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Abstract

We consider operatorsHµ of convolution with measuresµ on locally compact groups. We characterize
the spectrum ofHµ by constructing auxiliary operators whose kernel contain the pure point and singular
subspaces ofHµ, respectively. The proofs rely on commutator methods.
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1 Introduction

Any selfadjoint operatorH in a Hilbert spaceH, with spectral measureEH and spectrumσ(H), is reduced by
an orthogonal decomposition

H = Hac(H)⊕Hp(H)⊕Hsc(H),

that we briefly recall (cf. [30, Sec. 7.4]). Denote byBor(R) the family of Borel subsets ofR. Then, for any
f ∈ H, one has the positive Borel measure

νf
H : Bor(R) → [0,∞), A 7→ νf

H(A) := ‖EH(A)f‖2 = 〈f,EH(A)f〉 .

We say thatf belongs to the spectral subspaceHp(H) if νf
H is pure point,f belongs to the spectral subspace

Hac(H) if νf
H is absolutely continuous with respect to the Lebesgue measure, andf belongs to the spectral

subspaceHsc(H) if νf
H is singularly continuous with respect to the Lebesgue measure. One also uses the nota-

tionsHc(H) := Hac(H)⊕Hsc(H) for thecontinuous subspace ofH andHs(H) := Hp(H)⊕Hsc(H) for the
singular subspace ofH. The setsσp(H) := σ

(
H|Hp(H)

)
, σac(H) := σ

(
H|Hac(H)

)
, σsc(H) := σ

(
H|Hsc(H)

)
,

σc(H) := σ(H|Hc(H)) andσs(H) := σ(H|Hs(H)) are calledpure point spectrum, absolutely continuous spec-
trum, continuous spectrum, andsingular spectrum ofH, respectively.

An important issue in spectral theory consists in determining the above spectral subspaces or subsets for
concrete selfadjoint operators. Under various assumptions this has been performed for important classes of op-
erators: Schr̈odinger and more general partial differential operators, Toeplitz operators, Wiener-Hopf operators,
and many others. Since the mathematical literature on this subject is considerable, it seems pointless to try to
indicate references.

In the present article we consider locally compact groupsX, abelian or not, and convolution operators
Hµ, acting onL2(X), defined by suitable measuresµ belonging toM(X), the Banach∗-algebra of complex
Radon measures onX. The caseµ = χS , the characteristic function of a compact generating subset, leads to
Hecke operators associated to the left regular representation (notice that our groups need not to be discrete). The
precise definitions and statements are gathered in the next section. Essentially, our result consists in determining
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subspacesK1
µ andK2

µ of L2(X), explicitly defined in terms ofµ and the familyHom(X, R) of continuous group
morphismsΦ : X → R, such thatHp(Hµ) ⊂ K1

µ andHs(Hµ) ⊂ K2
µ. The casesK1

µ = {0} orK2
µ = {0} are

interesting; in the first caseHµ has no eigenvalues, and in the second caseHµ is purely absolutely continuous.
The subspacesK1

µ andK2
µ can be calculated explicitly only in very convenient situations. Rather often we are

only able to show that they differ fromH.
In Section 3 we prove the results stated and discussed in Section 2. The proofs rely on a modification of a

positive commutator technique calledthe method of the weakly conjugate operator. This method, an unbounded
version of the Kato-Putnam theorem [26, Thm. XIII.28], developed and used in various situations [5, 6, 19, 23,
24, 25, 27], is recalled in Section 3.1. The last section is devoted to examples.

We refer to [2, 3, 4, 7, 8, 9, 11, 15, 17, 18, 20, 21, 22, 29] for some related works on the spectral theory
of operators on groups and graphs. Some of these articles put into evidence (Hecke-type) operators with large
singular or singular continuous components. In [25], where analogous technics are used, one gets restrictions on
the singular spectrum for adjacency operators on certain classes of graphs (which could be of non-Cayley type).

2 The main result

We give in this section the statement of our main result for convolution operators on arbitrary locally compact
groups (LCG). The reader is referred to [10, 16] for general information on the theory of LCG.

2.1 Statement of the main result

Let X be a LCG with identitye, centerZ(X) and modular function∆. Let us fix a left Haar measureλ onX,
using the notationdx := dλ(x). The associated right Haar measureρ is defined byρ(E) := λ(E−1) for each
Borel subsetE of X. WheneverX is compact,λ is normalized,i.e.λ(X) = 1. On discrete groups the counting
measure (assigning mass1 to every point) is considered. The notationa.e.stands for “almost everywhere” and
refers to the Haar measureλ. The Lebesgue spaceLp(X) ≡ Lp(X, dλ), 1 ≤ p ≤ ∞, of X with respect toλ is
endowed with the usual norm

‖f‖p :=
(∫

X

dx |f(x)|p
)1/p

.

We are interested in convolution of functions by measures. Namely, we consider for every measureµ ∈
M(X) and every functionf ∈ Lp(X), 1 ≤ p < ∞, the convolution ofµ andf given (essentially) by

(µ ∗ f)(x) :=
∫

X

dµ(y) f(y−1x) for a.e.x ∈ X.

It is known [16, Thm. 20.12] thatµ ∗ f ∈ Lp(X) and that‖µ ∗ f‖p ≤ ‖µ‖ ‖f‖p, where‖µ‖ := |µ|(X) is the
norm of the measureµ. Since we are mainly concerned with the hilbertian theory, we consider in the sequel the
convolution operatorHµ, µ ∈ M(X), acting in the Hilbert spaceH := L2(X):

Hµf := µ ∗ f, f ∈ H.

The operatorHµ is bounded with norm‖Hµ‖ ≤ ‖µ‖, and it admits an adjoint operatorH∗
µ equal toHµ∗ , the

convolution operator byµ∗ ∈ M(X) defined byµ∗(E) = µ(E−1). If the measureµ is absolutely continuous
w.r.t. the left Haar measureλ, so thatdµ = adλ with a ∈ L1(X), thenµ∗ is also absolutely continuous w.r.t.λ
anddµ∗ = a∗dλ, wherea∗(x) := a(x−1)∆(x−1) for a.e.x ∈ X. In such a case we simply writeHa for Hadλ.
We shall always assume thatHµ is selfadjoint,i.e. thatµ = µ∗.

Let U(H) stands for the group of unitary operators inH and letL : X → U(H) be the left regular
representation ofX. ThenHµ is equal to the strong operator integral

Hµ =
∫

X

dµ(y)L(y),

andµ 7→ Hµ is the integrated form ofL.
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We recall that given two measuresµ, ν ∈ M(X), their convolutionµ∗ν ∈ M(X) is defined by the relation
[10, Eq. 2.34] generalizing the usual convolution ofL1-functions:∫

X

d(µ ∗ ν)(x) g(x) :=
∫

X

∫
X

dµ(x)dν(y) g(xy) ∀g ∈ C0(X),

whereC0(X) denotes theC∗-algebra of continuous complex functions onX decaying at infinity. The inequality
‖µ ∗ ν‖ ≤ ‖µ‖ ‖ν‖ holds.

Givenµ ∈ M(X), let ϕ : X → R be such that the linear functional

F : C0(X) → C, g 7→
∫

X

dµ(x) ϕ(x)g(x)

is bounded. Then there exists a unique measure inM(X) associated toF , due to the Riesz-Markov representa-
tion theorem. We writeϕµ for this measure, and we simply say thatϕ is such thatϕµ ∈ M(X).

Let us callreal characterany continuous group morphismΦ : X → R. Their set forms a real vector space
Hom(X, R), which can be infinite dimensional.

Definition 2.1. Letµ = µ∗ ∈ M(X).

(a) A real characterΦ is semi-adapted toµ if Φµ, Φ2µ ∈ M(X), and(Φµ) ∗ µ = µ ∗ (Φµ). The set of real
characters that are semi-adapted toµ is denoted byHom1

µ(X, R).

(b) A real characterΦ is adapted toµ if Φ is semi-adapted toµ,Φ3µ ∈ M(X), and (Φµ) ∗ (Φ2µ) =
(Φ2µ) ∗ (Φµ). The set of real characters that are adapted toµ is denoted byHom2

µ(X, R).

LetKj
µ :=

⋂
Φ∈Homj

µ(X,R) ker(HΦµ), for j = 1, 2; then our main result is the following.

Theorem 2.2. LetX be a LCG and letµ = µ∗ ∈ M(X). Then

Hp(Hµ) ⊂ K1
µ and Hs(Hµ) ⊂ K2

µ.

A more precise result is obtained in a particular situation.

Corollary 2.3. LetX be a LCG and letµ = µ∗ ∈ M(X). Assume that there exists a real characterΦ adapted
toµ such thatΦ2 is equal to an nonzero constant onsupp(µ). ThenHµ has a purely absolutely continuous spec-
trum, with the possible exception of an eigenvalue located at the origin, with eigenspaceker(Hµ) = ker(HΦµ).

Corollary 2.3 specially applies to adjacency operators on certain classes of Cayley graphs, which are
Hecke-type operators in the regular representation, thus convolution operators on discrete groups.

Remark 2.4. Using the method of the weakly conjugate operator, some extra results (as a Limiting Absorp-
tion Principle, global smooth operators, perturbations ofHµ) can also be obtained. For simplicity we do not
include them here, even if they can be inferred quite straightforwardly from [5] and [6]. Improvements in the
assumptions are also possible, but with the cost of more complicated statements and proofs. Proposition 2.1 in
[6] shows the generality of the method.

2.2 Comments and remarks

(A) One obstacle in applying Theorem 2.2 is the fact that certain locally compact groups admit few nonzero real
characters, maybe none.

We say thatx ∈ X is compact, and we writex ∈ B(X), if the closed subgroup generated byx is compact.
If the order ofx ∈ B(X) is finite, thenx is clearly a compact element (but in non-discrete groups there could
be others). AlthoughB(X) is the union of all the compact subgroups ofX, it is in general neither a subgroup,
nor a closed set inX. We writeB(X) for the closed subgroup generated byB(X).

A continuous group morphism sends compact subgroups to compact subgroups. But the unique compact
subgroup ofR is{0}. Thus a real character onX annihilatesB(X). It is not clear in general that the “smallness”
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of the vector spaceHom(X, R) is related to a tendancy for convolution operators onX to have a substantial
singular subspace, but for certain classes of groups this is indeed the case. For example, ifX is compact, then
X = B(X), Hom(X, R) = {0} and all operatorsHµ, µ ∈ M(X), are pure point (see (B) below).

(B) It is not at all exceptional for a convolution operator to have eigenvalues. For example, if a type I repre-
sentationU is contained in the left regular representationL, then any functiona ∈ L1(X) which is transformed
by (the integrated form of)U into a compact operator will lead to a convolution operatorHa having eigenvalues.

To consider just an exteme case, let us assume thatX is a CCR group and thatL is completely reducible.
ThenHa can be written as a direct sum of compact operators, thus it has pure point spectrum. These conditions
are fulfilled in the very particular case of compact groups. Actually, in this case, the irreducible representations
are all finite-dimensional, so even convolution operators by elements ofM(X) are pure point.

(C) The occurrence in Theorem 2.2 of the subspacesKj
µ is not as mysterious as it could seem at first sight.

For example, ifµ = δe, thenΦµ = 0 for anyΦ ∈ Hom(X, R), so thatKj
µ = H. AccordinglyHµ = 1, with

spectrum composed of the single eigenvalue1 with corresponding eigenspaceH.
Another simple example is obtained by consideringX compact. On one hand the single real character is

Φ = 0, with associated subspacesKj
µ = H for anyµ = µ∗ ∈ M(X). On the other hand we know from (B) that

Hp(Hµ) is also equal toH.
If the support ofµ is contained in a subgroupY of X with 0 < λ(Y ) < ∞, then a direct calculation shows

that the associated characteristic functionχY is an eigenvector ofHµ with eigenvalueµ(Y ). Actually, since
(Φµ)(Y ) = 0 for anyΦ ∈ Hom(X, R) with Φµ ∈ M(X), CχY is contained inker(HΦµ).

3 Proof of the main result

The proof of Theorem 2.2 relies on an abstract method, that we briefly recall in a simple form.

3.1 The method of the weakly conjugate operator

The method of the weakly conjugate operator works for unbounded operators, but for our purposes it will
be enough to assumeH bounded. It also produces estimations on the boundary values of the resolvent and
information on wave operators, but we shall only concentrate on spectral results.

We start by introducing some notations. The symbolH stands for a Hilbert space with scalar product〈·, ·〉
and norm‖ · ‖. Given two Hilbert spacesH1 andH2, we denote byB(H1,H2) the set of bounded operators
fromH1 toH2, and putB(H) := B(H,H). We assume thatH is endowed with a strongly continuous unitary
group{Wt}t∈R. Its selfadjoint generator is denoted byA and has domainD(A). In most of the applicationsA
is unbounded.

Definition 3.1. A bounded selfadjoint operatorH in H belongs toC1(A;H) if one of the following equivalent
condition is satisfied:

(i) the mapR 3 t 7→ W−tHWt ∈ B(H) is strongly differentiable,

(ii) the sesquilinear form

D(A)×D(A) 3 (f, g) 7→ i 〈Hf, Ag〉 − i 〈Af,Hg〉 ∈ C

is continuous whenD(A) is endowed with the topology ofH.

We denote byB the strong derivative in (i) calculated att = 0, or equivalently the bounded selfadjoint
operator associated with the extension of the form in (ii). The operatorB provides a rigorous meaning to the
commutatori[H,A]. We shall writeB > 0 if B is positive and injective, namely if〈f,Bf〉 > 0 for all
f ∈ H \ {0}.

Definition 3.2. The operatorA is weakly conjugate tothe bounded selfadjoint operatorH if H ∈ C1(A;H)
andB ≡ i[H,A] > 0.
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ForB > 0 let us consider the completionB ofHwith respect to the norm‖f‖B := 〈f,Bf〉1/2. The adjoint

spaceB∗ of B can be identified with the completion ofBH with respect to the norm‖g‖B∗ :=
〈
g,B−1g

〉1/2
.

One has then the continuous dense embeddingsB∗ ↪→ H ↪→ B, andB extends to an isometric operator
from B to B∗. Due to these embeddings it makes sense to assume that{Wt}t∈R restricts to aC0-group in
B∗, or equivalently that it extends to aC0-group inB. Under this assumption (tacitly assumed in the sequel)
we keep the same notation for theseC0-groups. The domain of the generator of theC0-group inB (resp.B∗)
endowed with the graph norm is denoted byD(A,B) (resp.D(A,B∗)). In analogy with Definition 3.1 the
requirementB ∈ C1(A;B,B∗) means that the mapR 3 t 7→ W−tBWt ∈ B(B,B∗) is strongly differentiable,
or equivalently that the sesquilinear form

D(A,B)×D(A,B) 3 (f, g) 7→ i 〈f,BAg〉 − i 〈Af,Bg〉 ∈ C

is continuous whenD(A,B) is endowed with the topology ofB. Here,〈·, ·〉 denotes the duality betweenB and
B∗.
Theorem 3.3. Assume thatA is weakly conjugate toH and thatB ≡ i[H,A] belongs toC1(A;B,B∗). Then
the spectrum ofH is purely absolutely continuous.

Note that the method should be conveniently adapted when absolute continuity is expected only in a sub-
space of the Hilbert space. This is the case considered in the sequel.

3.2 Proof of Theorem 2.2

In this section we construct suitable weakly conjugate operators in the framework of section 2, and we prove our
main result. For that purpose, let us fix a real characterΦ ∈ Hom(X, R) and a measureµ = µ∗ ∈ M(X). We
shall keep writingΦ for the associated operator of multiplication inH. In most of the applications this operator
is unbounded; its domain is equal toD(Φ) ≡ {f ∈ H | Φf ∈ H}.

One ingredient of our approach is the fact that multiplication by morphisms behaves like a derivation
with respect to the convolution product: for suitable functions or measuresf, g : X → C, one hasΦ(f ∗ g) =
(Φf)∗g+f∗(Φg). Using this observation we show in the next lemma that the commutatori[Hµ,Φ] (constructed
as in Definition 3.1) is related to the operatorHΦµ. This provides a partial explanation of our choice of the
“semi-adapted” and “adapted” conditions.

Lemma 3.4. (a) If Φ is semi-adapted toµ, thenHµ ∈ C1(Φ;H), andi[Hµ,Φ] = −iHΦµ ∈ B(H). Simi-
larly, −iHΦµ ∈ C1(Φ,H), andi[−iHΦµ,Φ] = −HΦ2µ ∈ B(H). Moreover, the equality[Hµ,HΦµ] = 0
holds.

(b) If Φ is adapted toµ, then−HΦ2µ ∈ C1(Φ,H), and the equality[HΦµ,HΦ2µ] = 0 holds.

Proof. (a) LetΦ be semi-adapted toµ and letf ∈ D(Φ). Then one hasµ,Φµ ∈ M(X) andf,Φf ∈ H. Thus
µ ∗ f ∈ D(Φ), and the equalityΦ(Hµf) = (Φµ) ∗ f + µ ∗ (Φf) holds inH. It follows thati(HµΦ− ΦHµ) is
well-defined onD(Φ) and is equal to−iHΦµ. Hence Condition (ii) of Definition 3.1 is fulfilled.

The proof that−iHΦµ belongs toC1(Φ,H) and thati[−iHΦµ,Φ] = −HΦ2µ is similar. Finally the equality
[Hµ,HΦµ] = 0 is clearly equivalent to the requirement(Φµ) ∗ µ = µ ∗ (Φµ).

(b) The proof is completely analogous to that of point (a).

If Φ is semi-adapted toµ, we setK := i[Hµ,Φ] = −iHΦµ andL := i[K, Φ] = i[−iHΦµ,Φ] = −HΦ2µ

(for the sake of simplicity, we omit to write the dependence of these operators inΦ andµ). The first part of the
previous lemma states thatHµ andK belongs toC1(Φ;H). In particular, it follows thatK leaves invariant the
domainD(Φ), and the operator

A := 1
2 (ΦK + KΦ)

is well-defined and symmetric onD(Φ). Similarly, if Φ is adapted toµ, the second part of the lemma states that
L belongs toC1(Φ;H). Therefore the operatorL leavesD(Φ) invariant, and the operator

A′ := 1
2 (ΦL + LΦ)

is well-defined and symmetric onD(Φ).
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Lemma 3.5. (a) If Φ is semi-adapted toµ, then the operatorA is essentially selfadjoint onD(Φ). The
domain of its closureA is D(A) = D(ΦK) = {f ∈ H | ΦKf ∈ H} and A acts onD(A) as the
operatorΦK − i

2L.

(b) If Φ is adapted toµ, then the operatorA′ is essentially selfadjoint onD(Φ). The domain of its closure
A′ isD(A′) = D(ΦL) = {f ∈ H | ΦLf ∈ H}.

Proof. One just has to reproduce the proof of [11, Lemma 3.1], replacing their couple(N,S) by (Φ,K) for the
point (a) and by(Φ, L) for the point (b).

In the next lemma we collect some results on commutators withA or A′. The commutation relations
exhibited in Lemma 3.4,i.e. [Hµ,K] = 0 if Φ is semi-adapted toµ and[K, L] = 0 if Φ is adapted toµ, are
essential.

Lemma 3.6. If Φ is semi-adapted toµ, then

(a) The quadratic formD(A) 3 f 7→ i 〈Hµf,Af〉 − i 〈Af,Hµf〉 extends uniquely to the bounded form
defined by the operatorK2,

(b) The quadratic formD(A) 3 f 7→ i
〈
K2f,Af

〉
− i

〈
Af,K2f

〉
extends uniquely to the bounded form

defined by the operatorKLK + 1
2

(
K2L + LK2

)
(which reduces to2KLK if Φ is adapted toµ),

(c) If Φ is adapted toµ, then the quadratic formD(A′) 3 f 7→ i 〈Kf, A′f〉 − i 〈A′f,Kf〉 extends uniquely
to the bounded form defined by the operatorL2.

The proof is straightforward. Computations may be performed on the coreD(Φ). These results imply that
Hµ ∈ C1(A;H), K2 ∈ C1(A;H) and (whenΦ is adapted)K ∈ C1(A′;H). Using these results we now
establish a relation between the kernels of the operatorsHµ, K andL.

Lemma 3.7. If Φ is semi-adapted toµ, then one has

ker(Hµ) ⊂ Hp(Hµ) ⊂ ker(K) ⊂ Hp(K).

If Φ is adapted toµ, one also has
Hp(K) ⊂ ker(L) ⊂ Hp(L).

Proof. Let f be an eigenvector ofHµ. Due to the Virial Theorem [1, Proposition 7.2.10] and the fact thatHµ

belongs toC1(A;H), one has〈f, i[Hµ, A]f〉 = 0. It follows by Lemma 3.6.(a) that0 =
〈
f,K2f

〉
= ‖Kf‖2,

i.e. f ∈ ker(K). The inclusionHp(Hµ) ⊂ ker(K) follows. Similarly, by usingA′ instead ofA and Lemma
3.6.(c) one gets (whenΦ is adapted) the inclusionHp(K) ⊂ ker(L), and the lemma is proved.

Assume now thatΦ is semi-adapted toµ. Then we can decompose the Hilbert spaceH into the direct
sumH = K ⊕ G, whereK := ker(K) andG is the closure of the rangeKH. It is easy to see thatHµ and
K are reduced by this decomposition and that their restrictions to the Hilbert spaceG are bounded selfadjoint
operators. In the next lemma we prove that this decomposition ofH also reduces the operatorA if Φ is adapted
to µ.

Lemma 3.8. If Φ is adapted toµ, then the decompositionH = K ⊕ G reduces the operatorA. The restriction
of A to G defines a selfadjoint operator denoted byA0.

Proof. We already know that onD(A) = D(ΦK) one hasA = ΦK − i
2L. By using Lemma 3.7 it follows that

K ⊂ ker(A) ⊂ D(A). Then one trivially checks that (i)A [K ∩D(A)] ⊂ K, (ii) A [G ∩ D(A)] ⊂ G and (iii)
D(A) = [K ∩D(A)]+ [G ∩ D(A)], which means thatA is reduced by the decompositionH = K⊕G. Thus by
[30, Theorem 7.28] the restriction ofA toD(A0) ≡ D(A) ∩ G is selfadjoint inG.
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Proof of Theorem 2.2.We know from Lemma 3.7 thatHp(Hµ) ⊂ ker(−iHΦµ) for eachΦ ∈ Hom1
µ(X, R).

This obviously implies the first inclusion of the theorem.
Let us denote byH0 andK0 the restrictions toG of the operatorsHµ andK. We shall prove in points

(i)-(iii) below that if Φ is adapted toµ, then the method of the weakly conjugate operator, presented in Section
3.1, applies to the operatorsH0 andA0 in the Hilbert spaceG. It follows then thatG ⊂ Hac(Hµ), anda fortiori
thatHsc(Hµ) ⊂ K = ker(−iHΦµ). Since this result holds for eachΦ ∈ Hom2

µ(X, R), the second inclusion of
the theorem follows straightforwardly.

(i) Lemma 3.6.(a) implies thati(H0A0 −A0H0) is equal in the form sense toK2
0 onD(A0) ≡ D(A)∩ G.

Therefore the corresponding quadratic form extends uniquely to the bounded form defined by the operatorK2
0 .

This implies thatH0 belongs toC1(A0;G).
(ii) SinceB0 := i[H0, A0] ≡ K2

0 > 0 in G, the operatorA0 is weakly conjugate toH0. So we define the
spaceB as the completion ofG with respect to the norm‖f‖B := 〈f,B0f〉1/2. The adjoint space ofB is denoted

by B∗ and can be identified with the completion ofB0G with respect to the norm‖f‖B∗ :=
〈
f,B−1

0 f
〉1/2

. It
can also be expressed as the closure of the subspaceKH = K0G with respect to the same norm‖f‖B∗ =∥∥|K0|−1f

∥∥. Due to Lemma 3.6.(b) the quadratic formD(A0) 3 f 7→ i 〈B0fA0f〉 − i 〈A0f,B0f〉 extends
uniquely to the bounded form defined by the operator2K0L0K0, whereL0 is the restriction ofL toG. We write
i[B0, A0] for this extension, which clearly defines an element ofB(B,B∗).

(iii) Let {Wt}t∈R be the unitary group inG generated byA0. We check now that this group extends to a
C0-group inB. This easily reduces to proving that for anyt ∈ R there exists a constantC(t) ≥ 0 such that
‖Wtf‖B ≤ C(t)‖f‖B for all f ∈ D(A0). Due to point (ii) one has for eachf ∈ D(A0)

‖Wtf‖2
B = 〈f,B0f〉+

∫ t

0

dτ 〈Wτf, i[B0, A0]Wτf〉 ≤ ‖f‖2
B + 2‖L0‖

∫ |t|

0

dτ ‖Wτf‖2
B .

SinceG ↪→ B, the function(0, |t|) 3 τ 7→ ‖Wτf‖2
B ∈ R is bounded. Thus we get the inequality‖Wtf‖B ≤

e|t|‖L0‖ ‖f‖B by using a simple form of the Gronwall Lemma. Therefore{Wt}t∈R extends to aC0-group inB,
and by duality{Wt}t∈R also defines aC0-group inB∗. This concludes the proof of the fact thatB0 extends to
an element ofC1(A0;B,B∗). Thus all hypotheses of Theorem 3.3 are satisfied and this gives the result.

Proof of Corollary 2.3.SinceL = −HΦ2µ is proportional withHµ, one has

ker(Hµ) = Hp(Hµ) ⊂ Hs(Hµ) ⊂ ker(HΦµ)

due to Lemma 3.7 and Theorem 2.2. Using this withµ replaced byiΦµ, one easily gets the identityker(HΦµ) =
ker(Hµ). Therefore

ker(Hµ) = Hp(Hµ) = Hs(Hµ) = ker(HΦµ),

and the claim is proved.

4 Examples

4.1 Perturbations of central measures

In this section, we exploit commutativity in a non-commutative setting by using central measures. The groupX
is assumed to be unimodular.

By definition, thecentral measuresare the elements of the centerZ[M(X)] of the convolution Banach
∗-algebraM(X). They can be characterized by the conditionµ(yEy−1) = µ(E) for any y ∈ X and any
Borel setE ⊂ X. Thecentral (or class) functionsare the elements ofZ[M(X)] ∩ L1(X) = Z[L1(X)]. Thus a
characteristic functionχE is central iffλ(E) < ∞ andE is invariant under all inner automorphisms.

The relevant simple facts are the following: ifµ is central,Φ ∈ Hom(X, R) andΦµ ∈ M(X), thenΦµ is
also central (this follows from the identityΦ(yxy−1) = Φ(y)+Φ(x)−Φ(y) = Φ(x), ∀x, y ∈ X). On the other
hand, ifµ is arbitrary but supported onB(X), thenΦµ = 0 for any real characterΦ. Thus all the commutation
relations in Definition 2.1 are satisfied, and one gets from Theorem 2.2 the following result:
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Corollary 4.1. Let X be a unimodular LCG, letµ0 = µ∗0 ∈ M(X) be a central measure, and letµ1 = µ∗1 ∈
M(X) with supp(µ1) ⊂ B(X). Then

Hp(Hµ0+µ1) ⊂
⋂

Φ∈Hom(X,R)

Φµ0,Φ2µ0∈M(X)

ker(HΦµ0)

and
Hs(Hµ0+µ1) ⊂

⋂
Φ∈Hom(X,R)

Φµ0,Φ2µ0,Φ3µ0∈M(X)

ker(HΦµ0).

In order to get more explicit results, we restrict ourselves in the next section to a convenient class of LCG,
generalizing both abelian and compact groups.

4.2 Convolution operators on central groups

Following [12], we say thatX is central (or of class[Z]) if the quotientX/Z(X) is compact. Central groups
possess a specific structure [12, Thm. 4.4]: IfX is central, thenX isomorphic to a direct productRd×H, where
H contains a compact open normal subgroup.

Proposition 4.2. Let X be a central group andµ0 = µ∗0 ∈ M(X) a central measure such thatsupp(µ0) is
compact and not included inB(X). Let µ1 = µ∗1 ∈ M(X) with supp(µ1) ⊂ B(X) and setµ := µ0 + µ1.
ThenHac(Hµ) 6= {0}.

Proof. Central groups are unimodular [13, Prop. p. 366], andΦµ,Φ2µ, Φ3µ ∈ M(X) for anyΦ ∈ Hom(X, R),
due to the hypotheses. Furthermore we know by [12, Thm. 5.7] thatB(X) = B(X) is a closed normal subgroup
of X and thatX/B(X) is isomorphic to the direct productRd ×D, whereD is a discrete torsion-free abelian
group. But the groupsRd ×D are exactly those for which the real characters separate points [12, Cor. p. 335].
Therefore for anyx ∈ supp(µ0) \ B(X) there existsΦ ∈ Hom(X, R) such thatΦ(x) 6= 0. ThusHΦµ is a
nonzero convolution operator, and the claim follows by Corollary 4.1.

In a central groupX there exists plenty of central compactly supported measures. For instance there always
exists inX [12, Thm. 4.2] a neighbourhood base ofe composed of compact setsS = S−1 which are invariant
(under the inner automorphisms),i.e. central groups belong to the class [SIN]. Therefore the measuresµ0 =
χS dλ satisfyµ0 = µ∗0 and are subject to Proposition 4.2. Actually this also applies to central characteristic
functionsχS with “large” S, since inX any compact set is contained in a compact invariant neighbourhood
of the identity [13, Lemma p. 365]. One can also exihibit central measures satisfying Proposition 4.2 defined
by continuous functions. Indeed we know by [13, Thm. 1.3] that for any neighbourhoodU of the identitye
of a central groupX there exists a non-negative continuous central functionaU , with supp(aU ) ⊂ U and
aU (e) > 0.

A simple way to construct examples is as follows. LetX := K×Y , whereK is a compact group with Haar
measureλK andY is an abelian LCG with Haar measureλY . ClearlyX is central andB(X) = K ×B(Y ).
Let E be a finite family of invariant subsets ofK such that eachE ∈ E satisfiesλK(E) > 0 andE−1 ∈ E .
For eachE ∈ E , let IE be a compact subset ofY such thatλY (IE) > 0 and(IE)−1 = IE−1 . Suppose also
that IE0 is not a subset ofB(Y ) for someE0 ∈ E . Then one easily shows that the setS :=

⋃
E∈E E × IE

satisfies the following properties:S is compact,S = S−1, S is invariant, andS not included inB(X). Thus
Hac(HχS+µ1) 6= {0} for anyµ1 = µ∗1 ∈ M(X) with supp(µ1) ⊂ K ×B(Y ), due to Proposition 4.2.

The following two examples are applications of the preceding construction.

Example 4.3. LetX := S3×Z, whereS3 is the symmetric group of degree3. The groupS3 has a presentation〈
a, b | a2, b2, (ab)3

〉
, and its conjugacy classes areE1 = E−1

1 = {e}, E2 = E−1
2 = {a, b, aba} and E3 =

E−1
3 = {ab, ba}. SetE := {E2, E3} and chooseIE1 , IE2 two finite symetric subsets ofZ, each of them

containing at least two elements. Clearly these sets satisfy all the requirements of the above construction. Thus
Hac(HχS

) 6= {0} if S :=
⋃

E∈E E × IE .
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Example 4.4. LetX = SU(2)×R, whereSU(2) is the group (with Haar measureλ2) of 2×2 unitary matrices
of determinant+1. For eachϑ ∈ [0, π] let C(ϑ) be the conjugacy class of the matrixdiag(eiϑ, e−iϑ) in SU(2).
A direct calculation (using for instance Euler angles) shows thatλ2

(⋃
ϑ∈J C(ϑ)

)
> 0 for eachJ ⊂ [0, π] with

nonzero Lebesgue measure. SetE1 :=
⋃

ϑ∈(0,1) C(ϑ), E2 :=
⋃

ϑ∈(2,π) C(ϑ), E := {E1, E2}, IE1 := (−1, 1),
and IE2 := (−3,−2) ∪ (2, 3). Clearly these sets and many others satisfy all the requirements of the above
construction. ThusHac(HχS

) 6= {0} if S :=
⋃

E∈E E × IE .

A nice example of a central group which is not the product of a compact and an abelian group can be found
in [14, Ex. 4.7].

In a simple situation one even gets purely absolutely continuous operators; this should be compared with
the discussion in Section 2.2:

Example 4.5. Let X be a central group, letz ∈ Z(X) \ B(X), and setµ := δz + δz−1 + µ1 for some
µ1 = µ∗1 ∈ M(X) with supp(µ1) ⊂ B(X). Thenµ satisfies the hypotheses of Proposition 4.2, and we can
chooseΦ ∈ Hom(X, R) such thatΦ(z) = 1

2Φ(z2) 6= 0 (note in particular thatz /∈ B(X) iff z2 /∈ B(X)
and thatΦµ1 = 0). ThusHs(Hµ) ⊂ ker(HΦµ). But f ∈ H belongs toker(HΦµ) = ker

(
HΦ(δz+δz−1 )

)
iff

f(z−1x) = f(zx) for a.e.x ∈ X. This periodicity w.r.t. the non-compact elementz2 easily implies that the
L2-functionf should vanisha.e.and thus thatHac(Hµ) = H.

4.3 Abelian groups

We consider in this section the case oflocally compact abelian groups(LCAG), whose theory can be found in
the monograph [16]. LCAG are particular cases of central groups. Their convolution algebraM(X) is abelian,
so spectral results on convolution operators can be deduced from the preceding section. We shall not repete
them here, but rather invoke duality to obtain properties of a class of multiplication operators on the dual group
X̂.

Let X stands for a LCAG with elementsx, y, z, . . ., and letX̂ be the dual group ofX, i.e. the set of
characters ofX endowed with the topology of compact convergence onX. The elements of̂X are denoted by
ξ, η, ζ, . . . and we shall use the notation〈x, ξ〉 for the expressionξ(x). The Fourier transformm of a measure
µ ∈ M(X) is given by

m(ξ) ≡ [F (µ)](ξ) :=
∫

X

dµ(x) 〈x, ξ〉, ξ ∈ X̂.

We recall from [16, Thm. 23.10] thatm belongs to theC∗-algebraBC(X̂) of bounded continuous complex
functions onX̂, and that‖m‖∞ ≤ ‖µ‖ (showing that the bound‖Hµ‖ ≤ ‖µ‖ is not optimal in general).
Actually the subspaceF (M(X)) is dense inBC(X̂), and the subspaceF (L1(X)) is densely contained in
C0(X̂), the ideal ofBC(X̂) composed of continuous complex functions onX̂ vanishing at infinity. For a
suitably normalized Haar measure on̂X, the Fourier transform also defines a unitary isomorphism fromH onto
L2(X̂), which we denote by the same symbol. It maps unitarilyHµ on the operatorMm of multiplication with
m = F (µ). Moreoverµ = µ∗, iff m is real, and

σ(Hµ) = σ(Mm) = m(X̂), σp(Hµ) = σp(Mm) = {s ∈ R | λ∧ (m−1(s)) > 0},

whereλ∧ is any Haar measure on̂X.
This does not solve the problem of determining the nature of the spectrum, at least for three reasons. First,

simple or natural conditions onµ could be obscured when using the Fourier transform; the functionm = F (µ)
could be difficult to compute or to evaluate. Second, the dual groupX̂ can be complicated. We are not aware
of general results on the nature of the spectrum of multiplication operators on LCAG. Third, even forX̂ = Rd,
the spectral theory of multiplication operators is quite subtle. For the particular caseX̂ = Rd, one finds in [1,
Sec. 7.1.4 & 7.6.2] refined results both on the absolute continuity and on the occurence of singular continuous
spectrum for multiplication operators.
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Let us recall that there is an almost canonical identification ofHom(X, R) with the vector spaceHom(R, X̂)
of all continuous one-parameter subgroups ofX̂. For a given real characterΦ, we denote byϕ ∈ Hom(R, X̂)
the unique element satisfying

〈x, ϕ(t)〉 = eitΦ(x), ∀t ∈ R, x ∈ X.

Definition 4.6. The functionm : X̂ → C is differentiable atξ ∈ X̂ along the one-parameter subgroupϕ ∈
Hom(R, X̂) if the functionR 3 t 7→ m(ξ + ϕ(t)) ∈ C is differentiable att = 0. In such a case we write
(dϕm) (ξ) for d

dt m(ξ + ϕ(t))
∣∣
t=0

. Higher order derivatives, when existing, are denoted bydk
ϕm, k ∈ N.

This definition triggers a formalism which has some of the properties of the differential calculus onRd.
However a differentiable function might not be continuous. Moreover, ifX̂ is totally disconnected, then the
theory is trivial: Every complex function defined on̂X is differentiable with respect to the single trivial element
of Hom(R, X̂), and the derivative is always zero. Ifµ ∈ M(X) is such thatΦµ ∈ M(X), then [28, p. 68]
m = F (µ) is differentiable at any pointξ along the one-parameter subgroupϕ and−iF (Φµ) = dϕm.

Let us fix a bounded continuous functionm : X̂ → R such thatF−1(m) ∈ M(X). We say that the
one-parameter subgroupϕ : R → X̂ is in Hom1

m(R, X̂) if m is twice differentiable w.r.t.ϕ anddϕm, d2
ϕm ∈

F (M(X)). If, in addition,m is thrice differentiable w.r.t.ϕ andd3
ϕm ∈ F (M(X)) too, we say thatϕ belongs

to Hom2
m(R, X̂). Then next result follows directly from Corollary 4.1.

Corollary 4.7. Let X be a LCAG and letm0,m1 be real functions withF−1(m0),F−1(m1) ∈ M(X) and
supp(F−1(m1)) ⊂ B(X). Then

Hp(Mm0+m1) ⊂
⋂

ϕ∈Hom1
m0

(R, bX)

ker(Mdϕm0)

and
Hs(Mm0+m1) ⊂

⋂
ϕ∈Hom2

m0
(R, bX)

ker(Mdϕm0).

It is worth noting that forX abelian, the following assertions are equivalent [16, Thm. 24.34 & Cor. 24.35]:
(i) B(X) = {e}, (ii) the real characters separate points, (iii) the dual groupX̂ is connected, (iv)X is isomorphic
to Rd ×D, whereD is a discrete torsion-free abelian group.

Up to our knowledge, Corollary 4.7 is not known in the present generality. It is a by-product of a theory
working in a non-commutative framework and it is obviously far from being optimal. We hope to treat the spec-
tral analysis of (unbounded) multiplication operators on LCAG in greater detail in a forthcoming publication.

One may interpret our use ofHom(X, R) in Theorem 2.2 as an attempt to involve “smoothness” and
“derivatives” in spectral theory for groups which might not be abelian or might not have a given Lie structure.

4.4 Semidirect products

Let N,G be two discrete groups withG abelian (for which we use additive notations), and letτ : G → Aut(N)
be a group morphism. LetX := N ×τ G be theτ -semidirect produt ofN by G. The multiplication inX is
defined by

(n, g)(m,h) := (nτg(m), g + h),

so that
(n, g)−1 = (τ−g(n−1),−g).

In the sequel we only consider real charactersΦ ∈ Hom(X, R) of the formΦ = φ ◦ π, whereφ ∈ Hom(G, R)
andπ : X → G is the canonical morphism given byπ(n, g) := g.

Proposition 4.8. Leta0 = a∗0 : X → C have a finite support and satisfy∑
n1,n2∈N

m=n1τg1 (n2)

a0(n1, g1)a0(n2, g2) =
∑

n1,n2∈N
m=n1τg2 (n2)

a0(n1, g2)a0(n2, g1), ∀g1, g2 ∈ G, ∀m ∈ N. (4.1)
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Leta1 = a∗1 : X → C have a finite support contained inB(X) and be such thata1 ∗ a0 = a0 ∗ a1. Then

Hs(Ha0+a1) ⊂
⋂

φ∈Hom(G,R)

ker
(
H(φ◦π)a0

)
.

Proof. Sincea := a0 + a1 has a finite support, we only have to check that

Φa ∗ a− a ∗ Φa = Φa ∗ Φ2a− Φ2a ∗ Φa = 0 for anyΦ = φ ◦ π, φ ∈ Hom(G, R). (4.2)

Sincea1 ∗ a0 = a0 ∗ a1 andΦa1 = 0 for eachΦ ∈ Hom(X, R), we are easily reduced to check (4.2) only for
a0. Let (m,h) ∈ X; then a direct calculation gives

(Φa0 ∗ a0 − a0 ∗ Φa0)(m,h) =
∑
g∈G

φ(2g − h)
∑

n1,n2∈N
m=n1τg(n2)

a0(n1, g)a0(n2, h− g).

This leads to the identity

(Φa0 ∗ a0 − a0 ∗ Φa0)(m,h) = −(Φa0 ∗ a0 − a0 ∗ Φa0)(m,h)

by using Condition (4.1) and the change of variableg′ := h− g. ThusΦa0 ∗ a0 − a0 ∗ Φa0 = 0.
By a similar argument one obtains thatΦa0 ∗ Φ2a0 − Φ2a0 ∗ Φa0 = 0 (the extra factor involved in this

computation is symmetric with respect to the change of variables).

The proposition tells us thatHa has a non-trivial absolutely continuous component if there exists a real
characterφ ∈ Hom(G, R) such that(φ ◦ π)a 6= 0. Consequently, as soon assupp(a) is not included in
N × B(G), we are done. For instance ifG = Zd, we simply have to ask for the existence of an element
(n, g) ∈ supp(a) with g 6= 0. In the remaining part we indicate several situations to which Proposition 4.8
applies; the perturbationa1 is left apart for simplicity.

Procedure 4.9. LetG0 be a finite subset ofG such thatG0 = −G0. For eachg ∈ G0 let Ng be a finite subset
of N such thatτg

(
N−g

)
= N−1

g for eachg ∈ G0. Set

S :=
⊔

g∈G0

Ng × {g}.

This is a convenient description of the most general finite subset ofX satisfyingS−1 = S (which is equivalent
to χS = χ∗S). Condition(4.1)amounts to

#{(n1, n2) ∈ Ng1 ×Ng2 | m = n1τg1(n2)} = #{(n1, n2) ∈ Ng2 ×Ng1 | m = n1τg2(n2))} (4.3)

for eachg1, g2 ∈ G0 andm ∈ N . Under these assumptions Proposition 4.8 applies andHχS
has a non-trivial

absolutely continuous component ifG0 ∩ [G \B(G)] 6= ∅.

One can ensure in various situations thatS is a system of generators (which is needed to assign aconnected
Cayley graph to(X, S)). This happens, for instance, ifG0 generatesG, ∪g∈G0Ng generatesN and the unite
of N belongs toNg for eachg ∈ G0.

Example 4.10.LetN := S3 =
〈
a, b | a2, b2, (ab)3

〉
, G := Z, G0 := {−1, 1}, N−1 := {a, aba}, N1 := {a, b},

andτg(n) := agna−g for eachg ∈ Z andn ∈ S3. Then direct calculations show that all the assumptions in Pro-
cedure 4.9 are verified. HenceHac(HχS

) 6= {0} for X := S3 ×τ Z if S = {(a,−1), (aba,−1), (a, 1), (b, 1)}.
Actually, by applying Corollary 2.3 withΦ(n, g) := g, one finds that the single possible component of the sin-
gular spectrum ofHχS

is an eigenvalue located at the origin. However a careful inspection shows us thatHχS

is injective, and thus thatHac(HχS
) = H.
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A rather simple (but not trivial) possibility consists in takingNg ≡ N0 independent ong ∈ G0 in Procedure
4.9. In such a caseS = N0 ×G0 andχS = χN0 ⊗ χG0 (which does not implies in general thatHχS

is a tensor
product of operators). If we also assume thatN0 is invariant under the set{τg | g ∈ G0}, then all the necessary
assumptions are satisfied. For instance, the invariance ofN0 permits to define a bijection between the two sets
in Formula (4.3). A particular case would be to chooseG := Zd, with G0 := {(±1, . . . , 0), . . . , (0, . . . ,±1)}.
By using the real morphismφ : Zd → R defined byφ(±1, . . . , 0) =: ±1, . . . , φ(0, . . . ,±1) =: ±1, one can
apply Corollary 2.3 to conclude that, except the possible eigenvalue0, HχS

is purely absolutely continuous.
The following two examples are applications of the preceding construction.

Example 4.11. We consider a simple type of wreath product. TakeG a discrete abelian group and putN :=
RJ , whereR is an arbitrary discrete group andJ is a finite set on whichG acts by(g, j) 7→ g(j). Then
τg

(
{rj}j∈J

)
:= {rg(j)}j∈J defines an action ofG onRJ , thus we can construct the semidirect productRJ ×τ

G. If G0 = −G0 ⊂ G andR0 = R−1
0 ⊂ R are finite subsets withG0 ∩ [G \ B(G)] 6= ∅, thenN0 := RJ

0

satisfies all the required conditions. ThusHac(HχS
) 6= {0} if S := N0 ×G0.

Example 4.12.LetG be a discrete abelian group, letN be the free group generated by the family{a1, . . . , an},
and setN0 :=

{
a±1
1 , . . . , a±1

k

}
. Choose a finite setG0 = −G0 ⊂ G with G0 ∩ [G \B(G)] 6= ∅ and an action

τ onN such that the conditions onS := N0×G0 are satisfied (for instanceτg, g ∈ G0, may act by permutation
on the generators). ThenHχS

has a non-trivial absolutely continuous part.

Virtually the methods of this article could also be applied to non-split group extensions.
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