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Abstract: The aim of this paper is to present and to compare some linear and nonlinear control laws for an 

electropneumatic positioning system as well for point to point control as for tracking control. The experimental results 

are presented in terms of repeatability for each control law implemented on the same device: an in line 

electropneumatic servo-drive. Different kinds of models: nonlinear affine, linearised tangent and a reduced linearised 

tangent model are presented to synthesize the different control laws. For this a new mathematical modelling of the 

servo-distributor flow stage is described. 
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NOTATION 

b  critical pressure ratio (b=0.528) 
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eX
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
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 −= , partial derivative of the mass flow rate 

qJ according to p around equilibrium state 

(kg/s/Pa) 

fv viscous friction coefficient (N/(m/s)) 

F force (N) 

GuJ
e

 
e

J

u

q




= , partial derivative of the mass flow rate qJ 

according to u around equilibrium state (kg/s/V) 

k polytropic constant 

Ky, Kv, Ka position gain (V/m), velocity gain (V/m/s) and 

acceleration gain(V/m/s2) 

M total load mass (kg) 

pX pressure in the cylinder chamber X (Pa) 

Xm
q  mass flow rate provided from the servo-distributor 

to cylinder chamber X (kg/s) 

r perfect gas constant related to unit mass (J/kg/K) 

Re Reynolds number 

SX area of the piston cylinder on the chamber X (m2) 

T temperature (K) 

u servo-distributor input voltage (V) 

V volume (m3) 

x  state vector 

y,v,a j position (m), velocity (m/s), acceleration (m/s2), 

jerk (m/s3) 

z  reduced state vector 

  absolute steady state position error 

 specific heat ratio 

 standard deviation (mm) 

 time constant (s) 

Subscript 
c central position VP(yc)=VN(yc) 

cl closed loop 

d desired 

Di dead volume of chamber i 

down downstream 

E exhaust 

ext external 

f dry friction 

min minimum value 

max maximum value 

N chamber N 

ol open loop 

P chamber P 

r reference 

S supply 

up upstream 

v viscous friction 

0 initial value 

Superscript 
e equilibrium 

Abbreviations 

ADC Analog to Digital Conversion 

DAC Digital to Analog Conversion 

RACK Conditioning signal 

Improv. Improvement 
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1 INTRODUCTION 

Due to low cost, clean working environments, easy 

for power transfer and good performance, 

pneumatic systems play an important role in 

industrial processes. During the last twenty years, 

the parallel development of pneumatic systems and 

control theory has lead to the implementation of 

modern control laws in pneumatic device (1). 

The first control laws in Fluid Power concerned 

classical state feedback and were proposed by 

Shearer et al (2) and Burrows (3). The 

manufacturers of the first electropneumatic 

positioning systems such as Martonair (4) and 

GAS initially adopted it. Since then new 

sophisticated algorithms have been applied to 

electropneumatic systems: adaptive (5, 6), sliding 

mode control (7, 8, 9),   H  (10), fuzzy control (11), 

neural control (12)… 

Nevertheless there are not many products present 

on the market. A possible reason may be that there 

are very few research papers comparing clearly 

classical linear control law with sophisticated 

nonlinear ones using the same equipment. This 

article shows the improvement obtained with two 

nonlinear control laws in pneumatic cylinder 

position control, for point to point and tracking 

operations. 

After a description of the physical 

electropneumatic system on which the different 

control laws have been implemented, a 

mathematical model of the process is described. 

This means knowing the nonlinearities due to the 

compressibility of air, the friction force on the 

moving parts, the air mass flow rate through the 

servo-distributor, the pressure evolution in a 

chamber, etc... A tangent linearised model is 

presented and a new type of approximation for the 

servo-distributor mass flow rate leads to a 

nonlinear affine model used to synthesize a 

nonlinear control law. 

All these control laws are elaborated in continuous 

time because the natural frequency of the 

electropneumatic system under study is very small 

in comparison to the sampling frequency used with 

digital signal processing (in ratio of 100). 

We will try to answer the following question: 

"What improvements could the complex control 

laws bring in electropneumatic fields?" For this, 

experimental results are presented in terms of 

repeatability: standard deviation, mean value, 

maximum error... and so a comparison between 

them is presented with appropriate benchmarking. 

All the tests have been carried out with the same 

pneumatic, electronic and computing system, this 

is very important to prove what kind of control law 

should be chosen for a certain aim. 

2 DESCRIPTION OF THE ELECTROPNEUMATIC 

SYSTEM 

The system under consideration (figure 1) is an in 

line electropneumatic servo-drive, using a simple 

rod (32/20 mm, which mean that the cylinder 

diameter is equal to 32 mm, and rod diameter to 20 

mm) double acting linear pneumatic cylinder with 

a stroke of 500 mm. Two three-way proportional 

Servotronic servo-distributors (Asco-Joucomatic 

Company) modulate the mass flow rates into the 

cylinder chambers. They consist of a spool sliding 

in a sleeve, actuated directly by a proportional 

solenoid acting against a spring. A state feedback 

position control of the spool is used in order to 

decrease the effects of hysteresis and to increase 

the bandwidth of the servo-distributor. For 

modelling, the two servo-distributors are 

considered as identical. The rod of the actuator is 

connected to one side of the carriage and drives an 

inertial load on guide rails. The total mass (piston, 

rod and carriage) is 17 kg. 

A pressure sensor is implemented on each cylinder 

chamber. The position is given by an external 

potentiometer, velocity is obtained by analog 

derivation. 

The measurements are downloaded via the well-

known DS1102 card of dSPACE GmbH, including 

a processor TMS320C30 with two 16-bit and two 

12-bit A/D converters after analog filtration. The 

control law is sent to the two servo-distributors via 

two 12-bit D/A converters. The value of the 

sampling period is 4 ms. A more detailed 

description and the main characteristics of the 

system can be found in the PRC/GDR reports (13, 

14). 
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Fig. 1 The electropneumatic system. 

3 ELECTROPNEUMATIC SYSTEM MODELLING 

3.1 Physical model 

3.1.1 Servo-distributor model 

Our research team in collaboration with the Asco-

Joucomatic Company (15) has developed the 

Servotronic servo-distributor. So the main physical 

characteristics of this servo-distributor are well-

known and a good model for simulation has been 

established from many measurements and 

estimations of the different physical parameters 

(16). The two servo-distributors are assumed to be 

identical. 

If the transitional mass flow rates are assumed to 

be negligible at each instant during the spool 

displacement, the output mass flow rate of the 

servo-distributor for a spool position is the same as 

the one obtained in steady state for the same spool 

position and the same pressure conditions. So the 

servo-distributor model can be divided in two 

parts. The first part corresponds to the positioning 

dynamics of the spool and depends mainly on the 

electromechanical system and the second part 

corresponds to the flow stage model obtained in 

steady state. 

The spool position is controlled by a local state 

feedback using position, velocity and acceleration, 

with a little integral action. One of the advantages 

of this position control is the negligible hysteresis 

between the spool position and the input voltage. 

In our case, the bandwidth of the Servotronic 

servo-distributors and the actuator are respectively 

about 170 Hz and 2.4 Hz. Using the singular 

perturbation theory, Bouhal (17) has shown that 

the faster dynamic can be neglected in the control 

model. The servo-distributor is then reduced to the 

static mass flow stage model. 

The figure 2 shows the classical symbolic 

representation of the flow stage of a 3/2-way 

servo-distributor. 

 
Fig. 2 Wheatstone half bridge representation. 

This figure shows the two restrictions called AS 

and AE whose sections vary with the spool position 

and therefore with the control. In order to establish 

a mathematical model of such power modulators 

flow stages, many works in the literature present 

approximations from the use of the physical laws 

with the modelling of the geometric variations of 

the restrictions areas AS and AE (18, 19). These 

methods require a local characterisation (20) of the 

power modulator.  

Sesmat (15) made a complete study of the servo-

distributor Servotronic where all circuits of fluid 

flow and their influence on the flow stage 

characteristics are shown. This means that the 

Wheatstone half bridge representation of figure 2 

is a too simplified one because all circuits of fluid 

flow are not taken into account (especially the 

leakage circuit). 

Therefore in the following, a static flow stage 

mathematical model issued from the global 

characterisation is presented. This global or half 

bridge characterisation corresponds to the 
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measurement of the output mass flow rate qm 

according to input control u and the output 

pressure p. This means that the experimental 

characterisation is made on the overall flow 

circuits of the servo-distributor. This characterises 

the component taken as a whole (“black box”). 

The global characterisation has the advantage of 

obtaining simply, by projection of the 

characteristics series qm(u,p) (figure 3) on the 

different planes: 

• mass flow rate characteristics series ("pressure 

- mass flow rate" plan), figure 4, 

• mass flow rate gain characteristics series 

("input control - mass flow rate" plan), figure 5. 

• pressure gain characteristics series ("input 

control - pressure" plan), figure 6. 
 

 

Fig. 3 Servo-distributor static characteristics. 

 

Fig. 4 Mass flow rate characteristics series. 

 
Fig. 5 Mass flow rate gain characteristics series. 

Fig. 6 Pressure gain characteristics series for different mass 

flow rate (incremented by 4 g/s). 

For the great values of control input, the mass flow 

rate characteristics curves look like the classical 

mass flow rate characteristics of a compressible 

fluid in turbulent regime through a convergent 

nozzle. This characteristic is given by the physical 

laws (21) and can be characterised using the 

approximation from the ISO 6358 norm (22). The 

mass flow rate law in each restriction has the 

following form coming from the physical laws: 

( ) ( )
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The mass flow rate coefficient Cq is generally used 

as being only dependent on the pressure and the 

type of the restriction geometry. Cm is the mass 

flow rate parameter depending on the pressures 

ratio by the following expressions: 
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The figure 4 shows clearly the nonlinear character 

of the mass flow rate according to pressure. 

The mass flow rate gain characteristics give an 

idea of the variation of the restriction sections that 

occur during the fluid flow according to control 

input u. The figure 5 shows clearly the nonlinear 

character of these for small values of u. 

The pressure gain characteristic is used to 

determine the equilibrium points of the global 

system in static regime for a given mass flow rate, 

generally equal to zero. This characteristic is 

thereby very important because it affects the steady 

state error. 

The results of this global characterisation can be 

introduced in simulation programs either under a 

table form or under a multivariable polynomial 

form (23). 

 

3.1.2 Actuator model 

The actuator model can be obtained using two 

physical laws: the first giving the pressure 

dynamics in a chamber with variable volume and 

the second being the fundamental mechanic 

relation. 

The pressure evolution law in a chamber with 

variable volume is obtained with the following 

assumptions (24, 25): 

- the air is a perfect gas and its kinetic energy is 

negligible in the chamber, 

- the pressure and the temperature are 

homogeneous in each chamber, 

- the process is polytropic characterised by 

coefficient k. 

The model of the cylinder and load assembly is 

given by the equations system (4). 
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VP(0) and VN(0) are the volumes of the chambers 

for the zero position and 
DX

V  are dead volumes 

present at each extremity of the cylinder. 

The dynamic evolution of each pressure in the two 

cylinder chambers P and N is given by the two first 

order differential equations of this system. 

The mass flow rate leakage between the two 

chambers is classically neglected in the case of an 

in line pneumatic cylinder. 

The last modelling assumption (polytropic 

process) leads to an algebraic equation between 

pressure and temperature of each chamber. 

The supply and exhaust pressures are assumed to 

be constant in experimental conditions. 

The two last equations of (4) come from the 

application of the main principle of classic 

mechanics to the mechanical part in movement. 

3.2 Model for the control 

3.2.1 Additional assumptions 

The previous physical model of the 

electropneumatic system can not be used for 

synthesize control laws without any additional 

assumptions. 

The first assumption concerns the temperature 

variation with respect to its average value. This 

variation is generally negligible so the temperature 
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in each chamber may be considered equal to the 

supply temperature. Then: TP= TN= TS. 

In the control model, the different frictions (except 

viscous), must be neglected because they depend 

on velocity but also on experimental conditions 

like temperature, atmospheric pressure, time of 

experiment... So it is difficult to identify them 

before all the tests and to be sure that they are 

going to keep constant values during the tests (26). 

Furthermore, only one control is used with 

opposite sign on the two servo-distributors (so 

uP=-uN=u). 

Consequently, these assumptions lead finally to a 

fourth order control model written in the form: 
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3.2.2 Nonlinear affine model 

For the nonlinear control synthesis, the model 

must be a linear function of the control input what 

it is called affine in control (27). For this, the 

equations system (5) shows that the control input 

variable which is the control input voltage of the 

power modulator appears in a nonlinear manner. A 

new control law variable is chosen and a method 

to obtain this linearity from the global 

characterisation described in the modelling part of 

this paper is proposed. 

A polynomial multivariable approximation will be 

made with a least square algorithm. The choice of 

the expression of the mass flow rate is based 

essentially on the expressions (1, 2, and 3) (23) to 

which a function allowing to take into account the 

mass flow rate leakage is added. The expression is 

as follows: 

( ) ( ) ( )( )( ) ( )uusgnpppuq
m

+=  ,,   (6) 

)(u  is a function whose evolution is similar to the 

evolution of the equivalent section restriction that 

crosses the fluid as a function of spool position. 

)(u  will be therefore deduced from the mass flow 

rate gain characteristics series. 

( )p  is a function whose evolution corresponds to 

the mass flow rate leakage. 

( )( )( )usgnp ,  is a function whose evolution is 

similar to the one described by the expression of 

mass flow rate laws (1). It is a function of the input 

control sign because the function is different for 

the inlet ( )(u >0) and for the exhaust ( )(u <0). 

The form of the mass flow rate characteristics 

(figure 4) justifies this approximation by two 

distinct functions, one defined for u>0 and the 

other for u<0. 

These functions must have bijectivity properties 

and )(u  is defined as following: )()( uu −−=  and 

0)0( = . This last property is justified by the fact 

that the input control of the electropneumatic 

actuator is in single input that is to say that the two 

servo distributors have the same control input 

signal but of inverse signs. 

The number of points acquired during the 

characterisation being sufficient and their density 

greater in the nonlinear zones, weighting 

coefficients are not used with the algorithm. The 

quality of the approximation is given by a criterion 

called multiple correlation coefficient. Moreover 

in our case, a second criterion is fixed a posteriori, 

it corresponds to the error on the pressure gain 

characteristic obtained for a zero mass flow rate. 

 

 
Fig. 7 Function  
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Fig. 8 Function . 

 
Fig. 9 Function  

The figures 7, 8 and 9 present the results where 

( )p , ( )( )( )usgnp , , )(u  have degree equal to 

five, five and two respectively. 

The mass flow rate errors obtained with this 

approximation are more important for the output 

pressure near supply and atmospheric pressures. 

These results could be improved by increasing the 

polynomial degree of ( )( )( )usgnp ,  or by giving 

more importance to some measure points. The 

normal working pressures rarely reach these limit 

pressures, thereby these obtained results can be 

judged satisfactory. 

As comparison, the pressure gain characteristics 

for a zero mass flow rate value obtained with the 

global method (6) and the local method (20) are 

compared with the experimental one on figure 10. 

The nonlinear method affine in the control 

obtained from the global characterisation gives 

better result than with the local method. 

 
Fig. 10 Pressure gain comparison. 

Notice that from this polynomial form (6), the 

linearised tangent model and the equilibrium 

points may be easily obtained. 

Finally, the nonlinear control model affine in the 

control is written: 
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3.2.3 Equilibrium set and tangent 

linearisation 

For a single input nonlinear model of the form 

( )uxfx ,= , the equilibrium set is defined by 

( ) 0, == ee
uxfx . So in our case the equilibrium set 

 ee

N

e

P

ee uppvy ,, , ,  is deduced from system (5): 
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The three last equations can be solved graphically 

as shown in figure 11 to obtain the three unknown 

variables  , e

N

e

P
pp and eu  (28). This figure shows the 

experimental pressure gain characteristic and the 

pressure force gain characteristic ( )( )upSpS
NNPP

−  

deduced from it, both for a zero mass flow rate. 

These curves are obtained from the servo-

distributor static characteristics (figure 3). They 
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are monotonous and strictly increasing so for any 

equilibrium position value and for a given external 

force there is only one equilibrium point defined 

by: 

( ) ( ) ( ) e
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e FuFpFp ,, ,0v, y e =  (9) 

Consequently, the dimension of the equilibrium set 

is the same as the number of input of the system, 

which is a necessary condition to prove that the 

tangent linearised model is a controllable system. 
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Fig. 11 Pressure force gain and Pressure gain characteristics 

at zero mass flow rate. 

The tangent linearised model has the following 

form (11), with variation near equilibrium set: 
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The time constants e

P
  and e

N
  are: 
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deduced from the servo-distributor static 

characteristics in figure 3. 

 

3.2.4 Reduced tangent linearised model 

In the pneumatic field, the conventional position 

control law consists of position, velocity and 

acceleration feedbacks. Using acceleration 

feedback instead of pressures feedbacks or 

differential pressure feedback can be justified by 

the fact that an external perturbation force quickly 

influences acceleration. 

To obtain a third order model with position, 

velocity and acceleration state variables, Kellal et 

al (29) proposed to replace each time constant of 

each chamber by an average time constant e

m
  

(geometric mean). Then the third order model is : 
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The damping coefficient is: 
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The open loop pulsation is 
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4 POINT TO POINT CONTROL 

4.1 Fixed and scheduling gains control laws. 

The reduced model of third order (13) obtained by 

linearisation around an equilibrium state is used in 

this part to synthesize a state feedback law for 

point to point position control. 

In industrial processes two objectives have to be 

respected: good dynamic behaviour and a 

minimum steady state error without overshooting. 

These criteria must be true for every desired 

position and for different displacement amplitudes. 

The results are presented in this paper in terms of 

repeatability, in order to limit the influence of 

stochastic perturbation like dry friction variation, 

supply pressure evolution, electrical noise... 

e

N
p  

e

P
p  

e

ext
F  

 

 

 

 

-ue ue 

 

 

 



Journal of SYSTEMS AND CONTROL ENGINEERING 

Special Issue 'Controls in Fluid Power Systems" 

 9/17 

 

A classical state feedback has been implemented 

and tested : 

( ) aKvKyyKuu
avdy

e −−−+=  (18) 

The state feedback coefficients are obtained by 

fixing a desired behaviour for the closed loop 

system. To conform with industrial criteria, a third 

order characteristic polynomial with a dominant 

second order is chosen (3, 24) 
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Simple calculus leads to: 
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Expressions (17) and (21) show that the feedback 

gains depend on the position. Figure 12 shows 

these variations with position for a closed loop 

dynamic calculated for each position 

with ( )yy
olcl
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The gains used for the fixed gain control law are 

those calculated in the central position yC, this 

corresponds to the smallest value of the cylinder 

natural pulsation (see expression (17)). It is easy to 

show using the Routh Hurwitz criterion that this 

choice assures the asymptotic stability for all 

positions. 

With these fixed gains, the behaviour of the system 

should be different in extremities of the stroke. 

However, for electropneumatic systems this is not 

true for two reasons shown in figure 13: 

-Firstly this figure shows the evolution of the poles 

for a control law calculated in central position and 

applied to different other positions. All along the 

stroke, the imaginary part of the pole is negligible 

in comparison with real part that leads to a step 

reponse without oscillation. 

-Secondly the dynamic behaviour is nearly the 

same because for every position of the piston the 

two complex poles are like one double real pole 

which stays nearly constant in every position (see 

zoom). So these poles impose the dynamic 

behaviour because the third pole is in the ratio of 

six or more. 
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The control law with scheduling gains is obtained 

by approximating in the least square sense the 

curves shown in figure 12 with a fourth order 

polynomial function. So the appropriate control 

law may be written in the form: 

( ) ( )( ) ( ) ( )ayKvyKyyyKuyu
dadvddy

e

d
−−−+=  (22) 

Equilibrium values do not depend on the desired 

position, so ( ) e

d

e uyu = . This control law takes 

advantage of the natural characteristics of 
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electropneumatic systems and leads to its best 

performances in closed loop, due to the higher 

natural system dynamic near the cylinder ends. 

 

4.2 Comparison of experimental results 

In order to compare the experimental results 

obtained with the two different control laws, a 

kind of "industrial benchmark" has been 

developed. Table 1 summarises the results 

obtained for fixed and scheduling gains for small 

movements around the central position and near 

the two extreme positions of the actuator. In each 

case the magnitude of the movement is only 10% 

of the total stroke. So we can consider that the 

tangent linearised model is valid for every desired 

position. All tests presented in this table have been 

carried one hundred times in the same conditions. 

In terms of repeatability, it is interesting to note 

that the standard deviation ( ) is nearly 

independent of the position: a value around 0.1 

millimetre is obtained for the fixed gains control 

law and about 30 % less for scheduling gains.

 

Control law Fixed Gains Scheduling Gains 

Desired 

Position [mm] 
 

-200 to -150 
 

-25 to +25 
 

150 to 200 
 

-200 to -150 
 

-25 to +25 
 

150 to 200 

Piston direction - + - + - + - + - + - + 

  [mm] 0.114 0.121 0.120 0.110 0.006 0.116 0.027 0.021 0.089 0.105 0.035 0.119 

Mean   [mm] 0.41 0.21 0.27 0.01 0.40 0.20 0.35 0.13 0.61 0.20 0.42 0.29 

Max  [mm] 0.61 0.59 0.32 0.30 0.50 0.23 0.38 0.17 0.74 0.56 0.46 0.39 

Mean pos [mm] -199.59 -149.79 -24.73 24.99 150.40 199.80 -199.65 -149.87 -24.39 25.20 150.42 199.71 

   r * [ms] 253 263 251 259 259 272 141 220 262 248 243 165 

vmax [mm/s] 252 247 244 264 222 253 427 313 244 264 251 393 

a max [m/s2] 4.56 4.70 4.35 4.59 3.48 4.59 6.39 4.59 4.05 4.59 4.75 4.59 

* 
r

  = response time between 10 and 90 % of the movement 

Table 1 Experimental results with fixed and scheduling gains control laws. 

 

 

As explained in paragraph 4.1, the results obtained 

with the scheduling gain control law are more 

satisfactory than with fixed gains, particularly in 

terms of displacement velocity near the cylinder 

ends, which consequently have a satisfactory 

improvement. Table 2 and figure 14 show the 

main results. For example, on the extremity the 

improvement in time response calculated between 

10 and 90% of the movement is about 40%. 

Desired Position 

[mm] 
 

-200 to -150 
 

150 to 200 

Direction - + - + 

  - 43 % 

Mean   [mm] - 0.08 - 0.36 - 0.11 + 0.22 

  r  -43 % - 17 % - 16 % - 39% 

vmax  + 69 % + 27 % + 13% + 55% 

Table 2 Improvement of the scheduling gains control law 

compared to fixed gains. 

It will of course be interesting to compare results 

for other different magnitudes of piston 

displacement. 
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Fig. 14  Experimental results. 
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5 TRACKING 

5.1 Choice of admissible trajectories 

Under the hypothesis that the servo-distributor 

spool time displacement is negligible, the relative 

order of the position output of the 

electropneumatic system is three. This means that 

there are "three integrators" between the control 

input of the system and the output, which is the 

cylinder piston position. So it means that the 

electropneumatic system can only track position 

trajectories at least three times differentiable. For 

example a polynomial function of degree three 

satisfies this condition. But to respect industrial 

necessity, the trajectory has been chosen with 

physical criteria, in terms of maximum velocity, 

maximum acceleration and duration with constant 

velocity or acceleration. So the trajectory 

corresponds to a constant piecewise time function 

for the jerk (acceleration time derivative) and is 

generated by a triple integrator reference model. 

All results presented in this section have been 

obtained for two different trajectories with the 

same movement amplitude (90% of total stroke) 

and the same time displacement: 2.04 seconds 

(table 3). For the first trajectory the velocity is 

constant for about 90% of the displacement time, 

see figure 15a, and for the second trajectory, there 

is a constant acceleration phase (for about 45% of 

movement), and an equal constant deceleration 

phase : see figure 15b. 

TRAJECTORY 1 2 
Amplitude of movement [mm] 400 

Sampling period [ms] 4 

Duration of rod out [s] 2.040 

Duration of one cycle [s] 9.996 

Duration with constant jerk [ms] 60 60 

Duration with constant acc [ms] 0 900 

Duration with constant velocity [ms] 1 800 0 

Maximum velocity [m/s] 0.20 0.39 

Maximum acceleration [m/s2] 3.4 0.41 

Maximum jerk [m/s3] 58 6.8 

Table 3 Main characteristics of the desired trajectories. 

These two kinds of trajectories are very often used 

in industrial processes. Many robots are controlled 

with a constant velocity phase. This can be used in 

painting systems, for example. The limitation of 

acceleration and jerk is useful for positioning 

systems which carry delicate loads or dangerous 

liquids in containers (as in the chemical industry), 

it can be done with the second trajectory (fig 15b). 
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a Trajectory 1 with constant velocity. 
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b Trajectory 2 with constant acceleration. 

Fig. 15  Choice of desired trajectories. 
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Fig. 16 Theoretical necessary section area of servo-

distributor. 
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The choice of trajectory is also a problem of 

sizing: the control input must not reach its 

maximal value during tracking control. Using 

nonlinear control theory, Richard and Scavarda 

(20) have shown that it is possible to calculate the 

theoretical control law associated to a given 

cylinder position tracking. Sesmat et al (32) have 

proposed a procedure for verifying the servo-

distributor size: using the reduced inverse model, 

the servo-distributor control area is calculated and 

its value must have a value smaller than a chosen 

fraction of the nominal area. For the Servotronic 

servo-distributor this maximum area is 24 mm2. 

Figure 16 shows that the desired trajectories are 

both theoretically physically admissible by the 

system under consideration. 

 

5.2 Principle of tracking control 

In tracking control theory an appropriate feedback 

must transform the closed loop system into the 

same one as the reference model, which is a triple 

integrator in our case, as seen in the previous 

paragraph. 

So the first feedback transforms the system as: 

cJd jBzIz +=  (23) 

where 











=

000
100
010

d
I   












=

1
0
0

J
B  and 














=

a
v
y

z  (24) 

In the following, two ways to synthesize the first 

feedback are presented. Firstly the reduced 

linearised model (13) is used and fixed feedback 

gains are obtained (section 5.3). Secondly a 

nonlinear linearising control law is used (section 

5.4). 

With the first loop and the reference model, the 

state error vector is defined as zzz d −= , so with: 

cd
jjj −=


  jBzIz Jd +=  (25) 

Without perturbations, with the same input as for 

the reference model, the closed loop system should 

have the same acceleration, velocity and position 

evolutions as the reference ones. There are 

however always uncertainties in the model and 

consequently the nonlinearities are not exactly 

compensated by the control law. Furthermore, the 

parameters of the nonlinear model generally vary 

with time, and force perturbations can occur. So a 

second loop is necessary for disturbance rejections. 

The second feedback enables the dynamic 

cancellation of tracking errors to be fixed. Static 

state feedback is chosen with fixed gains 

calculated with the same procedure as for point to 

point control but with ( )colcl y  5.1= : 
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 (26) 

During the synthesis of the control law, dry 

friction has been neglected. To minimise the 

stiction phenomena, a boosting control is added 

during some sample times when desired jerk 

becomes no null and velocity measured is close to 

zero. This term, noted uboost, transmits the required 

energy to the system so that it can escape from the 

stiction friction. This method could be compared 

with current overshoot in power converter devices 

in order to improve switching. 

The principle of this tracking control is resumed 

by the figure 17. 
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Fig. 17 Principle of tracking control. 

5.3 Linear tracking control 

Using the principle described above, the linear 

control tracking (33) is synthesized with the 

tangent linearised model described by expression 

(13) , and having the form: 
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BuzAz +=  (27) 
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The first loop gains are calculated from this 

reduced linearised model of the third order 

calculated in the cylinder central position which is 

the worst position for dynamic behaviour. This 

loop consists of a state feedback with fixed gains 

in position, velocity and acceleration (figure 18) 
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The system is now equivalent to (23), then: 
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Fig. 18: Linear first feedback for linear tracking control. 

With the second feedback, the linear control 

applied to the electropneumatic system is : 

( ) ( ) ( )( )aaKvvKyyKj
b

aKvKyKuu

dadvdyd

avyboost

−+−+−++

−−−=

222

111

1
         

 (31) 

5.4 Nonlinear tracking control 

The electropneumatic model (7) is in the nonlinear 

affine form ( ) ( )Uxgxfx += . 
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A convenient way to linearised it for every 

position of the cylinder piston, is to use the 

nonlinear linearising control law (27, 34), which 

theoretically transforms the closed loop system 

into two parts. The first part consists of a cascade 

of  integrators and the second is an unobservable 

subsystem of dimension (n-) ( is the relative 

order of the output, n is the system order). With: 

( ) ( )
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A simple calculation shows that the characteristic 

number is equal to three. With the new following 

co-ordinates: 









=
=

=
=

PP

f

f

pp
hL

hLv
hy

2
 (33) 

These relations define a local diffeomorphism 

around an equilibrium state. In the new co-

ordinates, the closed-loop system becomes 

( ) ( )( )



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d
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sP

c

,
)(



  (34) 

In the single input output case, the linearising 

nonlinear control is given by: 

( )whL
hLL

U
f

fg

+−=
−



 1

1
 (35) 

and here, it leads to the following control law: 
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where: 
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It is important to note that hLL
fg

2  is always strictly 

positive. So U has the same sign as ( )whL
f

+− 3
. 

w is by definition independent of U and hL
f

3  too, 

according to (37). Consequently, the control law is 

not implicit (this remark explains the choice of the 

function  independent of U in the mass flow rate 

expression (6) of section 3.2.2). 

It can be noticed that on the contrary to the linear 

first feedback, this nonlinear feedback requires 

additionally the measurement of the two chamber 

pressures. 

Study of the residual dynamic 

The proposed control law leads to an unobservable 

subspace of dimension one. So the validity of the 

control law depends on the stability of the 

unobservable subsystem. The linear part of the 

closed loop system is well stabilised with an 

appropriate feedback. To prove the complete 

asymptotic stability of the control law, the stability 

of the internal dynamics will be studied. In this 

section, when the actuator stops (i.e. : y = ystop, v = 

0, U = Ustop), the asymptotic local stability of the 

equilibrium point of the internal dynamic is 

proved. 

The differential equation of pP is in the form : 

( ) ( )( ) 
stopstopPP

stopP

sP UUsgnpp
yV

krT

dt

dp
,

)(
 +=  (38) 

Firstly assume that Ustop>0. Then this first order 

nonlinear equation has an only one equilibrium 

point e

P
p  because the two functions ( )p  and ( )p  

are decreasing monotonous (see figures 7 and 8) 

and ( )p  is always positive and ( )p  has a zero. 

Then using the Lyapunov function 

( )2
2

1 e

PP
ppV −= the asymptotic stability of the 

equilibrium point e

P
p  is easily proved. 

The same result may be obtain with Ustop<0. 

With the same feedback as for linear tracking and 

the same boosting input (uboost), the nonlinear 

control applied to the electropneumatic system 

may be written as: 
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The figure 19 shows the first nonlinear feedback. 
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Fig. 19 Nonlinear first feedback for nonlinear tracking 

control. 

 

5.5 Comparison of experimental results 

After different tests, we noticed that to speak about 

repeatability, one hundred cycles are sufficient, 

because a Gaussian repartition of the results is 

obtained. All results are saved with a numerical 

recorder (Odyssey from Nicolet). The mean value, 

standard deviation ( ), maximum and minimum 

values of position and velocity errors are 

calculated all along the trajectory. 

An example of the obtained results is shown in 

figures 20 and 21 for the trajectory with constant 

velocity of figure 15a in the case of movement 

during rod out. The different curves correspond to 

a statistical analysis of linear and nonlinear 

tracking. The results give the reader a great deal of 

information during the piston trajectory and the 

performance in terms of repeatability are clearly 

pointed out. 

(37) 
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a Linear control results 

 

 
b Nonlinear control results 

Fig.20 Error in position. 

 

 
a Linear control results 

 
b Nonlinear control results 

Fig.21 Error in velocity. 

Results analysis 

Firstly we have noticed that both control laws lead 

to good results with the two trajectories all along 

the cylinder stroke. The results are similar in 

steady state with the two control laws: the steady 

state error is about 0.20 millimetres. 

A detailed study of all curves shows the 

improvement obtained with nonlinear control law 

during dynamic phases with constant velocity and 

constant acceleration or deceleration stages. An 

improvement of at least 25% can be seen in the 

maximum position and velocity error recorded 

with the nonlinear control law. During the constant 

velocity stage (trajectory 15a), the tracking 

position error is no more than 4 millimetres with 

the linear control law and lower than 3 millimetres 

with the nonlinear control law. These two numbers 

are respectively equal to 8 and 6 millimetres 

during constant acceleration or deceleration stages. 

The improvement due to nonlinear control law in 

terms of velocity tracking is even more 

appreciable. The maximum tracking velocity error 

for the first trajectory is about 0.07 m/s with linear 

control law and 0.05 m/s with nonlinear and 

respectively 0.04 m/s and 0.02 m/s with the second 

trajectory (figure 15b). 

For industrial processes, the most important 

criterion is the repeatability of the results. That is 

why the table 4 resumes in term of repeatability 

the improvement due to the nonlinear control law. 

We recall that for a Gaussian distribution, 68.3 % 

of the results are included between the mean value 
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  standard deviation. So, table 4 presents the study 

of the mean tracking position error obtained with 

the two control laws for the two different desired 

trajectories of figure 15. 

 

 Type of trajectory With constant velocity With constant acceleration 

 Control law Linear Nonlinear Improv. Linear Nonlinear Improv. 

Gaussian ( )( )t
t




max  [mm] 0.60 0.25  0.05 0.10  

distribution ( )( )t
t




max  [mm] 3.20 2.50 22 % 7.30 5.80 21 % 

68.3 % ( ) ( )( )tt
t

 


max  [mm] 3.80 2.75 28 % 7.35 5.90 20 % 

90,0 % ( ) ( )( )tt
t

 


64.1max  [mm] 4.18 2.91 30 % 7.38 5.96 19 % 

99,0 % ( ) ( )( )tt
t

 


58.2max  [mm] 4.75 3.15 34 % 7.43 6.06 18 % 

Table 4 Statistical comparisons between nonlinear and linear tracking control laws, in terms of position error.

  

For example the improvement in terms of position 

error of 30% in this table means that in 90 % of 

cases, the tracking position error calculated as the 

mean value is less or equal to 4.18 millimetres 

throughout the cycle in case of the linear law and 

is less or equal to 2.91 millimetres with nonlinear 

control law: so the improvement is 30%. 

The improvement obtained with the use of 

nonlinear law is not very surprising since for the 

synthesis, the nonlinearities of the flow stage mass 

flow rate are taken into account by the 

approximation (6). On the contrary, the use of the 

tangent linearised model transforms the system in 

a triple integrator (as the reference model) only for 

one position. 

For industrial applications, the complexity of 

nonlinear control will not be a problem in terms of 

the numerical implementation. Nevertheless, the 

nonlinear linearising control law needs two 

supplementary pressure sensors. Nowadays, 

however, this is not a financial difficulty. However 

it is important to note that the linear control is far 

easier and more rapid to synthesize. Thus, it can be 

a solution in particular applications where less 

precision is required. 

 
6 CONCLUSIONS 

This paper has presented the synthesis of an 

electropneumatic nonlinear model for positioning 

system. Appropriate and justified hypotheses lead 

to a linear reduced model. 

The greatest problem for this kind of system 

concerns modelling the nonlinearities of the servo-

distributor mass flow rate. For the first time a 

mathematical approximation of the mass flow rate 

coming from experimental characterisation has 

been presented and validated. This leads to a 

nonlinear affine model, which can be used for 

nonlinear control synthesis. 

State feedback controls with fixed and scheduling 

gains have been studied and the improvements 

obtained with the scheduling gains in terms of 

repeatability and response time are quantified for a 

point to point displacement for different positions 

along the cylinder stroke. 

Using tracking control for two kinds of 

trajectories, a nonlinear control law based on 

input-output linearisation leads to better results, 

especially in terms of repeatability, than a linear 

control law established with the tangent linearised 

model. 

This quantified and structured comparison should 

be continued for other control laws, with an 

evolved benchmarking (sticking and restarting 

phenomenon (26), robustness to mass variation or 

to force perturbation, stiffness of system…) and 

the same device. What results will be obtained for 

an adaptive algorithm, a sliding control, a   H   

robust control, a fuzzy control, a neural control…? 
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