ¢ € [t 1,17)

7.,

1" = ¥lloo

— |efe+ t;1¢sd5 + 2By +/tTf(s, Y| F | - £{¢ + 2By +/tT[f(5,Ys’) T 6]ds

T T T
< | [ oudss [y = ps¥D) ]| < ol [V = Vil
t © t

H t
tr,

First applying Gronwall’s inequality and then letting n — oo we see that Y;" converges to Y/
in L>°(F;), for each ¢t € [0,7]. Since both Y and Y’ are continuous, we conclude that Y/ > Y3,
vVt € [0,T], P-a.s. The proof is now complete. [ |

We can now follow the scheme of [ and [[4] to derive the Doob-Meyer decomposition. For
any Y € D([0,7]) and z € R, we define

It w,y) 2 n(Y (t,w) —y), V(t,w,y) €[0,T] x A xR, VneN.

It is easy to check that each f™ satisfies (H3), thus the BSDE

. T
yf+th+/ f”(s,y?)dszE{YT+ZBT—|-/ f"(s,y5)ds
0 0

ft}, Vie[0,T],  (5.9)
admits a unique solution y" € Cg([0,77]). We have the following lemma.

Lemma 5.3 Assume (H3), and let y" be the solution of (5.3), n > 1. Suppose that for a given
Y € DE([0,T]) and z € RY, the process Y; + zB;, t € [0,T] is a E-submartingale (resp. &-
supermartingale), then it holds that

Y > (resp. <)yttt > (resp. <)Y;, te[0,7], neN, P-as.

Proof. We shall prove only the submartingale case, the supermartingale case is similar. For

any n € N and any § € QT let us define two stopping times
oo 2 inf{t € [0,T)|y" <Y; —6} and 71"° 2 inf{t € [o™°, T]| y? > Y;}.
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It is easy to see that ™9 < 79 < T, P-a.s. Then the right-continuity of y” and Y leads to that
Yrns < Yyns — 9, P-as. on {0"’5 <T}, and yl.s >Yns, P-as. (5.10)

Applying Proposition f.3-(iv) and Theorem [£.3, one has

Tn,é

Yons + 2Bons = E[Ytns + 2Bons + / n(Ys — y)ds| Fns), P-a.s.

o6

Using (5.10) we deduce that f;: ’; n(Ys—y"?)ds > 0, P-a.s., and combined with Proposition [£.2-(i)
and Theorem [L.3, we obtain that

Yons + 2Bons > E[Yns + 2Bons|Fons) > Yyns + 2Bgnis.
This implies that {y”,; < Y,ns — 0} is a null set, thus so is {o™% < T}. Furthermore, since

{yszQ,tG[O,T),nGN}CCU U{U”’5<T} and yp>Yp, neN,
neNfeQ+

it holds P{yy > Y;, t € [0,7], n € N} = 1. Consequently, we have that P-a.s.
Frtyt) =nli—y) 2 (n+ DY —yf) = "t y),  VEelo,T], VneN

It then follows from Theorem [.4 that P-a.s. y* > ™! > Y}, for all t € [0,T] and n € N. This
completes the proof. |

We should note that Lemma indicates that if Y. + zB. is an £-submartingale, then all the
t

processes A} = / n(yy — Ys)ds, t > 0 are increasing (or decreasing if Y is a £-supermartingale),
0

1y oo < 1Y loo V |19t ]loo, and y* — AP + 2By, t > 0 is an £-martingale. Thus, Proposition .
implies that there is a unique pair (h", Z") € LL([0,T]) x Hz([0,T]; R?) such that

yy — A} + 2By = yp — %+ZBT+/T h?ds—/T Z'dBs, tel0,T], (5.11)
t t
and the following estimates hold:
— (120 + 120 ) < gi(6, ZP) < B2 < golt, ZP) < £(| 27| + |Z7%),  dt x dP-as. (5.12)
We shall prove that both {Z"},en and {A% },en are bounded in a very strong sense.

Lemma 5.4 Let the process Yi+zBy, t € [0,T], be either an £-submartingale or an €-supermartingale
as those in Lemma [5.3, and let {A™} and {Z™} are processes defined in (B.11). Then, for any
p >0, {Z"}nen is bounded in MP(R?) and {A%},en is bounded in LP(Fr).
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Proof. We shall only prove the submartingale case. That is, we assume that A" is increasing.
From BSDE (b.11]) we see that

T T
Ar = yr—uyo + / hids — / (Z" — 2)dB,,  P-as.
0 0

Let M 2 1Y |loo V ||¥}]|oc @and use the domination (5.13) of A", we have

T t
A% < 2M—|—€T—|—2€/ |Z"2ds 4+ sup ‘/ (Z" — 2)dB,|,  P-as. (5.13)
0 0

0<t<T
In what follows for each p > 0 we denote C}, > 0 to be a generic constant depending only on p,
as well as ¢,T, M, |z|, which may vary from line to line. Using (F.13) and the Burkholder-Davis-
Gundy inequality one shows that

T T T
n|p n|2 p n 2 p/2 n 2 p
E|A% gcp{1+E[ 27| ds] +E[ 1z — 2| ds} }g Cp{1+E[ 12" — 2| ds} }
0 0 0
P
Thus it suffices to show that supE(fOT |z — Z|2d8> < 0. For any o > 0, we apply [t0’s formula
neN
to ¥ to get:
e 4 — / €= |21 — z|ds
2 Jo

= eWr 4 a[/ e“s hllds — / es dAY — / es (Z7 — z)st} (5.14)
0 0 0

T T T
eWr 4 af/ eWs ds + 40z€/ €W | 2 — 2|?ds + 4a€/ es | z|2ds
0 0 0

IN

T
—a/ es (Z" — 2)dBs.
0

Note that the last inequality is due to the fact that A™ is increasing. It then follows that

2 T t
(% - 40z€)/0 3| Z1 — 2|*ds < Cp + aoililgT‘ /0 s (21 — 2)dB,

Choose a > 8¢, and applying the Burkholder-Davis-Gundy inequality again we obtain that
T o 9, \P T o 9, \P/?
E</ eMs | Z7 — 2| ds) §Cp—|—C’pE</ e“Ms | Z7 — 2| ds)
0 0
pMa/2 T ayl | 7n 2 p/2 1 T ayl | 7n 2 p
< Cp+ Cpe E( Oe s |23 — 2| ds> §C’p—i—§E( 06 s |20 — 2| ds),

n L . . .
which implies that E ( fOT eWs |71 — z|2ds) is dominated by a constant independent of n. This
proves the lemma in the submartingale case. The supermartingale case can be proved in the

same way except that in (f.14) the Ité’s formula should be applied to e~®%'. The proof is now
complete. |

We are now ready to prove the Doob-Meyer Decomposition Theorem.
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Theorem 5.5 Assume that £ is a reqular quadratic F-expectation satisfying the one-sided g-
domination ([3.14). For any Y € C¥([0,T]) and any z € RY, if the process Y; + 2By, t € [0,T],
is an E-submartingale (resp. E-supermartingale), then there exists a continuous increasing (resp.
decreasing) process A null at 0 such that Yi—Ay+2By, t > 0, is a local £-martingale. Furthermore,

if A is bounded, then Y; — Ay + 2By, t > 0, is an E-martingale.

Proof. We again prove only the submartingale case, as the submartingale case is similar. To
. . . . A
begin with, let y™ be the solutions to (5.9), n = 1,2,---, and still denote M = [|Y[loo V ||y} 0o-
Since y™ > Y, by the definition of processes A,’s and Lemma .3, we see that

T
1 1
E/ lys — Yslds = —E[[A7|] < —sup|A7[1 — 0,
0 n N neN

as n — 00. Moreover, since y"’s converges decreasingly to Y, and Y is continuous, we can further

conclude, in light of Dini’s Theorem, that P-a.s.

lim sup (y; —Y;) =0, thus lim sup |y —yi'| =0. (5.15)

N0 40,17 M= +¢[0,T)
We first show that there exists a subsequence of {A™}, still denoted by {A™}, such that the
sequence {A%}cn is uniformly integrable. To see this, we claim that the processes Z™ converges
to some process Z in Hz([0, T); R9), as n — oo. In fact, applying It6’s formula to |y — 47| on

[0,T] we obtain
T
lyg" — vp I° +/O Z — Z|ds (5.16)

T
|y — P2 /0 (y—y) (W — hT)ds— (dAT—dAT)— (2" — Z7)dB,]

T
7 = v 2sup o2 — 2] [ 26014120 P +1Z2)ds-+ AR + A7)
s€[0,T 0

IN

T
= /O (W — ™) (2"~ Z1)dB,.

3

Taking expectation on both sides of (p.16) and applying Holder’s inequality one has

T
E{/ 2z — zy s )
0

T 2
<B{ sw iy -op P} +2{ B s Pl [ 2020z g 45) )
s€[0,T] s€[0,7] 0

1/2

1/2
< 5 sup \y;"—ysﬁ}w{fz[ sup ry;n—yswz]} [1+sup| 2 s+ supl| A 2 e
s€[0,T] s€[0,T] keN keN
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where C' > 0 is a constant depending only on ¢ and 7. This, together with Lemma [5.4, imply
that {Z"},en is a Cauchy sequence in HZ([0,7];R?), hence has a limit Z € HZ([0,T];R?). A
simple application of the Burkholder-Davis-Gundy inequality leads to that

t
sup ‘/ (Z} — Zs)dBs| — 0 in LQ(}"T), as n — 00. (5.17)
1"Jo

telo, T

Applying [0, Lemma 2.5] we can find a subsequence of {Z"},¢n, still denoted by {Z"},en, such

that sup|Z”| € Hz([0,T};R?) and that sup| ;] (Z2 — z)dBs| € L*(Fr). Then in light of (51d)
n n

and (B.11)), it holds P-a.s. that for any n € N

T T
An = y%—yé”r/ hzfds—/ (2" — 2)dB,
0 0

T T
< 2M + (T + 26/ sup|Z"|2ds + sup / (Z!' — 2)dB| € L*(Fr).
0 n n 1Jo

We can then deduce that sup A7 € Ll(]-"T), which implies that, P-almost surely, A} < E [supA%|.7:t],
neN neN
for all t € [0,T], n € N. Now let us define a sequence of stopping times

7 S inf{t € (0,T) : E[supAR|F] > K} AT,  keN. (5.18)
neN

Clearly, 7, / T, P-a.s., as k — oo. Furthermore, let us denote pg = p(k + M, |z|), Jx =
J(k+ M, |z|) and oy = a(k+ M, |z|), and define Y,¥ 2 Yine,, i 2 Yinr s AP 2 Afpr, st €10,T].
We will show that for any k € N, there exists a subsequence of {A"},cn, denoted again by
{A"}en itself, such that for all k£ € N, it holds that nlergoA?’k = AF, t € (0,7, P-as. for some
continuous, increasing process A

To see this, let us first fix k € N. For each n € N, applying Theorem [.3 and Proposition [.1]

we have
y?k - A?k + ZBt/\Tk = E[yﬁk - Aﬁk + ZBTkU:t]’ Vit e [O’T]'

Applying Proposition f.1, we can find a unique pair (h™*, Z™*) € LL([0,T]) x HZ ([0, T]; R?) such
that

T T
yf’k—A?’k = yn’k—Ag’k +/ hkds —/ (Z?’k — 145<r32)dBs, Vi€ [0,T]. (5.19)
t t
On the other hand, by (p.11) we have
k k k k r T
y?’ —A?’ :yg«’ —Ag«’ +/ 1{S§Tk}h?ds_/ 1{8§Tk}(Zg — Z)dBS, Vit e [O,T]. (5.20)
t t
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Thus by comparing the martingale parts and the bounded variation parts of (f.19) and (p.20),
one has h?’k = 1<y and Zf’k = 1y<5,} 4" Moreover, it also follows from Lemma .1 that

there is a BMO process 7 with |[y"*||%,,5 < Ji such that

e A R T A A s

< ap|ZF— R 4 (R R zRy < dP-as. (5.21)
Note that (5.21)) implies that for any m,n € N,

E/O k|hsm—hg|dng/o k[ak|Z?—Zg|2+(|7?7k‘vhgﬂﬂZgL—Zg”ds

! 2 ’ k|2 k|2 g 2 2
< akE/O |z 27 ds+{E/0 (| + v )dsE/O |z 27 ds} :

Hence, one can deduce from the convergence of Z" in H%([0,T]; R?) that {1{_ Am}hﬁ}n oy IS a
Cauchy sequence in Lk ([0, T]). Let h* be its limit in L% ([0, 7)), it then follows that
t/\Tk -
sup ‘/ (h? — hl;)ds‘ — 0 in L*F,), as n — oo. (5.22)
t€[0,77' JO

Now let us define AF £ v — v + [ ™ REds — [1"™*(Zs — 2)dBs, t € [0,T]. Clearly, A* is

continuous. Furthermore, since
& & & tATE tATY
Ak ok +/ hgds_/ (Z" - 2)dB,, Vte[0,T], VneN,
0 0

applying Bounded Convergence Theorem as well as (f.17), (b.17) and (f-29), one shows that

sup |A?’k — AF| converges to 0 in L'(F;,), as n — co. Therefore, we can find a subsequence of
te[0,7
{A"},en, still denoted by {A"},cn, such that

lim A" = AF vte[0,T], P-as. (5.23)

n—~0o0

We note that (5.23) indicates that A* is an increasing process. Furthermore, applying the Helly
Selection Theorem if necessary, we can assume that the convergence in (.23) holds true for all
k € N for this subsequence.
We can now complete the proof. By the definition of 7 (b.1§) and the continuity of A™, one
can deduce that for any k, n € N, A7 <k, P-as.
Hence for any k € N, (5.29) implies that P-a.s.
|Ak| <k, Vtel0,7] and AF=A* Vit e [, T

Tk
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Note that Af = nh_)ngoA?k = lim A?/’\’::I = Ajtl ¢ €10,T], P-as. we can define a continuous,

A
increasing process Ay = /le, t € [0,7%], k € N. Clearly, A is null at 0. For fixed £ € N, and
t € [0, T], applying the LPt-domination (B.§) of £ yields that

Hg[yfrrlk - A:-Lk + ZBTI@"E] - g[YTk - ATIc + ZBTk‘ft]Hpk < 3Hy¢k - YTk”pk + 3”A:}k - ATk”pk'

By considering a subsequence, we have, P-a.s.

. n,k n,k
Yinm, = Aunm + 2B, = lim (y35, — A7+ 2Bing,)

= lim E[yt — ALF 4 2B, | F) = EYy, — Ar + 2By | 7.
Then, Proposition [L.1, together with the continuity of Y and A, implies that P-a.s.
Yinm, — Ainr, + 2Bing, = E[Yr, — Ar, + 2B, | F], vt e[0,T). (5.24)

In other words, Y; — A; + 2By, t > 0 is a local £-martingale, proving the first part of the theorem.

To see the last part of the theorem, we assume further that A is bounded. Let K = ||Y || +
|Aljoo, R = |2| and p = p(K, R). Fix a t € [0,T], applying LP-domination (B.§) again we obtain
that for any k € N,

|EYr, — Ar, + 2Br | Ft] — E[Yr — Ar + 2Br|F|p
< RHBt/\m - Bt”p + 3HYTIc - YT”p + 3HA7'Ic - AT”p + CRHT - Tka-

Clearly, the right hand side above converges to 0 as k — oo, thanks to the Burkholder-Davis-
Gundy inequality and the Bounded Convergence Theorem. Thus, taking a subsequence if nec-
essary, we may assume that £[Y;, — A, + zB;, |F;] converges P-as. to E[Yr — Ap + zBr|F).
Letting k — oo in (p.24), the continuity of Y and A imply that

Yy — A+ 2By = E[Yr — Ap + 2Bp|F, P-a.s.
Eventually, applying Proposition [£.1] and using the continuity of ¥ and A again we have P-a.s.
Yy — A+ 2By = E[Yr — Ap + zBp|F, Vit e[0,T],

which means that Y; — Ay + 2By, t > 0, is an £-martingale. The proof is now complete. |

6 Representation Theorem of Quadratic F-Expectations

In this section we prove the representation theorem for quadratic F-expectations. We assume that

£ is a translation invariant quadratic F-expectation dominated by two quadratic g-expectations
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&9 and £92 from below and above, and both ¢g; and go satisfy (H1) and (H2) with the same
constant £ > 0. We also assume that & satisfies the LP-domination (B.g), the L*°-domination
(B.9), and the one-sided g-domination (B.10).

We begin our discussion by considering the following special semi-martingale:
Y7 éﬁ(\z[—i—\zP)t—i—th, Vte 0,17, z e R4, (6.1)

By the comparison theorem of BSDESs, it is easy to see that Y is an £9'-submartingale, whence
an &-submartingale. Then, by the Doob-Meyer decomposition (Theorem p.§) there exists a con-
tinuous, increasing process A% null at 0 such that Y* — A% is a local £-martingale. We claim that
A% e L*°(€), and hence Y* — A% is a true £-martingale. Indeed, let {7} },>1 be a sequence of

“reducing” stopping times, that is, 77 T, P-a.s., such that
Y- APt =EY - AR R, Vte|0,T], P-as., (6.2)

where Y,”" 2 Yz, A" 2 Afyrz, Yt € [0,T]. For any n € N, we know from Proposition p.1]
that there is a unique pair (h*", Z*") € LL([0,T]) x H&([0, T]; R?) such that

z
Th?

Y=Y - AR+ AP+ /T hZ"ds — /T Z¥"dBs, VYte|0,T], (6.3)
¢ t
such that the generator h satisfies the following estimate:
(|27 H| 2P ) <ai(t, 20 < R <galt, 2™ < (120" |+ 28" P),  dt x dP-as. (6.4)
Comparing (p.]) and ([.3) we see that
dA7" — hy"dt = L l(|2] + |27)dt and  Z7" = 1ycny2. (6.5)

This, together with (6.4), implies that P-a.s.
T T
A" = / hy"dt +/ Tpcrayb(]2] + |z|2)dt < 20(|2| + |2|2)T.
0 0

Letting n — oo we obtain that A% is bounded by 2¢(|z| + |2|?)T, proving the claim.
Now, in light of Proposition .1, we can assume that there exists a unique pair (h*, Z%) €

L5([0,T)) x H&([0, T]; RY) such that (6-3)—(F-H) hold. In other words, denoting

g(tw,2) Ehw),  (tw,z) € [0,T] x 2 xRY, (6.6)
it holds that
T T
YP - A = Yi-— A% —i—/ g(s, z)ds —/ zdBs, te[0,T7], (6.7)
t t
(|2 + |21*) < g1t 2) < g(t,2) < ga(t,z) < L(|2| +|2?), dt x dP-ass., (6.8)
dA; = g(t,z)dt + (2] +|2)*)dt,  te[0,T). (6.9)
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We shall show that g is the desired representation generator of the quadratic F-expectation &.

To begin with, let us define, for any z, 2’ € R%, a function
g7 () 21+ 2+ 17Dl], Vo eRY, (6.10)

and denote the corresponding gg’zl—expectation by &, # (). Tt is worth noting that g # () is a
Lipschitz g-expectation studied in [fJ] and [[4]. We should note here that if g is a quadratic
generator satisfying (H1) and (H2), then it must satisfy a “local Lipschitz property” which can

be written as
lg(t,2) — g(t,2)] <L+ |z| + ']z — 2| = gj’zl(|z - 7)), Vz, 2 € R (6.11)

Now let g be a given deterministic quadratic generator satisfying (H1) and (H2). For fixed
z € RY, consider the process Y7 2 E9{zBr|F}, t > 0. Since zBr € £2°, we know that (recall
the BSDEs (B.4) and (B.5)) Y;”* must have the following explicit expression:

T
Y7* = 2B, +/ g(s, z)ds, t € 0,T]. (6.12)
t
Let us fix 2,2’ € R? and define éfz/ 2 Y7? — Y;gvzl = (z—2)B; + ftT(g(s,z) —g(s,2'))ds,
t > 0. We have the following lemma.

Lemma 6.1 Assume that g is a deterministic function satisfying (H1) and (H2). Then the

A ag . / .
process & = E7, t >0 is a ;7 -submartingale.

Proof. For any s < t, define

1>

T
o2 Y& IRy = (- Bk [ (o) - gt ar]
t
t _ t
+/ ,u(1+|z|+|z’|)|Zr|dr—/ Z,dB,. (6.13)

Since g is deterministic, the BSDE (6.13) has a unique solution (Y, Z), where

>

T t
Y, = (z—z’)Bs+/ (g(r,2) —g(r,z’))dr+/ w1+ |z| + |||z — 2'|dr,
t S

2

and Z = z — 2. Thus, denoting dg(r) = g(r, z) — g(r, %), we have

T t
Yo=Y, = (-2 Bs+/ dg(r dr—i—/ w(l+|z| + ')z — 2'|dr
t

S

= (2—2")Bs+ dg(r dr+/{,u 1+ |z| + )|z = 2| = 6g(r) }dr

> z—z )Bs +

/T
[ o
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But by definition of £%% we see that the right hand side above is exactly &7 S &. This,
combined with (F:13), shows that & = €%’ is an & ' _submartingale. |

We now introduce some extra assumptions on the quadratic F-expectation £, which will be

useful in the study of the representation theorem. The first one is motivated by Lemma ..

(H4) There exists a constant p > 0, such that for any fixed z, 2/, it holds that

E{zBr|F} — E{Z'Br|F} < 5573/{@ — 2)Br|F}. (6.14)

The next assumption extends the “translation invariance” of the nonliear expectation &.
(H5) For any z € R, 7€ Mo, 0 <t <t<T,and ¢ € L>®(F;,,), it holds that

El&+ 2B, — 2Binr | Ft) = E[€ + 2By, | Ft]| — 2Binr, P-as. (6.15)

We note that the assumption (H5) is not a consequence of Proposition f.3-(iv), since the
random variable zB; is not bounded(!). However, the left hand side of (.17) is well defined, since
€+ 2Bj., — 2Binr =€+ fle{ng}st € £ c Dom(€) (see Remark B.4).

Finally, we give an assumption that essentially states that the process {zB;}:>0 has the “in-

dependent increments” property under the nonlinear expectation &£.
(H6) For any z € R? and any 0 < s <t < T, it holds that

E[z(By — By)|Fs| = Elz(By — Bs)],  P-as. (6.16)

The following Lemma is more or less motivated the assumption (H6), and it will play an important

role in the proof of the representation theorem.

Lemma 6.2 Assume that £ is a reqular quadratic F-expectation satisfying (H6). Then the ran-
dom function g defined in ([6.4) is deterministic, and it holds that

g(t, Z) _ IEIL% g{z(BtJr}/Z - Bt)}

. P-as., VY(tz) €[0,T] xR (6.17)
Moreover, if in addition £ satisfies (H4), then g is local Lipschitz continuous.

Proof. We first show that ¢ is deterministic. To this end, we fix z € R, For any 0 < t <
t+h < T, one can deduce from (b.7) that

t+h
ABian—2B) = [ gls2)ds = Vi — Af— (0F = 4D, Pras.
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Since Y7 — A7 — 2B, € L*(F}), using the assumption (H5) one can check that

t+h
{x(Bin - By) - / g(s,z)ds‘}}} = E{VE, — A FY — (YF — AZ) =0, Pas. (6.18)
t

]

Therefore, applying (.16) we have

t+h
ho(t.2) = E{2(Bun— B) - / (9(s.2) — gl 2))ds| 7.}
—  E[=(Bupn — BIF] + ot h) = E[z(Bean — By)] + vlt, h),

where

t+h
o) & e{Buun—B0 = [ lals.2) = o(t.2)ds| 7} = Ele(Brsn — Bo) 7

= E{zBH_h - /tHh(g(s, z) —g(t, z))ds

‘7:15} _E[ZBt+h|]:t]-

Now, applying LP-domination (B.§) for the F-expectation £ with p = p(2| fOT 19(s, 2)|ds||so, |2]),

we obtain that

p{genr} = lenip<] [ "l 2) 2|

1 t+h P
< we{3 [ lols.0) - gt 2)las)"
t

Since z € RY is fixed, thus by the Lebesgue differentiation theorem, P-almost surely one has

1 t+h
E/ lg(s,2) — g(t,2)|ds — 0, for a.e. t € [0,T].
t

The Dominated Convergence Theorem then implies that
T 1 rtth »
[_/ l9(s,2) — g(t,z)|d8} dt} — 0.
t

Tr1 P
— < p
E{/O [h|v(t,h)|] dt} <3 E{/O -
In other words, we have proved that v(t, h) = o(h) in Hg([0,T]). Thus

ot 2) = lim E[Z(Bt—i—;; — By)]

, P-as.,

and it follows that g is deterministic.

Now assume that £ also satisfies (H4), we show that ¢ is local Lipschitz continuous. To
see this, taking t + h = T in (f.1§) and applying (H5) with £ = 7 = T we obtain that
E{zBT — ftT g(s, z)ds‘]:t} = zB,, P-a.s. Since g is deterministic, this implies that ftTg(s, z)ds =
E{zBr|F} — zB;. Similarly, one has ftTg(s, 2")ds = E{' Bp|F;} — 2/ B;. Combining, we have

T
/t (9(s.2") — g(s,2))ds = E{=BrlF} — E{<BrlF} - (= — )B,

< Eﬁ’zl{(z — 2"\Br| R} — (2 — 2)By.
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Note that for gf;z/(v) 2 p(1+ |z| + |2])|v], one has

T
£ {(z — ) By|Fi} = (= - z’)Bt—i—/t w1+ |2 + 7)) — #|ds.

We deduce that . .
[ lats,2) = gs,2las < [ 2]+ 1)z - s
t t
Replacing T by an arbitrary ¢’ € (0,7] in the above, we can then deduce that for any ¢’ € (0,71,
it holds that
lg(t',2) — g(t',2')] < (1 + |2 + [&])]z = 2],
proving the local Lipschitz property of g. |

The main result of this paper is the following representation theorem.

Theorem 6.3 Assume that € is a reqular quadratic F-expectation that satisfies (H4)-(H6). Then,

there exists a local Lipschitz continuous function g(t, z) : [0, T] x R% — R such that for any z € R?,
g1(t,w, z) < g(t,2) < ga(t,w, 2), dt x dP-a.s., (6.19)
and that for any & € L*°(Fr), it holds P-a.s. that
E[S|F] = E9[¢|F], Vie[0,T].

Proof. Let g be the random field defined in (f.6). We know from Lemma [.9 that g is
deterministic and local Lipschitz continuous. Then (6.19) follows from (p.§) and we see that
g|Z:0 = 0. For any £ € L>(Fr), we can apply the result of [0, Theorem 2.3] to conclude that
the BSDE(¢, g) admits a solution (Y, Z2) € C32([0,T]) x H&([0, T]; R%). Furthermore, by virtue
of (6.11)), it follows from [[J] (or [§) that the solution is unique. (We remark that the result of
[L0] cannot be applied here since g is not necessarily differentiable). Let {¥"},cn be a sequence

of simple processes that approximates Z in H%([O,T];Rd). Then it holds that sup ‘ fo (7 —

t€[0,T]
Z s) (Fr), thanks to the Burkholder-Davis-Gundy inequality. Applying [I(, Lemma
2.5] we can find a subsequence of {U"},¢cn, still denoted by {U"},en, such that

UP — Z;, dt x dP-a.s. and  sup ‘/ r— a.s. (6.20)

t€[0,T]

with sup|¥?| € HZ([0,7]) and sup sup fg(\lf? — Zy)
neN neNtg[0,T

L?(Fr). We define stopping times

t
o éinf{t € 10,7 :/ sup|¥”|?ds + sup sup ‘/ > k T, VkeN. (6.21)
0

neN neNseg(0,t]
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It is easy to see that o T, P-a.s.
For any z € R4, 0 <t <#<T and T € Myr, it follows from (B.1§) and (H6) that

t
5{ /t Lis<r [ — 9(s, 2)ds + zdBy) } =0, P-a.s. (6.22)

Let ¥ be any member of {U"}, cny. Without loss of generality we assume that ¥ is in the form of

mn
w) = ;; z§1[5178i+1)xE; (t,w), Y (t,w) € [0,T] x Q,
where 0 = s¢p < 51 < -+ + < Sy < Spy1 = T, {E’} ' | is an F,,-measurable partition of €2 for
i =20,1--,m, and each z; e R%.
Now fix k € N, for any ¢ € [0,7], there exist « € {0,1---m} such that ¢t € [s4, Sa+1). By
refining the partition if necessary we may assume that ¢t = s,. Since the quadratic F-expectation

€ is “translation invariant” and satisfies “zero-one law”, using (f.29) one can show that P-a.s.

)

T
5{/t 1{8§0k}[—g(s,\118)ds+\IJSdBS]

m n;

= {ZzlE /sz+1 Lis<ot [ = 9(s, 2))ds + 2jdBy] }
i=a j=1
m—1 n; Sit1 ‘ '
= {Z ZlE/ Lis<ony | — 9(s5,2))ds + 2jdB]
i=a j=1
T
+Z]_E'ng[/ 1{3§0k}[_ ( )dS+Z dB ‘.7:5 ‘ft}
m—1 n; Sit1 ' '
= { Z ZIEZ/ l{sgak}[—g(s,z;»)ds + z;»dBS] }
i=a j=1
= 5{ ZQIE? /:aﬂ 1{53%}[— g(s,zjc»“)ds + z;?‘dBS] .7-}}
j=1
= Za IE?E{ /ja+1 Lis<opy | — 9(s, 25 )ds + 25 dBs) .7-}} = 0. (6.23)
j=1

For any k € N, since g is continuous and has quadratic growth in z, using (6.20) and applying
Dominated Convergence Theorem we deduce that ftT 1(s<o,3[—9(s, VY )ds + WEdB;] converges to
ftT <o [—9(s, Z4)ds + ZsdBs) almost surely. We also see from the definition of o, (F-21)) that

T
| [ s [~ ol 00)ds + w2aB)
t

<{T+2(14+0k, P-as., VneN.
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Let K = (T +2(1+ {)k and p 2 p(K,0), applying LP-domination of £ and using (§.23) for
each U" one can then deduce that 5{ ftT 1{s§ok}[ — g(s,Zs)ds + stBs] |.7-'t} = 0, P-a.s. The

“translation invariance” of £ then implies that

T
1Y, | )= {Vin + /t Vpscony | = 905, Zo)ds + Z,dB,]

.7:,5} = f/t/\gk, P-a.s.

Letting p 2 (Y ||so, 0) and applying Theorem (f3) as well as LP-domination for £ again, we
obtain that

[Yino, — EEIF], = EX¥a ] - EEIF, < 3lI¥o, — £l

Since o, /' T, P-a.s. and Y is continuous, ng converges P-a.s. to ¢ and f/}/\(,k converges P-a.s. to
Y;. These two convergence are even in LP sense, thanks to the Lebesgue Dominated Convergence
Theorem. Thus E[¢|F] = Y; = E9]¢|Fi], P-a.s. The conclusion then follows from Proposition [L]
and the continuity of Y. [ |

References

[1] P. Artzner, F. Delbaen, J. Eber, and D. Heath. Coherent measures of risk. Math. Finance,
9(3):203-228, 1999.

[2] P. Barrieu and N. El Karoui. Optimal derivatives design under dynamic risk measures.
Mathematics of finance, 13-25, Contemp. Math., 351, Amer. Math. Soc., Providence, RI,
2004.

[3] P. Briand, F. Coquet, Y. Hu, J. Mémin, and S. Peng. A converse comparison theorem
for BSDEs and related properties of g-expectation. FElectron. Comm. Probab., 5:101-117
(electronic), 2000.

[4] P. Briand and Y. Hu. BSDE with quadratic growth and unbounded terminal value. Probab.
Theory Related Fields, 136(4):604—618, 2006.

[5] P. Briand and Y. Hu. Quadratic BSDEs with convex generators and unbounded terminal

conditions. ArXiv:math.PR/0703423v1, 2007.

[6] F. Coquet, Y. Hu, J. Mémin, and S. Peng. Filtration-consistent nonlinear expectations and
related g-expectations. Probab. Theory Related Fields, 123(1):1-27, 2002.

38



[7]

H. Follmer and A. Schied. Convex measures of risk and trading constraints. Finance Stoch.,
6(4):429-447, 2002.

Y. Hu, P. Imkeller, and M. Miiller. Utility maximization in incomplete markets. Ann. Appl.
Probab., 15(3):1691-1712, 2005.

N. Kazamaki. Continuous exponential martingales and BMO. Lecture Notes in Mathemat-
ics, 1579. Springer-Verlag, Berlin, 1994.

M. Kobylanski. Backward stochastic differential equations and partial differential equations
with quadratic growth. Ann. Probab., 28(2):558-602, 2000.

J. Ma and S. Yao. Quadratic g-evaluations and g-martingales. preprint, 2007.

M. Morlais. Quadratic BSDEs driven by a continuous martingale and application to utility
maximization problem. ArXiv:math.PR/0610749v1, 2006.

S. Peng. Backward SDE and related g-expectation. Backward stochastic differential equations
(Paris, 1995-1996), 141-159, Pitman Res. Notes Math. Ser., 364, Longman, Harlow, 1997.

S. Peng. Nonlinear expectations, nonlinear evaluations and risk measures. Stochastic methods

in finance, 165-253, Lecture Notes in Math., 1856, Springer, Berlin, 2004.

P. Protter. Stochastic integration and differential equations. A new approach. Applications

of Mathematics (New York), 21. Springer-Verlag, Berlin, 1990.

39



