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Abstract

We introduce a new type of local and microlocal asymptotic analysis in algebras of gen-
eralized functions, based on the presheaf properties of those algebras and on the properties
of their elements with respect to a regularizing parameter. Contrary to the more classical
frequential analysis based on the Fourier transform, we can describe a singular asymptotic
spectrum which has good properties with respect to nonlinear operations. In this spirit we
give several examples of propagation of singularities through nonlinear operators.

Keywords: microlocal analysis, generalized functions, nonlinear operators, presheaf, propaga-
tion of singularities, singular spectrum.
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1 Introduction

Various nonlinear theories of generalized functions have been developed over the past twenty
years, with contributions by many authors. These theories have in common that the space of
distributions is enlarged or embedded into algebras so that nonlinear operations on distribu-
tions become possible. These methods have been especially efficient in formulating and solving
nonlinear differential problems with irregular data.

Most of the algebras of generalized functions possess the structure of sheaves or presheaves,
which may contain some sub(pre)sheaves with particular properties. For example, the sheaf
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G of the special Colombeau algebras [B, |, [[J] contains the subsheaf G of so-called regular
sections of G such that the embedding: G — G is the natural extension of the classical one:
C*™ — D’. This notion of regularity leads to G*-local or microlocal analysis of generalized
functions, extending the classical results on the C®-microlocal analysis of distributions due
to Hérmander [§]. This concept has been slightly extended in [H] to less restrictive kinds
of measuring regularity. In [[4], microlocal regularity theory in analytic and Gevrey classes
has been generalized to algebras of generalized functions. Many results on propagation of
singularities and pseudodifferential techniques have been obtained during the last years (see
[ﬂ, A, [, [id, D]) Nevertheless, these results are still mainly limited to linear cases, since they
use frequential methods based on the Fourier transform.

In this paper, we develop a new type of asymptotic local and microlocal analysis of gener-
alized functions in the framework of (C, &, P)-algebras [, [[J], following first steps undertaken
in [[J). An example of the construction is given by taking G as a special case of a (C,&,P)-
structure (see Subsection P.9 for details). Let F be a subsheaf of vector spaces (or algebras) of
G and (uc). a representative of u € G (Q2) for some open set  C R™. We first define OF (u) as
the set of all x € Q such that u. tends to a section of F above some neighborhood of x. The
F-singular support of u is Q\(’)ér (u). For fixed z and u, N, (u) is the set of all » € Ry such
that €"u. tends to a section of F above some neighborhood of x. The F-singular spectrum of
u is the set of all (z,7) € Q x Ry such that r € Ry \N,(u). It gives a spectral decomposition
of the F-singular support of u.

This asymptotic analysis is extended to (C, £, P)-algebras. This gives the general asymptotic
framework, in which the net (¢"), is replaced by any net a satisfying some technical conditions,
leading to the concept of the (a, F)-singular asymptotic spectrum. The main advantage is that
this asymptotic analysis is compatible with the algebraic structure of the (C, &, P)-algebras.
Thus, the (a, F)-singular asymptotic spectrum inherits good properties with respect to nonlin-
ear operations (Theorem [[J and Corollary [L§).

The paper is organized as follows. In Section ], we introduce the sheaves of (C, £, P)-algebras
and develop the local asymptotic analysis. Section [] is devoted to the (a, F)-microlocal analysis
and specially to the nonlinear properties of the (a, F)-singular asymptotic spectrum. In Section
f various examples of the propagation of singularities through non linear differential operators
are given.

2 Preliminary definitions and local parametric analysis

2.1 The presheaves of (C, &, P)-algebras: the algebraic structure

We begin by recalling the notions from [[[3, [] that form the basis for our study.
(a) Let:
(1) A be a set of indices;
(2) A be a solid subring of the ring K* (K = R or C); this means that whenever (|sy|)) <
for some ((sx)a, (Ta)a) € KA x A, that is, |sy| < |ra| for all A, it follows that (sy\)y € A;
(3) I4 be a solid ideal of A;
(4) € be a sheaf of K-topological algebras over a topological space X .

Moreover, suppose that
(5) for any open set Q in X, the algebra £(Q2) is endowed with a family P(Q2) = (pi)icr()
of semi-norms such that if Q, 5 are two open subsets of X with Q; C o, it follows that
I() C I() and if p? is the restriction operator £(Qs) — £(Q1), then, for each p; € P(Q4)
the semi-norm p; = p; o p% extends p; to P(Q2).
(6) Let ©® = (Qp)nen be any family of open sets in X with Q = UpcgQy. Then, for each
pi € P(Q), i € I(12), there exist a finite subfamily of ©: Q,..., Q) and corresponding
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semi-norms p; € P(Q21), ..., Pu@) € P(2ys)), such that, for any u € £()

Y2 (u) <pi (u ’91 ) +... +pn(i)(u ’Qn(i))'
(b) Define |B| = {(|ra])y, (ra)y € B}, B = A or I4, and set

Hiaep) (@) = { () € [EQ) ¥ € 1), () € 4]}

Titnem) (@) = {(w)x € E@I* | ¥i € 1), (pi(un) € 1al}
C=A/lL,

Note that, from (2), |A] is a subset of A and that Ay = {(by)x € 4, VA € A, by >0} = |A].
The same holds for I4. Furthermore, (2) implies also that A is a K-algebra. Indeed, it suffices
to show that A is stable under multiplication by elements of K. Let ¢ be in K and (ay)y € A.
Then (cay)y satisfies ([cax|)x < (Jnay|)a for some n € N. We have (nay), € A since A is stable
under addition. Thus, using (2), we get that (cay)x € A.

For later reference, we recall the following notions entering in the definition of a sheaf A on
X. Let (Q)nen be a family of open sets in X with Q = UpegQp.

(F1) (Localization principle) Let u, v € A(Q). If all restrictions u|q, and u|g,, h € H, coincide,
then v = v in A(Q).

(F») (Gluing principle) Let (up)nem be a coherent family of elements of A(£2y), that is, the
restrictions to the non-void intersections of the €2, coincide. Then there is an element
u € A(R) such that u|g, = uy for all h € H.

Proposition 1 (i) Hae p) is a sheaf of K-subalgebras of the sheaf &N,
(i) J(14.6,p) 5 a sheaf of ideals of H(a e p)-

Proof. The proof can be found in [[[3, [3], so we just recall the main steps. We start from
the statement that £ and £ are already sheaves of algebras. From (5), we infer that Haer
and J(;, ¢ p) are a presheaves (the restriction property holds) and that the localization property
(Fy) is valid. To obtain the gluing property (F>) we need property (6), which generalizes the
situation from C*° to £. m

Theorem 2 The factor Haepy/Ji1,.6p) 15 @ presheaf satisfying the localization principle
(F1).

Proof. From the previous proposition, we know that A = H ¢ p)/J(1,.¢,p) is a presheaf.
For Q1 C s, the restriction is defined by

Ri
A(Q) A(29)
U — u ’91 = [UA ‘91]

where (uy), is any representative of u € A(£22) and [uy |o,] denotes the class of (uy |q,),-
The definition is consistent and independent of the representative because for each (uy),cp €

Haep)(Q2) and (m2)ycp € JT(14,,p)(22), we have
(un)y |y = (unloy )y € Haem (1), )y o = (xles )y € T(rae,p)(Q1)
The localization principle is also obviously fulfilled because J;, ¢ p) is itself a sheaf. ®

Proposition 3 Under the hypothesis (2), the constant sheaf Hiax |.|)/T(14x,.|) 5 evactly the
ring C = A/I4.



Proof. We clearly have H4 x|y = A and J7, k| |) = [a. ®
Definition 1 The factor presheaf of algebras over the ring C = A/14:

A=Haer)/T1,6p)
is called a presheaf of (C,E,P)-algebras.

Notation 1 We denote by [u,] the class in A(Q) defined by (ux)yep € Hiae,p)(R2). Foru € A,
the notation (uy)ycp € u means that (uy)ycp s a representative of u.

Remark 1 The problem of rendering A a sheaf (and even a fine sheaf) is not studied here. It
is well known that the Colombeau algebra G, which is a special case of a (C,E,P)-algebra (see
Subsection [2.2), forms a fine sheaf [, [1]. The sheaf property can be inferred from the existence
of a C®-partition of unity associated to any open covering of an open set 2 of R%. This existence
is fulfilled because X = R® is a locally compact Hausdorff space. On the other hand, C™ is a fine
sheaf because multiplication by a smooth function defines a sheaf homomorphism in a natural
way. Hence the usual topology and C*-partition of unity defines the required sheaf partition of
unity. Observing that G is a sheaf of C°°-modules and using the well known result that a sheaf of
modules on a fine sheaf is itself a fine sheaf, we obtain the corresponding assertion about G. In
the general case, turning A into a sheaf requires additional hypotheses, which are not necessary
for the results in this paper. Indeed, the presheaf structure of A and the (Fy)-principle are
sufficient to develop our local and microlocal asymptotic analysis.

Remark 2 The map ¢ : K — A defined by v (r) = (r), is an embedding of algebras and induces
a ring morphism from K — C if, and only if, A is unitary (Lemma 14, [13]). Indeed, if A is
unitary, (r)y, =r (1)), is an element of A since A is a K-algebra, and v is clearly an injective
ring morphism. The converse is obvious. Moreover, if A is a directed set with partial order
relation < and if

(7) IAC{(QA)AEA|11[{naA:0},

then the morphism v is injective. Indeed, if [v(r)] = 0, relation (1) implies that the limit of the
constant sequence (r), is null, thus r = 0.

2.2 Relationship with distribution theory and Colombeau algebras

One main feature of this construction is that we can choose the triple (C,&,P) such that the
sheaves C*° and D’ are embedded in the corresponding sheaf A. In particular, we can multiply
(the images of) distributions in .A.

We consider the sheaf & = C* over R, where P is the usual family of topologies (PQ)QEO(Rd) .

Here O (Rd) denotes the set of all open sets of R%; this notation will be used in the sequel. Let
us recall that Pq is defined by the family of semi-norms (px 1) e ey With

VieC®(), pri(f)= sup |09 (x)].

zeK,|a|<l
From Lemma 14 in [[J], it follows that the canonical maps, defined for any Q € O (]Rd) by
00 : C(Q) = Haeprm(Q)  fr= (),

are injective morphism of algebras if, and only if, A is unitary. Under this assumption, these
maps give rise to a canonical sheaf embedding of C* into H4 ¢ p) and (using a partition of
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unity in C* inducing a sheaf structure on 4) to a canonical sheaf morphism of algebras from
C* into A. This sheaf morphism turns out to be a sheaf morphism of embeddings if A is a
directed set with respect to a partial order < and if relation ([]) holds.

We shall address the question of the embedding of D’ for the simple case of A = (0, 1]. For
a net (¢.). of mollifiers given by

1
Ve (x) = ¥ <§> , © € R where p € D(RY) and [y (z)dz =1,

and T € D' (]Rd), the net (T @), is a net of smooth functions in C* (]Rd), moderately

£

increasing in —. This means that
€

(8) VK eRLVIEN, ImeN: pg; (T*p.)=o0(c™), as e — 0.
This justifies to choose
A= {(7“5)8 eROY |3meN : |u]=o0("), ase — 0}

I = {(rg)6 c RO |Vg €N : |us| =o0(e?), ase — O}.

In this case (with £ = C*°), the sheaf of algebras A = H 4 ¢ p)/J(1, ¢,p) is exactly the so-called
special Colombeau algebra G [, [, [6]. Then, for all Q € O (R?), C* (Q) is embedded in A (Q)
by

oq: C¥(Q) — AQ)  f—[f] with f. = f for all e in (0,1],
because the constant net (f), belongs to H4 ¢ p) (R?) and (f), € J(14,e,p) implies f = 0 in
C*>°(2). Furthermore, D’ (Rd) is embedded in A (Rd) by the mapping

LT (T *@.),

Indeed, relation (§) implies that (T % ¢.), belongs to Ha s p) (RY) and (T * ¢.), € T14.6,P)
implies that T * . — 0 in D’ (Rd), as € — 0 and T = 0. Thus, ¢ is a well defined injective map.

With the help of cutoff functions, we can define analogously, for each open set  in R%, an
embedding tq of D' (Q) into A (Q), and finally a sheaf embedding D’ — A. This embedding
depends on the choice of the net of mollifiers (¢.).. We refer the reader to [, [[4] for more
complete discussions about embeddings in Colombeau’s case and to [[[J] for the case of (C, &, P)-
algebras.

2.3 An association process

We return to the general case with the assumption that A is unitary and A is a directed set
with partial order relation < .

Let us denote by:
e () an open subset of X,

e F a given sheaf (or presheaf) of topological K-vector spaces (resp. K-algebras) over X
containing £ as a subsheaf of topological algebras,

e ¢ a map from R, to A such that a(0) =1 (for r € Ry, we denote a (r) by (ay (7 .
p + + +5 y (ax A



In the Colombeau case, a typical example would be a.(r) =", € € (0,1].
For (vy), € Ha.ep) (), we shall denote the limit of (vy), for the F-topology by li/I\n F(Q) VA

when it exists. We recall that li/r\n Fovy uxlv = f € F(V) iff, for each F-neighborhood W of f,

there exists A\g € A such that
A=< = U,)\’V ew.

We suppose also that we have, for each open subset V C €,
(9) ‘7(IA,5,P)(V) C {(UA))\ € H(Af,p)(V) : li/r\n F(V) UA = 0} .

Definition 2 Consider u = [uy] € A(Q), r € Ry, V an open subset of Q and f € F(V). We
say that u is a (r)-associated with f in V'

a(r)
B F(V) f
i lim z vy (ax (1) unlv) = f-

In particular, if r =0, u and f are called associated in V.

To ensure the independence of the definition with respect to the representative of u, we
must have, for any (nx)x € J(1,,p)(£2), that li/r\n Fovyax(r) mly = 0. As Jy,ep)(V) is a
module over A, (ax (r) nx|v)a is in J(7, &) (V). Thus, our claim follows from hypothesis (fl).

Example 1 Take X =R, F =D', A =|0,1], A=G, V = Q, r = 0. The usual association
between u = [ue] € G () and T € D' () is defined by

a(0) .
~T = ~ T 1 1 =T.
“ “ D(Q) cop D@ Ue
2.4 The F-singular support of a generalized function

We use the notations of Subsection R.3. According to the hypothesis (f]), we have, for any open
set Qin X,

‘T(IA,S,P)(Q) - {(UA))\ S H(Ag,p)(Q) : li[{n F(V) Ux = 0} .

Set
Fa(2) = {UEA(Q) | F(ur)y €u, If € F(Q) lij{n]:(v) uA:f}.

Fa(82) is well defined because if (1)), belongs to J(1, ¢ p)(£2), we have li/r\n Fovy = 0.

Moreover, F 4 is a sub-presheaf of vector spaces (resp. algebras) of A. Roughly speaking,
it is the presheaf whose sections above some open set €2 are the generalized functions of A (Q2)
associated with an element of F (2).

Thus, for u € A (), we can consider the set O (u) of all z € Q having an open neighbor-
hood V' on which u is associated with f € F (V), that is:

Oh(w)y={zecQ |3IVeV, :uly € FalV)},

V., being the set of all the open neighborhoods of x.
This leads to the following definition:



Definition 3 The F-singular support of u € A(Q) is denoted SZ‘: (u) and defined as
Sk (u) = N0 (u).

Remark 3 (i) The validity of the gluing principle (F3) is not necessary to get the notion of
support (and of F-singular support) of a section uw € A(2). More precisely, the localization
principle (F1) is sufficient to prove the following: The set

Off}(u):{meﬁ | IV eV, uly =0}

is exactly the the union Q4 (u) of the open subsets of Q0 on which u vanishes.

Indeed, (F1) allows to show that u vanishes on an open subset O of Q if, and only if, it vanishes
on an open neighborhood of every point of O. This leads immediately to the required assertion.
Moreover, Q4 (u) = (9;0} (u) is the largest open set on which u vanishes, Sito} (u) = Q\OJ{‘IO} (u)
is exactly the support of u in its classical definition, and the F-singular support of u is a closed
subset of its support.

(73) In contrast to the situation described above for the support, we need the gluing principle
(F») if we want to prove that the restriction of u to O (u) belongs to F4(O% (u)). We make
this precise in the following lemma.

Lemma 4 Take u € A(Q) and set Q7 (u) = Ui, ();c; denoting the collection of the open
subsets of Q2 such that ulq, € Fa (). Then, if Fa is a sheaf (even if A is only a prehesaf),
(i) Q7 (u) is the largest open subset O of Q such that u|o belongs to F4 (O);

(i1) O (u) = O%(u) and S% (u) = .\ ¥ ().

Proof. (i) Fori € I, set u|g, = fi € F.4 (). The family (f;),c; is coherent by assumption:
From (Fy), there exists f € Fa(Q% (u)) such that f|o, = f;. But from (F}), we have f =u on
Uier€% = Q% (v). Thus u ’Qj(u) € Fa(9 (u)), and Q7 (u) is clearly the largest open subset of
Q) having this property.

(i1) First, O% (u) is clearly an open subset of Q. For x € O (u), set u |y, = fu € Fa (V,) for
some suitable neighborhood V.. The open set O (u) can be covered by the family (Vr)xeof(u)'

As the family (f,) is coherent, we get from (F5) that there exists f € F 4 <U:v€(9f\(u)v$) such that
flv, = fz. From (F1), we have v = f on Upeoz ) Ve and, therefore, u|0§(u) € Fa(O) (u)).

Thus O (u) is contained in Q7 (u). Conversely, if z € Q7 (u), there exists an open neigh-
borhood V, of z such that uly, € Fa(V;). Thus z € O (u) and the assertion (ii) holds.
|

Proposition 5 For any u,v € A(Q), if F is a presheaf of topological vector spaces, (resp.
algebras), we have:
S%(u+v) © S(u) USE ().

Moreover, in the resp. case, we have
ST (wv) € Sk (u) USH (v).

Proof. If z € Q belongs to 0% (u) N O%(v), there exist V and W in V, such that ul|y €
Fa(V) and vlw € Fa(W). Thus (u +v)yaw € Fa(VNW) (resp. (uv)yqy € Fa(VNW)),
which implies

O%(u) N O (v) € O (u+v)  (resp. OF(u) NO%(v) C OF (wv)).
The result follows by taking the complementary sets in 2. m

This proposition leads easily to the following:



Corollary 6 Let (uj)1<j<p be any finite family of elements in A(Q2). If F is a presheaf of
topological vector spaces, (resp. algebras), we have

SaC Y w)c U Shly).

1<j<p 1<j<p

Moreover, in the resp. case, we have

SACIT w)c U Shlu).

1<5<p 1<j<p
In particular, if u; = u for 1 < j <p, we have 8% (uP) C Sk (u).
Example 2 Taking € = C®; F =D'; A= G leads to the D'-singular support of an element of

the Colombeau algebra. This notion is complementary to the usual concept of local association
in the Colombeau sense. We refer the reader to [13, for more details.

Example 3 In the following examples we consider X =R%, € =C*® and A=G.
(1) Take u € oq (C*(R)), where og : C* () — G () is the canonical embedding defined in
Subsection [2.3. Then Sgcp (u) = @, for all p € N.

(ii) Take ¢ € D (R), with [ (z) dz =1, and set ¢, (x) = Lo (x/e). As - ;/%g) Jd, we have:
Sgl ([pe]) = {0}. We note also that Sgp ([pe]) = {0}. Indeed, for any K € R* = R\ {0} and ¢

small enough, @, is null on K and, therefore, . Ceﬁg ): 0.

(13i) Take u = [uc] with u.(x) = esin(z/e). We have that limpg o(us) = 0, for all K € R,
whereas lim pg 1 (uc) does not exist for | > 1. Therefore

S (w)y =2, 8§ (u)=R.

Remark 4 For any (p,q) € N with p<gq, and u € G, it holds that S_gp (u) C qu (u).

3 The concept of (a, F)-microlocal analysis

Let © be an open set in X. Fix u = [uy] € A(R2) and x € Q. The idea of the (a, F)-microlocal
analysis is the following: (uy), may not tend to a section of F above a neighborhood of z,
that is, there exists no V € V, and no f € F (V) such that 1i/1{n F(v) ux = f. Nevertheless,

in this case, there may exist V€ V,, r > 0 and f € F (V) such that 1i/1{n Fovy ax(rux = f,
that is [ax(r)uy | ] belongs to the subspace (resp. subalgebra) F4(V) of A(V) introduced in

Subsection P.4. These preliminary remarks lead to the following concept.
3.1 The (a,F)-singular parametric spectrum

We recall that a is a map from Ry to A such that a(0) = 1 and F is a presheaf of topological
vector spaces (or topological algebras). For any open subset  of X, u = [uy] € A(Q) and
x € €, set

N(a,]-—),:v (u) = {’I“ € RJr | ElV S Vg;, Elf S .7:(V) : ll[l;n .7:(V) (CL)\(T‘) U\ |V) = f}

:{TGRJF | IV eV, : [CD\(T)UA|V]€]:A(V)}'

It is easy to check that N, 7). (u) does not depend on the representative of u. If no confusion
may arise, we shall simply write
N(a,]-'),m (u) = Nﬂ&(u)



Theorem 7 Suppose that:
(a) For all X € A

V(r,s) € Ry, ax(r+s) <ax(r)ax(s),

and, for all r € Ry\ {0}, the net (ay (1)), converges to 0 in K.
(b) F is a presheaf of separated locally convex topological vector spaces.

Then we have, for u € A(Q):
(2) If r € Ny (u), then [r,4+00) is included in N, (u). Moreover, for all s > r, there exists V € V,
such that: li/{n Fovy (ax(s)ux|v) = 0. Consequently, N (u) is either empty, or a sub-interval

Of R+.
(ii) More precisely, suppose that for x € €, there exist r € Ry, V. € V, and f € F(V),
nonzero on each neighborhood of x included in V', such that li/r\n Fvy (ax(r)ux|v) = f. Then

Nz(u) = [r,4+00).
(79t) In the situation of (i) and (ii), we have that 0 € Ny(u) iff Ny(u) = Ry. Moreover, if one
of these assertions holds, the limits 1i/1{n Fvy (ax () ux|v) can be non null only for s = 0.

Proof. (i) If r € Ny(u), there exist V € V, and f € F(V) such that li/{n 7o (ax(r)uy),) =

f- As F(V) is locally convex, its topology may be described by a family Qy = (qJ)jeJ(V) of
semi-norms. For all s > r, we have, for any j € J (V),

gi(ax(s) (uxlv)) = ax(s) gj(urlv) < ax(s =) ax(r) ¢j(ux|v) < ax(s —7) gj(ar(r) uxlv).
From li/r\nqj (ax(r) (ux|v — f)) = 0, we have g;j(ax(r) uy|v) < +o0 and li/r\n g; (ax(s)(ur|v)) =
0, since ax(s — ) A0, Thus li/r\n Fovy (ax(s)ux|v) = 0.

(74) From (z), we have [r,+00) C N,(u). Suppose that there exists ¢ < r in N,(u). Then we get
W € V,, which can be chosen included in V', and g € F(W) such that 1i/1{n Fovy (ax(t)ux|w) =

g. With the notations of the proof of (i), we have
g;j(ax(r) (uxw)) < ax(r —t)g;(ax(t)ux [w).
As gj(ax(t)uy |v) is bounded, it follows that li/{n g;(ax(r) (ux |w)) = 0, which is in contradiction
with li[{n Fovy (ax(r) (ualy) = f #Z0on W.
(7i7) The first assertion follows directly from (i) and the second from (ii). m

From now on, we suppose that the hypotheses (a) and (b) of Theorem [] are fulfilled. We
set

E(aL,]-'),m(u) = Ya(u) = R-i—\NJ»‘(u)v
R(a,}'),x (u) = Rx(u) = inf ]Vg3 (u)

According to the previous remarks and comments, X, ) ,(u) is an interval of R, of the form
[0, R, 7). (u)) or [0, Ra,7) 2 (u)], the empty set, or Ry.

Definition 4 The (a,F)-singular spectrum of u € A(Q) is the set
Sff’f) (u) ={(z,7) € A xRy [reX,(u)}.

Example 4 Take X = R%, £ = C°, F = C? (p € N = NU{+o0}), f € C®(Q). Set u =
[(e71f).] and v = [(e7 [ne[ f)_] in A(Q) =G (Q). Then, for all z € R,

N,y (u) = [1,+00) ,  Ngcrye (v) = (1,+00) ,  Rgor)e (u) = Rgon e (v) = 1.



Remark 5 We have: X, 7).(v) = @ iff NgF).(v) = Ry and, according to Theorem [ iff
0 € Niq,7),2(u), that is, there exist (V, f) € Vo x F(V) such that lij{n Fovy (@x(0)ux|v) = f. As

ax(0) = 1, this last assertion is equivalent to x € O% (u). Thus Y(a,F)e(u) =2 iff v ¢ ST (u).
This remark implies directly the:

Proposition 8 The projection of the (a,F)-singular spectrum of u on  is the F-singular
support of u.

3.2 Example: The Colombeau case

In this subsection we investigate the relationship between the (a, F)-singular spectrum and the
sharp topology for X = R?% £ =C>®, F=CP (peN), A= G, a. (r) = €". First, let us remark
that, for u = [u:] € G (), z € Q (2 € O (RY)), Ny cr) (u) is never empty.

Indeed, consider V' € V, with V' € (2. There exists m > 0 such that p, 7 (uz) = 0(¢7™) as
e — 0. Thus, p; 7 (uc) = o(e7™) for all k < p and ilil(l) cr(v) (EMue|v) = 0. Thus [m, +o0) C

N(a,CP),m (u) .
Let us now recall the construction of the sharp topology on G (€2) . For u = [(u.),] € G (),
KeQ,1leN, set

vi(u) =inf {r € R |pg,(ue) =o(e") ase — 0}
The real number vg ;(u) is well defined, i.e. does not depend on the representative of u, and is
called the (K,[)-valuation of u. It has the usual properties:
(i) YA€ C\{0}, Vu € G (), viu(u) = vici(u) :
(i1) Vu,v € G(Q), viu(u+v) < sup(vk,(u), vi(v)).

The family (vg ;) permits to define the (K, 1)-pseudodistances dg; on G (€2) by

v (ua ’U) €g (Q)2 ) dK,l (u? U) = €Xp (UK,l(u - U)) )

which turns out to be ultrametric:
Y (u,v,w) € G(Q)*,  di, (u,v) < sup(dg (u, w), dg (w,v)).

The topology defined by the family (dx ), , is called the sharp topology on G (Q2).

As we are interested here in valuations greater or equal to 0, we set, for u € G (Q2),

vic (u) = sup (vi(u),0) .

We can define, for x € €, the [-valuation of u at x by
Vg (u) = inf {uvl(u) |V eV(x), V relatively compact}

and set, for any p € N,

vP(u) = sup vy (u).
0<i<p

Proposition 9 For allp € N, [u.] € G () and z € Q, we have
vp(u) = Rg,cr)e (u) = Inf Ng,cr) o (u) -
Proof. Take r > vf(u). Then, for any [ with 0 < < p, one has r > v, ;(u) and there exists
V €V (x), V relatively compact, such that vy ;(u) < r. Thus, py, (us) = o(c™"), as € — 0,
and gl_r% cr(vy (€"ug|v) = 0, which implies that 7 > R, cpy, (u) and v (u) > Rgcp)q ().
Conversely, if 7 > R, cp),, (u), there exists V € V (x) such that il_)n% cr(v) (€"ue |v) = 0. For

any relatively compact neighborhood W of x included in V', we get py, (us) = o(¢7™") and
7> vy (u) > vg(u). Thus, r > vi(u) and vi(u) < R cr)p (u). ®

10



3.3 Some properties of the (a, F)-singular parametric spectrum

Notation 2 For u = [uy] € A(Q), li[{n Fovy (ax(r)ux|v) € F (V) means that there exists
feF (V) such that li/r\n Fovy (ax(r)uxlv) = f.

3.3.1 Linear properties
Proposition 10 For any u,v € A(Q2), we have
Sff’]:) (u+v) C Sff’]:) (u) U Sff’]:) (v).
Proof. Let r be in Ny (u) N Nyz(v). Then there exist V € V, and W € V, such that
li/r\n Fovy (ax(r)uxly) € F (V) and li/r\n Fovy (ax(r)vnlw) € F(W).
Thus 1i/1{n Fovaw) (@x(r) (ux + o) lvaw ) € F (VN W) and r € Ny (u + v). Consequently,
N, (u) N N (v) C Np(u+ v).
We obtain the result by taking the complementary sets in R;.. m
Corollary 11 For any u, ug, u; in A(Q2) with
() u=uo+ur (i) S (ug) = @,

we have - -
S () = 87 (uy) .
Proof. Proposition [[] and condition (i) give Sﬁf’}—) (u) C Sﬁf’}—) (u1). As (i) implies
ug = u — u1, we obtain the converse inclusion, and thus the equality. =

3.3.2 Differential properties

We suppose that F is a sheaf of topological differential vector spaces (resp. algebras), with
continuous differentiation, admitting £ as a subsheaf of topological differential algebras. Then
the sheaf A is also a sheaf of differential algebras with, for any o € N¢ and u € A (),

0% = [0%uy], where (uy), is any representative of u.

The independence of 0“u on the choice of representative follows directly from the definition of
J1aP)")

Proposition 12 Let u be in A(Q). For all 0%, a € N, we have
ST 0wy < SUF) (u) .

Proof. Take u € A(Q), o € N% z € Q, 7 € N,(u). There exists V € V,, f € F (V) such
that

lim zey) (ax(r)uxlv) = f.
The continuity of 9% implies that
li/r\n FV) (ax(r)0%uy |y ) =0 f.
Thus Nz(u) C Ny(0%u). The result is proved. m

In the following two results we require that F is a sheaf of topological modules over £, in
addition. The proofs are straightforward.

11



Proposition 13 Let g be in £(Q) and u in A(2). We have
a,F a,F
854 ) (gu) C 854 ) (u) .
Propositions [L(, [[2 and [L3 finally imply:
Corollary 14 Let P(0) = Z Cn0% be a differential polynomial with coefficients in E(QY). For

la<m

any u € A(2), we have
S (P@)u) c 8¢ (u) .
3.3.3 Nonlinear properties
Theorem 15 For given u and v € A(QQ), let D; (i =1,2,3) be the following disjoint sets:
Dy = SA(u)\(S4(w) NS4(v)) 5 D2 = SE(0)\(Sh(w) N1S4(v)) 3 Ds =S4 (u) NS ().
Then the (a,F)-singular asymptotic spectrum of uv verifies
Sﬁ{l’f) (wv) C {(z, X4 (u)),z € D1} U{(2,X,(v)),z € Do} U{(x, E;(u,v)),x € D3}
where (for any x € D3)

E _ [07 Sup 2$(u) + sup 2$(v)] Z.f Ex(u) 7é R-ﬁ- and Ea&(v) 7é R-ﬁ-
»(u,v) = { Ry if ¥y(u) = Ry or Sy(v) = R,

Proof. Suppose that x belongs to D;. Then x is not in Sf(v) and we have
Y.(v) =9, Ny(v) =R;.

If N,(u) is not empty, let  be in N, (u). As N,(v) = R,, we have r € N, (v). Thus there exists
V €V, (resp. W € V,) such that [ax(r)uy|v] € Fa(V) (resp. [ar(r)vx|w] € Fa(W)). As F
is a sheaf of topological algebras we have

[ax(r) (uavy) lvew] € Fa(V N W).

Thus, r belongs to N, (uv). Therefore, we have proved that ¥, (uv) C X (u). If Ny (u) is empty,
we have ¥, (u) = R, and the above inclusion is obviously fulfilled. For = in D5, the same proof
gives X, (uv) C X, (v).

Consider x in Ds. Then, ¥, (u) and ¥, (v) are not empty. We suppose first that both of them
are not equal to R;. Set R = supX,(u) and S = sup X, (v). If r > R, there exists 7’ € N (u)
such that R < r’ < r and then, from the part (i) of Theorem [f, there exists V' € V, such that

lim z(v) (ax(r)uxlv) = 0.
Similarly, if s > S, there exists W € V, such that
lim ) (ax(s) vxw) = 0.

Then li[{n Fovaw) (ax(r)ax(s) (uxva) l[vaw) = 0. By expressing this limit in terms of semi-
norms, as in the proof of Theorem [ and by using the inequality ay(r +s) < ax(r)ax(s), we get
that Hm zvow) (ax(r + ) (uavn) [vaw ) = 0. Thus

[r+ s,00] C Ny(uv) or [0,r + s] D X, (uv)
for any r > R and s > S. Thus
Yp(uv) C [0, R+ 5] = [0,sup Xy (u) + sup y(v)].

If ¥, (u) or ¥,(v) is equal to R, the obvious inclusion ¥, (uv) C R4 gives the last result. m

12



Corollary 16 For given u € A(Q2) and p € N*, we have
a,F
84(4 ) (uP) C {(w,Hp@(u)),x € Sf(u)} .

[0, psup 3y (uw)] if ¥p(u) # Ry

where Hp,x(u) = { Ry if Em(u) =Ry

Proof. When ¥, (u) = R4, the result is obvious. Suppose now ¥, (u) # Ry. We shall prove
the result by induction. If p = 1, the result is a simple consequence of the definitions. Suppose
that the result holds for some p > 1. Set v = uP in the previous theorem. We have

Dy =Sk (u\SA(W’) ; Dy=@; Dz=S8h(u’).
Thus
Sﬁf’f) (upﬂ) C {(z,5;(u)),z € Sf(u)\Sf(uP)} U {(z,[0,(p + 1) sup Xz (u)]),z € Sf(up)} ,
by using the induction hypothesis. It follows a fortiori that

SET) (wth) € {(x, [0, (p + 1) sup Sy (w))), x € ST (u)} .

4 Applications to partial differential equations

In this section we shall compute various (a, F)-singular spectra of solutions to linear and nonlin-
ear partial differential equations. Throughout we shall suppose that A =]0,1], X = R¢, £ = C>,
F=CP(1<p<o0)orF="D,ar)=c". The results will hold for any (C, &, P)-algebra

A=Haep)/T1aep)
such that (a:(r)). € A4 for all r € Ry and property () holds.

Example 5 The (a,CP)-singular spectrum of powers of the delta function. Given a mollifier
of the form

1
e (x) = prie (g) ,  €RY where o € D(RY), 0 >0 and [ () dx =1,
its class in A(R?) defines the delta function 6(x) as an element of A(R?). Its powers are given
by (m e N)

m m] __ 1 m [

o= ler] = [ng <e)]
Clearly, the CO-singular spectrum is given by
G,CO m
S 6™y = (0,0, md)).

Differentiating ¢©™(x) and observing that for each derivative there is a point x at which it does
not vanish we see that

8@ (5my = (0,[0,md + K)).

Example 6 The (a,D’)-singular spectrum of powers of the delta function. Given a test function
Y € D(RY), we have

1
[er@u@ s = [ g em@ien) .
thus ) )
STl smy =z form=1,  8¢P)(E™) = (0,10,md —d) for m > 1.
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4.1 The singular spectrum of solutions to linear hyperbolic equations

Consider the Cauchy problem for the d-dimensional linear wave equation

Oue(z,t) — Aug(z,t) =0, zcRY tcR

10
(10) ue(7,0) = upe (), Opue(w,0) = Ue(y), T € R,

where uge,u;e € C®°(RY) represent elements ug,u; of an algebra A(R?) as outlined at the
beginning of this section. Under suitable assumptions on the ring A, the corresponding net of
classical smooth solutions represents a unique solution u in the algebra A(RYT1); for example,
this holds in the Colombeau case [If]. Let t — E(t) € C®(R : & (R%)) be the fundamental
solution of the Cauchy problem. Then

d
ue(-,t) = - E(t) * e"uge + E(t) * " uqe.

If for some 7 > 0 and uy € D'(RY),

/ e uge (2)(x) dz — (1, )

for all 1» € D(R?), then

/arue(x)w(x) dx = (E(t) * € uo, ) = ("uoe, E(t) * 1) — (uo, B(t) * )
for all 1 € D(R?) and t € R as well. We arrive at the following assertion.

Proposition 17 Assume that S(a v )(uo) and Sff’p/)(ul) are contained in R x I, where [ = &,
I =1[0,7] or I =10,7] for somer, 0 <r < oo. Let u € ARM1) be the solution to the linear

wave equation ([I4). Then S(aD )( (1)) CR? x I for all t € R.

This upper bound may or may not be reached, depending on the effects of finite propagation
speed or the Huyghens principle in odd space dimension d > 3. We just illustrate some of the
possible effects for the one-dimensional wave equation with powers of delta functions as initial
data. Thus we consider the problem

Ouc(z,t) — O2uc(z,t) =0, x€R, teR

(11) ue(z,0) = copl™(z), Ahue(x,0) = c1g(z), z €R,

where ¢ is a mollifier as in Example f] and ¢, ¢; € R. The solution to ([[J) is given by

c c x+t
Rere-rerer0)+ 3 [ .

t =
u&(x7 ) 2 2 4

We observe that u.(z,t) = 0 for sufficiently small ¢ when |z| > [t|, that is, outside the light

cone, and u.(z,t) = sign(t)$-e"|¢" ||l 1 (r) for sufficiently small ¢ when |2| < [t].

Example 7 If in equation ([{1) co #0, c1 =0 then
SSI’DI)(u) ={(z,t,r) : |z| = [t],0 <r <m—1}

with the provision that S(aD )( ) = @ when m = 1. If in equation (I4) co =0, c1 # 0 then
Sy = {(w,t,7) : & < |t,0 <+ <n—1}.
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When both cy and ¢y are monzero the singular spectrum is obtained as the union of the two
spectra. For the CO-singular spectrum the following results hold: If in equation (1) co # 0,
c1 = 0 then
0
S w) = (@, tr) o] = 1,0 < 7 < m).

If co =0, ¢1 # 0 then
SEV ) = {(a,t,7) : 2| < t,0<r <n—1}U{(2,t,r) : || = [t,0 <7r <n—1}.

4.2 The singular spectrum of solutions to semilinear hyperbolic equations

In this subsection we study the paradigmatic case of a semilinear transport equation

Oyuc () + A, )0 (w,1) = Fluz(,1)), ¢€R, tER

(12) ue(z,0) = uge(x), z€R

where A and F' are smooth functions of their arguments. In this situation, the singular spectrum
of the initial data may be decreased or increased, depending on the function F. We observe
that by a change of coordinates we may assume without loss of generality that A = 0. In fact,
denote by s — ~(z,t,s) the characteristic curve of ([J) passing through the point x at time
s = t, that is the solution to

d
E’y(x,t, s) = A(y(z,t,s),8), y(z,t,t) = x.

The function v(y, s) = u(y(y,0, s), s) is a solution of the initial value problem

Osv(y,s) = F(v(y,s),  v(y,0) =uo(y),
at least as long as the characteristic curves exist.

Example 8 (The dissipative case) The equation

Opue(z,t) = —ud(x,t), T€ER, t>0
ue(z,0) = upe(x), ze€R

has the solution
wpe () B 1

Us(x,t) = = .
=(2,1) V2tud () + 1 /2t +1/ud (z)
When the initial data are given by a power of the delta function, ups(z) = @' (x), the solution
formula shows that u(x,t) is a bounded function (uniformly in €) and supported on the line
{z = 0}. Thus uc(x,t) converges to zero in D'(Rx]0,c]), and so

S wg) = (0,[0,m —1), STV (w) = 2.
Example 9 The equation

Oue(z,t) = /1 +u2(z,t), z€R, t>0
ue(z,0) = upe(z), x€R

has the solution
ue(w,t) = uge(x) cosh t + /1 + ud_(z) sinht.

15



We first take a delta function as initial value, that is, up:(x) = pe(x). Then

/ / e (2, ) (2, t) dodt = / / <¢(x) cosht + /22 + ¢2(z) sinht)w(ex,t) ddt
o / / <cp(m) cosh t + |(z)| sinh t)zp(O, t) dedt
for v € D(R?). Thus in this case
8P (ug) = 8PV (u) = @.

On the other hand, taking the derivative of a delta function as initial value, ug:(x) = ¢L(z), a
stmilar calculation shows that

// ue(z, t)(x, t) dedt = // <g0(3:) cosht + é\/m sinh t)zl)(ex,t) dxdt

and so , /
Sy o) =2, SET(w) =10t t>0,0<r <1},

The next example shows that it is quite possible for the singular spectrum to increase with
time.

Example 10 The equation

Ous(z,t) = (us(z,t) + 1)) log (ue(z,t) +1), z€R, t>0
Ue(x,0) = upe(z), z€R

has the solution ,
ue(x,t) = (UOE(CC) —|— 1)6 5

provided ug: > —1 in which case the function on the right hand side of the differential equation
18 smooth in the relevant region. To demonstrate the effect, we take a power of the delta function
as initial value, that is uop-(x) = 2 (x). Then

SEP o) = {(0,r):0<r<m =1}, ST (w) = {(0,,7) 1 £> 0,0 <7 < me' —1}.

In situations where blow-up in finite time occurs, microlocal asymptotic methods allow to
extract information beyond the point of blow-up. This can be done by regularizing the initial
data and truncating the nonlinear term. We demonstrate this in a simple situation.

Example 11 Formally, we wish to treat the initial value problem

owu(z,t) = u?(x,t), T €ER, t>0
u(z,0) =H(z), xze€R

where H denotes the Heaviside function. Clearly, the local solution u(z,t) = H(x)/(1—1t) blows
up at time t = 1 when x > 0. Choose x. € C> (R) with

0<xe(2) <15 xe(2) =1if 2| <7, xe(2) =0 if [z > 1+7°, s> 0.

Further, let H.(x) = H * @-(x) where . is a mollifier as in Example [J. We consider the
reqularized problem

Oue(2,t) = Xe (uc(z,t))ul(z,t), zER, t>0
ue(z,0) = Ho(z), z€R.
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When x < 0 and € is sufficiently small, us(x,t) =0 for allt > 0. Forz >0, uc(z,t) =1/(1—1t)
as long as t <1 —¢e°. The cut-off function is chosen in such a way that |x.(2)2%| < (1 +¢7%)2
for all z € R. Therefore,

due < (1+e7%)? always and dyue = 0 when |uz| > 145,

Continuing the regqularized solution beyond time t = 1 — &%, we infer by combining the two
inequalities that e° < wuc(x,t) < 1+e° fort > 1 —¢° when x > 0 and ¢ is sufficiently
small. Finally, as long ast < 1, the reqularized solution remains bounded with respect to € near
(0,t) for e small enough; after t = 1, the asymptotic growth of order e=* spills over into any
neighborhood of every point (x,t) for x > 0.

Collecting all previous estimates, we obtain the following C°-singular support and (a, CO)—
singular spectrum (for a-(r) =¢€") of u = [ug]:

Sfio(u) = S1(u) U Sa(u) with S1(u) ={(0,t) : 0 <t <1} ; Sa(u) = {(z,t) : x> 0,t > 1},

ST ) = (Si() x {0}) U (Sa(w) x [0,

The CP-singularities (resp. (a, CO)—singulam’ties) of u are described by means of two sets: Si(u)
and Sa(u) (resp. Si(u) x {0} and Sa(u) x [0,s]). The set S1(u) (resp. Si(u) x {0}) is related
to the data C° (resp. (a,C®))-singularity. The set Sa(u) (resp. Sa(u) x [0,s]) is related to the
singularity due to the nonlinearity of the equation giving the blow-up att = 1. The blow-up locus
is the edge {x > 0,t =1} of Sa(u) and the strength of the blow-up is measured by the length
s of the fiber [0, s] above each point of the blow-up locus. This length is closely related to the
diameter of the support of the reqularizing function x. and depends essentially on the nature
of the blow-up: Changing simultaneously the scales of the reqularization and of the cut-off (i.e.
replacing € by some function h(e) — 0 in the definition of p. and x.) does not change the fiber
and characterizes a sort of moderateness of the strength of the blow-up.

4.3 The strength of a singularity and the sum law

When studying the propagation and interaction of singularities in semilinear hyperbolic systems,
Rauch and Reed [[[§] defined the strength of a singularity of a piecewise smooth function. We
recall this notion in the one-dimensional case. Assume that the function f : R — R is smooth
on | — 00, x0] and on [xg,o00[ for some point g € R. The strength of the singularity of f
at oo is the order of the highest derivative which is still continuous across xy. For example,
if f is continuous with a jump in the first derivative at xzg, the order is O; if f has a jump
at xg, the order is —1. Travers [RI] later generalized this notion to include delta functions.
Slightly deviating from her definition, but in line with the one of [I§], we define the strength of
singularity of the k-th derivative of a delta function at xg, 9¥6(x — z¢), by —k — 2.

The significance of these definitions is seen in the description of what Rauch and Reed
termed anomalous singularities in semilinear hyperbolic systems. We demonstrate the effect in
a paradigmatic example, also due to [Ig], the (3 x 3)-system

(O + Op)u(x,t) = 0, u(z,0) = up(x)
(13) (O — Oz)v(z,t) = 0, v(z,0) = vo(x)
ow(z,t) = wu(z,t)v(z,t), w(z,0) =0

Assume that ug has a singularity of strength n; > —1 at 1 = —1 and vy has a singularity
of strength no > —1 at o = +1. The characteristic curves emanating from x; and xo are
straight lines intersecting at the point x = 0, t = 1. Rauch and Reed showed that, in general,
the third component w will have a singularity of strength n3 = ni 4+ ngo + 2 along the half-ray
{(0,¢) : ¢ > 1}. This half-ray does not connect backwards to a singularity in the initial data

17



for w, hence the term anomalous singularity. The formula ng = nq + ny + 2 is called the sum
law. Travers extended this result to the case where ug and vy were given as derivatives of
delta functions at z1 and x5. We are going to further generalize this result to powers of delta
functions, after establishing the relation between the strength of a singularity of a function f
at xp and the singular spectrum of f * ..

We consider a function f : R — R which is smooth on |—o00, zg] and on [xg, 0o for some point
xo € R; actually only the local behavior near zg is relevant. We fix a mollifier ¢.(z) = %cp(%)
as in Example | and denote the corresponding embedding of D'(R) into the (C, &, P)-algebra
A(R) by ¢. In particular, ¢(f) = [f * ¢c].

If f is continuous at g, then lim._o f * ¢. = f in C°. If f has a jump x, this limit does
not exist in C%, but lim,_ge"f * . = 0 in C° for every r > 0. We have the following result.

Proposition 18 Let o € R. If f: R — R is a smooth function on | — 0o, x| and on [z, 0]
or f(x) = 0%5(x — xq) for some k € N, then the strength of the singularity of f at xq is —n if
and only if

E(a,Cl),mo (L(f)) = [0’ ’I’L]

Here n € N and a.(r) =¢€".

Proof. When n = 0, the function f is continuous and its derivative has a jump at xo.
From what was said before Proposition [I§ it follows that B(a,01),z0 («(f)) = {0}. When n =1,
the function f has a jump itself at zy and its distributional derivative contains a delta function
part. Thus lim,_ge" f * p. = 0 in C° for every r > 0 and lim._o "0, f * . = 0 in CY for every
r > 1, and neither of the two limits exists for smaller r. Therefore, 3, c1y 4, (t(f)) = [0,1].
When n > 2, f(z) = 07 26(z — z0) and the assertion is straightforward. m

We shall now return to the model equation ([lJ) and demonstrate that the sum law remains
valid when the initial data are powers of delta functions. We work in suitable (C, £, P)-algebras
A(R) and A(R?) in which the initial value problem ([[3) can be uniquely solved (see the discus-
sion at the beginning of Subsection [I.])). We still consider the scale a.(r) = e".

Proposition 19 Let ug(z) = 0™ (x+1), vo(z) = 8" (x—1) for some m,n € N*. Let w € A(R?)
be the third component of the solution to problem (13). Then w(x,t) vanishes at all points (z,t)
with x # 0 as well as (0,t) with t <1, and

E(a7cl)7(07t) ('LU) - [0’ m + TL]
fort>1.

Proof. A representative of w is given by

t
we(x,t) = / ol'(x+1—s)pl(x —1+s)ds.
0

The fact that the mollifier ¢ has compact support entails that we(x,t) vanishes for sufficiently
small € whenever x # 0 or t < 1. We have

| r+1-—s r—1+s
o) = [ g (L) (21

1 m(T+1—=t\ ,/rz—1+4+1
Opwe(z,t) = e ( . )so ( . )
t
B m 1fx+1—-8\ ,/x+1-—5s r—1+s
amwe(a:,t)—/o gm+n+l " ( € >SD( € )Spn< € )ds

t
n m(T+1l—=8\ , y/z—1+4+s\ ,/z—1-s
+ /0 emtn+l ¥ < € >SD ( € )SD< € )ds'
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If the support of ¢ is contained in an interval [—k, k|, say, then the t-integrations extend at
most from x + 1 — ke to  + 1 4 ke at fixed z. Therefore, all terms converge to zero uniformly
on R? when multiplied by " with r > m + n. This proves the assertion. m

Using the correspondence between the singular spectrum and the strength of a singularity
formulated in Proposition [[§, as well as Example |, we may say that the strength of the
singularity of 6" (x + 1) at 9 = —1 is ny = —m — 1, while the strength of the singularity of
0"(x—1) at xg = 41 is ng = —n — 1. The strength of the singularity of the solution w at points
(0,t) with t > 1 is —m —n =n1 + ng + 2 and is seen to satisfy the sum law.

4.4 Regular Colombeau generalized functions

The subsheaf G of regular Colombeau functions of the sheaf G is defined as follows [[L4]:
Given an open subset 2 of R?, the algebra G™®(£2) comprises those elements u of G(2) whose
representatives (u. ). satisfy the condition

(14) VK €eQ3ImeNVIieN: pg(u) =0(c™) as e — 0.

The decisive property is that the bound of order ™™ is uniform with respect to the order

of derivation on compact sets. The algebra G°(2) satisfies G (2) N D'(2) = C>®(Q) and
forms the basis for the investigation of hypoellipticity of linear partial differential operators
in the Colombeau framework. We are going to characterize the G*-property in terms of the
C*°-singular spectrum. The scale a is still given by a.(r) = ¢".

Proposition 20 Let u € G(2). Then u belongs to G () if and only if

B (a,c0),0 (1) # Ry
for all x € .

Proof. Ifu € G*(Q), x € Q and V, is arelatively compact open neighborhood of x, property
([4) says that there is m € N such that lim._ge™u. = 0 in C®(V,). Thus 3, e, (u) # Ry
Conversely, if ¥, coo) o (u) # Ry we can find an open neighborhood V,, of x and m(z) € N
such that lim._oe"u. = 0 in C>°(V,) for all » > m. Any compact set K can be covered by
finitely many such neighborhoods. Letting m be the maximum of the numbers m(z) involved,
we obtain property ([4). =

In relation with regularity theory of solutions to nonlinear partial differential equations, a
further subalgebra of G(£2) has been introduced in [[L7] — the algebra of Colombeau functions of
total slow scale type. It consists of those elements u of G(€2) whose representatives (u.). satisfy
the condition

(15) VK e QVr>0VleN:pg(u) =o0(e") as e — 0.

The term slow scale refers to the fact that the growth is slower than any negative power of ¢
as € — 0. This property can again be characterized by means of the singular spectrum.

Proposition 21 An element u € G(Q2) is of total slow scale type if and only if

E(a7coo),x (u) - {0}
for all x € .

Proof. If u is of total slow scale type, x € Q) and V, is a relatively compact open neigh-
borhood of z, property ([[§) implies that lim. .oe%u. = 0 in C>®(V},) for every s > 0. Thus
Y(a,c),a (u) C {0}. To prove the converse, we take a compact subset K and r > 0 and cover
K by finitely many neighborhoods V, of points z € K such that lim._ge"u. = 0 in C*°(V},).
Then property ([[§) follows. m
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