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Abstract. We consider a pseudomonotone operator, the model of whieliie (b(z, u) |V u|P ™2V u)
with 1 < p < +oo andb(z,s) a Lipschitz continuous function im which satisfies
0 < a < b(z,s) < B < +oo. We show the comparison principle (and therefore the
uniqueness for the Dirichlet problem) in two particularessnamely the one-dimensional
case, and the case where at least one of the right-hand sidesndt change sign. In our
knowledge these results are new for> 2. Full detailed proofs are given in the present
Note. The results continue to hold wheris unbounded.© XXXX Académie des scien-
cesEditions scientifiques et médicales Elsevier SAS

Résultats d’unicié pour des prol#mes pseudomonotones avyec- 2

Résum é. Nous considérons un opérateur pseudomonotone du -typie (b(x,u)|V ulP~? Vu),
avecl < p < +4oo etb(z,s) une fonction Lipschitzienne enqui vérifie0 < o <
< b(z, s) < B < +o00. Nous déemontrons que cet opérateur satisfait le prindeompa-
raison (et donc qu’on a unicité pour le probleme de Dirigfildans deux cas particuliers :
en dimension 1, et dans le cas ou au moins I'un des deux secosthbres ne change pas de
signe. A notre connaissance, ces résultats sont nouvasmndg > 2. Les demonstrations
complétes sont données dans cette Note. Les résulstesiteralides quanf est non borné.
© XXXX Académie des sciencestlitions scientifiques et médicales Elsevier SAS

Version francaise abr égée

Dans cette Note, nous démontrons deux résultats d’énpgitir la solution du probleme de Dirichlet
pseudomonotone

u-Uh e W@, [ e Vo)lVudo = (o) Ve WpHQ) (1)
Q
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quand est un ouvert borné d&” (aucune hypothése de régularité n’est faite sur le berd(®), quand
1 < p < +00, et quand la fonction : Q x R x RY — R est une fonction de Carathéodory qui vérifie
les hypotheses (6), (7) et (8) de la version anglaise.

De facon précise, nous démontrons sous ces hypothésemtipe de comparaison, c’est-a-dire que
les hypothéses (3) et (4) de la version anglaise implig(8nfce qui évidemment entraine 'unicité de la
solution de (1)) dans les deux cas suivants : le cad/o# 1, et le cas ou dans (3); ou f, est de signe
constant. Un résultat plus fort est connu quand p < 2 (voir [2]), a savoir le principe de comparaison
(et donc l'unicité) dans le cas ou la fonctianvérifie les hypothéses (6) et (2) de la version anglaise et
une hypothése de coercivité, et ce sans restriction sdimansion ni sur le signe du second membre. En
revanche nos résultats semblent nouveaux guan@. Les démonstrations, qui sont intégralementdonnées
dans la Section 2 de cette Note, reposent sur deux lemmesr{a@m et Lemma 2.2 de la version anglaise)
qui ont leur intérét propre. lIs utilisent de fagon edssie I'hypothese (8), qui n'est pas I'hypothéese de
croissance classiquement faite sur la fonctioinfin dans la breve Section 3, nous expliquons comment
modifier nos énoncés pour que le principe de comparaistas éésultats d’unicité restent valables, avec
les mémes démonstrations, dans le cas d'ouverts norsorn’

1. Introduction and main results
In this Note we prove two uniqueness results for the solubiathe Dirichlet pseudomonotone problem

u—Uy € WyP(Q), / a(z,u, Vu)Vode = (f,v), Yo e WyP(Q), (1)
Q

whereQ is a bounded open setRf¥ (no smoothness assumption is mad@) (see Section 3 for the case
where( is unbounded); : Q x R x RY — RY is a Carathéodory function which satisfies coerciveness
and growth conditions, so that the operator —div a(z, u, Vu) is pseudomonotone in the Sobolev space
W, P (), f belongs toW ~1¥'(Q) andU, to W'*(Q2). The existence of at least one solution for this
problem is known since the celebrated result of J. Leray ahdLllions (see [10], [11]). When < p < 2,

and when the functioa(z, s, £) is strongly monotone ig (condition (6) below) and satisfies the (weighted)
Lipschitz continuity condition irs

la(@, 5,€) — a(z,s", )] < (V™" +0(Is| + ['DP™ + [€(2)]) |s — 5], (2)

a.e.z € (, for everys, s’ € R, for every¢ € RV, withy > 0,y > 0 and/ ¢ LP'(Q), it is proved in
[2]%, [9] (see also [1], [4], [5], [12], [13]) that the operator— —div a(z,u, Vu) satisfies the comparison
principle in the following sense: when

w € WHP(Q),  fie WM(Q), —diva(z,ui, Vug) = f; inD'(Q), 3)

and when
f1 < f2 in Q, U1 < U2 OnaQ, (4)

(where the first assertion has to be understood in the serdistnbutions or equivalently in the sense of
W-17'(Q), and the second one &g, — uy)*™ € W, *(Q)), then one has

uy < ug in €. (5)

In particular, uniqueness holds for problem (1).

1Let us explicitly note that there is a mistake in the writirfigsome of the assumptions in [2]: indeed there is no functidiciv
satisfies assumption (3) of [2] when < 2 (just take& # 0 fixed and letn tend to zero). Nevertheless the results of [2] are
correct and can be proved by (essentially) the proof use tlemce assumptions (1) and (3) of [2] are replacedify; s, &) >
> alg|P — v]s|? — 8(x) with o < p and by assumption (6) of the present paper.
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In the present paper, we assuine p < +oo (although it follows from the comparison principle stated
just above that our results are not new wher: p < 2) and thata satisfies the following assumptions:
there existv > 0, 3 > 0,y > 0 such that a.ex € Q, for everys, s’ € R, for every¢, &' € RV,

(a(x,s,f) - a(xa 8’5/))(5 - 6/) > O‘(|§| + |§I|)p_2|§ - §/|25 (6)
la(z,5,€) — alz,s',€)] <€ s — 5], ()
la(z, 5,€)| < BlEP (8)

Observe that assumption (7) is less general than (2), ahdsbamption (8) is less general than the growth
condition which is classically assumed @mamely|a(z, s, €)| < BIE[P~ + Bols[P~ + [£(2)).

The model example for the functienis a(z, s, &) = b(z, s)|£[P~2¢, whereb is a Carathéodory function
which is Lipschitz continuous ir and satisfie®d < « < b(z,s) < 8 < +oo. In the very special case
whereb(z, s) = ¢(z)g(s), the comparison principle for (1) is easily proved by usimg¢hange of unknown

u(x

functionv(z) = / g(t)ﬁ dt, which transforms in this case the pseudomonotone prohlgnmto a

strongly monotor?e one. However, in our knowledge,does not have this special form and only satisfies
assumptions (6), (7) and (8), the comparison principle @mdueness) for (1) is an open problem for
p > 2. Here we prove that the comparison principle and uniquemelglsin two particular cases: in the one
dimensional case, and when the sigrypfind/orf5 is constant. Unfortunately the general case remains an
open problem.

THEOREM1.1. — AssumeV = 1 and that (6), (7) and (8) hold. Let;, us, f1, f2 satisfy (3) and (4).
Thenu; < ug a.e. in€QQ. In particular, uniqueness holds for problem (1) whEn= 1.

THEOREM1.2. — Assume that (6), (7) and (8) hold. Let, us, f1, fo satisfy (3) and (4). If the sign gf
and/or the sign offs is constant irf2, thenu; < uq a.e. inQ. In particular, uniqueness holds for problem
(1) when the sign of is constant irf2.

2. Proofs

In this Section we give complete proofs of the above resWs.begin with two Lemmas which have
their own interest.

LEMMA 2.1. — Assume that (6), (7) and (8) hold. Let, us, f1, f2 satisfy (3) and (4). Then, for every
e > 0, we have

a/ (IVur| + [Vua P72V (ur — uz)|? dz <
{0<u1 —u2<e}

)
<75/ min{|Vuy |, [Vua |}~V (u1 — ug)| dz.
{0<ui—uz<e}
Moreover we have
1
lim —2/ (|Vur| + [Vug|)P 72|V (u1 — uz)|* dz = 0. (10)
e=0¢ {0<u1—uz<e}
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Proof. — Fore > 0, we definel. : R — R as the usual truncation at heightnamely
T.(s) =s if [s] < e, T.(s) = e sgns) if |s| > e. (11)

Taking7-(u; — u2)* as test function in (3) fof = 1 andi = 2, making the difference, denotirig; =
{0 <ur—ug <e, |Vur(z)] < [Vue(z)|}, U5 = {0 < u1 —uz <, |Vua(x)| < |Vui(z)|}, then adding
and subtracting in the integral @ff the terma(x, uz, Vu1)V(u1 — u2) and in the integral olvs the term
a(x,ur, Vus)V(u1 — ug), we get, for every > 0

/ (a(z, uz, Vuy) — a(z, ug, Vu))V(u1 — ug) da +
Ut
+/ (a(z,u1, Vuy) — a(z,ur, Vue))V(u1 — uz) de <

2

< —/ (a(z,u1, Vuy) — a(z,uz, Vuq))V(u1 — uz) doe —

1

—/ (a(z,u1, Vus) — a(z, ue, Vus))V(u1 — ug) dz.
Us

From (6) and (7) we obtain (9). Using in ()in{|Vu1|, |[Vuz|} < |Vui| + |Vuz|, Cauchy-Schwartz’s
inequality and the fact that the measure of the{et u; — us < £} tends to zero with yields (10). O

LEMMA 2.2. — Assume that (6), (7) and (8) hold. L#t, us, f1, fo satisfy (3) and (4). Then for every
o € WHP(Q) N L*>=(2) and forT. defined by (11), we have

(ur —ug)*

T.
/ a(x,u;, Vu )V dr = lim (f;, = vy, 1€{1,2}. (12)
{ua<u1} €0 €

Proof. — Fory € WhP(Q) N L>(Q) andi € {1,2}, we takep T.(u; — uz)™ /e as test function in (3).
This gives
(u1 — ug)™

T,
/ a(z,ui, Vu; ) Vo =
Q

1
dr + - / a(x,u;, Vu))V(ug — ug) pde =
€ € J{o<ui—uz<e}

13)
(g ),

We easily pass to the limit in the first term of (13) by using ésfpue’s dominated convergence theorem.

For the second term of (13), using (8Yu;|P~! < (|Vu1|+|Vuz|)?~! and Cauchy-Schwartz’s inequality,
we get

< Bllell (o)

1
—/ a(x,u;, Vu;)V(ur — uz) pdx
€ J{o<u;—us<e}

} }
1
(/ (IVur| + [Vug|)? dI) <—2/ (IVur| + [Vua| )P 72|V (w1 — ug)[? dI) :
{0<u1—ux<e} € {0<ui—uz<e}

which tends to zero by (10). This implies (12). O
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Remarkl. — In Lemma 2.2, we easily pass to the limit in the right-hane sifi(12) if f; and f> belong
to L¥'(€2). In such a casey; satisfies

—div (a(w, Uy, vuz) X{u2<u1}) = fl X{ua<u1} in DI(Q)a (14)

a(x, ui, Vi) X{uy<uy = 0 0NOQ, (15)

wheren is the exterior normal vector t@$2. Assertion (14) has been proved in [3] under stronger
assumptions. SinCE X{u,<u,} € L¥'(Q), assertion (15) is not only formal but takes placeir =

= w0 (092), the dual space oK = Wl_%’p(aQ), when the boundary(2 is sufficiently smooth
for the functions of¥/ 7 (2) to have traces iﬁ/Vlﬁ”’(BQ). Note that for a general boundatif? without

any type of regularity, one can define the space of tracek as Wl’P(Q)/WOl’p(Q); assertion (15) then
takes places itk’.

Remark2. — When the function is assumed to satisfy assumptions which are more genema(#)and
(8), property (15) is no more true in general, but one car ptibve (see [6], [7], [8]) that two solutions of
(1) satisfy(a(z, u1, Vur) — a(x, uz, Vuz)) n =0 onof.

Proof of Theorem 1.1.From Lemma 2.2 andl; < f2, we deduce

dus duy .\ dy
R B —) ) —dx >0, 16
/{u2<u1} (a(w,uz, dx ) —al@,w, dx )) dx v (16)

for everyp € Whr(Q) N L>°(2) with ¢ > 0 a.e. inQ. Replacingp by ¢ + [|¢|| L= (q), we deduce that
(16) holds for everyy € W1P(Q) N L*°(£2), thus by density for every € W(Q), and (16) is therefore
an equality and not only an inequality. Since in the one dsi@ral case every function di*(Q) is the
derivative of a function of¥/ 17 (), we get

du du .
<a(:c,u2, d—;) —a(x,us, d—acl)> Xfus<u;} = 0 a.e. inQ. a7

Adding and subtracting(x, us, %) in (17), then multiplying byw and using (6), (7) and
X X
([ | dlu —uw)| 7 (|dua| | | dua
dx dx dx dx «@ dx dx
{uz < u1}. Then, fore > 0 andT. defined by (11), we deduce from Poincaré’s inequalitWé’l(Q)
(recall thatu; < us 0NON)

p—1
> , Wwe obtain

>|u2 —uy|, a.e.in

T. —ug)t d T —ug)t
|{ul—uQ>€}|</ Mdajgc/ A Te(ur —uz)™ do —
Q 19 Q dx 13
_C d(ur — uz) dx < v ( duy dug ) dz.
€ {0<ui—uz<e} dx « {0<u1—uz<e} dx dx
Taking the limit where tends to zero, we dedu¢gu; > us}| = 0, and thernus > u; a.e. inQ. O

Proof of Theorem 1.2. We assume that the sign g¢f is constant inQ2 (the other case is similar).
Takingy = 1in (12) fori = 1, we deduce thatfi,T.(u1 — u2)™/¢) tends to zero when tends to
zero. But when the sign of, € W1+ (Q) is constant, it is well known thaf; can be identified with a
nonnegative or nonpositive Radon measure which vanishélseosets of zerM/(}”’—capacity. Therefore
one hasfi x{u,<u,} = 0. Taking theny = Ty (uy) in (12) fori = 1, and passing to the limit wheh

5
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tends to infinity, we gey a(x,uy, Vui)Vuy dz = 0, which from (6) anda(z, s,0) = 0 (which
{uz2<u1}
results from (8)) implies tha¥’u; = 0 a.e. in{us < w1}. By (9) this also impliesVus; = 0 a.e. in

{0 < uy —ug < ¢} foreache > 0, then in{uz < uy}. Sinceu; < ug a.e. oY, Poincaré’s inequality

yields/ |(ur —u2)t|Pde < C |V (u1 — ug)|P dz = 0, which impliesu; < us a.e. inQ. O
Q {uz<ui}

3. The case wherd) is unbounded

When (2 is unbounded, the results given in the present Note contmbeld (with the same proofs) if
the spacé?VOl”’(Q) is replaced by an adequate space.

If 1 < p < N, for any open sef2, we consider the spao@é”’(ﬂ) obtained by completion aD(2)
for the norm|ul| 1) = | VullLo(). Then in (1) we replacéV; *(2) by Dy”(€2), and we takef in

(Dy?(€2))" andUy such thatp Uy € WP(Q), for everyp € D(RY), andVU, € LP(Q). This formulation
corresponds to a Dirichlet boundary condition bothi$hand at infinity.

If 1 < p < 400, we assume that there exists a b&l such thatCap, ,(2° N Br; Bar) > 0. We
define the spack, ”(Q) = {u: pu e WP (Q), Vo € D(RY), Vu € LP(22)}, endowed with the norm
lully20 ) = [ Vull Lo (o)~ Thenin (1) we replacy™(€2) by Vy*(€2), and we takef in (1, ()’ and
U, as above. This formulation corresponds to a Dirichlet beupdondition ono) and to a Neumann
boundary condition at infinity.

A further generalization could be to consider the Dirichdetindary condition on a part o2 and the
Neumann boundary condition on its complementary, by a auew modification of the definition of the
spaceV, ?(Q).

In all these generalizations the above proofs remain urggthsince one can still use Poincaré’s inequal-
itylin 2 N Bg (with S large enough) for functions iih’ol”’(ﬂ), or Sobolev’s inequality for functions in
Dy?(9).

Acknowledgements

The research of J. Casado-Diaz was partially funded by ganiSh Ministerio de Ciencia y Tecnologia
Grant BFM2002-00672.

References

[1] M. Artola, Sur une classe de problemes paraboliquesitip@aires Boll. Un. Mat. Ital.5 (1986), 51-70.

[2] L. Boccardo, T. Gallouét and F. Murat, Unicité de lawg@n de certaines équations elliptiques non linéai@R.
Acad. Sci. Parig15(l) (1992), 1159-1164.

[3] L. Boccardo, F. Murat and J.P. Puel, Quelques proesi€igs opérateurs elliptiques quasi linéai@®R. Acad. Sci.
Paris 307 (1) (1988), 749-752.

[4] J. Carrillo, Unicité des solutions du type Kruskov pal@s problemes elliptiques avec des termes de transport non
linéaires,C.R. Acad. Sci. Pari803(l) (1986), 189-192.

[5] J. Carrillo and M. Chipot, On some elliptic equationsatwxing derivatives of the nonlinearitf?roc. Roy. Soc.
Edinburgh A100(1985), 281-294.

[6] J. Casado-Diaz, Minimal and maximal solutions for Bliliet pseudomonotone problenipnlinear Analysigt3
(2001), 277-291.

[7] J. Casado-Diaz, The capacity for pseudomonotone tpsr&otential Analysid4 (2001), 73-91.

[8] J. Casado-Diaz and A. Porretta, Existence and compadsmaximal and minimal solutions for pseudomonotone
elliptic problems inZ!, Nonlinear Analysi$3 (2003), 351-373.

[9] M. Chipot and G. Michaille, Uniqueness results and manoaity properties for strongly nonlinear elliptic varia-
tional inequalitiesAnn. Sc. Norm. Sup. Pid#® (1989), 137-166.

[10] J. Leray and J.-L. Lions, Quelques résultats d@Rvsur les problemes elliptiques non linéaires par leshodes
de Minty-Browder,Bull. Soc. Math. Franc®3 (1965), 97-107.



Uniqueness results for pseudomonotone problems with p>2

[11] J.-L. Lions, Quelques méthodes de résolution deblpres aux limites non linéaires, Dunod, Paris, 1969.

[12] A. Mokrane and F. Murat, The Lewy-Stampacchia inegyddir bilateral problemsRic. Mat.53(2004), 139-182.

[13] A. Porretta, Uniqueness of solutions for some nonliri2isichlet problemsNoDEA Nonlinear Diff. Eq. Appll1
(2004), 407-430.



