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Abstract

This paper presents a fully three-dimensional constitutive model for anisotropic vis-
coelasticity suitable for the macroscopic description of fibre reinforced composites
that experience finite strains. An essential feature of the model is that the matrix
and the fibres are treated separately allowing then as many bundles of fibres as
desired. Moreover, the relaxation and/or creep response is based on the multiplica-
tive viscoelastic split of the deformation gradient combined with the assumption of
viscoelastic potentials for each compound. Here the composite is thought to be the
superposition of an isotropic matrix material and further one-dimensional continua,
each of them representing one family of fibres. The deformation gradient and its
multiplicative decomposition apply to all the continua linking them implicitly. The
global anisotropic response is obtained by an assembly of all the contributions. Con-
stitutive models for orthotropic and transversely isotropic materials are included as
special cases. It is shown how the continuum thermodynamics is crucial in setting
the correct forms for the constitutive and evolution equations. For the algorithmic
design within the context of the finite element method, the numerical effort is of
the order of that devoted for isotropic computations. In fact, only a single scalar-
valued resolution procedure is added for each fibre bundle. The algorithmic tangent
moduli are derived for each compound and their assembly leads to consistent vis-
coelastic tangent modulus which is suitable for a quadratic rate of convergence when
the Newton-Raphson iterative scheme is employed. The numerical efficiency of the
model is illustrated through a set of representative simulations.
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1 Introduction

Fibre-reinforced materials belong to a very important class of materials which
are frequently employed in a wide variety of industrial applications. Typically,
these materials consist of a fabric structure where the fibres are continuously
arranged in a matrix material and, at the macroscopic level, these composites
exhibit strong directional dependencies. The vehicle tyres furnishes a typical
example of technological application of such man-made composites. On the
other hand, focusing on biomechanical problems, a large number of elements of
living organisms, such as all types of soft biological tissues, show very distinct
anisotropic mechanical properties. Typically, these soft tissues are for example
composed by many layers, each of them consists of many families of collagenous
fibres with different orientations continuously embedded in a non-collagenous
matrix material. Their study is nowadays of growing interest.

In many cases, these anisotropic materials behave in a viscoelastic manner in
the finite strains range. The dissipative phenomena can either be exhibited by
the fibres and/or by the matrix itself. In most cases, it is essential to consider
the viscous effects within a phenomenological modelling framework. Recently,
a considerable effort has been devoted into the extension of isotropic finite
strain inelastic models to the anisotropic case from the theoretical and the
numerical points of view. We refer for example to the anisotropic elastoplastic
formulations proposed by Spencer (2001) [32], Reese (2003) [20], Sansour and
Bocko (2003) [23], and more recently by Klinkel, Sansour and Wagner (2005)
[11]. And for anisotropic viscoelasticity, we refer for example to the recent
formulation by Holzapfel and Gasser (2001) in [8], see also [9]. In this latter,
the authors have pursued Simo’s constitutive framework [27] where the over-
stresses of each compound of the composite materials are chosen as internal
variables which, in turn, are governed by linear differential equations in a form
similar to that employed in linear viscoelasticity. In all these formulations, the
anisotropic behaviour is, among others, captured by a particular choice of
the free energy function formulated in terms of the so-called integrity basis
as proposed by Spencer (1984) [31], and widely employed for purely elastic
materials, see for example [1,22,34] to mention few.

The goal of the present paper is an alternative formulation of the viscoelastic
response of fibre-reinforced materials at finite strains. Two features charac-
terize the present approach. On the one hand, it extends the hypothesis of
the multiplicative split of the deformation gradient into an elastically relaxing
part and a viscous part to all the compounds of the composites. Note that
this multiplicative decomposition, originally proposed by Sidoroff (1974) [26],
has been deeply investigated by several other authors in the isotropic case,
see for example [5,12–14,21] among other references. On the other hand, the
present approach considers the continuum as a superposition of the matrix
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and further one-dimensional continua, each of them representing one family
of fibres, as recently proposed by Klinkel, Sansour and Wagner (2005) [11]
in the context of finite anisotropic elastoplasticity. The different continua are
implicitly linked by the kinematical constraint that the deformation gradient
together with its multiplicative split apply to all of them. In this formulation,
the quantities obtained from the elastically relaxing part of the deformation
gradient together with the structural tensor of each family of fibres are in-
terpreted as a set of kinematical internal variables that are associated with
the viscous motion of the material. Their evolution equations are obtained
following standard arguments of the continuum thermodynamics where we
postulate the existence of viscoelastic potentials for each compound in terms
of their over-stresses (non-equilibrium stresses in the sense of non-equilibrium
thermodynamics). This formulation differs from the approach by, for example,
Holzapfel and Gasser [8].

From the continuum thermodynamics point of view, the additive split of the
free energy function leads to separate constitutive equations for the matrix
and for the fibres. Each constituant is then treated separately. On the one
hand, as the matrix is considered as isotropic, one can then take advantage of
the formulations and the algorithmic treatments deeply investigated in the
recent literature. On the other hand, for the fibre bundles, a simple one-
dimensional viscoelastic modelling framework is developed. The corresponding
scalar-valued evolution equations result from the positiveness of the reduced
dissipation function for each family of fibres. The directional responses of
the fibres induce then an anisotropic behaviour of the whole composite in
the equilibrium and non-equilibrium thermodynamic regimes. The resulting
framework is very similar to that of the anisotropic elastoplasticity at finite
strains recently proposed by Klinkel, Sansour and Wagner [11]. In addition to
its conceptual simplicity, the numerical effort is of the order of that devoted
for an isotropic viscoelastic computation. Only a single-scalar valued resolu-
tion procedure is appended for each family of fibres, which results from the
implicit integration of the scalar-valued evolution equation, and which renders
the whole numerical procedure very efficient.

The paper is organized as follows. In section 2, the kinematics based on the
multiplicative split of the deformation gradient is established. We define the
basic kinematical quantities that enter in the definition of the general form of
the free energy function. The constitutive relations together with the evolution
equations are then derived in section 3 following the standard arguments of
continuum thermodynamics. Model examples are proposed and discussed in
section 4. In particular, we discuss issues concerning the fact that the fibres
can carry load only in tension. Then, as far as the numerical approximation is
concerned, a numerical design to implement the equations at hand is addressed
within the context of the finite element method in section 5. A special attention
is devoted to the (simple) determination of the algorithmic viscoelastic tangent
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moduli related to the fibres, and which enter in the composition of global
tangent modulus within the Newton-Raphson iterative scheme. The efficiency
of the proposed framework is then evaluated numerically through a set of
representative numerical simulations in section 6, and finally, conclusions are
drawn in section 7. Noteworthy remarks and comments are given throughout
this paper.

2 Basic kinematic assumptions

As a point of departure, we establish in this section the kinematic assumptions
that will be used throughout the following developments. The basic definitions
follow closely those given by Klinkel, Sansour and Wagner [11] in anisotropic
elastoplasticity. Before going on, and in all what follows, let ϕ(., t) denotes the
motion in a time interval [0, T ] of a continuum body with reference configu-
ration Ω0. The material particles are labeled by X ∈ Ω0, and the deformation
gradient is given by F ≡ F(X, t) = Dϕ(X, t). This kinematics applies here
to a solid which exhibits more than one constituent. In our specific case, we
suppose that one of the constituents (the matrix) will always behave in an
isotropic manner, and the other constituents will be defined as one-dimensional
continua which can deform and carry loading only in their specific respective
directions. The number of the families of fibres is not restricted, and each
one-dimensional continuum will be associated with one individual family.

Let denote by ~VF the direction of a typical family of fibres in the reference
configuration Ω0 (~VF is a normalized vector). This latter transforms into the

current configuration Ωt ≡ ϕ(Ω0, t) by the map ~vF = F~VF (here the vector
~vF is not normalized). On the one hand, the fact that the fibres behave in
a one-dimensional manner necessitates the introduction of the corresponding
one-dimensional deformation gradient as FF = ~vF ⊗ ~VF. 0n the other hand,
the introduction of the structural tensor MF defined as MF = ~VF ⊗ ~VF, leads
to the identity,

FF = FMF. (1)

That is, FF is no more than the projection of the deformation gradient in the
direction of the associated family of fibres. Note also that the structural tensor
MF is idempotent, i.e. Mn

F = MF for any value of the power n.

The approach to viscoelasticity starts with the multiplicative decomposition of
the deformation gradient into a non-equilibrium elastic part Fe and a viscous
part Fv,
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F = Fe
MFv

M, (2)

where, due to the fact that this decomposition is assumed to be fully applied
to the matrix, the index M is added. Here Fv

M is thought to be a kinematical
internal variable associated with the viscous motion of the matrix. The variable
Fe

M may be interpreted as the elastically relaxing portion of the matrix motion.
It is implicitly defined for a given motion through (2) once Fv

M is known. And
for the fibres, a similar multiplicative split is assumed for the one-dimensional
deformation gradient FF:

FF = Fe
FF

v
F. (3)

For the matrix and for each fibre family, we define the following important
kinematical quantities of the right Cauchy-Green type by the conventional
relations:

C = FTF, Ce
M = FeT

M Fe
M, Cv

M = FvT

M Fv
M,

CF = FT
FFF, Ce

F = FeT

F Fe
F, Cv

F = FvT

F Fv
F.

(4)

Like for the purely isotropic viscoelasticity, see for example [21], the elastically
relaxing right Cauchy-Green tensor Ce

M will enter in the definition of the non-
equilibrium part of the free energy function relative to the matrix. A similar
quantity must then be defined for the fibres. Let us first note that Fv

F must
be of the one-dimensional form. We write then:

Fv
F = λv

FMF =⇒ Cv
F = λv2

F MF, (5)

with the initial condition relative to the reference state λv
F(t = 0) = 1. The

kinematical (scalar) internal variable λv
F is thought to be the viscous elongation

associated to the individual fibre family under consideration.

Combining the relations (3), (4)4 and (5)1, the total right Cauchy-Green tensor
relative to the fibres is rewritten as

CF = λv2

F MFF
eT

F Fe
FMF. (6)

By analogy with the recent work in anisotropic elastoplasticity, see [11], the
crucial idea is that the tensor Fe

FMF defines an equivalent class of elastically
relaxing parts of the fibre family’s deformation gradient. Then, introducing
the following definition for the class:
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F̃e
F = Fe

FMF =⇒ FF = λv
FF̃

e
F, (7)

we define the corresponding elastically relaxing right Cauchy-Green tensor
which is a representative for the non-equilibrium elastic measure for the fibres:

C̃e
F = F̃eT

F F̃e
F =

1

λv2

F

MFCMF. (8)

This latter will enter in the definition of the non-equilibrium part of the free
energy function relative to the fibres. The useful relation CF = MFCMF has
been employed to get the relation (8).

3 Constitutive equations and evolution laws

To avoid any confusion in the following developments, only the kinematical
quantities F̃e

F and C̃e
F representing the equivalent class for each family of fibres

will be considered. Hence, for the sake of clarity, they will be denoted by Fe
F

and Ce
F, respectively. Confining our attention to the purely mechanical theory,

the fundamental thermodynamic requirement can be expressed in terms of the
isothermal Clausius-Duhem inequality as

D = S : 1
2
Ċ− ψ̇ ≡ Σ : L− ψ̇ ≥ 0, (9)

where S is the symmetric second Piola-Kirchhoff stress tensor, Σ is a material
stress tensor defined as Σ = CS, and L = F−1Ḟ is the right rate of the (total)
deformation gradient F. As in [15,24], Σ is an Eshelby-like stress tensor, since
up to a sign and a spherical part it coincides with it. Note also that in [25], Σ

is called a Mandel-like stress tensor as the later is being defined with respect to
the so-called intermediate configuration. Finally, ψ is the free energy function
which characterizes the state of the (composite) material and which has to be
specified.

The non-equilibrium energetic contribution of each compound of the fibre-
reinforced material is assumed to depend on Fe

M and Fe
F through Ce

M and
Ce

F, respectively, such that the overall free energy function of the composite
material can be expressed as

ψ = ψ∞M
(C) + ψneqM

(Ce
M) +

nF∑

F=1

{
ψ∞F

(CF) + ψneqF
(Ce

F)
}
, (10)

6



where nF is the total number of the fibre families, ψ∞M
and ψ∞F

are the free
energies at thermodynamic equilibrium for the matrix and for each fibres’ fam-
ily, respectively, and ψneqM

and ψneqF
are the corresponding non-equilibrium

free energies. This functional assumption is necessary in order to satisfy frame
invariance requirements. The expression (10) is motivated by the simple rhe-
ological model of the standard solid. That is, a free spring in parallel with a
Maxwell element. Loosely speaking, C (resp. CF) is the strain associated with
the free spring, and Ce

M (resp. Ce
F) is the strain associated with the one of the

Maxwell element.

One the one hand, in taking the time derivative of the general free energy
function (10), use is made of the following kinematical relations:

Ċ = LTC + CL,

Ċe
M = Fv−T

M

{
(L− Lv

M)TC + C(L− Lv
M)

}
Fv−1

M ,

ĊF = MF

{
LTC + CL

}
MF,

Ċe
F =

1

λv2

F

MF

{
LTC + CL− 2

λ̇v
F

λv
F

C

}
MF,

(11)

where Lv
M = Fv−1

M Ḟv
M is the right rate of the viscous part of the deformation

gradient. On the other hand, let us introduce the following definitions:

Σ∞M
= 2 C

∂ψ∞M

∂C
, Σ∞F

= 2 C MF
∂ψ∞F

∂CF

MF,

ΣneqM
= 2 C Fv−1

M

∂ψneqM

∂Ce
M

Fv−T

M , ΣneqF
=

2

λv2

F

C MF

∂ψneqF

∂Ce
F

MF.

(12)

Then, inserting these results into the inequality (9) and using the standard
arguments of continuum thermodynamics, see for example [2,3], on obtains
after some algebraic manipulations the following constitutive relation for the
Eshelby-like stress tensor:

Σ = Σ∞M
+ ΣneqM

+
nF∑

F=1

{
Σ∞F

+ ΣneqF

}
, (13)

where Σ∞M
and Σ∞F

are the equilibrium parts concerning the matrix and
the individual fibre families respectively, and where ΣneqM

and ΣneqF
are the

corresponding non-equilibrium parts. The reduced dissipation (9) becomes
then:
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D = ΣneqM
: Lv

M︸ ︷︷ ︸
DM

+
nF∑

F=1





ΣneqF
: MF

λ̇v
F

λv
F︸ ︷︷ ︸

DF





≥ 0. (14)

This latter must be satisfied for all admissible processes in the material. This
restriction could in turn be satisfied by imposing separately the positiveness
of the dissipation in the matrix, DM ≥ 0, and in each family of fibres, DF ≥ 0.

Remark 1 The present model can be easily extended to the case of multiple
relaxation mechanisms by assuming that there exists a set of internal variables
Fvk

(k = 1 . . . N) such that, instead of (2), one has

F = Fek

MFvk

M k = 1 . . . N. (15)

In our case, this split will be applied to all the compounds of the fibre-reinforced
material. Here the variables Fvk

M can be interpreted as the viscous portion of
the motion associated with the individual relaxation mechanisms. See [5] for
more details in the isotropic case.

3.1 Stress tensor: the matrix contribution

Concerning the matrix contribution to the total stress tensor, the constitutive
relations (12)1 and (12)3 can be rewritten in the following equivalent forms:

S∞M
= 2

∂ψ∞M

∂C
and SneqM

= 2 Fv−1

M

∂ψneqM

∂Ce
M

Fv−T

M , (16)

where S∞M
= C−1Σ∞M

and SneqM
= C−1ΣneqM

are respectively the equi-
librium and non-equilibrium second Piola-Kirchhoff stress tensors associated
with the matrix. Note that as this latter is considered isotropic, this restriction
is assumed at the reference configuration and on the intermediate one defined
by Fv

M. Hence, the part ψ∞M
of the free energy function depends on the invari-

ants of C which are identical to those of the (total) left Cauchy-Green tensor
b = FFT . Similarly, the part ψneqM

of the free energy function depends on the
invariants of Ce

M which are identical to those of the corresponding elastically
relaxing left Cauchy-Green tensor be

M = Fe
MFeT

M . Then, from the well-known
result of isotropic function theory, see for example [7,16,33], the corresponding
equilibrium and non-equilibrium Kirchhoff stress tensors τ∞M

= FS∞M
FT and

τneqM
= FSneqM

FT can be equivalently given by,
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τ∞M
= 2

∂ψ∞M

∂b
b and τneqM

= 2
∂ψneqM

∂be
M

be
M. (17)

3.2 Stress tensor: the fibres’ contribution

Concerning the fibres, the following expressions for the equilibrium and non-
equilibrium (one-dimensional) second Piola-Kirchhoff stress tensors can be
deduced from the constitutive relations (12)2 and (12)4, respectively:

S∞F
= 2

[
∂ψ∞F

∂CF

: MF

]

︸ ︷︷ ︸
= σ∞F

MF and SneqF
=

2

λv2

F

[
∂ψneqF

∂Ce
F

: MF

]

︸ ︷︷ ︸
= σneqF

MF. (18)

These expressions render the treatment of the fibres’ contribution to the global
behaviour very attractive since the structural tensor MF is a fixed known
quantity relative to the reference configuration, and where σ∞F

and σneqF
are

simply stress-like scalar quantities.

3.3 Local evolution equations

For the matrix component, the condition DM ≥ 0 issued from the reduced
inequality (14) is nowadays well-known in finite isotropic inelasticity, see for
example [7,21,28] among others. It is expressible in the spatial configuration
in the following equivalent form:

DM = τneqM
:
[
−

1

2
(£vb

e
M)be−1

M

]
≥ 0, (19)

where £vb
e
M is the Lie derivative of be

M = FCv−1

M FT defined as

£vb
e
M = F

d

dt

[
Cv−1

M

]
FT . (20)

For the evolution equation of the internal variable be
M, we assume the existence

of a viscoelastic potential (a creep-like potential) φvisM(τneqM
), i.e. a convex

and positive function with φvisM = 0⇔ τneqM
= 0, such that
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−1
2
(£vb

e
M)be−1

M =
∂φvisM

∂τneqM

=⇒ £vb
e
M = −2

∂φvisM

∂τneqM

be
M. (21)

Hence, the convexity of φvisM is then sufficient to satisfy the inequality (19)
for any admissible process. Note that such an assumption has already been
made in, for example, [4,21], and in [17] within the context of finite isotropic
viscoelastic-plasticity.

Now for the fibres, the treatment of the evolution equations is new. For each
family, the following condition must be satisfied (see (14)):

DF = ΣneqF
: MF

λ̇v
F

λv
F

≥ 0. (22)

Here again we assume the existence of a viscoelastic potential φvisF(ΣneqF
),

expressed in the reference configuration, such that

MF
λ̇v

F

λv
F

=
∂φvisF

∂ΣneqF

=⇒ λ̇v
FMF = λv

F

∂φvisF

∂ΣneqF

. (23)

For the following examples, we choose for this potential a simple quadratic
expression given by

φvisF(ΣneqF
) =

1

2ηF

(
MFΣneqF

MF : MFΣneqF
MF

)
, (24)

where ηF is a viscosity parameter corresponding to the fibres. The equation
(23)2 reduces then to the following single scalar-valued evolution equation of
the internal variable λv

F:

λ̇v
F =

λv
F

ηF

σneqF
[C : MF] , (25)

where the non-equilibrium stress-like scalar variable σneqF
has been defined

in (18)2. To obtain this latter equation, use has been made of the relation
ΣneqF

= CSneqF
≡ σneqF

CMF, the idempotent property Mn
F = MF for every

power n, and the useful identity MFCMF = [C : MF]MF.
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4 Anisotropic viscoelastic model examples

To make matters as concrete as possible, we give in this section model examples
within the present anisotropic formulation with a special focus on the fibres’s
behaviour. However, before that, we first choose a constitutive model for the
matrix that will be used in our applications. As this latter is isotropic, its
behaviour can be described by any of the existing models in the literature. For
the equilibrium part of the free energy function ψ∞M

, we choose the following
Ogden’s hyperelastic model [19], see also [30]:

ψ∞M
(C) = κM (J − log[J ]− 1) + µM

∑

A=1,3

∑

α=1,3

cα
m2

α

[
λ

mα

A − 1
]
, (26)

where J = det[F] = (det[C])1/2, λA = J−1/3λA ({λA}A=1,2,3 being the principal
(total) stretches corresponding to C, or b), κM > 0 and µM > 0 are the matrix
bulk and shear moduli at equilibrium, respectively, and where {cα,mα}α=1,2,3

are the Ogden’s parameters. And for the non-equilibrium part of the free
energy function ψneqM

, we consider for simplicity the following Hencky-type
model also given in terms of principal stretches:

ψneqM
(Ce

M) = 1
2
κneqM

(log[J e
M])2 + µneqM

∑

A=1,3

(
log[λ

e

MA
]
)2
, (27)

where J e
M = det[Fe

M] = (det[Ce
M])1/2, λ

e

MA
= Je−1/3

M λe
MA

({λe
MA
}A=1,2,3 are the

elastically relaxing principal stretches corresponding to Ce
M, or be

M), κneqM
> 0

and µneqM
> 0 are the non-equilibrium bulk and shear moduli, respectively.

Finally, for the viscoelastic potential φvisM (see the evolution equation (21)2),
we choose the following quadratic form as already used in other references, see
for example [4,17,21]:

φvisM(τneqM
) =

1

2ηdM

dev[τneqM
] : dev[τneqM

] +
1

9ηvM

(τneqM
: 1)2, (28)

where ηvM
and ηdM

are respectively the volumetric and the deviatoric viscosity
parameters of the matrix. In (28), dev[.] is the deviatoric operator and 1 is
the second order identity tensor.

Remark 2 With the definitions (26)-(28), the volumetric and the isochoric
contributions of the matrix are described separately. A quasi-incompressible
(or isochoric) behaviour in the equilibrium and/or non-equilirium phases can
be reached for relatively high values of the volumetric paramaters, i.e. κM,
κneqM

and ηvM
. Also, notice that many other choices are also possible for these

11



functions. For instance, instead of the Ogden’s equilibrium free function (26),
one can use a simpler one like for example a Hencky model of the type given
by (27), or the nowadays classical Neo-Hookean model.

For the fibres’ contribution, we present in the next sections two constitutive
model examples among many other possibilities: a logarithmic model and a
quadratic model.

4.1 A logarithmic model for the fibres

For the equilibrium part, we choose a similar constitutive equation as the one
given by Klinkel, Sansour and Wagner in elastoplasticity [11]. The expression
of the function ψ∞F

is defined as

ψ∞F
(CF) =

EF

4
(I4 log[I4]− I4 + 1) , (29)

where EF is the equilibrium Young’s modulus of the fibre-continuum, and
where I4 = CF : 1 ≡ C : MF is no more than the fourth pseudo-invariant of
the so-called integrity basis as proposed by Spencer (1984) [31], and nowadays
widely employed for the modelling of purely elastic fibre-reinforced materials,
see for example [1,6,7,34]. For the one-dimensional equilibrium second Piola-
Kirchhoff stress tensor S∞F

= σ∞F
MF as defined in (18)1, the following simple

form is obtained:

σ∞F
=
EF

2
log[I4]. (30)

And for the non-equilibrium contribution of the fibres, we choose a similar
expression for the corresponding free energy function:

ψneqF
(Ce

F) =
EneqF

4
λv2

F (Ie
4 log[Ie

4 ]− I
e
4 + 1) , (31)

where EneqF
is the non-equilibrium Young’s modulus of the fibre-continuum,

and where Ie
4 = Ce

F : 1 = I4/λ
v2

F . For the corresponding one-dimensional non-
equilibrium second Piola-Kirchhoff stress tensor SneqF

= σneqF
MF as defined

in (18)2, we obtain:

σneqF
=
EneqF

2
(log[I4]− 2 log[λv

F]) . (32)
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Note that this latter is in turn employed to describe the evolution of the
internal variable λv

F through the scalar-valued local evolution equation (25).

4.2 A quadratic model for the fibres

As the definitions of the fibres’ parameters given in this model are identical
to those of the logarithmic model, we give here directly the expressions of the
characteristic functions. For the equilibrium and non-equilibrium parts of the
free energy function we choose:

ψ∞F
(CF) =

EF

8
(I4 − 1)2, ψneqF

(Ce
F) =

EneqF

8
λv4

F (Ie
4 − 1)2. (33)

Then for the equilibrium and non-equilibrium second Piola-Kirchhoff stress
components, we obtain respectively the following simple expressions:

σ∞F
=
EF

2
(I4 − 1), σneqF

=
EneqF

2
(I4 − λ

v2

F ). (34)

Remark 3 Of course, other models for the fibres can be proposed. We think
for example of an exponential model, similar to that employed by Holzapfel and
Gasser (2001) [8], such that σ∞F

= EF exp[I4−1] and σneqF
= EneqF

exp[I4−

λv2

F ]. Note that for equal parameters, i.e. EF, EneqF
and ηF, this latter will

exhibit a stiffer behaviour than the quadratic model, which in turn is stiffer
than the logarithmic one.

4.3 The no-compression behaviour of the fibres

In general, the fibres can carry load only in tension. To take into account this
important fact, the precedent fibre models can still be easily adapted. For the
equilibrium elastic contribution, the pseudo-invariant I4 = CF : 1 is no more
than the square of the fibres’ total stretch:

I4 = C : MF = C : ~VF ⊗ ~VF ≡ ~vF.~vF, (35)

where we recall that the spatial vector ~vF is not normalized. Then, I4 > 1
corresponds to an extension of the fibres, while I4 < 1 corresponds to their
contraction. Hence, to take into account the unilateral behaviour of the fibres,
the expressions of the longitudinal components of the equilibrium stresses for
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the logarithmic model (30) and for the quadratic one (34)1 can for instance
be respectively replaced by the following expressions:

σ∞F
=
EF

2
〈log[I4]〉 and σ∞F

=
EF

2
〈I4 − 1〉 , (36)

where the Macauley bracket 〈.〉 defines the positive part function as 〈x〉 =
1
2
[x + |x|]. Similarly for the non-equilibrium contribution to the behaviour,

we can impose the restriction that Ie
4 ≥ 1. Then the longitudinal components

for the logarithmic model (32) and for the quadratic one (34)2 can then be
respectively replaced by,

σneqF
=
EneqF

2
〈log[I4]− 2 log[λv

F]〉 and σneqF
=
EneqF

2

〈
I4 − λ

v2

F

〉
. (37)

Remark 4 As the positive part function 〈x〉 is not differentiable, it is replaced
by a smooth function 〈x〉 ≡ xH̃(x) during the finite element implementation
to avoid numerical difficulties. Here H̃(x) is a homographic approximation of
the Heaviside function given by

H(x) = 1
2

[
1 +

x

|x|

]
−→ H̃(x) = 1

2

[
1 +

x

|x|+ δ

]
, (38)

where δ > 0 is a small numerical parameter (10−3 or 10−4 in practice).

5 Numerical approximation and tangent moduli

For the actual implementation within the finite element method, the problem
is solved herein by means of the Newton-Raphson iterative scheme. Accord-
ingly, this requires the linearization of the weak form of the balance equation.
One can then compute the tangent stiffness matrix of the discrete problem at
each iteration through the interpolation functions. As for standard problems
in the finite strains range, this matrix is the sum of a geometrical and a mate-
rial contributions. The material contribution depends strongly on the adopted
constituve model for the continuum and will be the focus of this section.
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5.1 Numerical integration of the local evolution equations

Concerning the viscoelastic evolution in the matrix, the resolution algorithm
is identical to those adopted for purely isotropic materials. Hence, in this
work, the local evolution equation (21)2 is numerically solved by an implicit
exponential scheme. See for example [18,21] for more details.

For each family of fibres, the local evolution equation (25) is conveniently
rewritten in the following form:

λ̇v
F =

λv
F

ηF

σneqF
(I4, λ

v
F) I4, (39)

where the non-equilibrium stress component σneqF
is a function which depends

on the pseudo-invariant I4 = C : MF and the unknown internal variable λv
F

either for the logarithmic model (see (32) or (37)1) or for the quadratic one (see
(34)2 or (37)2). During the numerical implementation within the finite element
context, this equation must be solved locally at the integration points level
for fixed increments of the deformation. Hence, using the implicit backward
Euler scheme, this latter is approximated as

λv
Fn+1
− λv

Fn
= ∆t

λv
Fn+1

ηF

σneqF
(I4, λ

v
Fn+1

) I4, (40)

where ∆t = tn+1 − tn is the time increment, λv
Fn

is the known value of λv
F at

time t = tn, and where I4 is fixed during this local step. The scalar-valued
equation (40) can be easily solved for λv

Fn+1
through a simple Newton iterative

procedure as summarized in table 1.

5.2 Algorithmic tangent moduli

From the constitutive relation (13), the total second Piola-Kirchhoff stress
tensor S = C−1Σ and the total Kirchhoff stress tensor τ = FSFT = F−TΣFT

are given by,

S = S∞M
+SneqM

+
nF∑

F=1

{
S∞F

+ SneqF

}
, τ = τ∞M

+τneqM
+

nF∑

F=1

{
τ∞F

+ τneqF

}
.

(41)
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Table 1
Local Newton iterative scheme to solve the fibres’ viscoelastic evolution equation.

1. Initialize: k = 0, λv(0)

Fn+1
= λv

Fn

2. Evaluate the residual and check the convergence:

σ
(k)
neqF

= σneqF
(I4, λ

v(k)

Fn+1
)

r(k) = −(λv(k)

Fn+1
− λv

Fn
) + ∆t

I4

ηF
λv(k)

Fn+1
σ(k)

neqF

IF |r(k)| > TOL, go to step 3. ELSE, λv
Fn+1

= λv(k)

Fn+1
, EXIT.

3. Compute the derivative and increment:

D(k) =

{
1−∆t

I4

ηF

[
σ(k)

neqF
+ λv(k)

Fn+1

∂σ
(k)
neqF

∂λv
F

]}

λv(k+1)

Fn+1
= λv(k)

Fn+1
+

r(k)

D(k)

Set k ←− k + 1 and return to Step 2.

Hence, as the stress tensors are additively split, the corresponding tangent
moduli are also additively split as

C̃ = C̃M +
nF∑

F=1

C̃F and c̃ = c̃M +
nF∑

F=1

c̃F. (42)

Here C̃ is the material tangent modulus. It is additively decomposed into a

matrix contribution C̃M (the term associated with the sum S∞M
+SneqM

) and

the contribution of each family of fibres C̃F (the term associated with the sum
S∞F

+SneqF
). Similarly, c̃ is the spatial tangent modulus decomposed into the

contribution c̃M relative to the matrix, and contributions c̃F relative to each
family of fibres. For a detailed computation of the isotropic matrix contribution
to the tangent moduli, we refer to [18,21] among others, see also [28,29] for a
similar argumentation in isotropic elastoplasticity. In what follows, a special
attention is devoted to the fibres’ contribution.

Starting from the constitutive relations (18), the contribution of each family
of fibres to the second Piola-Kirchhoff stress tensor is written as

SF = S∞F
+ SneqF

=
(
σ∞F

+ σneqF

)
MF, (43)

where we recall that the structural tensor MF is fixed. The corresponding
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(spatial) Kirchhoff stress tensor τF = FSFF
T is then given by

τF =
(
σ∞F

+ σneqF

)
mF, with mF = FMFF

T ≡ ~vF ⊗ ~vF. (44)

The material tangent modulus C̃F is such that ṠF = C̃F : 1
2
Ċ, while the

spatial tangent modulus c̃F is such that the Lie derivative of τF is written as
£vτF ≡ FṠFF

T = c̃F : d, where d is the spatial strain rate tensor. Recall the
classical kinematical relation Ċ = 2FTdF.

Hence, ordinary time differentiation of the expression (43) leads then to the
following result:

C̃F = 2 MF ⊗

{
∂σ∞F

∂C
+
∂σneqF

∂C

}
. (45)

For the logarithmic model of section 4.1, for instance, inserting the expressions
(30) and (32) into (45) gives

C̃F =
EF

I4
MF ⊗MF + EneqF

MF ⊗

{
1

I4
MF −

2

λv
F

∂λv
F

∂C

}
. (46)

The term ∂λv
F/∂C is computed from the algorithmic equation (40) where,

again, σneqF
is replaced by its expression (32). The final result is given by the

following simple form:

C̃F =

{
EF

I4
+
EneqF

I4
− 2α

}
MF ⊗MF, (47)

where the scalar α is issued from the derivation of (40), and is given for the
logarithmic model by

α =
log[I4]− 2 log[λv

F] + 1
2ηF

∆t EneqF

+ I4 {2 + 2 log[λv
F]− log[I4]}

. (48)

The spatial tangent modulus is also easily deduced. It remarkably has the
same structure as its material counterpart:
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c̃F =

{
EF

I4
+
EneqF

I4
− 2α

}
mF ⊗mF. (49)

For the quadratic model of section 4.2, or for the no-compression versions of
both the models (section 4.3), one proceeds following similar lines starting
from (45), this time by considering the expressions (34), (36)1 and (37)1, or
(36)2 and (37)2.

Remark 5 In the finite element implementation, the internal variable Cv
M

corresponding to the matrix and the internal variables λv
F, each one associated

with one family of fibres, are stored in an element data base at the integration
points level during the whole iterative process.

6 Representative numerical examples

The formulation proposed in this paper is illustrated below in a set of two-
and three-dimensional simulations. All the model examples of section 4 have
been implemented in an extended version of the CESAR-LCPC finite element
software, see for example [10]. The composite materials considered herein are
reinforced by one or two families of fibres along arbitrary directions. Four
examples are presented. The first two are concerned with anisotropic elasticity
without viscous dissipations to show, among others, the influence of the no-
compression fibers’ behaviour on the global response. The next two examples
show the main viscous characteristics of the present formulation.

6.1 Fibre directions and no-compression behaviour influences

In this first example, the peculiar anisotropic behaviour is shown for pure
elasticity, i.e. at thermodynamic equilibrium under slow loading velocities.
Hence viscous effects are neglected for the moment. The influence of the fibre
direction on the overall behaviour is discussed together with the fact that
whether or not the no-compression behaviour is taken into account.

We consider the (100×25) mm2 rectangular specimen of figure 1. The bound-
ary conditions are such that the right edge is loaded by imposing the horizontal
displacement uimp. The specimen is discretized with 40× 10 classical 4-nodes
isoparametric elements using the linear interpolation. The middle node of the
left edge is fixed in the vertical direction to avoid any rigid body motion and
a plane strain condition is adopted. The material is reinforced by only one
family of fibres characterized by the angle θ with the horizontal direction (see
figure 1).
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Figure 1. Geometry and boundary conditions. Fibre-reinforced material with
one family of fibres.

For the matrix material, we use the following bulk and shear moduli (see
(26)) : κM = 1400 MPa and µM = 3.2 MPa, hence a quasi-incompressible
behaviour is chosen (see remark 2), and for the Ogden’s parameters we use:

c1 = 1.9384, c2 = .014, c3 = .0474,

m1 = 1.30, m2 = 5.00, m3 = −2.00.
(50)

For the fibres, we adopt in this example the logarithmic model of section 4.1.
The Young’s modulus is choosen as EF = 35 MPa.

Figure 2 shows the results of a first series of displacement driven computations
together with the deformed configurations at the ultimate loads. That is, the
resultant reaction force-displacement curves until the imposed displacements
uimp = 60 mm (stretching up to ≈ 60%), and for different orientations θ of the
fibres without taking into account the no-compression behaviour. The loading
history consists of 30 steps of equal displacement increments ∆uimp = 2 mm.

Figure 2. Resultant load-displacement curves for different orientations θ of
the fibres without no-compression effect.

These results show the strong influence of the fibres’ directions on the global
response of the streep. In fact, the right edge can move downwards (for θ = 10◦

or 30◦ for instance), or upwards (for θ = 80◦ like the figure shows). And for
θ = 0◦ and 90◦ we obtain logically uniform deformations. Moreover, for θ
greater than 45◦ until 90◦, the initial stiffness of the specimen increases. This
is because, with the model employed herein, the fibres can carry loads in
compression as the sample is submitted to striction. Similar results have been
obtained in elastoplasticity, see [11].

However, in practice, the fibres cannot carry loads in compression. Figure
3 shows then the results of the same computations with the same material
parameters, this time with the no-compression behaviour for the fibres as
described in section 4.3. We obtain the same results as for the precedent
computations for orientations θ under 45◦ (in fact, the fibres are submitted to
traction in this case). And for θ greater than 45◦, only the matrix contributes to
the mechanical response of the specimen as the fibres are contracted. Moreover
for this latter case, the corresponding deformed configurations are all uniform
(θ = 60◦, 80◦ and 90◦ in figure 3 for instance).
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Figure 3. Resultant load-displacement curves for different orientations θ of
the fibres with the no-compression effect.

In all the next examples, we use only the no-compression versions of the con-
stitutive models for the fibres.

6.2 Inflation of a fibre-reinforced rubber tube

We consider in this example the elastic response of a long circular tube con-
tinuously reinforced by two families of fibres. The fibres are symmetrically
arranged with respect to the axial direction in a helical manner (see figure 4).
In the reference configuration, the internal radius is Ri = 100 mm and the
thickness is e = 5 mm. The length of the portion we consider in the following
computations is initially H = 200 mm. Almost the same problem has been
considered in [8]. Structures of this type are frequently employed in industrial
applications. Moreover, in biomechanics, many living organisms are cylinders
reinforced by collagen fibres, like the blood vessels for example.

Figure 4. Fibre-reinforced tube. Geometry, finite element discretization and
loading conditions.

One quarter of the tube is discretized with 10 × 20 hexahedral 8-nodes tri-
linear isoparametric elements and two elements through the thickness, i.e. a
total of 400 elements (see figure 4). The sample is subjected to an increasing
internal pressure p and a uniform axial force, due to the internal pressure,
with resultant F ≡ F (p, ri) = p πr2

i . Here ri is the internal radius in the
deformed configuration. For the matrix, use is made of the material parameters
of the precedent example (κM = 1400 MPa, µM = 3.2 MPa and the Ogden’s
parameters (50)). The two families of fibres have the same behaviours. We
use this time the no-compression version of the quadratic model of section 4.2
with a Young’s modulus EF = 250 MPa.

Figure 5 shows the evolutions of circumferential stretch λθ when the internal
pressure increases until p = 100 bar for different orientations of the fibres’
angle γ with respect to the circumferential direction (see figure 4). The loading
history consists of 100 steps of equal internal pressure increments ∆p = 1 bar.
And figure 6 shows the evolutions of the corresponding longitudinal stretch
λz. Here λθ is given as

λθ =
r

R
= 1 +

ur

R
, (51)
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where r is the actual mean radius of the tube, and R = Ri + e/2 is the initial
mean radius. R = 102.5 mm in our example.

Figure 5. Inflation of a fibre-reinforced tube. Circumferential stretch λθ for
different orientation 30◦ ≤ γ ≤ 40◦.

Figure 6. Inflation of a fibre-reinforced tube. Longitudinal stretch λz for
different orientation 30◦ ≤ γ ≤ 40◦.

As for example in [8], we observe here again the typical stretch inversion
phenomenon in the low pressure domain (0 ≤ p ≤ 20 bar in our example).
Following the computed results, the diameter of the tube starts decreasing
(λθ < 1) while the longitudinal stretch λz increases for fibre orientations γ
around 30◦. Conversely, for orientations around 40◦, the length of the tube
starts decreasing (λz < 1) while the diameter of the tube increases.

6.3 Relaxation tests of a rectangular reinforced rubber streep

To show in a simple manner the main viscous characteristics of the present
formulation, we consider again the rectangular rubber strip of the first exam-
ple with the same boundary conditions and finite element discretization. We
include this time the viscous phenomena in the fibre-reinforced constitutive
relations. For the equilibrium part, the same material parameters are used as
in section 6.1. That is: κM = 1400 MPa, µM = 3.2 MPa and the Ogden’s
parameters given by (50) for the matrix, and EF = 35 MPa for the single fibre
family (the no-compression logarithmic model is employed for the fibres).

The following material parameters associated with the non-equilibrium part
of the model are used: for the matrix (see (27) and (28)), κneqM

= 1050 MPa,
µneqM

= 2.4 MPa, ηvM
= 21. 103MPa s and ηdM

= 48 MPa s, and for the
fibres, EneqF

= 24 MPa and ηF = 480 MPa s (see (37)1 and (25)). Observe
that, in this example, these material data are such that the relaxation times of
the volumetric and deviatoric matrix contributions, and of the fibre component
are the same : τ = ηvM

/κneqM
= ηdM

/µneqM
= ηF/EneqF

= 20 s. However, this
does not mean that the relaxation time of the whole composite is 20 s as the
following numerical results show.

Figure 7 illustrates the results of displacement driven computations at different
velocities, for different fibre orientations θ (see figure 1), and with a period
of relaxation of 30 s at the end of each loading history. The loadings consist
of 30 equal displacement increments ∆uimp = 2 mm with two different time
steps: ∆t = 1s (for u̇imp = 2 mm/s), and ∆t = 0.4s for (u̇imp = 5 mm/s).
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Figure 7. Resultant force-imposed displacement curves at different loading
velocities u̇imp and for different orientations θ of the fibres.

We find the typical responses of viscous materials. That is, the load carrying
capacity of the streep increases with inceasing loading velocity. Moreover, for
orientations of the fibres θ greater that 45◦ (for instance θ = 80◦ in figure
7), the response is the one due to the isotropic matrix compound only as the
fibres are submitted to compression in this case.

Finally, figure 8 illustrates the corresponding evolutions of the reaction force
during the period of relaxation at the end of each loading history, i.e. at
uimp = 60 mm. They are compared to their respective asymptotic values at
thermodynamic equilibrium (see figure 3 for θ = 10◦ and 80◦). In figure 8, the
initial time t = 0 corresponds to the moment where the 30 s relaxation period
starts.

Figure 8. Relaxation at uimp = 60 mm for different velocities and fibre
orientations θ.

6.4 Cyclic inflation of a fibre-reinforced rubber tube

In this last example, we consider viscous effects in the fibre-reinforced rubber
tube of section 6.2 with the same finite element discretization, i.e. one quarter
of the specimen is considered with 10 × 20 × 2 hexahedral elements. For the
equilibrium part, the same parameters are used as in the purely elastic case:
κM = 1400 MPa, µM = 3.2 MPa and the Ogden’s parameters given by(50)
for the matrix, and EF = 250 MPa for the two families of fibres.

Associated with the non-equilibrium part, the following material parameters
are used: κneqM

= 1662.5 MPa, µneqM
= 3.8 MPa, ηvM

= 33.25 103MPa s and
ηdM

= 76 MPa s for the matrix, and EneqF
= 300 MPa and ηF = 6000 MPa s

for each fibres’ family.

The tube is submitted to an internal pressure p and a uniform axial force (due
to the internal pressure) of resultant F = pπr2

i (see figure 4). At time t = 0,
the pressure is first increased with a constant velocity ṗ = 1 bar/s until it
reaches the value p = 70 bar. This is achieved with 70 increments ∆p = 1 bar
and equal time steps ∆t = 1s. Then, a cyclic loading is applied. The pressure
p follows a linear increasing/decreasing function with an amplitude of 30 bar
and a period T = 15 s, i.e. increasing and decreasing pressure between 40 and
100 bar with velocities of 8 bar/s (see figure 9). When computing this cyclic
loading, use has been made of pressure increments |∆p| = 2 bar with equal
time steps ∆t = 0.25 s.
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Under this loading history, figure 9 shows the evolutions of the circumferential
stretch λθ versus the internal pressure p for two different orientations of the
fibres with respect to the circumferential direction: γ = 30◦ and γ = 40◦ (see
figure 4). Here also we observe the stretch inversion phenomenon in the low
pressure domain.

Figure 9. Cyclic inflation of a viscous fibre-reinforced tube. Loading history
and circumferential stretch λθ for γ = 30◦ and 40◦.

For instance, figure 10 illustrates the evolution of λθ for γ = 30◦ versus the
relative time t0 with respect to moment at which the cyclic loading starts. In
our example, we have t0 = t − 70 s. The circumferential stretch λθ is 1.075
at t0 = 0 for p = 70 bar, and it varies between 1.064 and 1.107 during the
first cycle. After 6 time periods, its value is 1.095 for p = 70 bar at it varies
between 1.075 and 1.122.

Figure 10. Cyclic evolution of the circumferential stretche λθ versus the
relative time t0 for γ = 30◦.

7 Conclusions

In this paper a viscoelastic formulation for fibre-reinforced materials that ex-
perience finite strains has been presented. These composites are thought to
be the superposition of an isotropic matrix and further sets of fibres. Each
family of fibres is considered as a one-dimensional continuum at the macro-
scopic level, and the anisotropy of the whole composite is induced by their
directional responses.

The viscoelastic kinematics adopted here is based on an extension of the hy-
pothesis of the multiplicative decomposition of the deformation gradient into
an elastically relaxing part and a viscous part. This nowadays well known
assumption has up to now been applied only for the isotropic case. The differ-
ent components of the fibre-matrix material are then implicitly linked by the
fact that this kinematics apply to all of them. The constitutive relations and
the correct form of the governing equations are established on the basis of the
continuum thermodynamics. In particular for the fibres, the viscous evolutions
reduce to single scalar equations, one for each fibres’ family. Some model ex-
amples have been presented among many other possible choices. Again for the
fibres, as in practice they cannot carry loads in compression, no-compression
models has been proposed and demonstrated numerically.
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From the numerical point of view within the finite element method, the effort
is of the order of that of isotropic viscoelastic computations. The additional
fibre contributions reduce to the resolution of discrete single-scalar equations,
one for each set of fibres, together with the corresponding contributions to the
algorithmic tangent moduli. Numerical examples have shown the efficiency of
the whole numerical procedure where anisotropic elasticity is included as a
special case.
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Figure captions

Fig. 1: Geometry and boundary conditions. Fibre-reinforced material with one
family of fibres.

Fig. 2: Resultant load-displacement curves for different orientations θ of the
fibres without no-compression effect.

Fig. 3: Resultant load-displacement curves for different orientations θ of the
fibres with the no-compression effect.

Fig. 4: Fibre-reinforced tube. Geometry, finite element discretization and load-
ing conditions.

Fig. 5: Inflation of a fibre-reinforced tube. Circumferential stretch λθ for dif-
ferent orientations 30◦ ≤ γ ≤ 40◦.

Fig. 6: Inflation of a fibre-reinforced tube. Longitudinal stretch λz for different
orientations 30◦ ≤ γ ≤ 40◦.

Fig. 7: Resultant force-imposed displacement curves at different loading ve-
locities and for different orientations θ of the fibres.

Fig. 8: Relaxation at uimp = 60 mm for different velocities and fibre orienta-
tions θ.

Fig. 9: Cyclic inflation of a viscous fibre-reinforced tube. Loading history and
circumferential stretch λθ for γ = 30◦ and 40◦.

Fig. 10: Cyclic evolution of the circumferential stretch λθ versus the relative
time t0 for γ = 30◦.
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