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VERY SINGULAR SOLUTIONS TO A NONLINEAR
PARABOLIC EQUATION WITH ABSORPTION.
IT - UNIQUENESS

Said Benachour ', Herbert Koch? and Philippe Laurencot 3

Abstract

We prove the uniqueness of the very singular solution to
ug — Au+ [VulP =0 in (0, +00) x RV,

when 1 < p < (N+2)/(N+1), thus completing the previous result by Qi & Wang (2001)
restricted to self-similar solutions.
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1 Introduction

The existence of a self-similar very singular solution at the origin to the following viscous
Hamilton-Jacobi equation

ug — Au+ |[VuP =0 in (0,400) x RY, (1.1)

has been established in [2] and in [18] by two different methods, when 1 < p < (N+2)/(N+1).
Recall that a very singular solution at the origin to (1.1) is a nonnegative solution to (1.1)
which is smooth in (0, 4+00) x RY and fulfils the following two conditions

lim u(t,x) de = +oo,
=0 S {Jal<ry

lim u(t,z) de = 0,
=0 S {Jal>r}

for every r € (0,400). In addition, a very singular solution u is self-similar if there is a
smooth function f € L'((0, +o0); 7N ~1dr) such that

u(t,z) = 1~/ f(|x\t_1/2) . (t,2) € (0, 4+00) x RV,
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where a = (2—p)/(p—1). In [18], Qi & Wang show that there is one and only one self-similar
very singular solution to (1.1). The purpose of this paper is to extend this uniqueness result
without the self-similarity assumption.

Before describing our results, let us mention that the name very singular solution has
been introduced by Brezis, Peletier and Terman [4] who proved the existence and uniqueness
of a self-similar very singular solution to

ug — Au+uP =0 in (0,+00) x RY, (1.2)

when 1 < p < 1+ 2/N. As self-similar very singular solutions to (1.2) satisfy an ordi-
nary differential equation, the uniqueness proof in [4] relies on ordinary differential equations
techniques. The uniqueness of the very singular solution to (1.2) (without the self-similarity
assumption) was subsequently obtained by Oswald [14]. Since then, the existence and unique-
ness of nonnegative very singular solutions have been studied for other nonlinear parabolic
equations with absorption such as

ug — Au™ +uP =0 in (0,400) x RV, (1.3)
where m > (1 —2/N)*, m #1 [16, 9, 15, 11, 12], or
up — div (|Vu™?Vu) + v =0 in (0, +oo) x RY, (1.4)

where m > 2N/(N + 1), m # 2 [17, 6, 8, 7]. Let us mention at this point that the unique-
ness results obtained in the above mentioned papers are either restricted to self-similar very
singular solutions or use the finite speed of propagation of the support of solutions to (1.3)
and (1.4) when m > 1 and m > 2, respectively.

,From another viewpoint, let us notice that a very singular solution u formally satisfies
u(0,z) = 0 if z € RV \ {0} and u(0,0) = 4oc and thus belongs to the class of solutions
having initial data taking infinite values on some subset of RY. Existence and uniqueness of
such solutions have been investigated in [13] for (1.2) and in [5] for (1.1) on a bounded open
subset Q of RV with homogeneous Dirichlet boundary conditions. In the latter work [5] the
initial data are required to take infinite values on a bounded subset of 2 with non-empty
interior and thus do not include very singular solutions.

We now state our main result : we first make more precise the definition of a very singular
solution to (1.1) we will use in this paper.

Definition 1.1 A very singular solution to (1.1) is a function u € C((0,+oc); L*(RY)) sat-
isfying for each t € (0,+00) and T € (0,t):

u(t) >0 ae in RY and ue LP((1,t); WIP(RY)), (1.5)
t
u(t) = G(t — T)u(r) — / G(t—o) (|[Vu(o)?) do, (1.6)
sup (s — )2 ||lu(s)| z= < oo, (1.7)
SE(t,+00)
sup (s — t)POHD=N)/2p Hvu(pfl)/p(S)H < oo, (1.8)
SE(t,+00) Lee



lim u(s,z) de = +oo, 1€ (0,+00), (1.9)
570 Njal<ry

lim u(s,z) de =0, r € (0,400). (1.10)
570 M{jal2r}

Here, G(t) denotes the linear heat semigroup in RY.

Our result then reads as follows.

Theorem 1.2 Assume that 1 < p < (N +2)/(N +1) and put a = (2 —p)/(p —1). There
is one and only one very singular solution U to (1.1) in the sense of Definition 1.1. More
precisely, there is a nonnegative and non-increasing function

f e L*(0,+00); N "tdr) N C>((0, 400))

such that
Ult,z) = t~/? f(|x]t_1/2), (t,z) € (0, +00) x RV, (1.11)

and f is a solution to the ordinary differential equation

f(r) + <NT_1 + ;) f'(r) + g fr)=1f(m)|" =0, re(0,+00), (1.12)

with the boundary conditions

f'(0)=0 and lim 7* f(r)=0. (1.13)

r—-+00

As already mentioned the existence of a very singular solution to (1.1) which has the
self-similar form (1.11) and with a profile f satisfying (1.12)-(1.13) has been proved in [2, 18].
The main achievement of the present paper is the uniqueness part of Theorem 1.2 which
we prove in the following way : we first proceed as in the proof of [3, Theorem 2] to show
that any very singular solution to (1.1) takes on the initial value zero uniformly on compact
subsets of RY \ {0}. At this point a suitable modification of the proof of [3, Theorem 2] is
needed to handle the gradient term. This result then enables us to derive some estimates
which are valid for every very singular solution to (1.1) and to prove that the very singular
solution to (1.1) we constructed in [2] (denoted by U throughout the paper) is the minimal
very singular solution to (1.1). The next section is devoted to the existence of a maximal
very singular solution V' to (1.1), following the approach of [8]. Both minimal and maximal
very singular solutions being self-similar with profiles satisfying (1.12)-(1.13), the conclusion
U =V readily follows from [18, Theorem 2.1].

Let us finally mention that the very singular solutions to (1.2) (when they exist) play an
important role in the description of the large time behaviour of the solutions to (1.2) (see,
e.g., the survey paper [19] and the references therein). A similar result is expected for (1.1)
and the above uniqueness result thus opens the path towards the study of the large time
behaviour of the solutions to (1.1) when 1 < p < (N 4+2)/(N + 1).



2 Preliminaries

We first recall the well-posedness of (1.1) in the space of nonnegative and bounded measures
M (RY) [1, Theorems 1 & 3.

Theorem 2.1 Consider p € (1,(N +2)/(N + 1)) and ug € My (RY). There is a unique
nonnegative function

w e C((0,T); LYRM)) N LP((0, T); WHP(RN)), T € (0, +00),

satisfying
t
u(t) = G(t — s)u(s) — / G(t—o)(|Vu(o)lP) do, 0<s<t,
tig [ ult.2) vio) do = [ 0(@) duo(e), v € BERY),
and
sup 12 |lu(®)||Le < Ch,
te(0,+00) (21)
sup t@(NFD-N)/2p me—n/p(t)H <cy.
t€(0,4-00) Le

Here BC(RYN) denotes the space of bounded and continuous functions in RN and Cy is a
positive real number depending only on N, p and ||ug||m, -
In addition, there holds

sup £/ Hvu(p—l)/p(t)H <(p— 1)V p = Oy (2.2)
te(0,+00) Lee

It follows from Theorem 2.1 that, if u is a very singular solution to (1.1) in the sense of
Definition 1.1, the conditions (1.6)-(1.8) imply that s — u(s+t) is the unique solution to (1.1)
with initial datum w(t) given by Theorem 2.1 for each ¢ € (0, +00). Therefore s — u(s + t)
satisfies (2.2), i.e.

sup  s'/P HVu(pfl)/p(s + t)H < Chy.
s€(0,+00) Lee

As this is valid for every ¢ € (0,+00) we may let ¢ — 0 in the above inequality and obtain
the following result.

Lemma 2.2 Let u be a very singular solution to (1.1) in the sense of Definition 1.1. Then

sup  tl/P HVu(p_l)/p(t)H < Cqy. (2.3)
te(0,400) Le

We now recall additional estimates for solutions to (1.1) satisfying a growth condition for
large values of z. For p € (1,2) we put

Lp(r) =~ r™ % re(0,+00), (2.4)



where
Yy = (p— 1)(1)72)/(1)71) (2 — p)*l'

Recall that a = (2 — p)/(p — 1). The following result is proved in [2, Lemma 2.2 & Proposi-
tion 2.4].

Lemma 2.3 Letp € (1,(N+2)/(N+1)) and consider a nonnegative function ug in L*(RN).
We define

R(up) :=inf {R >0, |z|* up(x) <~p a.e. in {|z| > R}} € [0, +o0],

and denote by u the nonnegative solution to (1.1) with initial datum ug given by Theorem 2.1.
If R(up) < 400 and t € (0,400) there holds

0 <u(t,z) <T, (x| — R(up)), = €RY, |z| > R(up).
In addition, there is a positive real number Cy depending only on N and p such that
lu@®)||p < € ¢~ ((VH2)=p(NF1))/2(—1)

lu(®)|= < C1 772,
IVu(®)= < Cy 7 /207D,

for each t > 7(ug), where

(N+2)—p(N+1)\'"?
(uo) = < (N+Dp—N > R(ug)?.

3 Some properties of very singular solutions

In this section we investigate the behaviour of the very singular solutions of (1.1) near ¢t = 0
and in (0, 4+00) x RY.

Proposition 3.1 Let u be a very singular solution to (1.1) and r € (0,400). Putting 2, :=
{x € RN ;|z| > 7} we have

u € L¥((0,1); L1(Q,)), Vue LP((0,1) x ). (3.1)

The proof of this assertion follows step 2 of [3, Theorem 2].
Proposition 3.2 Let u be a very singular solution to (1.1). Then
u € CL2(0, +0) x (R¥\ {0})), (3.2
and for every compact subset K of RN \ {0} there holds

lim [u(t) leqey = 0. (33)



Proof. We adapt step 3 of the proof of [3, Theorem 2]. Let 2 be a bounded open subset of
RY such that @ ¢ RV \ {0}. We define a function v on (—1,1) x Q by

u(t,z) if  (t,z) € (0,1) x Q,

v(t,x) =
0 if  (t,z) € (—1,0) x Q.
Then
Vu(t,z) if (t,x) € (0,1) x £,
Vo(t,x) =
0 if  (t,z) € (—1,0) x Q,
and (3.1) ensures that
v e L™®((—1,1); LY(Q)), Vo e LP((—1,1) x Q). (3.4)

Also, v is a nonnegative function in (—1,1) x €.
We may then proceed as in step 3 of [3, Theorem 2] to show that

v —Av+|VolP =0 in D'((-1,1) x Q). (3.5)

Since v satisfies (3.4) and is a subsolution to the heat equation, parabolic regularity theory
then entails
ve Ll ((—1,1) x Q).

As Q is an arbitrary open subset of RY with Q C R \ {0} we have shown that

v e Lig((=1,1) x (RM\ {0})). (3.6)

At this point we need to extend the argument of [3] to obtain some more regularity on |Vo|P.
Since v satisfies (3.5), (3.6) and is a nonnegative subsolution of the heat equation, classical
arguments yield

Vo € L120c((_17 1) X (RN \ {O})) (37)
On the other hand, we recall a well-known regularity result for a solution to the heat

equation.

Lemma 3.3 [10] Let Q be a bounded open subset of RN, T > 0 and q € (1,+00). Consider
we LY(0,T) ; W (Q)) and f € LI((0,T) x Q) such that

wy —Aw=f in D'((0,T) x Q).

Then, for each bounded open subset O of Q such that O C O C Q and ¢ € (0,7/2), there
holds
w,wg, Vw, D*w € LI((e,T —€) x O).
In addition
+00 if q>N+2,
Vwe Lo ((e,T —e) x O), where o= (N +2)

f 1<qg<N+2.
N+2—gq f 1 *



The last statement of Lemma 3.3 is a consequence of the embedding theorem for anisotropic
Sobolev spaces [10, Lemma I1.3.3].

We continue with the proof of Proposition 3.2. By (3.6) and (3.7) we have

voe LYP((=1,1) x RN\ {0})),

loc

Vo € LIP((=1,1) x RV \ {0})),

loc

(recall that 1 < p < (N+2)/(N+1)). Thus, v satisfies (3.5). We may then apply Lemma 3.3

and obtain
Vo e L (-10) x RV 0)), @ = —2i (3.9

Consequently, (3.6) and (3.8) yield

voe LMP((—1,1) x RN\ {0})),

loc

Vol e LEP((—1,1) x (RV\ {0})).

loc

Noticing that ¢; > go = 2 (since p < (N +2)/(N +1) < (N +4)/(N +2)) we have indeed a
better regularity for |[Vv|P. Applying again Lemma 3.3 we obtain
400 if ¢ >p(N+2)
Vo e LE ((—1,1) x (RYV\ {0 =
v 10c<( ) ) X ( \{ }))7 q2 Q1(N+2) ” o <p(N+2)
p(N+2)—q '

We then define, by induction, a sequence (qx) by go = 2 and

400 if  qr > p(N +2),
qk+1 =
qx(N +2) .
——————— if gy <p(N+2).
p(N +2) — qx ( )

We claim that
g, > 2, Vk>0. (3.9)

Indeed, we have gy = 2. Assume that gy > 2 for some k. Then either ¢ > p(N + 2) and
qk+1 = +00. Or g < p(N 4 2) and

(N+2) N+2

QkH:qkp(N+2)—qk _qkp(N—i-Z)—Q.
Since 1 <p < (N +2)/(N + 1), we see that

N+2

IR (3.10)

whence g1 > g > 2. Thus (3.9) holds true.



It then follows from (3.9) that

N +2
Qk+1 = Qkp( ( ) > Q-

N +2)—2

Therefore the sequence (gx)x>0 is increasing and (3.10) ensures that there is an integer ko > 2
such that g < p(N +2) for k € {1,...,ko} and g = +o0 if k > ko. Proceeding by induction
we infer from Lemma 3.3 that

Vo € Lig((=1,1) x (RY\ {0})).
Classical parabolic regularity results then entail
v € G ((=1,1) x RV \ {0}),
whence (3.2) and (3.3). O

Thanks to Proposition 3.2, we may now use comparison principle arguments to obtain
additional information on the short time behaviour of the very singular solutions to (1.1).

Lemma 3.4 Let u be a very singular solution to (1.1). Then

0 <u(t,z) <Ty(lz]), ()€ (0,+00) x RY, (3.11)
Proof. Take r € (0, +00) and put 2, := {z € RV, |z| > r}. Then u and z — T(|z| — r) are
solutions to (1.1) on (0,4+00) x €, with

u(0,2) =0 <T,(|lz| —r) if z€Q,,
u(t,z) < 400 =Tp(0) if (t,z) € (0,400) x 08,.

The comparison principle then entails
u(t,z) <Tp(Jx] —r), (t,z) € (0,400) x Q.
Now fix zg € RV \ {0}. For r € (0, |2o|), we have x¢ € 2, and
u(t, o) < Tp(lzo] — ), ¢ € (0,+00).

We then let 7 — 0 and obtain (3.11) for zg € RY \ {0}. As I'(0) = 400, (3.11) also holds
true for x = 0. O

Lemma 3.5 There is a constant K1 depending only on p and N such that, if u is a very
singular solution to (1.1) and t € (0,+00), there holds

lu)pr < Kyt H2mp(NED)/20-1) (3.12)
lu®) e < Eot™?, (3.13)
[Vu@llpe < Kut 20D, (3.14)

witha = (2—-p)/(p—1).



Proof. Owing to Lemma 2.2 and Lemma 3.4, the proof of (3.12), (3.13) and (3.14) is similar
to that of [2, Proposition 2.4] to which we refer. O

The next lemma follows from [5, p. 186].
Lemma 3.6 Fory € RY and p > 0, we denote by oy, p the solution to

—Aay, = 1 in B(y,p),
ay, = 0 on 9B(y,p).

For every A € (0,400) there is Cy € (0,400) such that, if u is a very singular solution to
(1.1), y € RN\ {0} and p € (0, |y|), there holds

u(t,z) < Aeexp ( > . (t,z) € (0,400) x B(y, p).

oy, p()

The last lemma of this section will allow us to prove that the very singular solution we
constructed in [2] is the minimal very singular solution.

Lemma 3.7 If u is a very singular solution to (1.1) and M € (0,+o00) we have
up < u,

where up; denotes the solution to (1.1) with initial datum M.

Proof. As u is a very singular solution to (1.1) we have

lim ()1 = +oc.

By a suitable truncation, it is possible to construct a sequence of nonnegative functions
(u0,k)k>k,, such that

upr(r) < wu(l/k,z), zeRN, (3.15)
luokllzr = M, (3.16)

for k > kjr, where kjs is a sufficiently large integer. We denote by wu the unique nonnegative
solution to (1.1) with initial datum ug given by Theorem 2.1. Since (uqy) is bounded in
LY(RY), we may use (2.1) to proceed as in the proof of [1, Theorem 3] and show that there
are a subsequence of (uy) (not relabeled) and a function @ € C((0, +-00), L*(RY)) such that,
as k — +o0 :

up — @ in C((0,+00); LY(RN)) N LP((s,t); WHP(RY)), (3.17)

u(t) = G(t — s)u(s) - / G(t - o)(|Vu(o)|")do,

for every s € (0,+00) and t € (s, +00).



It also follows from (3.17) that w satisfies (2.1). It remains to identify the initial datum
taken by %. Let p € D(RYN), k > ks and ¢ € (0,1). By (1.1), (2.1) and (3.16) we have

’ [unttap@is— [vop@ports

IN

t ¢
HApHLoo/ /uk(a,x)dq:da—}—HpHLoo/ /\Vuk(a,xﬂpdazda
0 0
P t o
Mt|Ap||r>~ + <ppl> HpHLoo/ /uk‘Vul(fp 1)/p) dxdo
- 0

t
< Mt|Apllz= + Clp,p, M, N) / o (N=D(N+D)/2g
0

IN

< C(p,p,M,N) (t + ¢ (N+2-p(N +1>>/2) . (3.18)

For r € (0, +00), we also have by (3.15)

[ wost@ptorts - 11p(0)

1
2”p||Loo/ U <k,z> dx + (/ uo7k(m)dx) sup |p(x) — p(0)]
{|z[>r} {Ja|<r} {Ja<r}

1
2l / “(k) dr+ M sup |o() — p(0).
{lz|>r}

{lz|<r}

IA

IN

We let k — 400 and use Definition 1.1 to obtain that

lim sup
k—+4o00

[ wostiptei - Mp<o>\ <M s i) - (0]

Passing to the limit as 7 — 0 then yields

S [ uo(z)p(z)de = Mp(0). (3.19)

Thanks to (3.17) and (3.19) we may let k¥ — +o0 in (3.18) and obtain
\ / a(t, x)p(a)dx — Mp<o>] < Clp.p, M, N) (t+ (O H2P(N41)/2)
Consequently, for each p € D(RY),

lim [ u(t,z)p(x)de = Mp(0). (3.20)

t—0

As 1w is a subsolution to the heat equation, a comparison argument yields that (3.20) actually
holds for every p € BC(RY).

Summarizing, we have proved that @ is a solution to (1.1) with initial datum M6 fulfilling
all the requirements of Theorem 2.1. Such a solution being unique, we conclude that

= uyy. (3.21)

10



To complete the proof we only have to notice that the comparison principle and (3.15) entail
that for k > kjy,
up(t,z) <u(t+1/k,x), (t,z) € (0,400) x RV,

We then use (3.17) and (3.21) to obtain Lemma 3.7. O
We end up this section by recalling the main result of [2].
Theorem 3.8 The function

U(t,z) = sup upn(t,z), (t,)€ (0,400) x RY,
{M>0}

is a very singular solution to (1.1), where ups denotes the solution to (1.1) with initial datum
M§. Moreover, there is a nonnegative and non-increasing function

f € LY(0,400),rNLdr) N C™((0, +00))
satisfying (1.12) and (1.13) and such that
Ut,z) =t~ 2f (Ja|t™?), (t,2) € (0,+o0) x RY.

As a consequence of Lemma 3.7 and Theorem 3.8, we see that, if u is a very singular
solution to (1.1), there holds
u>U. (3.22)

Then U is the minimal very singular solution to (1.1), and it is the unique self-similar very
singular solution to (1.1) by [18, Theorem 2.1].

4 Existence of a maximal very singular solution

We denote by S the set of very singular solutions to (1.1) in the sense of Definition 1.1.
Notice that, as the minimal very singular solution U (defined in Theorem 3.8) belongs to S,
the set S is non-empty.

We now proceed as in [8, Theorem 4.1] to prove that S has a maximal element. More
precisely we put

V(t,z) = sggu(t,x), (t,z) € (0,400) x RY, (4.1)

Lemma 4.1 For each t € (0,400), V(t) is a nonnegative function in L*(RN) N WL (RN)
which satisfies

2V (@) + PPV (1) e < 2K, (4.2)
tl/pva(pfl)/p(t)HLm < Cuy, (4.3)
Ult,z) < V(t,z) <Tp(lz]), z RN, (4.4)

where Cry, T'p and Ky are defined in (2.2), (2.4) and Lemma 3.5, respectively.

11



Proof. Since U € S, (4.4) is a straightforward consequence of (3.11) and (4.1). Next, (3.13)
and (4.4) entail that
0 < V(t,z) < min (Kit~%2 Tp(x)).

Consequently, for each t € (0,400), V(t) € LY(RN) N L>®(RY) and
V()] < K1yt € (0, 400).
It next follows from (3.14) that if u € S and (z,y) € RV x RY

u(t,y) + Kyt~ 20 D]z — g
V(t,y) + Kt 720Dz —y).

u(t,z) <
<

Therefore,
Vit z) < V(ty)+ Kit 20Dz —y),

and V(t) is Lipschitz continuous with Lipschitz constant K¢t~ 1/2(P=1_ We have thus shown
(4.2). Since ¢ +— oP~D/P is non-decreasing on (0, +00), a similar argument yields (4.3). O

Lemma 4.2 V € S.

Proof. Fix 7 € (0,+00). As V(7) is a nonnegative function in L'(RN) N W12 (RN), we
denote by v™ the unique nonnegative solution to (1.1) in (7, +o00) x RV with v7(7) = V(7)
given by Theorem 2.1. For u € S it follows from (4.1) that

v () = V(1) = u(7),

and the comparison principle entails

Consequently
vT(t) > V(t), teE][r +o0). (4.5)

Next, on the one hand, it follows from (4.4) and the comparison principle that
v (t,x) < Tp(lz]), (t,x) € [, +o0) x RV, (4.6)

On the other hand, by (2.2) we have

sup  (t— T)l/pHV(UT)@—l)/p(t)H _<Cuy. (4.7)
te(r,+00) L

We may therefore proceed as in [2, Proposition 2.4] to show that there is a positive constant
Ky depending only on p and N such that for each 7 € (0,+00) and ¢ € (7, +00) there holds

(@) < Kyt — )" VP NEDRED), (4.8)
" () < Kot —7)7, (4.9)
VT ()|pe < Kot — )~ /2071, (4.10)
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We next claim that
T<o=0(tx) <v(t,x), (tz)€ |o,+o0) xRV, (4.11)

Indeed, by (4.5) we have
v(0) = V(o) <v'(0), o=,

and (4.11) follows from the comparison principle.
We now define
W(t,z) = sup o™ (t,z), (t,x)€ (0,400) x RV, (4.12)
7€(0,t/2)
Thanks to (4.8), (4.11) and the monotone convergence theorem, we realize that, for each
t € (0,+00),
W(t) e LYRY) and lim, [|[W(£) — o7 ()| 2 = 0. (4.13)

Next, owing to (4.8)-(4.10), we may proceed as in [1, Section 3] to show that, for each
t € (0,+00) and s € (0,t), we have

W e C((s,t); L'(RY)) N LP((s, 8); WHP(R™)),

and W satisfies

t
W(t) =Gt —s)W(s) — / Gt —o)(|[VW(o)|P)do. (4.14)
Also, if ty € (0, 4+00), it follows from (4.8) that
Y(to) := sup |[v"(to)||rr < oo.
TG(O,to/Q)

We then infer from Theorem 2.1 that
(t = to) V2o (1) 5 + (¢ — 1) POV O () I ()|| < K(to),

for t € (tg,+00) and 7 € (0,ty/2), where K3(tp) only depends on N, p and Y (¢y). Owing to
(4.13), we may let 7 — 0 in the above estimate and see that

(=)W (O)|[= + (¢ = ) "IN WO | < Kat),  (415)
for t € (to, +00). We next infer from (4.4), (4.5), (4.6) and (4.12) that
U(t,2) < Vit,2) < W(t2) < Tpllal), () € (0,+00) x RV, (4.16)

Since U is a very singular solution, we obtain

lim W(t,x)dz = +o00, 1€ (0,400). (4.17)
=0 el<ry

Finally, take r € (0, +oc) and consider p € C>®(RY) such that

0<p<1, plx)=1if |z|>r and p(z)=0 if |z|<

N3
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Since v7 is a solution to (1.1), we have for ¢ € (0,+00) and 7 € (0, )

/p(w)vT(tﬂz)dx—i-/:/p(a:)|VvT(a, x)|Pdxdo
= /p(m)vT(T,x)dx—l—/rt/Ap(ac)vT(a, x)dodz.

Recalling that v™ (7, x) = V (7, z), we find

t
/p(z:)vT(t, x)dr < /p(m)V(T,:E)dx—}—/ /{/2<| - }|Ap|vT(0, x)dodz. (4.18)

On the one hand, it follows from (4.4) that

t
Iy A" (0, 2)dodz < [ Ap|e / / (|l d
T J{r/2<|z|<r} {r/2<|z|<r}
< Clprplt (4.19)
On the other hand, we have by (4.4) that
/p(:r)V(T,:r:)d:r §/ V(T,x)da:+/ Lp(|x])dz, (4.20)
{r/2<|z|<r} {|z|>R}

for every R € [2r,400). Since
K(r,R) = {x eRN,7/2 < |z| < R}

is compact, there is a finite number of points (y;)1<;< in K(r, R) such that

k

K(r,R)c | B wi,r/8).

i=1
Let i > 1. Notice that, as |y;| > r/2, we have |y;| > r/4. We then infer from Lemma 3.6
that, if u belong to S, there holds
1

u(t,z) < Ae@texp <
ayi,r/4(x)

) . (t.z) € (0, +00) x B (yi,r/4)

for every A € (0,400). The above pointwise estimate being true for every u in S, we deduce

that
1

V(t,z) < A exp <
( ) ayi,’r/ll(x)

> , (t,x) € (0,400) x B (y;,r/4) .

Therefore,

1
VTxdx<)\eCV§:/ ()daz,
/Ko:R) ( Bl \yrrya(®)
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and

k
1
0 <lim Sup/ V(r,x)dx < A / exp <> dzx.
T—0 K(r,R) Zz; B(y;,r/8) ayi,T/4(x)

This inequality being valid for every A € (0,400), we finally obtain
lim V(r,z)dx = 0. (4.21)
7—0 K(r,R)
We may then let 7 — 0 in (4.18) and use (4.13), (4.19), (4.20) and (4.21) to obtain
[ aWitade < Cnrpt+ [ Ty(lalis
{lz[>R}

for every t € (0,+00) and R > 2r. As T, € LY(RY \ B(0,1)), we may let R — +o0 in the
above estimate to deduce that

0< / W (t,z)dz < C(p,r,p)t.
{lz|>r}

Therefore,

lim W (t,z)dz = 0. (4.22)
=0 J{jz|>r}

It then follows from (4.14), (4.15), (4.17) and (4.22) that W is a very singular solution to
(1.1) in the sense of Definition 1.1. Consequently, W € S, whence W <V by (4.1). Recalling
(4.16), we realize that W =V and the proof of Lemma 4.2 is complete. O

Lemma 4.3 There is a nonnegative and non-increasing function
g € L'((0, +00), vV~ tdr) n €>((0, +0)),
satisfying (1.12), (1.13) and such that

V(t,z) =t="2g (|z|t7Y?), (t,z) € (0,400) x RV,

Proof. Consider u € § and A € (0,+00). It is straightforward to check that the function @
defined by

a(t, r) = Au(M2t,\x), (t,z) € (0,+00) x RV,
also belongs to S. The set S being invariant with respect to the above scaling transformation,

we easily deduce that

t «x

V(t,m) = /\_aV <)\2, X

> . (t,z) € (0,400) x RY, X >0. (4.23)
On the other hand, the equation (1.1) being rotationally invariant, it is clear that S is

rotationally invariant and V' (¢,.) is therefore radially symmetric with respect to the space
variable for every t € (0,+00). Putting

g(r)y=V(1,r,0,...,0), re(0,+00),
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and using (4.23) yield

Vit,z) =t""%g(|z[t7/?), (¢t z) € (0,400) x RV,

We then proceed as in [2, Section 3] to check that g has the required properties. O

Proof of Theorem 1.2. Since f (cf. Theorem 3.8) and g (cf. Lemma 4.3) are solutions to
(1.12), (1.13), it follows from [18, Theorem 2.1] that f = g, whence U = V. Now, if ¥ € S, it
follows from (3.22) and (4.1) that U < ¢ <V = U, whence ¥ = U. Therefore, S = {U} and

Theorem 1.2 is proved. O
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