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Abstract On one hand, we penalise Brownian paths by a function of the one-sided supremum
of Brownian motion, considered up to the last, resp. the first, zero, before ¢, resp. after t. This
study provides some analogy with penalisations by the longest length of Brownian excursions,
up to time t.

On the other hand, we describe Feynman-Kac type penalisation results for long Brownian
bridges, thus completing some similar study for free Brownian motion.
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1 Introduction.

1.1 Notations.
Throughout this work, (Q, (Xt, Ft)t>0, Foo = t;/oft’Px(w € ]R)) denotes the canonical

one-dimensional Wiener process. ) = C([O, oo[— R) is the space of continuous functions
(Xt,t > 0) the process of coordinates on this space, (F;,t > 0) its natural filtration and
(P, x € R) the family of Wiener measures on (€2, Foo), with Py(Xo = ) = 1. When z = 0,
we write simply P for Pp.

For every t > 0, let g, := sup{s < t,Xs; = 0} denote the last zero before ¢t and
dy := inf{s > t, Xy = 0} the first zero after ¢. Thus d; — ¢; is the duration of the excursion
which straddles .

For every t > 0, let S; := sup Xs. The increasing process (S;, t > 0) is the process of the
s<t
one-sided supremum of X. We also denote : X} = sup|X;|.
s<t



For every a € R, T, := inf{t, X; = a} denotes the first hitting time of level a by the
process (X, t > 0).

We denote by (L¢, t > 0) the (continuous) local time process at level 0 for (Xy, ¢ > 0) and
by (7, { > 0) its right-continuous inverse :

7= inf{s; Ls > I}, >0

For every ¢t > 0, we denote by 6; the operator of translation in time of the Brownian
trajectory : Xgo06;, = Xg1y (s, >0).

Finally, if a is a real number, a™ = sup(0,a) and a~ = —inf(0, a).

This paper consists of two distinct parts A and B which may be read independently from
each other.

1.2 Introduction to part A : penalisations by ¢(S,,), ¢(S4,) and o(X,).

Let ¢ : Ry — R, a probability density. ¢ is a Borel function with integral equal to 1.
We denote by ® the primitive of ¢ which is equal to 0 at x = 0.

®(x) == /Om ey)dy  (x>0)

1.2.1 In [RVY, II], we studied the penalisation by ¢(S;).
More precisely, we have shown that :

e for every s >0, Ay € Fs :
E(1,9(St))

R EC . E(1x,M?) := Q¥(As) (1.1)
with
M? = p(S)(Ss — X,) + (1 — ©(S,)) (1.2)

and (MY, s > 0) is a (Fs, s > 0, P) martingale,

e then, we described precisely the canonical process (Q, (Xt t > 0), .7-"00) under the
probability Q¥ induced by (1.1).

1.2.2 Let, for every ¢t > 0, Vg(tl) := sup{ds — gs ; ds < t} denote the length of the longest
excursion before g;. Let A; := t — g; ; the process (A, t > 0) is the process of the age (of
excursions) ; we denote A} = sup,; A;. Finally, let for every ¢ >0 :

vl = S:il;{ds — 55 9s < ty =V v(d —q)
denote the length of the longest excursion before d;. Of course, the following holds :
% 1
v <ar<vih. (1.3)

In [RVY, VII], we have studied, in particular, the penalisation by go(\/g(tl)) (resp. ©(A}), resp.

gp(Vd(tl))). In other terms, we studied the penalisation by a function of the length of the longest
excursion before g; (resp. before ¢, resp. before dy).



1.2.3 Comparing the above points 1.2.1 and 1.2.2, it is now natural to study
the penalisation by a function of the highest (and not the longest)(positive) excursion before
gt (resp. before t, resp. before d;). The study before ¢ has been derived in [RVY, II], as we
recalled in 1.2.1 above. The aim of part A of the present work is to study the penalisation
of Wiener measure by the functionals ¢(Sg,) and ¢(Sg,), i.e. : by a function of the highest
height of positive excursions before g; and before d;. In the same spirit, we shall study the
penalisation by p(Xp, ), with

X, = sup | X (1.4)
s<gt

1.3 Introduction to part B.

This part B completes the paper [RVY, I].
t

Let ¢ : R — Ry be a Borel function, and A} := / q(Xs)ds ; as previously, (X¢, t > 0)

0
denotes a one-dimensional Brownian motion. In [RVY, I|, we show, under some adequate
hypotheses, that :

E, (exp — %Ag) N (’Diﬁ? (1.5)

where ¢, is a function depending upon ¢ in a simple manner, and we study the penalisation
of Wiener measures by the functional I'; := exp( — %A?). More explicitly, we show that for
every s > 0 and Ay € Fy :

1
£ (100 - L)

tlim T = E, (15, MJ) (1.6)
—0oQ = q
E, <eXp 2At>
with
X
M= 2q(Xs) eXp( - 1Ag)
pq(x) 2

Here, we shall complete these results in 3 directions.

In part B.1, we use the results of [RVY, I] to prove a local limit Theorem concerning the
Brownian additive functional Af. More precisely, we prove that, for every real x, there exists
a positive measure v,, (depending on ¢) carried by Ry and o—finite such that :

Vit P (Al € dz) b vy (dz) (see Theorem B.1) (1.7)

and we give the explicit value of v, for many examples of functions q.

In part B.2, we take for ¢ the function go(x) = 1j_ (), hence :

t
Ago = At_ :/0 1(XS<0)dS.

h(a)da
\/a

A; under Py, for every real z, allows us to study in detail the following limit :

% 2 Bo(14, M) == Q7 (Ay) (18)

Now, let A : Ry — R4 such that : / < 00. The explicit knowledge of the law of
0



where the martingale (Mg ’h, s > 0) is known explicitly. Then, we study in a detailed manner
the canonical process (X, t > 0) under Q" (see Theorem B 6 below, where we also consider
the penalisation with ”long Brownian bridges”).

In part B.3, the convergence results (1.5) and (1.8) are extended to the ”long Brownian
bridges”. In particular,we show (see Theorem B.10) :

™

5 ©q(7)pq(y)

1
¢ Bu(exp = 541X = y)
and
t P.(A] € dz|X; = y) o Ve ¥ vy(dz)
where v, (resp. vy) is defined via (1.7).

1.4 The relative position of this paper in our penalisaton studies.

Since roughly 2002, we have devoted most of our research activities to various kinds of penal-
isations of Brownian paths ; two sets of papers are emerging from these studies : essentially,
the first set, with Roman numberings, going from I to VIII, of which the present paper is the
last item, discusses ”individual” cases of penalisations, whereas the second set consists in a
monograph [RY ; M] made up of 5 Chapters ; let us now discuss a little more in detail these
two sets : a) ”The Roman set” ; b) The Monograph [RY,M].

e The "Roman set” a) consists in a number of detailed studies of penalisation of Brownian
paths with various functionals, including :

t
- continuous additive functionals such as A} = / Xsds [RVY, I], (we now call these
0

Feynman-Kac penalisations) ;

- the one-sided suprenum : S; = sup X5 ; or the local time at 0 ([RVY, II]) ;
s<t

- lengths of excursions, ranked in decreasing order [RVY, VII].

This latter study led us, at no big extra cost, to work in the set-up of d-dimensional Bessel
processes, for 0 < d < 2, since the Brownian arguments may be extended there in a natural
manner ([RVY, V] [RVY, VII}).

We also developed penalisation studies in the context of planar brownian and its winding
process ([RVY, VI]). The present paper complements [RVY, I and II].

e In the "Monograph” b), we attempt to develop a global viewpoint about penalisation, e.g.
concerning the Feynman-Kac type penalisations, we exhibit some o-finite measures on path
space which ”rule” jointly all these penalisations. See also J. Najnudel’s thesis [N], which
gives some full proofs to certain ”"meta-theorems” presented in [RY,M].

The same goes for the lengths of excursions penalisation studies. Finally, although the present
paper is closely connected with our previous studies, it has been written, and may be read,
independently of the contents of a) and b), and we hope that, despite its numbering as the
last of the list of a), it may be used as an introduction to both a) and b).



2 Part A. 1. Penalisations by ¢(5;,), ¢(S4,) and ¢(X} )

A.1. Penalisation by ¢(Sy,).
Recall that ¢ : R, — R, is a probability density on Ry :

/OOO o(y)dy =1 (2.1)

Theorem A.l. Under the preceding hypothesis :
1) For every s >0 and As € Fs :

. E(lAS(,D(S t)) .
Jim E(go(—ng = B[15,M{] (2.3)
with :
M = 2 p(Se )| Xl + 9(S)(S5 — XF) +1- 8(S)) (24)

Moreover, (M{, s > 0) is a positive martingale, which writes :

1 S S
M =1+ 5/ ©(Sg,)sgn Xy, d Xy, — / ©(Su)1x,>0dXy. (2.5)
0 0

2) The formula :
Q7[As] == E(1a, M) (As € F) (2.6)

induces a probability Q¥ on (2, Fo). Under Q¥, the canonical process (X, t > 0) satisfies
the following :

i) let g :==sup{t ; Xy =0}. Then :

Q{0 <g<oo}=1 (2.7)
i) the couple (Lg,Sy) = (Lo, Sq) admits the density :

1w _ v
I2rs,(v:0) = 7 € (O lus0es0 (2:8)

1L
In particular, Sy admits ¢ as a density, 3 S_g is a gamma variable, with parameter 2

g

L
and Sy and S_g are independent ;
g

1
iii) Q¥{Se = 0} = 3 and, conditionally on Ss < 00, Soo admits ¢ as its density.
3) Under Q¥ :

i) (Xi, t <g) and (Xy, t > g) are two independent processes ;



1
i) with probability 27 (Xg4t, t > 0) (resp. (—Xgqt, t > 0)) is a Bessel process with
dimension 3 ;

iii) conditionally upon Ly = v and Sy = c, the process (X, t < g) is a Brownian motion
stopped at T, and conditioned upon S;, = c.

4) Under Q¥, (|Xt| + L¢, t > 0) is a 3-dimensional Bessel, independent from (Sg, Lg)

Proof of Theorem A.1l.

A.1.1. We shall begin to gather, and give simple proofs of, some classical results relative to
the laws of certain Brownian r.v.’s.

Proposition A.2.Under Wiener measure P :

aw 1
1) Foranyt>0 : Sy, (fav) 3 VEIN|, with N a reduced Gaussian r.v. (2.9)
2) Foranya >0, Sy, is uniform on [0, al. (2.10)
l
8) Foranyl>0, Sy admits as density : fs, (c) = 52 e 2 Le>o0- (2.11)
4) Let a <0.St, admits as density : fs, (c) = —ﬁ Leso- (2.12)
. (law) a . .
i.e. St, = a— — where U is uniform as [0,1].
(law) a
5) Leta>0.Under P,, Sg, = i (2.13)
where U is uniform sur [0, 1].
From this point 5, we deduce that, for every integrable function ¢ : Ry — Ry :
~ Xr
B(Sa)17) = Blv (S v 71&)] (2.14)

where U is uniform on [0,1] and independent from F. In this expression (2.14) the letters
without hats are frozen, and the expectation is taken uniquely with respect to U. Another
form of (2.14) is :

+ 00 v
E((Sa)|Fe) = ¢(Si) (1 - )g—’;) + Xj/s 1/252) dv (2.15)

Proof of Proposition A.2.
1) Thanks to the scaling property : S, law ﬁSgl.

On the other hand, for a > 0, one has : P(S,, < o) = P(g1 <Ty) = P(1 <dr,).
Now,

l
dr, =Ty +Toobr, = T,+ T, (whereT, is an independent copy of T,)

= Trq.



Therefore :
|
P(S,, < o) = P(1 < Tza) = P(S; < 20) = P<§|N| < a).

2) Let h: Ry — Ry, be positive, bounded and with integral equal to 1.
x

Let H(x) := / h(y)dy. Let, furthermore, for s > 0 :
0

MP = h(Sg)XT + h(Ss)(Ss — X)) +1— H(S,). (2.16)

s

The Tanaka-It6 formula and the balayage formula (cf [RY], chap. VI, §4) imply that
(M f, s > 0) is a positive martingale. We may apply Doob’s optimal stopping theorem at
the stopping time T, since (M shATa) is bounded ; thus :

1=1-H(a)+aE(h(Sy,))-
Therefore :

E[h(Sg;, )] = 5/0 h(z)dz, i.e. (2.10) is proven.

3) We get, successively, for ¢ > 0 :

P(Sq—l < C) :P(Tl <TC) :P(l < LTC)

It is well known that Lz, is distributed as an exponential r.v. with parameter %
c

1
Indeed, <h(Lt)X;r ~3 H(Ly), t > 0) is a martingale ; hence :

E[h(Lz.)] = = E[H(Lz,)]

DO =

i.e. L, is an exponential r.v. with parameter %
c

4) For ¢ > 0 and a < 0, we get :

Cc a
P(STa < C) = P(Ta < TC) = m, hence : fSTa (C) = —m 1020

5) The first assertion of point 5 may be proven similarly to the previous point. Let us
show (2.14) and (2.15).
Since dy =t + T o 0y, we get :

E[Tp(sdt”‘/ft] = E[¢(St \% S[t,t—I—T()OGt})L/Tt] Wlth S[t,t—I—TQOGt] = [ Sulf‘[)“ 0 ]Xu
uelt, t+Tyo0¢

=  E[(S:V(Xi+ sup B,

0<u<T_x,

where (Eu, u > 0) denotes a Brownian motion starting from 0 and independent from 7. In
the preceding expression, the r.v.’s Sy and X; are frozen and the expectation bears upon B.



Therefore :

+

E[0(S4)IF) = B[uw(s:v %t)] (from (2.13))

+

:/()11/;<SthTZF>du:/OS§1/1<X7;r>du+/£{w(5t)du
-7 [ o+ wis) (155

i.e. (2.15) has been proven.
A.1.2. We now prove point 1 of Theorem A.1.
1) We first show that, for every ¢ : R — R, integrable, we have :

2V/2
t—o00 \/H 0
Indeed, from (2.9) :

sl =2 [T T (=22 [T e 22 [T v

2) Let us prove that :

E[o(Sg)|1F5]
E[‘P(Sgt)] t_’oo

E[?,Z)(Sgt)] Y(x)dx (2.17)

— M? a.s., where MY is defined by (2.4).

We already know, from the preceding point, that F [90(5 )] O % We then write :
Ni = E[‘P(Sgt)’]:S] = E[‘P(Sgt) 1(gt<8)’f5] + E[‘P (Sgt)l(gt>8)‘f5:|
= (D¢ +(2)e (2.18)

and we shall study successively the asymptotic behaviors, as t — oo of (1); and (2);.

2) a. Asymptotic behavior of (1);.

(1)t = E[(p(sgt)l(gt<s)’f8] = E[(,D(Sgs)l(gt<5)’f5]

= 0 (Sg,)E[L(g,<s)|Fs] (2.19)
since g; = g5 if g+ < s. However, since Ligi<s) = Ldy>t) = Ls4+Tpo0,>t, We get :
E[l(gt<s)‘}—s] = E[1T0093>t—s’f] = E|X ‘[T() >t — S]
X \/7|X s
t:oo \/t— s t—>oo (220)

Hence, gathering (2.19), (2.20) and (2.17) :

E[‘P(Sgt) 1(gt<8)|}—] N 1 ©
E( ) t—oo 2

(Sg )| Xs|  as. (2.21)



2) b. Asymptotic behavior of (2);.

(2)t = E [@(Sgt) 1(gt>s) |~7'—S] = E[‘P(Ss \4 S[S,gt}) 1(gt>8) |~7'—S]
with  S[sg, = sup Xy
u€ls,gt]
= Efp(Ss v (X + Sggjfs)) 147 «, <t] (2.22)
with : glga) := sup{u < t, X;, = a} and where, in (2.22), the expressions without hats are
frozen, and where those with hats are being integrated. So, we have to estimate :
E[$(S,0 17, ] (2.23)
where we shall replace ¢ by ¢t — s and, we denote :
¥(c) = ¢(Ss V (X5 +¢)) (2.24)

Thus, we now estimate the asymptotic behavior, as t — oo, of E(w(Sg(a)) 1Ta<t) (where we
t

have deleted the hats, which now, are no longer useful), and we distinguish two cases :

‘Case 1:a(=-Xs) > O‘

E[?X)(Sgg@) Ir,<t] = E[Y(a+ Sy, g, ) l1.<]
22 [
~ NeT /0 Y(a + x)dx (2.25)

from (2.17). Thus, plugging this estimate (2.25) into (2.22), (and choosing there 1 as given
by (2.24)), we obtain :

E[‘;D(Sgt) 1(gt>5)1X5<0|fS:| N
E[(:D(Sgt)] t—0o0

= 1Xs<0/ ©(Ss V x)dx
0

1Xs<0/ gp(Ss\/(XS—XS—Fx))dx
0

Ss 00
= il [ eSdes [ ]
= 1Xs<0 [SD(SS Ss +1- (I)(Ss)] (2'26)
‘Case 2:a(=—-X;) < O‘
E[$(S @ 11,<t] = E[¢(ST, V (a + Ss0 ) 17u<t] (2.27)

where, in (2.27) Sgt r, 18 independent from Fr,, and where the expectation is computed

relatively to all the variables :

e % E< / (St v(a+ :E))d:L’) (2.28)



from (2.17). But, we have :
A = E(/Ooow(STa V(a+z))de = E(/aool/}(STa \/y)dy>
— B(-ab(Sn)+ [ u(Snv)i)
= @ [Tuo g o | e+ [ e

(from (2.12))

2

:/Ooow(c)[( a _(Cfca)2+ ‘ }dc:/ooow(c)dc (2.29)

c—a)? c—a

Thus, from (2.28) and (2.29) :

2 o0
E[(S @) 11.<i] t:oﬁ\/; /0 W(c)de (2:30)

Bringing this estimate into (2.22), with 1 defined by (2.24), we obtain :

E[‘;D(Sgt) 1(gt>s)1Xs>0|fs] /OO
Ix, SsV (Xs+c¢))d
Eo(Sy)] Tl o e(SV (X)) de

= 1x,>0 /XOO @(Ss V y)dy = 1x,50[@(Ss)(Ss — Xs) + / p(x)dz] (2.31)

S

Finally, gathering (2.31), (2.26) and (2.21) leads to :

E|p(Sg,)|Fs
+ Ix,>0 [90(53)(55 - XS) +1- <1>(SS)}
1

= 5P )IXsl +9(S6)(%s = XJ7) + 1= ®(S,) = MY (2.32)

3) We may now finish the proof of point 1 in Theorem A.1.
The It6-Tanaka formula and the balayage formula (see [RY], chap. VI, §4) imply :

/1
M? =1+ / (5 #(S5)30m X — @(Su)1x,50 ) dX. (2.33)
0
It follows (see[RVY, I1] for similar arguments), that (M¢, s > 0) is a martingale and that in
E[@(SgtN}—S] N
E[@(Sgt)] t—o0

a.s., this last convergence holds equally in L' (cf M], T. 21). Point 1 of Theorem A.1. follows
immediately.

particular E(M{) = 1. Thus, from this latter relation and since

1
A.1.3. We now prove Q¥[S, = 0] = 3
We have, for all @ > 0 and a > 0 :

Q?(Sa > a) = Q?(Tu < a) = Ellr, <o M) = E[l1, < M7, ]

10



from Doob’s optional stopping theorem. Thus, letting a — 400, we obtain :
1
@l > o) = EVE ] = B{5 @Sy, Ja+1-0(a)}

o
= — x)d
70 x—i—/a o(z

from point 2 of Proposition A.2. Hence :

1 [ 1
Q¥[S0 > ] — Q¥[Soo = 0] = 5/ o(x)dx = 5 (2.34)
a— 00 0
A.1.4. We now prove that g :=sup{t: X; =0} is Q¥ a.s. finite.
Let 0 < a <t. We have :
Q%lgr > a] = Q?[da < t] = Ellg, <t - M{] = E[la,<:Mj ]
Hence, since g, = g and letting ¢ — +o00, we obtain :
Q¥lg >a] = tlim Ellg,<:Mj ] = E[M] ]
= E[¢(Sa,)S4, + 1~ 2(S4,)] (2.35)
We shall show now that Q¥[g > a] — 0, which proves that g is Q¥ a.s. finite.
But : E[1 — ®(S4,)] — 0 from the dominated convergence Theorem.
On the other hand, from (2.15) :
 p(v)v
E[(S4,)S4,] = B|9(Sa)(Sa = X) + XJ/ (p(vz) dv|
X [
< a
< E[(p(Sa)Sa] +E{ S, /Sa gp(v)dfu}
< E{ [©(54)Sa] +1 - <1>(Sa)}
But : E(l - @(Sa)) — 0 from the dominated convergence Theorem and :
Elp(Sh)-Sal = /— ad
[gp( ) ] — / x)re 2adr
2
= \/7/ [ e %(\%) ] der — 0
x _l(i)z L
because — e 2'\Vve/ is uniformly bounded and converges to 0 as a — oc.
a
Thus, from (2.35) :
Q%lg = o] = lim Q?(g > a) = lim E[(S4,)Sa, + 1~ ®(S4,)] =0 (2.36)

a—00 a—00

A.1.5. Computation of Azéma’s supermartingale Z; := Q¥(g > t|F).
In order to complete the proof of Theorem A.1., we shall use the technique of enlargement
of filtration, i.e. : we shall work within the filtration (G;, t > 0), where (G, t > 0) is the

11



smallest filtration with contains (F;, ¢ > 0) and such that g := sup{t ; X; = 0} becomes a
(G, t > 0) stopping time. To apply the enlargement formula, we need to compute the Azéma
supermartingale : Z; := Q% (g > t|F;)
Lemma A.3.
P(SH) (St — X;") +1— ®(Sh)

Mt@
2) For every positive, (Fs) predictable process, (Ks, s > 0) one has :

Porliy) = 5 B( [ Kup(S.dL) (2:38)

1) Zy = Q%(g > t|F) = (2.37)

Proof of Lemma A.3.
1) Since g :=sup{t > 0; X; = 0}, we get :
1
Qg > t|Fi] = Eqge[la,<col Fi] = §Via
£

— % E[(p(S4,)Sa, +1 — (S4,))| 7] (2.39)

E[Mg|7i]

Applying (2.15) to the function ¢(z) := ¢(z)z + 1 — ®(x), an elementary computation leads
to :

E[C}D(Sdt)sdt +1- (I)(Sdt)|~7'—t] = @(St)(st - Xt—i—) +1- <I>(St)

hence (2.37), by using (2.39).
2) From (2.37), we deduce that for every bounded (F;, ¢t > 0) stopping time T :

Eqe[lp1(9)] = Ege[l — 1g>1] = E[M{f — ¢(Sr)(Sr — X7) + (1 — 2(S1)]

- %E[(;D(SQTNXTH from (2.4)
:% ( /0 001(S<T)(,p(ss)dLs) (2.40)

from the balayage formula. Then, we extend the result from the elementary processes 1o 77(s)
to every positive (Fy), predictable process (K) by using the monotone class theorem. Thus :

EgelK,] = %E( /0 h Kp(S.)dL.) 0

A.1.6. We now prove points 2ii, 2iii, and 3 iii of Theorem A.1.
1. Applying (2.38) with K; = f1(Ls) f2(Ss), with fi, fo Borel and positive, we obtain :

Por (L)) = 5 B( [ LIRS p(S.)dL)
5 ([ na(S )05, )d0)

(after the change of variables Ly = v).

v

1 [ [ _v
-1 /0 /0 A1) f()p(c) oy e Fdedy (241)

2c2
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with the help of point 3 of Proposition A.2. Thus, the density of the r.v. (Lg, Sy) under Q¥
equals :

1w _ v
fg::sg (v,¢) = 12¢ " 0(€)1y>0le>0 (2.42)

Points 2ii, 2iii of Theorem A.1. follow easily from this formula (With the help of (2.34)).

2. To show point 3iii of Theorem A.1., we use (2.38) with:
K, := F(Xy, u<s) fi(Ls) f2(Ss). We obtain :

Ege [F(Xu, u < 9)f1(Lg)f2(59)] =

_ %E(/OOO F(Xyu< Tv)fl(v)f2(s‘ru)90(57'v)dv>

(after making the change of variables : Ly = v)
1

- /000 E(F((Xu, v <7))|Sy, = C)fl(v)fg(c)gp(c)% e~ 3ededv (2.43)

B( [P u AL RS AL)

DO | =

But, it also holds that :
EQ“f’ [F(Xuv u < g)fl(Lg)f2(Sg)]
v

— /000 /000 EQ%O [F(Xu, u < g)‘Lg =, Sg = C] fl(’l))fg(c)@ e_%(p(c)dcdv (2'44)

Hence, comparing (2.43) and (2.44), we obtain :
Eqe [F(Xu, u < g)|Lg =v, Sy =c| = E(F(Xy, u < 1)|S7, =¢) (2.45)

which is point 3 4ii of Theorem A.1.

A.1.7. End of the proof of Theorem A.1. with the help of enlargement formulae.
From Girsanov’s theorem (cf [RY], chap. VIII, §3), using the expression (2.5) of M7 as a
stochastic integral, we know that there exists a ((ft)tzo, Q‘p) Brownian motion (3, t > 0)
such that :

t 1 X.) — 1
Xt :ﬁt"i'/ 290(593)39”( ]\Z)@ (ID(SS) Xs>0
0 s

ds (2.46)

We denote by (G, t > 0) the smallest filtration which contains (F, ¢ > 0) and which makes
g a (G, t > 0) stopping time. The enlargement formulae (see [J], [JY], or [MY]) imply the
existence of a ((gt, t>0), Q@) brownian motion (8, t > 0) such that :

~ t 108, )sgn (Xs) — o(Ss)1
Xt:gtJr/ 5¢(Sg.)sg (M)w P(9s) x>0
0 s
N d< Z X >, b d< Z, X >,
+/ g_/ <Z X> (2.47)
0 Zs tAg 1_Zs

In order to make (2.47) more explicit, we need to compute the martingale part Z in the
Doob-Meyer decomposition of Z; relatively to ((%;), Q). From Itd’s formula and (2.37), we

13



get :

©(S) (S — X;) + (1 — ©(Sy)) [

dZ, = —
t ME

2%’(Sgt)39n X dXy — @(Se)1x,>0d Xy

1

A ©(St)1x,50dX¢ + (b.v. term) (2.48)
t

(b.v. = bounded variation). N
Thus, the bracket < Z, X >=< Z, X > satisfies :

d< Z,X >= _(P(St)(st - ]W)E ( (St)) |:2 (P(Sgt) sgn X; — (St)lXt>0] dt
o PAS)Lxs0dt. (2.49)

as it may be computed indifferently under P or Q.
Thus, plugging (2.49) in (2.47) (and using (2.37)), we obtain, for all t > 0 :

~ ~ g+t L8 X, — o(S,)1
Xyt = (Bgtt — By) +/ 2#(5,) sgn y ©(Ss)1x,>0 ds
g s

@(Ss)(Ss — XF) +1—®(S,) (1
+/g [ M2 {590(593)8971 X5 — CP(SS)1XS>0}
1 2M,
A PO TR Ak 2.50
+M 90( ) Xs>0] @(Sgs)|Xs| S ( )
We obtain, after simplification :
~ ~ g+t
Kot = (Bgst — By)  + / {o(Sg,)sgn XsMs — 2¢(Ss)1x,50Ms }ds
g 8(‘0 g.s ‘X ‘
g+t 1
+ / Zs) Xe20 ds, that is :
g gs |X|
-~ t ds
Xg+t = (ﬁg+t—ﬁg) + o (2.51)
g+s

On the other hand, the sign of X, is constant after g : it is positive with probability 1/2,
from point 3iii of Theorem A.1.

Thus, the equation (2.51) shows that, with probability 1/2, (X444, t > 0) is a Bessel process
with dimension 3 (and, with probability 1/2, it is the opposite of a 3-dimensional Bessel
process).

The independence of (X, u < g) and of (X, u > g) follows from the fact that the equation
(2.51) admits a unique strong solution.

Finally, we note that (2.47), written before g, leads to :

_a ! ©(Ss)1x,>0 s
= b /0 A5 — XD+ 1-a(5,) (2.52)

14



A.1.8. We now prove point 4 of Theorem A.1.

Since, owing to point 3iii, conditionally to L, = v and S; = ¢, (X, t < g) is a (stopped)
Brownian motion, from Pitman’s theorem (see [P]), the process (|X¢| + L, ¢ > 0) is a 3-
dimensional Bessel process.

From 3,iii, the same process, after g, is also a 3-dimensional Bessel process ; note that, then
d(|X¢| + L¢) = d(|X¢|). Thus, the entire process (|X;| + L¢, t > 0) is a 3-dimensional Bessel
process independent from (S, Ly) since the conditional law of (|Xt| + Lyt > 0) does not
depend on (Sy, Ly).

A.1.9. Remark A.4.

In [RVY, II], we penalized Brownian motion with ¢(S;), i.e. we ”favored” the Brownian
trajectories which are not "too high”, and it followed that Q¥(Ss < 00) =1 ; in fact, under
Q%, the trajectories decided to go to —oo as t — o0”. It is their "response” to that kind of
penalisation. What is happening here ?

We have penalised by ¢(S5,,), i.e. : favored the trajectories which are not too high before
their last zero. How will the trajectories "respond” 7 Will they decide to remain bounded ?
Or to have a last zero 7 We shall show that the trajectories ”decide”, under ¥, to eventually
quit 0, forever, so that g < oo Q¥ a.s. hence S; < 0o a.s., whereas So, = oo with probability
1/2.

3 Part A. 2. Penalisation by ¢(Sg,).

Let ¢ : R, — R denote a probability density, i.e. :
o
/ p(x)dr = 1. (3.1)
0

As previously, we denote : ®(z) := / o(y)dy (x >0).
0
We define f: Ry x R — R, via:

'_ _ag > p(v)
f(bya) := gp(b)(l 2 > + a+/b 2 dv (3.2)
Theorem A.4. Under the previous hypothesis (3.1), one has for any s >0, and As € Fs :
Ell Ell X Ell

‘m [ ASCP(Sdt)] — lim [ A S (St t)] — lim [ As‘p(stﬂ (3.3)

t—00 E[‘:D(Sdt)] t—oo E[f(stv Xt)] t—oo E[@(St)]
= B[y M{] = Q7(Ay) (34)

with M¥ : = ¢(95)(Ss — Xs) + 1 — ®(S,)

where (MZ, s >0) is a (P, (Fs, s> 0)) positive martingale.
In other terms, the penalisation by ¢(Sy,) is the same as that by ¢(S;) (see (1.1) and (1.2)
above, or [RVY, H]). Thus, we may refer the reader to [RVY, II] for a study of the canonical

process (Xy, t > 0) under Q¥.
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A.2.1. Proof of Theorem A.4.
1) Recall that, from (2.15) :

+ @\
Blo(sa)i) = w50 (1 - 3 ) + X0 [ 2 o= f(s1.x) (36)

which proves the first equality in (3.3).

2) We now study the denominator in (3.3) and we prove that :

[f(Stht)] ~ E (St) t_m\/i/ r)dr = %, (3.7)

To prove (3.7), we study successively the 3 terms which constitute F [ f(Se, Xt)] :

o5 =2 [T w2 [T owar =2 (38)

We now prove that :

. E[ol50) ] <> (t—o0)  and (39)

oE[XJF/St 3 dv <\[> (t — o0) (3.10)

(3.9) and (3.10) are obvious consequences of Lemma A.5, because :

J’_

X;
©(St)—=— S,

) X[ ) 55, wi
X[, SR s [ B s e pls). win

t

< o(St)1x,>0 and

o(c) = / (’D(U) dv ; @ is integrable since :

/ dc-/ / /()m@/ovdc:/ooogp(v)dv

Lemma A.5. Let h: Ry — Ry be integrable. Then, for any 0 > 0 and x < o :

Eo[h(o V (x4 5)) Lot x,>0] = 0(%) (3.11)

Proof of Lemma A.5.

e For 0 = z = 0 we have, from the formula (See [KS], p. 95) which gives the law of the pair
(St, Xt) :

2 o0 b _(2b—a)2

Eo[h(50)1x,50] = |/ /O db h(b) /0 (2b— a) e~ 5 da
3 [ 2 2 1

== 0 h(b)db[e—’%—t—e—%:o<ﬁ>
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from the dominated convergence Theorem.
eftorz <o, 0>0:

Ey[h(oV (x+5) - 1oy x,50] = Mo)Po[S < 0 —x, Xy > —a]
+E [h(iﬂ + St)1$t>cr—x1Xt>—m]

(2b—a)?
= h(o \/ / db (2b —a)e” 2 da
—mAb
_(2b—a)?
U / dbh:n—l—b)/ (2b —a)e” 2 da
—xAb
/2 (2b—(—xVb))?2
= h / e 2t — e 2t ]
2 —(—zA 2
+14/ g /J_x h(x + b)db [e_%t - e‘w] = 0(%)

by the dominated convergence Theorem.

3) We prove that, for fixed s :

E[@(Sdt)‘fS] [f StaXt |f] ~ E[ (St)‘j:s]

(3.12)

The first equality in (3.12) follows immediately from (3.6). Furthermore, from (3.2) we deduce

that :

= (1= (2)+ B
we know (see [RVY, II]) that :

() = E[o(S)|F] ~ 1= [0(S)(Ss — Xo) + (1 B(S4))]

t—oo \ Tt
and

+ x t—s +
(2 =FE [@(St));—i ‘fs} =FE [‘P(U V(@ + Si-s)) %

with 0 = S5 and x = X, and :

1
(2): = 0< from Lemma A.5.
Vt—s

The same argument leads to :

0e=o(=)

Finally, gathering (3.14), (3.15) and (3.16) we have obtained :

Elp(Sa,)| 7] e — _ _
Eloa)] M = p(95)(Ss — X) +1—D(S,)

17
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B[f(su X0lR] = Ele(s)|7) - B|ets)"g |7 ve|x [~ 25

dv‘fs]

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)



Ito’s formula allows to see that (Mf , s > 0) is a martingale such that E(Mf ) = 1, which
implies, (cf M], p. 37, t. 21) that the convergence in (3.17) takes place in L', and Theorem
A 4. follows immediately.

Remark By comparison, on one hand, of :

e Theorem A.4., Theorem A.1. and Theorem 4.6. in [RVY, II] ;

e Theorem III. 1., Theorem IV.1. and Theorem IV.2. of [RVY, VII], we obtain the informal,
but remarkable following analogy :

e Penalisations by ¢(Sg,) and ¢(S;) are identical and differ from the penalisation by ¢(Sy,) ;

e Penalisations by cp(Vd(tl)) and gp(Vt(l)) are identical and differ from the penalisation by
)
(Vg ).

4 Part A. 3. Penalisation by ¢(X})

A.3.1. We note :

X[ :=sup|X;| (4.1)
s<t
and, fora > 0 Ty :=inf{t >0; | X;| =a} (4.2)

As above, we assume that ¢ is a probability density on Ry ; we define :

O(z) = /Or o(y) dy, so that : ®(0) =0, and ®(o0) = 1.

Theorem A.6. Under the preceding hypotheses, one has :
1) For any s >0 and As € Fs :

E[1a,0(X;,)]

im = E(1p. M%) := Q"% (A, 4.3
B e = B = QA (43)
with

M = (X)X, + o(X0) (X2 — X)) +1— B(X2) (4.4

Furthermore, (Ms?, s > 0) is a positive martingale, which goes to 0 as s — oc.
2) Formula (4.4) induces a probability on Q*% on (2, Fso). Under Q*¥, the canonical process
satisfies :

i) g :==sup{t, X; =0} s finite a.s. (4.5)
1) X5 = o0 a.s. (4.6)
iii) The processes (X, t < g) and (Xg44, t > 0) are independent ;

vi) (Xg4t, t > 0) is with probability 1/2, a 3-dimensional Bessel process, starting from 0,
and with probability 1/2, it is the opposite of a 3-dimensional Bessel process.

v) Conditionally on Ly = v and |X;| = c, the process (X, t < g) is a Brownian motion
stopped at T, and conditioned on X7 = c.
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A.3.2 A Lemma for the proof of Theorem A.6.

This proof is close to that of Theorem A.1. Hence, we shall not develop it entirely, and we
shall only indicate briefly the elements which differ :

Lemma A.7.

1) For any real a and o > 0 :

Py(Xg <a) = if a < |al (4.7)

2
S \/7 i if a > |a| (4.8)

2) For every Borel and integrable function v : Ry — Ry we have :

Ea(0(X},) ~ @ /: V(@) do (4.9)

Sketch of proof of Lemma A.7.
(4.7) is obvious. Let us prove (4.8). From the identities :

(X <a)= (gt <T3) = (t <drs) = (t <T,+Too0rs)

we deduce :
[e.e] drx
/ e_MPa(X;t <a)dt = Ea(/ Ta e—Atdt) — 1(1 _ Ea(e_)‘(Ta*+TOO€Té))
0 0 A

1 —aV/BN cosh(a\/2)\)

= —<¢1- _ K, S|, p.100
)\{ ‘ cosh(a\/ 2/\) } (see [ Jp )
V2

~  —

a—0 \/X

Hence (4.8) follows, with the help of the Tauberian Theorem (see [Fel], vol. 2, p. 442).
Relation (4.9) follows easily from (4.8).

A.3.3. We now prove that :

E[‘P(X;t)’fs] *
W b M:¥ a.s. (4.10)

We already note that, from (4.9),

2

E(e(X5)) , ~ \ = (4.11)
On the other hand :
Elp(X;)IFs] = Elo(Xp)1g<s|Fs] + Blp(X5,)1g,>5|Fs]
= (De+ (2 (4.12)

One has :
(e = E[p(X;,) Lg,<slFs] = E[p(X;,) 1g,<s|Fs]
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since gs = g when gy < s

= () B[yl ] G s (113)

from (2.20). On the other hand :

(2 = E[@(X;t)lgpsu—S} = E[QD(X: \ X[z,gt])lg,s>8|~7'—8]
(with X[5g) = sup \Xu\)
’ u€l[s,gt]

~ \/3/ e(X:Vex)de from (4.9)
foo Vol Jix,|

2 X . 00
= el e [ el

d
_ %((X; X)) p(X2) +1 - B(X))) (4.14)

Gathering (4.11), (4.13) and (4.14), (4.10) follows immediately. Using similar arguments as
in proof of Theorem A.4. point 1 of Theorem A.6 follows.

A.3.4. We prove that Q" (g < o0) = 1.
We have :

Q" (g¢ > a) = Q"{da <t} = Ellg, <t - M;”]
= Blla,«iMy] = B[ Lo, [0(XG,)X5, +1 - 0(X,)]
Hence, letting t — 400 :
Q*?(g > a) = B[p(X3,) X5, +1-0(X],)] < 2E[0(S4,)S4, + 1~ (S4,)]
because, with obvious notations, X; = Sg, or —I, and then
Q™ (g =00) = allr{)lo Q™ (g>a)=0 from (2.36)

A.3.5. We prove that Q*?(X* =o0)=1.
Indeed, operating as above, with a > 0, we obtain :
Q¥IXL >a = Q7[I; <oo] = E[Myl]
= E[@(X;T; Ja+1— ®(a)]

- /aoo o(x)dz + g /0 p(x)de =1 (4.15)

since the r.v., X ;T* is uniformly distributed on [0, a], as may be seen by using the balayage

formula. (see [RY], Chap. VI).
It now remains to let a tend to 400 in (4.15).
We leave to the interested reader the task of completing the proof of Theorem A.6. O
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We have, in Section A.1, studied the penalisation by ¢(Sg,). Our technics allows to study

penalisations by ¢(Sg,)1x,>0 + ¥(Sg,)1x,<0. More precisely :

Proposition A.8. Let ¢,1 : Ry — Ry Borel and integrable. Then, for any s > 0 and

A; e Fs
EO [1/\3 ((p(sgt)lXt>0 + @(Sgt)1Xt<0] [1/\ M@ w]
EO [@(Sgt)lXt>0 + @(Sgt)lXt<0] t—>oo °
with
1 _
M;OJJJ:: o QDSSXS—FM;‘D—H’ZJ
Jo (e +¥)(y)dy [#(5s.) )
where :

Tt = (o + )58~ X + [ (o 0)w)d

In particular, for ¥ =0 and / o(y)dy =1
0

EO [1/\3 @(Sgt)lXt>0]

1p, M$O
Eo[¢(Sg,)1x,>0] P— Eolla, ]

with
]\420’0 = 9(8g,)Xs + ©(55)(Ss — Xs) + 1 — ®(Ss)
= (S XS+ 9(S6)(Ss — XT) +/S o(y)dy.

Sketch of the proof of Proposition A.8.
1) We have :

Eo [0(Sg.)1x,>0 + ¥(Sg)1x,<0] = Eo[9(Sg.) + (¥ — ) (St) - Lix,<0)]
because, if X; < 0, then : Sy, = S;

e Eo[¢(Sg,)] + Eo[(¥ — ¢)(S¢)] from Lemma A.5.

o2 [T eware 2 [T owa

from (2.17) and [RVY, II]

H)()\/7/ (p+v)(y

2) We have to prove :

EO [@(Sgt)lxt>0 + w(sgt)lXt<0‘~7:s] N M%w
EO [@(Sgt)lxt>0 + T;Z)(Sgt)lXt<0] t—oo  °
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But, we have, by Lemma A.5, Theorem A.1 and (1.1), (1.2) :

Eo[¢(Sy, L&>o+~w(gtlxﬁwa]
Eo[¢(Sg,) + (¥ — ©)(St)1x,<0| Fs]
%[gAM+%WA¢5wm

N B @(Sg. )1 Xs| + 0(Ss)(Ss — X ) + /OO so(y)dy}

7t

+\/%[(¢ — 0)(S5)(Ss — X4) + /:w — ) (y)dy

2 "l v)w)ay] (420)

— il [(,p(sgs)xs + (p + ) (Ss)(Ss — Xs) + /

Tt S
by an easy calculation. Proposition 4.8 is then an obvious consequence of (4.20) and (4.19).

Throughout the sequel, (Q = C([O,oo[—> R), (Xt, Fi)t>0, Foo = V Fs, Py(x € ]R)) denotes,

as before, the canonical 1-dimensional Brownian motion and we keep the notation from the
Introduction.

5 Part B.1. A local limit theorem for a class of brownian
additive functionals.

B.1.1. We denote by (L¥ ; t > 0, z € R) the jointly continuous family of the local times of
(Xt, t > 0). Let g be a positive Radon measure on R, ¢ # 0. Let us define :

Af ::/Rqu(d:E) (5.1)

(A, t > 0) may be refered to as the continuous additive functional of (X;, ¢ > 0) which
is associated with ¢. When ¢ admits a density with respect to Lebesgue measure, we shall
preserve the former notation by still writing ¢ for the density ; one has :

At = [ atx)ds (5:2)

from the occupation formula. Throughout the following, we shall assume that g satisfies one
of the three following hypotheses :

H1. (The integrable case) / (1+ |z]) g(dz) < oo.
R

0
H2. (The left unilateral case) / (1 + |#|) g(dz) < oo and there exists a < 1 such that

— o0

lim 2%%¢@ () > b > 0 where ¢'® denotes the absolutely continuous part of g.

r—00

H3. (The right unilateral case) / (1 + |z]) g(dz) < oo and there exists v < 1 such that
0

lim |z[**¢(z) > b > 0.

r——00
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Of course, if the pair ((Xt, AD, t> 0) satisfies H2 (resp. H3), then the pair ((—Xt, AD, t> O)
satisfies H3 (resp. H2).
In [RVY, I], we have obtained the following result : for any A > 0,

lim VB, [eXp( - %Ag)} = pag() (5.3)

(We shall indicate later precisely what is ¢y,). The following result is a translation of the
convergence result (5.3).

Theorem B.1. Let q satisfy one of the hypotheses H1, H2 or H3, and let (A}, t > 0) be
defined by (5. 1) (or (52)) Then, for every x € R, there exists a positive, c— finite measure
Vg, carried by Ry, such that :

Vit Py (A? € dz) b vy(dz) (5.4)

The convergence in (5.4) is understood in the following sense : for any function f : Ry — Ry
Borel, and sub-exponential i.e. : there exist two positive constants Cy and Cs such that :

0< f(x) < Cre ©®

then
VIE[HAD) = [ Fema(a)
+
The measure v, is characterised by :

/0 0, (dy) = pag (@) (5.5)

B.1.2. Proof of Theorem B.1.

We first begin with some precisions, taken from [RVY, I, (See also S. Kotani, [K]) about ¢y,
which was defined from (5.3) but admits at least another characterization, namely : ¢,, is
the unique solution of the Sturm-Liouville equation :

¢"(dx) = Mp(x)q(dx) (5.6)

this equation being taken in the sense of Schwartz distributions, and subject to the following
boundary conditions :

Under H1.:  ¢/(+00) = —¢/(—0) = 2 (5.7)
7r
2
Under H2.:  ¢/(—00) = —\/; and ¢(+00) =0 (5.8)
Under H3.:  ¢/(400) = \/g and p(—00) =0 (5.9)
T

Theorem B.1. is now an immediate consequence of the next lemma.
Lemma B.2. Under either of the hypotheses H1, H2, or H3, the function : X — @xq(x) (A > 0)
18, for any real x, completely monotone, i.e., it satisfies :

(—1)"% Prq(T) >0 (5.10)
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Consequently, there exists a positive, o-finite measure v,, carried by Ry, such that :

Paq() = /OOO "7 v, (dz) (5.11)

We shall give two proofs for Lemma B.2.

B.1.3. A first proof of Lemma B.2.
We define, for every f: R, — R and every real h # 0 :
fA+Rh)—f(N)

Dpf(A) = A (5.12)

A
For f(\) :=exp — 5 Al we get :

(D () =3 (1)
and, hence for all h # 0 :

(=1)"(Dn)"(f)(A) = 0 (5.13)
Consequently, taking the expectation of the LHS in (5.13), we obtain :

VE(~1)"E, [(Dh)“(exp - %Ag)] >0 (5.14)
Hence, from (5.3) :

VH=1)"E, | (Dn)" (exp = 5 A7) | (=1 (D4)" (#aq(x)

t—o0

Thus :

(=1)"(Dr)" (¢eq(2))(A) = 0 (5.15)

Letting h — 0 in (5.15), and using the fact that : thh—éf’, we get :

(—1)"8% (prq(2)) >0 (5.16)

B.1.4. A second proof of Lemma B.2.
We shall only give this second proof under the hypothesis H1 and for x = 0. In [RVY, I],
Proposition 4.13, formula (4.43), we have given the following explicit formula for ¢,,(0) :

1 R PN() - (2) n
0) = — - A<Y,q >)- —A<Y,q" >
o0 = —= [ e —a < Vg >)- QP exp -2 < V" >)
—I—Ql(2) (exp—A<Y,q~ >)Ql(0) (exp— A< Y,q" >)] dl (5.17)

where, in this formula (5.17), the process (Y, © > 0) is, under Ql(o), (resp. under Ql(z)), a
squared Bessel process with dimension 0, (resp. 2), starting from [/, and we denote :

00 0
<Y, q" >:/ Y, qdz); <Y,q¢ >:/ Y_. q(dx) (5.18)
0

— 00
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It is then clear, from (5.17) that : A — ¢,,(0) is the Laplace transform of a positive measure,
as an integral, with respect to the parameter [ of the product of two Laplace transforms of
positive measures (indexed by ).

We shall now give some examples for which the measure v, may be computed explicitly. We
o
recall that v, is characterized by : / e_%zum(dz) = paq(x) where @y,(x) is given by (5.6)
0
. (5.9).

B.1.5. Computation of v, for ¢(dy) = do(dy).
In this case, the hypothesis H1 is verified and A} = L, is the local time at level 0

Prgl@) = \F ( +ya;\) (cf [RVY, 1], Ex. 4.8, p. 199-200)

= \/7 Z>0dZ + \/7|:E|50 dZ (5.19)
Thus :
2 2
vy (dz) = \/;1[0700}(7:)6173 + \/;|x|50(dz) (5.20)

B.1.6. Computation of v, for ¢(dy) = d,(dy) + dp(dy) (a < b).

In this case, the hypothesis H1 is verified and Af = L+ L} where (L¢, t > 0) resp. (L2, ¢t > 0)
denotes the local time at level a resp. at level b. We know (See [RVY, I], ex. 4.8, p. 199-200)
that

—l—x—b) ifo>0b

>| =

Prg(z) = if z € [a,b) (5.21)

1
)
< —I—a—:n) ifz<a

dz + (2 — b)1yspdo(dz) + (a — a:)lx<a50(dz)}

hence :

R

vy (dz) = \/%{5 Ljo,00[(2)dz + (z — b)T80(dz) + (a — x) T d(d2) (5.22)

B.1.7. Computation of v,, for ¢(x) = 2.
¢

In this case, the hypothesis H2 is satisfied and A] = / e?Xsds.
0

To begin with, we show :

Paglz \/7K0 Ve (5.23)

where K denotes the Bessel-Mc Donald function with index 0 (see [Leb], p. 108).
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Let ¢(x \/7K0 VAe®). To check (5.23), it suffices to see that :

() = MeP(a), lx) — 0, Y(x) — —/> (5.24)

T—00 T——00 T
Now (5.24) follows from (see [Leb], p. 110) :
1
K= Ky, ~K{(2) = S K1 () + Kol

and

¢(l‘)x—>oo \/§<2\/§em>e e xjo>oo ([Leb] p123)
1 2
\/7\/XemK1 Xef) ~ \[\r xi eV ([Leb], p.111)

This proves (5.23). But, we also have :

1 © 2 dt
Ko(VXe®) = —/ e_t_ATd? (cf [Leb], p. 119)
0

2

1/°° a2 du

= — (&} 2 2u ——

2 0 u

Hence :
1 o2 dz

Vp(dz) = ——= € 2z 1jg oo1(2) — 5.25
( ) \/% [0, [( ) > ( )

B.1.8. Computation of v, for qo(dr) = 1j_ o)(z)dx
Here, it is the hypothesis H3 which is satisfied, and

t
Af° :/0 1) 0,0/ (Xs)ds

(law)

By scaling, one has, under Py : A} t A%, and one knows that under Py, AT follows the

arc sine law, i.e., the beta (%, 5) law. We shall recall the law of A7 under P, for any x € R,

(see Section 6, B.2), which will allow to find the following result :

2 1 =2 dz
vy(dz) = x+\/;50(dz) + —e = 1[0’00[(Z)\/_E (5.26)

For the moment, we shall prove (5.26) without using the explicit law of A°. For this purpose,
we already observe that :

Prqo () = \/g {em% v<o+ (z+ %)1@0} (5.27)

Indeed we have :
2
Orao () = Mj_oo g (2)rg (2), Prgo (+00) = \/; Prgo(—00) = 0.
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Then, it remains to see that :

/ow e 1,(d2) = prg () (5.28)

where v, is defined via (5.26) and g, () by (5.27). Now, for > 0, one has :

/OOO e 371, (d2) \/j %/ %7
= \/j 1 \/7 '(1/2) _x+\/7 \/7 o) = pxg(
whereas for z < 0 :

/000 e‘%zyx(dz) = %/OOO e 3 E jl/z_ = gK1/2(|:E|\/_) < ) v (see [Leb], p. 119)

1/2
However, one has : K1/2(|3:|\/X) = <2’ T\/X) e 17IVA | Hence :
x

o 22 - ) .
/0 e_isz(dz):§<7>1/4<2|$|\/_)1/2 lz[ VA _ \/7 ||\/__(,0)\q(x)

B.1.8. Computation of v, when q(y) = 1[,4(y) (a <b).
t
The hypothesis (H1) is satisfied and A = / 1jq,5)(Xs) ds. We shall prove that :
0

\/?( Cb)o(dz) + — = 1 ()dz(1+2ie—7"2“é“)2) it > b
—(@ o(dz e [0,00[(2

n=1
{0 (dz) = = (@ —x)do(dz) + dz(l +2 Z e 205?1)2) ifr <a (5.29)
T 7T\/_ Lio.00
2
n(b a)+b T n(b—a)+(z—a)
( ) + e_( 2z ) )1[0,00[(z)d2 if x € [a, b]

Here, the explicit form of gpf\[;’b) (x) is (see [RVY, 1], Ex. 4.7, p. 199) :
\/5 1
7\ v Atanh (\/Xb_

2

(a.6) = 2 L a—x ifx<a
Prg (T) = \/7<\/7tanh(\/_b7)+ ) fo< (5.30)

2 ( cosh (\/X (z— “TH’))
\/X(Slnh \/X%“))

S|

)—I-az—b) fz>b

if x € [a, b]
7r
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It now remains to prove that :

/ e300 (dz) = o0 (2) (5.31)
0

where v\ is defined via (5.29) and gogf;’b) via (5.30). But, (5.31) follows, after some elemen-

tary computations from the identities, for every real v and v > 0 :

cosh (v Au) VA(ht-@na1)o—u) | ~VA(ht+@n+1)otu)
_ dh (e n+ljv—u nrbjuTu 5.32
\/Xsinh(\/Xv) Z / e ( :

= Z/ dh/o ds (Hpt2ns1)0—u(5) + Hyp2nt1yora(s)) e (5.33)

with
a 2 —1 8 a2
Hy(u) = T — — (e7u >0
Passing from (5.32) to (5.33) is obtained by using the elementary formula :
—Va _ /OO —Au _ /OO —Au a _a?
e = e " H,(u)du = e e tudu 5.34
0 (w) 0 2vVmud (5.34)

2
(Note that (5.34) is nothing else but a translation of : E(e_%T“) = exp(—Aa), where T,
denotes the hitting time of level a by Brownian motion starting from 0).
We now show (5.32).

cosh (v Au) 1 o= VA=) 14 e~ 2V
\/Xsinh(\/Xv) VA 1— e 2V
_ L —VX(v—u) -2V - —2nvw
= 5 e (1+e ) ( Z e )
1 —VAMv—u+2nv} \f{2(u+nv )A-(v— u)}
= — Z e + Z
\/X{ n=0 n=0 }
_ L . —ﬁ((2n+1)v—u) —ﬁ(u+(2n+1)v)
RN I )
_ /oo e_\/Xh{ ie—\/x(@n-l-l)v—u) + e—\/X(u+(2n+1)v) }dh
n=0
_ Z/ VA (Rt 2nt1)v—u) n e—\/X(h+(2n+1)v+u)) dh.
Remark B.3.
1. If in formula (5.29), we take : b = 0, and we let a tend to —oo, we obtain :
\/5:17 do(dz) + ! lipsof(2)dz  if x>0
—4+00 ——*[0,00
lim v¥9(dz) = 17T 2 my/z (5.35)
B e Li0,00[(2)d2 ifz<0

™z
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We note that the RHS of (5.35) is nothing else but the measure v, associated with go(y) =
50,0 (see (5.26)). This may be interpreted as ”a continuity property” of p*, as a — —o0.
2. In the same spirit, but taking up now the example B.1.8.; where we choose for ¢ the

1
function : ¢ (y) = % L4 (y), we have :

T 0 RS :\/§ 2
/0 @) [ e F ) 2 (3 +1a)) (5.36)

where v, is the measure associated to g(dz) = do(dz) (see (5.19)). In other terms, since :
1 t
% ; L_¢q(Xs)ds b L; a.s., we witness there also a ” continuity property of V;EC) asc — 07.

Let us show (5.36) for z = 0 ; from (5.30) :

/we_guc)(dz): 2 cosh ( %C) —>\/§%
. 0 T \/;sinh<\/;-c) clo Vo A

and for x # 0, and ¢ small enough, we obtain from (5.30) that :

N s M Sl E e

B.1.9. Computation of v, when q(y) = 1) o[(y)y", o > 0.
t

The hypothesis H2 is satisfied, and we have : A} = / 1(x,>0) X5 ds.

We now show the existence of a constant C, > 0 such that :

Co
vo(dz) = —z 1j0,00(2)d2 (5.37)

z 2+«

Indeed, thanks to the scaling property, we have :

Ey (e_% fot Ixg>0Xg ds) - B (e(_% t1+a/2AC{))
1
= Ey (eXp< T2 A;%)) (5.38)

Thus, multiplying (5.38) by v/t and letting ¢ tend to 400, we obtain :

1 1 . dz
03q(0) = — prg(0) = — = ca /0 e 2

ATt AZ+a 22+a
The same computations, performed this time with = # 0, lead to :

1 IR 1 A
Porg(T) = —— ‘qu(x)‘““)v L€ Vg = —3— v

1
A\2ta A2ta AT

where v is the image of v by the application z — \z.
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Remark B.4.
We know (see [R,Y], chap. X) that, if ¢ is an integrable function, then :

%/th(x—i—Xs)ds:—Zg (/q(z+y)dy>yNy = (/q(y)dy>yNy (5.39)

where N is a standard gaussian variable, and on the LHS of (5.39), (X, s > 0) is a Brownian
motion starting from 0. Let g denote the density of the r.v. g|N| with g = /q(y)dy that is :

1 /2 =2
9(2) =7V ¢ 2@ 119 o0[(2)

Let us now consider the supplementary hypothesis H , which seems reasonable enough in

1 t
view of (5.39) that the density g:(x,-) of the r.v. %/ q(z + X5)ds converges, as t — o0,
0

uniformly on every compact, towards g.
However, this would imply that, for every function h, which is continuous with compact
support, one has :

VEE[h(AD)] = \/EEm[h(é—é\/i)}
= \/E/OOO h(zV't) gi(z, 2) dz
— /0 - h(y)g: (a: %)dytzo /0 h h(y)g(0)dy

But, from Theorem B.1., we know that :

t—o00

Vt E, [h(A])] —>/R h(x)v,(dz)

Thus, this would imply that the measure v,(dz) would be equal to :

1 2
! \/; Lo (5.40)

so that, the measure v, would not depend on x, and would be proportional to Lebesgue mea-
sure on R. But, this is not the case for either of the examples B.1.4 to B.1.9. Consequently,
the hypothesis H is not satisfied for the corresponding ¢ ’s. It would be of interest to know
for which ¢ ’s, if any, it is satisfied.

B.1.10. Penalisation by h(A?).
Let ¢ satisfy one of the previous hypotheses H1, H2 or H3, and denote, as before :

t

Al = /qu(dw)( = / q(Xs)ds if ¢ admits a density). Let now h : Ry — R4 such
R 0

that :

t—o0

VtEy[h(A])] — /0 h h(x)v,(dz) (5.41)
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Then, (5.41) is satisfied, from Theorem B.1., as soon as h is sub-exponential (for example
if h is continuous, with compact support). We shall now study the penalisation of Wiener
measure by the functional h(A7), i.e. : we shall study the limit, as t — oo, of :

E,(1a, h(A}))
E. (h(A{))
We have already made this study in two situations :
1) q(dz) = éo(dz), A} = L, (cf [RVY, H]) ;
2) Al = / LY q(dy), h(u) = exp( - éu> (cf [RVY, I]).
R

2
This time, Theorem B.1. allows us to obtain :

Theorem B.5. : Let q, A? and h as above. Then :
1) For every s >0, and every Ag € F; :

. E,(1a, h(A7))
t—oo By (h(A]))

2) This limit equals Ey(15, M) := QM4(A,), where

/ vx. (dz) h(z + A7)
Ry

(s>0, Ay € F) (5.42)

exists (5.43)

M (5.44)
/ ve(dz) h(2)
Ry
Furthermore,(Mf’q, s > 0) is a positive martingale. In the case when h(u) := e3u (u, A > 0),
we then obtain :
"2\ (Xs) A
Mt = 2020 o (- 2 A9 5.45
©rg() p( 2 ) (545)

Proof of Theorem B.5.

We have :
Ey(1a, h(A7) _ Eu(1a,By(hla +AL,))
B, (h(A7)) E.(h(A]))

from the Markov property, where b = X, and a = AZ. Thus, from Theorem B.1. :

o0

E.(h(A])) ~ L vy (dz)h(z)

t—oo v/t Jo

and  Ey(h(a+ Af_,)) ~ s —t — yb (dz)h(a + 2)
Hence :
E:v(lAs h(A )) Vit Eﬂc(ll\s fR+ vx, (dz)h(z + Ag))
E,(h(A})) t—oo \/t—s fR+ h(z)vs(dz)
on Er(1a, Mh )

In the preceeding lines, we have been a little careless concerning the exchange of limit and
expectation. Likewise, although it is easy to see that (M;L s > 0) is a local martingale,
some care is needed in order to show that it is a true martingale. However, all this is correct
as soon as h is sub-exponential.
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t
6 Part B.2. A detailed study for o = 1j_ g, 4; = / 1(x,<0)ds.
0

Throughout this section, we choose go = 1j_q, g Thus, the hypothesis H3 is now satisfied.
We shall study this situation in detail, which we are able to do as we know (see [Y]) the

t
law of AP = / qo(Xs)ds under P, for every real z (see (6.5) and (6.7) below). We shall,
0

successively :

- compute explicitly the measure v, starting from the knowledge of the law of A and we
shall recover the result of point (B.1.8.) ;

- study the penalisation, not only of the process (X¢, t > 0) by h(AJ°), but also the penalisa-
tion of the "long bridges” by this functional ;

- describe precisely the behavior of the canonical process under the probability Q™% where
QM is defined via :

QM0 (Ay) = E(15, M) (s >0, Ay € Fy) (6.1)

B.2.1. The law of A, and the computation of v,.
To simplify notation, we denote :

t t
At_ :/ 1(Xs<0) dS:/ qO(Xs)dS (62)
0 0

We recall the following result, which is found in [Y]. For any f : Ry — R, Borel, bounded,
such that f(z) — 0 and any y > 0 :

mafr( [ xayds)] - / 1 W%e%f(uwm\/g [ (63)

whereas, for any y < 0, we use :

1 1 1
law law
/0 1(X6<y) ds = /0 1(X >_ y)dS =1 —/0 1(XS<—y)d3 (64)

and by the scaling property :

([ o)
— Ex(f(At_)) = Eo(f(/ot 1(XS<—x)d3>) = Eo(f(t/ol 1(X5<_%)ds>)

hence, from (6.3) and (6.4), if z <0 :

mlan) = W%e-iiﬂv)w(t)\/g [ an (6.5)
1 X dv _a2
o ﬂ—\/Z/() VoA (6.6)
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whereas, if £ > 0 :

E[f(47)] = f(O)\/g/sze_azzda+/t\/%e_2(f—2v>f(v) (6.7)
~ f(O)\/g/sze_doHr \[/ (6.8)

Thus, we obtain :

\/_E t / f(2)ve(dz)
with

2 1 =2 dz
vp(dz) = x4 ;50(dz) + —e = 1[0,001(2)%

which is precisely (5.26).

B.2.2. Penalisation by h(A; ). A study of ”long bridges” and of the Q"—process.
We recall that, from (6.5), the density of A, under Py, which we denote by p A equals :

1 1
pa-(y) = = ——=104(y) (: the arc sine law). (6.9)
A Tty
Throughout the following, h denotes a function from R4 to Ry such that :
< dy
h(y) < oo
0o VY
and we assume, without loss of generality, that :
< dy
1 6.10
- h(y) = (6.10)
Theorem B.6.
1) For every s > 0 and every Ag € Fs :
lim Eo(1a,]47 = a) = Q”(Ay) (6.11)
with
QWA = /2= By(1,, XF|AT = a)
T Vs —a e

a _(x)?
+ E[lAS,/Jl(A;@)e wo=ar) | (6.12)

(recall that X+ =0V X,, X; = —(X, A0) and A7 = / 1x, <0 du>
0
2) For every function h which satisfies (6.10), for every s > 0 and any Ag € Fs :

Eo(lAéh(A; )
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where (M, s > 0) is the positive martingale given by :

o0 (x:)?
M= or XT h(AD) +/ % e 2 h(A] +vy) (6.14)
0

(note that M} =1).
3) Formula (6.13) induces a probability Q" on (Q, Fuo), which admits the following disinte-
gration :

Q"(A) = /0 T 0@ % da (A€ Fu) (6.15)

where Q'Y is given by (6.12).
4) Under Q", the canonical process (Q, (Xg, t > 0)) satisfies :
N . . h(y)
i) AL is finite a.s., and admits as density W Ly>o0 (6.16)
i1) letg=inf{t; Ay = A} = sup{t; X; <0} (6.17)
Then Q"(g < 00) =1

i11) the processes (X, t < g) and (Xgy, t > 0) are independent ;

iv) the process (Xg4¢, t > 0) is a 3-dimensional Bessel process starting from 0.

Moreover, while proving Theorem B.6., we shall give a precise description of the process
(Xi;t<g).
Proof of Theorem B.6.

B.2.3. We prove point 1) of Theorem B.6.
For this purpose, we choose a function h, which is Borel, positive, and satisfies (6.10).
We first write :

t
Eo(1a,0(A7)) :/ Eo(1,A; = a)p,-(a)h(a)da (6.18)
0
then, conditioning with respect to Fs, we obtain :
t—s
Eo(1a,h(A])) = E0<1A5 o (h(a+/ 1(Xuema) du>)) (6.19)
0

with a = A and 2 = X;. Using now (6.6) and (6.7), we obtain :

Eo(tah(A4) = Eo(1a <o ( OH W\/h e~ 5oh(a+v)) +hla+t - s)w(\/%)))
+Eo (1As La>o [h(a)w(\/%) + Ot_s w\/wdij) e_z(tfijw)h(a * U)D (6:20)
= (D + (2 (6.21)

where 1/1(%) ::PON] < %) — \/2/0% e_aTzda Rl %%
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We now study successively (1); and (2);. We rewrite (1); in the form :
(1):
= / P4 (a)da Ey <1A31Xs<0<
0

t—s dv x2

o s —o ¢ Mer)

+h(a+t—s)1/)<\/|j(%|s>‘14; :a)

X3
—v) Ey(1a,1x,<0€ 2 | X5 = a — v)h(a)

t—s dv v+s
dap,-(a
/0 m/u(t — s —v) /v Pa

+ /ts+t pa-(a—1t)Ey <1A31XS<0 ¢<\/’;X%‘S> ‘As_ =a— t)h(a)da (6.22)
Similarly :
(2):
_ /0 Pas(a) E0<1A31XS>07/)<\/‘%> ‘A; - a)h(a)da (6.23)

s t—s dv x?
+ / da pA7 (a) EO (1A5 1X5>0 6_ 2(t—s—v)
0 ¢ 0o mu(t—s—0v)

= /OspAs(a) Ey (1As 1X5>0¢(\/‘%> \As_ = a) h(a)da (6.24)

Ay =a)h(a+v)

X3
—_ rU) EO <1A5 1X5>0 e_ 2(t—s—v)

Ay =a— v)h(a)da

t—s dv v+s
+ —(a
/o W\/v(t—s—v)/v Pay

Then, comparing (6.18), (6.22), and (6.24), it follows that :

EO(lAS‘At_ = a) = (i)t + (é)t

with :
(1)
1 t=s dv ) ( VB (1 ) X2 -
g _— —la—v AS s (& 2v :a_v)
pA;(a) 0 ﬂ'\/m U<a<v+3pAs 0 Xs<0 s
L XY,
+ 1 ~(a =) Bo(1a.Tx,<0 % )4; =a—)
pA;(a) t<a<s+t P4; (a—1t) Eo(1a,1x,<0 ¥ Vs ‘ s = a
S Va X2
P— /0 \/mpA;(w)EO(lAslxs@e om0 | A7 = w)dw
x?
= Fo(lnlx.<oc s SR L) 625
Va—A;
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since pA;(a) = Wﬁ
(2):

1jo,4(a). Similarly, one has :

pa-(a) | X| -
- = 1y Eo(1a.1x. ( )A :a)

pA;(a) a<s 0( A5 X5>0¢ \/m ‘ S

1 t=s dv o xZ
+1 L (a—v) Ey(1y,1x,50¢ T A_:a—v)
v<a<v+s pA;((I) 0 - ’U(t—S—’U) pAS( ) 0( >0 s

I gE0<1A X} A7 :a> +E0<1A Ix.oy ) —— 1, )
t—00 s—a T s S S s s (I—As_ As <a

Hence, point 1 of Theorem B.6. follows.

B.2.4. We now prove point 2 of Theorem B.6.

In fact, this point has already been shown while proving Theorem B.5. With the help of the
form of M" as given by (5.43) and the explicit computation of v, (see formula (5.26)), we
obtain :

o) B [e%¢) B 5 1 _()(;7,*)2 dy
o /0 vx, (dy) h(Ag +y) :/0 h(A; +y)[X:\/;5o(dy)+;e ; %]
s 9 - . dy
[l vty N
— T X7+ - o ﬁe_(Xii)Q _
= V2r X, h(As)Jr/0 7 hA; +y) (6.26)

Now, clearly, this point 1 of Theorem B.6. which we just proved implies also point 2 of the
same Theorem B.6. Indeed, we have :

Eo(1a,h(4)) _ /0 Eo(1a.]Ar = a) h(a)p,-(a)da

Eo(h(A7)) Jﬁ h(a)p,-(a)da

From the above point 1, and with the help of the explicit form of p A;(a) as given by (6.9)
the above quantity converges, as t — oo, towards :

* da
— Q' (Ag)h(a) o
0o Va _ h(a) () a
[ | EE e (6.27)
0 va
since we assumed : > ha)da =
o [y

It now remains to compute :
* h(a) 2 [° 1 _
—Q(“) Ag)da = \/i/ ————Fy 1ASXjAs:ahada
/0 Va (45) T Jo \a(s—a) ( | ) (@)

* h(a [ a —7(){;%
+ /0 %EO(lAS a—T 1A;<ae 2(“7’45))(1&
s
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(from (6.12))
= \/ﬂ/SpAs(a) Eo(1a, X |A; = a) h(a)da

_(x)?
/ —Eo la.e” 2 h(A] +y)>
(from (6.9))and after the change of variablea — A, =y
oo _x)? dy
= V2m Eg( 1. X R(A]) +/ Eo(la.e” 2 h(A; +y)) —
Vb )+ ), Bl ) i
= Eo(1a,M!)  (from (6.14)) (6.28)

We now remark that point 3 in Theorem B.6. states precisely formula (6.28) we just estab-
lished.

B.2.5. We now prove point 4 of Theorem B.6.
a) From formula (6.15) and from Doob’s optional sampling theorem, we deduce :

Q"AL >a)=E[M!], with7, :=inf{t; A7 > a} (6.29)

But :

o0 (X7)?
M = \/27rh(a)X;g+/ @e_ 2 h(a+vy)
o VY

® dy (X)?
= / —e 2 h(a+y) since X1 =0
Y

We recall that the process (X_

Ta
(|Xa|, a > 0), where (X, a > 0) is a standard Brownian motion starting from 0 (See, e.g.,
[K.S], Th. 3.1, p. 419). Hence, we obtain :

; a > 0) is distributed as the reflecting Brownian motion

EM"] = df ha+y) B(e™ )

0
:/ \/, a—i—y\/; / y+a (a+y):/aoo%h

b) We now remark that it is easy to recover the law of A7 under Q" from points 1 and 2
in Theorem B.6. We may already prove that, under Q(®), one has AL = a a.s. Indeed, this
follows from :

2 lacs

if b> a, Q(a) (As > b) = ; \/m EO(X Ay >b|A— )
_(x5)?
+ Eo< - _aA_ lpca,<a € 2(“*’4;)) =0

Hence, passing to the limit as s — oo, if b >a : Q*(A >b) =0
On the other hand, it is clear that EO(lA;<a|At_ =a) =1 (t > s), hence, passing to the
limit as t — oo, and then, letting s — oo we obtain :

QWAL <a) =1
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Finally, from (6.15), we get :

hia= <p— [ M) @ 4- o [M )
Qs <h = [TER QUL <hia= [

B.2.6. Computation of Azéma’s supermartingale Z; := Q"(g > t| ;).
Let

g=inf{t >0; Ay = A} =sup{t >0; X; <0} (6.30)

Lemma B.7. The following explicit formula holds :

* dv
; \/_ h(A; +v)

M}

1= Q" (9> t|F) = 1(x,<0) + Lxi>0) (6.31)

Proof of Lemma B.7. We note that, for A, € F; :

Q" (1ys41a,) = Q"(1a,1x,<0) + Q" (1a,1x,501d,<00)

(where d; denotes the first return time to 0 after time ¢t)

= Qh(lAtht<0) + E(lAt 1Xt>OM£Lt))

We have :

MCZ:\/%h(A;t)XC‘ZJr ; \f h(Ag, +v) = i jl; h(A; +v) (from (6.14))

since X4, = 0 and A;t = A, on the set X; > 0.
Hence :

* dw
\/_ h(A; +w)
Qh(lg>t1At) = Qh <1At <1Xt<0 + 1x,>0 0 ))

M}

This proves (6.31). O

B.2.7. We now prove that Q"(g < 00) = 1.
We deduce from (6.31) that :

Qly<t] = 1-Qlg>1]
> dv
= 1- E{1Xt<0Mth +1x,>0 0 \/_ h(4; + v)]
= V2 E[X; h(A))]

(from (6.26) and since (Mth7 t>0) is a martingale s.t. E(M}") = 1)

/ h(A from Ito-Tanaka formula

— gE</O (A7 )dL \/7 /h dLTa
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where (74, a > 0) denotes the right continuous inverse of (A; )

= 2ﬁE</ h(a) dLa) (since (X;., a > 0) is distributed as (|X,|, a > 0))
2 0

~—

::2¢§AMM@EMLJ:AW%%da:1
ST

B.2.8. We now describe the canonical process (X, ¢t > 0) under Q".

For this purpose, we shall use the technique of enlargement of filtrations. Thus, let (G;, t > 0)
denote the smallest filtration which makes g a (G; t > 0) stopping time, and which contains
(Ft, t>0).

The application of Girsanov’s Theorem and (6.14) imply the existence of a (F;, Q") Brownian
motion (B, t > 0) such that, under Q" :

b1 _ ® dw _(x5)? _ _
X, :ﬁt+/0 Msh{\/%h(fls)lxsw— (/0 e h(A +w)) X[ bds (6.32)

We now apply the enlargement formulae (cf J], [JY], [MY]) We first observe that :

* dw

NG h(A; +w)
dz, = —20 e (V2m h(A7)1x,>0 dX;) +d (b.v. term) (6.33)
t
where b.v. means bounded variation and therefore :
o dw h(A; 4+ w)

d<Z, X >=-2 Vi

e V21 h(A7) 1(x,>0)dt (6.34)

Thus, there exists a ((gt, t>0), Qh) Brownian motion (Bt, t > 0) such that :

~ 1 * d xp)?
dX, = dB + —h{\/27r h(A7) 1,50 — (/ Y e (4 +w)> X;}dt
0

w32
Flicy| — Jo” dw(]\};;)l £ (V27 (A} ) 1x,50) I 24;1 i
1 - 2 dw(% A L) mﬂvﬂdt
This yields, after some simplifications :
X G /OtAg Mig(/ooo % e_%h(/ls_ —I—w)) X, ds+ t:g ;l(_ss (6.35)

since, after g, X, = 0, hence X;" = X;.
Points 4 iii) and iv) now follow immediately from (6.35).
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Remark B.2. When h(z) = e s (A >0, > 0), the equation (6.35) simplifies as :

(6.36)

- thg \/Xs—)\% t o ds
XtZﬁt—/
0

ds + —
s tAg Xs

NiV2r X — VX

and this formula (6.36) follows from :

00 )2 =2\ —1/4
| e = (B ok vix)
0

—75 €
w32

o —2 —)2\ +1/4
/ dw ~ gy, = (@) / 2Ky )5 (VAXS)
0

—5€
wl/2

1
and from : K_%(z) = K%(z) = (1) Te? ([Leb], p. 112 and p. 119).

2z
B.2.9. A little mystery
Theorem B.6. shows that the process (X;, t > 0) is not Markovian under Q", whereas the
2-dimensional process ((Xt, A7), t> O) is Markovian.
Indeed, g is not a (F;, t > 0) stopping time and the dynamics of (X) is not the same before

and after g. On the other hand, we know (see [RVY, I]) that if h(z) := e 27 A,z >0),
then the Q"-process is Markovian. It is the diffusion with infinitesimal generator :

/

'@ =5 /'@ + S @f @, feC

2

where ¢ denotes the unique solution of ¢” = A\p, p(—o0) =0 ; ¢'(+00) = \/j In this case,
T

the solution of this equation (see (5.27)) takes the explicit form :

oa(z) = \/g{e””ﬁ % <0+ (a: + \%)190} (6.37)

Under Q", we obtain :

t
d
X; =B+ / % (compare with (6.36)) (6.38)
0o Xu + oY
where (B, t > 0) is a ((F, ¢t > 0), Q") Brownian motion. The martingale (M, s > 0) is
equal to :
h A7
MY = ox(Xo)exp( = § | 1o (Xo) du) (6.39)

This example motivated us to raise the question : which are the functions h such that the Q"
process is Markovian ? The answer is given by the following :

Proposition B.9. : Let h be regular, bounded, satisfying equation (6.10) and such that
the process (Xi, t > 0) is Markov under Q™. Then, there exists X > 0 such that h(z) =

e 327 (x> 0).
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Proof of Proposition B.9. :
To answer this question, we come back to equation (6.32). The problem is to find under which
conditions the drift term :

a ® dw _(x)? _ a
V 27T h(At ) 1Xt>0 — (/0 W e 2w h(At + w)) Xt

® dw _(x)? _
me 2w h(At —|—w)

(6.40)

V2m h(A7) X+ /
0

does not depend on A; . Considering this expression when X; < 0, the problem amounts to
study the functions h for which :

© du 2
:E/O wTu/;e_Eh(a—l-w)

* d 22
/0 wTu/)ze_%h(a+w)

= (x) (6.41)

does not depend on a. (6.41) may be written : % log(0(x,a)) = —(x) where we have

0 2
denoted : 0(x,a ::/ ~— e 2ah(a + w).
@a)= [ SE e Ehatw

Hence, by integration we obtain the existence of two functions ¢1 and o such that :
° T 2
e 2wh(a+w)dw = pi(a)p2(x 6.42
| = e b+ wydu = i@ (642)
Letting x — 0 in (6.42), we obtain h(a) = ¢i1(a)p2(0). Note that the LHS in (6.42) writes
1
E(h(a+Ty)), where (T, z > 0) is the E—stable subordinator of Brownian first hitting times.

Hence we have :

E[h(a+T;)] = Pu(h)(a) = E[p1(a + Ty)2(0)] = ¢1(a)e2(0) (6.43)
where (P,,z > 0) denotes the semi-group associated with the subordinator (7, z > 0),
2 (1
whose infinitesimal generator is (W> ?. In other terms, from (6.42), we get :
x
Proi(a) = e2() e1(a) (6.44)
©2(0)
2
1 is an eigenfunction of P, and consequently an eigenfunction of 922 1 being positive
x

and bounded : 1(a) = ce™2% (a,A > 0) and h(a) = ¢ e~2%p(0) = ce™3°.
7 Part B.3. A local limit theorem for a class of additive func-

tionals of the ”long Brownian bridges”.

In this section, our aim is to obtain results similar to those in Section B.1, but, now, Brownian
motion (X, s > 0) is being replaced by the Brownian bridge with length ¢, with ¢ — oco. ¢
denotes a function from R to R4, which is Borel, and such that :

0< /OO (1+ 2?) q(z) dz < co. (7.1)

41



Al ::/0 q(Xs) ds (7.2)

Theorem B.10.
1) For every x and y € R, and >0 :

t
M T Pug(T)Puq(y)
E, (exp( 5 /0 q(Xs ds)‘Xt = y> ed T (7.3)
where @,, denotes the unique solution of :
. 2
¢ =(ng) ¢, lim ¢'(w) =— Tim ¢'(x) =4/~ (7.4)
2) lim  t P, (Af € dz| Xy = y) = vy %1y (d2) (7.5)

t—o0

where v, and v, have been defined in Theorem B.1. The convergence in (7.5) has the same
meaning as in Theorem B.1.

Proof of Theorem B.10.
Without loss of generality, we shall assume that p = 1.

B.3.1. Lemma B.11.
There exists a constant C' > 0 such that :

E, (exp( — %/Ot q(Xs) ds) |Xt = y) < Ce% (1+ |$1|)—£1t+ |y|) (7.6)

Proof of lemma B.11.
1) As an intermediary result, we already show that :

E, (exp( — %/Ot q(Xs ds) |Xt = y) <Ce = y) 1 —1I__||_:E7|5 (7.7)

for a constant C which does not depend on z, ¥, t.
To prove (7.7), we condition with respect to X5, and we get :

E, (exp( — %/Ot q(Xs) ds) |Xt = y) (z%y) \/_/ exp t/2|Xt/2 = c>

_(@—0)? c)2 w— c>2

1
E. <eXp t/2|Xt = y) dc (7.8)

1
n (7.8), we majorize Ec<exp — EAf/2|Xt/2 = y) by 1, and we get :

1 (@—1)? @)
E, (eXp — §A§|Xt = y) e < \/_ / eXp t/2|Xt/2 = c) e 2t2 dc
1+ |z
< Folow - a0,) <0 T
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from Lemma 4.3 in [RVY, I]. Thus, we have obtained (7.7).
2) Then, plugging the estimate (7.7) in (7.8), we obtain :

(z—c)?
1 w2 C(1+]y) [ 1 e =i
lon( 3 -) = D o L) S
CL+lal) (L +yl) w2
= T+t ‘

since :

E, (exp L t/z\Xt/g = y> E, (exp - %Ag/2‘Xt/2 = c)

and
(@=)? C(l-HyD 1 (@=y)? (1+’?JD(1+’$D
AV Ef”(‘aXp_iAg/?'Xt/? :C> se = C 1+t

by applying once again Lemma 4.3 in [RVY, I].
B.3.2. Lemma B.12. !
Let Z(t,z,y) = E, (exp — §A3\Xt = y) On the other hand, let U(t,xz,y) denote the

solution of :

ou 1 0%U
- (tz,y) — 262( wy)+ U(t,z,y)q(x) =0 (7.9)
U(0,e,y) =4,
Then : Z(t,x,y) = V2nte g U(t,z,y).
In particular, it follows from Lemma B.11., that :
(1+]z)(1+|yl)
Ult <C 7.10

Proof of Lemma B.12.
We know that, for every regular function f :

zl(t,x) = E, [exp( — %Af{) f(Xt)]
is solution of :

ozl 10%°zF 1
ot 2 o2 +§Zf'q:07 Zf(O,x):f(x) (7.11)

It suffices, in order to obtain Lemma B.12, to write :

Ex{(exp( - 1Ag)) fE(Xt)]
Z(t,,y) = lim Ex(fi(Xt))

where f. is a family of functions which converges weakly towards d,, and to use (7.11).
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B.3.3. We define, for every A >0 :

A\ z,y) :/ e MU(t,z,y) dt (7.12)
0

Since Z(t,x,y) is a decreasing function of ¢, we deduce the following equivalences from the
Tauberian theorem :

) 2t w,y) ~ T @q(T)pq(y)

t—oo 2 t
il) Ultz,y) ~ 2\/\; (pq(jg),;’;q(y)
i) |55 A o) = =55 A e) = = wu@hon(o) (7.13)

We shall now show (7.13). We already deduce from Lemmas B.11 and B.12 that :

)l\i]_rr)%)A(/\,x,y) = /000 Ult,z,y)dt < oo (7.14)
A\ayy) < C(1+]a]) (1 + yl) (7.15)
SFAGaw)| < T= i)+ ) (7.16)

To prove (7.13) we shall show that : ¢ (z,y) := )l\m%\/x({% AN\, z,y) satisfies the Sturm-

Liouville equation (for any fixed y) :

2
% Y =1q, with adequate limit conditions in x = Fo0 (7.17)
B.3.3.1. We get, from (7.9) :
(z— 2)2
1 (z—y)? y)2 e 20=s)
Ut x, e — —/ ds _ z)dz 7.18
Thus, after taking the Laplace transform of the two sides of (7.18), we obtain :
1 o
Ao) =) = 5 [ ar(e2) A ) gl (7.19)

where gy denotes the density of the resolvent kernel of Brownian motion :

1 —|lz—2
g)‘(x’z):ﬁe I ‘\/ﬁ

We write (7.19) in the form :
1
Aa,y) = Ga [, = 5 (AR o,9) (#)] (@) (7.20)
with for any Radon measure yu(dz) :

Gp (x) == /_OO ga(z, 2) p(dz) (7.21)
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2

— Ghp = =2+ 2AG) p, to obtain :
Ox?

and we use the resolvent equation :

2

922 AN\ x,y) =20 A\, z,y) — [25y — A\ z,y) q(:z:)] (7.22)

As a consequence, differentiating with respect to ), then multiplying by v/, we obtain :
0A
(N z,y) g(x) = 2V XA\ 2, y) + 2372

0” (\/XaA Oz y)) /o4 (A x,y) (7.23)

dx? oA o)) oA
L 0A .
Hence, from (7.16) and (7.15), and denoting A(\, z,y) := VA 3N (A, z,y), it follows that :
0%~ ~
S (A zy) = AN 2,y) @) < CVAQ+lal) (L +1yl) (A —0) (7.24)

(7.24) is the first step to prove that g()\,m,y) converges, as A — 0, to a solution of the
Sturm-Liouville equation (7.17).
B.3.3.2. We now examine the limit conditions in x = +o0.

We come back to equation (7.19) which we differentiate with respect to A, then we multiply
by A :

VI zy) = —%A(A,x,m—% [ e R = 3,00 — A 2 ) al)z)
\}_ ~le= Z"/_A()\,a:,z)q(z)dz (7.25)

From (7.16) and (7.14), respectively we deduce that :

\/XZ()\, x,y) = 0 and A(\ x,y) convergesas A\ — 0.

hence, from (7.25), since / (1+2?)q(dz) < oo
lim e“x_zwﬁg()\,x,z) q(z)dz exists. (7.26)

A—=0 ) _

On the other hand, differentiating (7.25) with respect to z, we obtain :

g—i()\,x,y) = aa—f—%{ /_9; e“x_zwﬁg()\,z,y) q(z)dz—i—/:o e"m_z‘mg()\,z,y) q(z)dz} (7.27)
with
Bo—— 2\1/,{144— / “le=2IVIX (N, 2, ) g(=)dz — 6, (d2)) (7.28)

We deduce from (7.27), (7.26) and (7.28) that :

0 0
lim @A(A T,y) = — ;lgb @A(A z,y) =C(y) (7.29)
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(cf [RVY, 1], p. 194-197 for similar computations). Thus, from the equivalence between i),
ii) and iii) which we recalled in (7.13), we get :

E, [exp - %/Ot q(Xs)ds‘Xt = y] ~ vz, y) (7.30)

t—o00 t
where 1 is solution to :

0%

O ) = by a@), Jim Py = im 9y =) (7.31)

r—-+00 agj T——00

Thus, from the definition of ¢, (see(7.4)), we get :

T
$(o) = O 3 )
Now, since Z(t,z,y) is symmetric in z and y :

Y(w,y) = Kpg(r)pq(y) (7.32)

It remains to determine the value of K. For this purpose, we write :
1 t
q(x) = Ex((exp< -5 / ds q(XS))> gpq(Xt)>
0

1
(since ¢q(Xy) exp( —3 Ag), ¢t >0 is a martingale)

o0 e 2t
_ /_OOEx(exp(—iAg)‘Xt =)~ ¢alu)dy
(z—y)?

* wq(x)i0q(y)

t_”jOOK 3 " ©q(y) N dy
K T K x) 2
= S Bk S 2

s

2 2
since p4(2) ~ \/j |z|. Hence K— =1 and K =
|z|] =00 V T m 2

Thus, we record our result, which is point 1 of Theorem B.10.

4) Point 2 of Theorem B.10 may be proven, which the help of (7.3), exactly as Theorem
B1.1.

Remark B.13. Under our hypothesis H1 on ¢, there is the equivalence :

202 = Bx (o0 = 5 [ aC0)isIX =0) 2 o@)enty)

2 t—oo

Intuitively, we may think of the bridge of duration ¢t going from x to y as ”resembling”,
as t — oo, to the concatenation of two brownian motions each being defined on a time

t
interval [0, 5}, with the first one starting from z to y as "resembling”, as t — oo, to the
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t
concatenation of two brownian motions each being defined on a time interval [O, —} , with the

first one starting from x and the second one, after time reversal, starting from y, these two
parts being independent. If this were true, then :

Z(t,x,y) = FEy (exp — %A3|Xt = y) =FE, (eXp — %Agﬂ) - By (exp — % Ag/2>
0q(®) @qly) 4 (j soq(:v)soq(y)>

t—o0 12 \Jt/2 m\2 t

4
Note that the factor — which we just obtained measures, in some sense, the default of inde-

T
pendence of these two brownian components.

Remark B.14. Theorem B.10. allows to ”penalize long Brownian Bridges”. More precisely,
for every s > 0 and A; € F :

Ex(lAs exp( —1 %Ag>|Xt = y> .
el ) )

Pq(Xs)
Pq(2)

comparing with Theorem 5.1 in [RVY, I], the penalisation is the same for ”long bridges” as for
Brownian motion itself. Once more (see [RVY, III]), we obtain that a long bridge of duration

t, as t — oo, behaves as a free Brownian motion.
Finally, we show (7.33).

E, (15, M#) (7.33)

s S

1
with M{ = xp( b Ag), et (MY, s > 0) is a positive martingale. In other terms,

1 1 t
L, (1AS exp — %Angt = y> E, (1/\3 (exp - §AZ) Ex, s (eXp 3 / q(Xy)du| Xy = y))
= S
L a 1
E, <exp - 5 Ag|Xt = y) E, (exp — 5 A?|Xt _ )
X
E, <1AS exp( — %Ag) . Pal t s)%(y)>
= —3 — B, (15 M?).
=0 20@)¢y(¥) ooy Do M)
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