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This paper deals with systems of polynomial differential equations, ordinary or with
partial derivatives. The embedding theory is the differential algebra of Ritt and Kolchin.
We describe an algorithm, named Rosenfeld Grobner, which computes a representation
for the radical P of the differential ideal generated by any such system ¥. The computed
representation constitutes a normal simplifier for the equivalence relation modulo p (it
permits to test membership in P). It permits also to compute Taylor expansions of

solutions of 3. The algorithm is implemented within a package]L in MAPLE V.

Introduction

The following system X (which has no physical significance) is a system of three poly-
nomial differential equations with partial derivatives.
2

(52 @) - tuten)

58 (2 o) (2 oo iy +1=0
amayu T,y ayv T,y u(z,y =0,
2

0
—v(z,y) — — u(z,y) = 0.
552 V@ y) — 5oz, y)
In the following, we denote (for short) derivations using indices. The system ¥ becomes
u? —4u =0,
YO ugyvy —u+1=0,
Uga — Uy = 0.

T A part of this work (in particular the MAPLE package) was realized while the first author was a
postdoctoral fellow at the Symbolic Computation Group of the University of Waterloo, N2I. 3G6 Ontario,
Canada.

T The package is available for MAPLE VR3 and R4. Tt is going to enter the main library of MAPLE
VR5.
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The Rosenfeld Grobner algorithm that we present in this paper computes a representa-
tion of the radical p of the differential idealt generated by 3. This representation tells us
in particular that the solutions of ¥ (which turn out to be polynomials) depend on three
arbitrary constants and permits us to compute Taylor expansions of these solutions. If we
expand them in the neighborhood of the origin then the arbitrary constants are (0, 0),
v(0,0) and v,(0,0). For u(0,0) = 5, v(0,0) = 421 and v,(0,0) = 7 our algorithm gives
us (computations are detailed in section 8)

1 .
u(z, Z/):5+$V10\/§+yv10+az2+azy\/§+§yz,
1 .
v(z,y) =421 +zm+2y V2 + §$2V10\/§+ajy\/10+

1 1 1 1 1
Zy2v10\/§+§x3+§x2y\/§+§wy2+ﬁy3\/§.

The applied mathematical theory is called differential algebra. It was initiated mostly
by French and American researchers at the early twentieth century (Riquier (1910), Janet
(1920) and (1929) and Ritt (1932)) and really developed by the American teams of Ritt
(1950) and Kolchin (1973). Differential algebra aims at studying differential equations
from a purely algebraic point of view. It is much closer to ordinary commutative algebra
than to analysis.

The Rosenfeld-Grobner algorithm represents the radical of the differential ideal gen-
erated by any finite system X of polynomial differential equations as a finite intersection
of differential ideals t’s (that we call regular).

p=vV[E=un---nNr,.

Each regular differential ideal t; is presented by a set of differential polynomial equa-
tions C; which satisfies:

1 Cj; is a canonical representative of t;,

2 C; reduces to zero a differential polynomial p if and only if p € ¢;.

Therefore, the set of the C’s constitutes a normal simplifier for the equivalence relation
modulo p (i.e. an algorithm which decides membership in p). The simplifier is not canon-
ical for the representation may contain redundant components: every differential prime
ideal which is minimal over p is minimal over at least one of the regular differential ideals
produced but the converse is not true.

Assume the solutions of p depend on finitely many arbitrary constants. The algorithm
separates the solutions which do not depend on the same number of arbitrary constants.
In our introductory example, only one regular differential ideal was produced. This proves
that all the solutions of p depend on three arbitrary constants.

An implementation of this algorithm was realized for the MAPLE V computer algebra
software. It is embedded in a package named diffalg.

I We make precise in further sections some of the notations and the terminology used in this
introduction
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USED THEOREMS

The Rosenfeld—Grobner algorithm relies mainly on three theorems:

1 a theorem of zeros (Hilbert’s Nullstellensatz), which states that a polynomial p
belongs to the radical of an ideal presented by a basis ¥ if and only if every solution
of ¥ is a solution of p ; we apply this theorem in the algebraic and in the differential
case,

2 a lemma of Rosenfeld, which gives a sufficient condition so that a system of poly-
nomial differential equations admits a solution if and only if this same system,
considered as a purely algebraic system admits a solution,

3 a lemma of Lazard, which establishes that each regular ideal t is radical and that
all its prime components have a same parametric set (this property is stronger than
“defining an unmixed algebraic variety”).

It utilizes only the operations and the equality test with zero in the base field of the
equations: we refer to Ritt’s reduction algorithms, computations of Grébner bases and
splittings similar to those in the elimination methods of Seidenberg (1956). In particular,
it does not need any factorization.

NEW RESULTS

The Rosenfeld—Grobner algorithm was first described by Boulier (1994) and improved
by Boulier et al. (1995). This paper contains new results.

We give in section 2 a proof of Lazard’s lemma which is more precise than the one we
gave in Boulier et al. (1995), lemma 2, page 161.

We give an original presentation of the fundamental Rosenfeld’s lemma. We present it
as a property of some class of systems of polynomial differential equations and inequations
instead of a property of some class of sets of differential polynomials.

We give a version of Rosenfeld’s lemma more general than the one of Rosenfeld (this
was already proven by Boulier (1997)) and not contained in Kolchin’s version. Briefly,
our version only imposes to the ideals to be saturated by the separants of the differential
polynomials (and no more by the initials). It also only imposes to the set of equations to
be triangular instead of autoreduced (but this is anecdotic). Since Lazard’s lemma also
holds in such a situation, we formulate our theorems without considering the initials of
differential polynomials (though we do it in our implementation for efficiency reasons).
This is an improvement w.r.t. Kolchin’s theory.

We prove new results for regular ideals: theorems 4.2 and 6.1. The former permits to
compute the minimal differential prime components of regular ideals and provides also
informations about these prime ideals without having to compute them ; the latter gives
us an original presentation of a well known proof about formal power series.

The algorithm presented is much more efficient than the one of 1995. It applies for
polynomial differential equations an analogue of the second criterion proven by Buch-
berger (1979) for Grobner bases. Our implementation of this criterion was designed after
the method of Gebauer and Moller (1988).
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COMPARISON WITH OTHER METHODS

There is a strong relationship between our algorithm and Seidenberg’s work. Anton
Seidenberg (1956) designed elimination algorithms for systems of ODE and PDE in
characteristic zero and non zero. His PDE elimination algorithm in characteristic zero
actually solves the same problem we are solving: deciding membership in the radical
of a finitely generated differential ideal. He proved (theorem 6, page 51) an analogue of
Rosenfeld’s lemma which is a bit weaker (restriction to orderly rankings on the derivatives
of a single differential indeterminate) and more technical (note Rosenfeld (1959) presents
his lemma as a new version of Seidenberg’s theorem). In his theorem 11, page 59 he shows
that, if ¥ is a system which satisfies the hypotheses of his theorem 6 then every algebraic
solution of ¥ furnishes a unique differential solution. He showed later (Seidenberg, 1969)
how differential solutions can be converted as formal power series.

There are differences between Seidenberg’s algorithm and ours. The most important
is the following: the Rosenfeld Grobner algorithm computes a representation of radical
differential ideals which can be used afterwards for testing membership in the ideal many
times afterwards while Seidenberg’s decides if a differential polynomial p belongs to the
radical of the differential ideal generated by a finite family ¥ by eliminating successively
all the differential indeterminates which occur in the system ¥ = 0, p # 0 in order to test
if this system admits solutions (Hilbert’s theorem of zeros). The answer of his algorithm
is a boolean.

Another important difference: Seidenberg’s elimination algorithms are restricted to
elimination rankings between differential indeterminates which induce very explosive
computations, while orderly rankings are handled by the Rosenfeld Grébner algorithm
(this is the case for instance in our introductory example).

Ritt (1950) gave a method to decompose the radical of an ordinary differential ideal
as an intersection of prime differential ideals, providing a characteristic set for each
of these ideals. This decomposition is not the minimal one because of the redundancy
problem (still open). That algorithm is inconvenient because it is only partially effective:
it proceeds by factorization over a tower of algebraic field extensions of the field of
coefficients. To our knowledge, it has not been implemented. It only applies for ODE.

Wu Wen Tsiin (1987) designed a variant of Ritt’s algorithm for ordinary differential
equations, with a notion of characteristic set weaker than Ritt’s (e.g. a characteristic set
in the sense of Wu may have no solution). Other authors (e.g. Wang (1994)) developed
later Wu’s and Seidenberg’s ideas. These algorithms only apply for ODE.

Ollivier (1990) and Carra-Ferro (1987) have independently tried to generalize Grébner
bases to systems of ordinary polynomial differential equations. These differential Grobner
bases are in general infinite, even for ODE systems.

Another definition of differential Grébner bases was attempted by Mansfield (1991).
The algorithm DIFFGBASIS, implemented in MAPLE, utilizes Ritt’s algorithm of re-
duction and then always terminates. It handles PDE systems. In general however, it
cannot guarantee its output to be a differential Grobner basis. Note that the member-
ship problem in an arbitrary differential ideal is undecidable (Gallo et al., 1991), and the
membership problem of a finitely generated differential ideal is still open.

Bouziane et al. (1996) and Maarouf (1996) designed recently a variant of the Rosenfeld—
Grobner algorithm. They started from the algorithm of Kalkbrener (1993) which compute
decompositions of radicals of ideals in non differential polynomial algebras. They describe
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a method for computing characteristic sets of prime differential ideals different from our
methods given in Ollivier (1990), Boulier (1994) and Boulier et al. (1995), section 5, page
164.

Reid et al. (1994) and Reid et al. (1996) developed algorithms for studying systems
of PDE and computing Taylor expansions of their solutions. These methods are based
more on differential geometry than on algebra. They do not claim to be as general as the
Rosenfeld Grobner algorithm.

ORGANIZATION OF THE PAPER

Sections 1 and 2 deal with commutative algebra. The former contains preliminaries; in
the latter, we prove Lazard’s lemma and show how some computations can be performed
in dimension zero. Section 3 contains differential algebra preliminaries. In section 4 we
prove our version of Rosenfeld’s lemma and some technical results which will be used for
efficiently testing the coherence hypothesis of this lemma (in particular, we show there
our analogue of Buchberger’s second criterion). Section 5 shows how to represents radi-
cal differential ideals as intersections of regular differential ideals. This is the core of the
Rosenfeld—Grobner algorithm. In the next section, we show how to compute canonical
representatives for regular differential ideals and we state the Rosenfeld—Grobner algo-
rithm as a theorem (theorem 6.4) with an effective proof. The algorithm is obtained by
translating the proof in any programming language. In section 7 we explain how alge-
braic solutions of regular differential ideals can be expanded as formal power series. A
few examples are developed in the last section.

1. Commutative algebra preliminaries

Let R = K[X] be a polynomial ring where K is a field and X is an alphabet (possibly
infinite) endowed with an ordering R. Let p € R\ K be a polynomial. The leader of p
is the greatest indeterminate x € X w.r.t. R which appears in p. It is denoted Id p. Let
d = deg(p,z) be the degree of p in x. The initial i, of p is the coefficient of z¢ in p.
The separant s, of p is the polynomial dp/dz. The rank of p is the monomial z®. Tt is
denoted rank p. The rank of a set of polynomials is the set of ranks of the elements of
the set.

If AC R\ K is a set of polynomials then I4 (respectively S4) denotes the set of the
initials (respectively separants) of the elements of A and Hq = I4 U Sa.

If p and ¢ are two polynomials with ranks z¢ and y® then ¢ < pify < z ory =z
and e < d.

Let A = {p1,...,pn} and A" = {p}, ..., p/,} be two nonempty subsets of R \ K.
Renaming the polynomials if needed, assume rank p; < rank p;;; and rank p; < rankpj,
for alli < n, j <n'. The set A is said to be less than A’ if there exists some i < min(n,n’)
such that p; < p; and rank p; = rankpj for 1 < j <i else if n > n’ and rank p; = rank p}
for 1 < j < n'. Two sets of polynomials such that none of them is less than the other
one are said to have the same rank.

A subset A of R\ K is said to be triangular if the leaders of its elements are pairwise
different.

If A C R then (A) denotes the smallest ideal of R containing A. If a is an ideal of R
then the radical v/a of a is the ideal of all the elements of R, a power of which lies in a.
An ideal equal to its radical is said to be radical. Any radical ideal ¢t of a polynomial
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ring R = K[X] (X finite) is a finite intersection of prime ideals which is unique when
minimal.

A component (say pq) of an intersection ¢t = p;N- - -Np,, is said to be redundant w.r.t. ¢
ift=psN---Np,. An element p of a ring R is said to be a divisor of zero if p # 0 and
there exists in R an element ¢ # 0 such that the product pg = 0.

If v is an ideal and S is a finite subset of a ring R then the saturation v: S of t by
S is the ideal of all the polynomials p € R such that there exists a power product h of
elements of S such that hp € t.

1.1. GROBNER BASES

In this section R = K[X] denotes a polynomial ring over a field. We only recall some
properties of Grobner bases. The books of Cox et al. (1992) and Becker and Weispfenning
(1991) provide a real presentation.

If B is a Grobuer basis of an ideal t of a polynomial ring R = K[X] for an ordering R.
The reduction by B, denoted %) preserves the equivalence relation mod t and we have

1 t=(B),

2 wher(l 1‘2 is reduced, a Grobner basis is a canonical representative of ¢ (it only depends
on the ideal and on the ordering),

3 the ideal t is equal to R if and ounly if 1 € B (Becker and Weispfenning, 1991,
corollary 6.16, page 257),

4 given any p € R, there exists a unique polynomial p irreducible by B such that
P —;> p. This polynomial is a canonical representative of the residue class of p

modulo t (it only depends on the ideal and the ordering). In particular, if p € ¢
then p =0,

Even if X is infinite, one can compute Groébner bases of finitely generated ideals of
K[X]. This remark is important since we are going to compute Grobner bases of (non
differential) ideals in differential polynomial rings. The theoretical justification is given
by the following lemma.

LEMMA 1.1. Let v be an ideal of a ring R and x be transcendental over R. If ¢ denotes
the canonical ring homomorphism ¢ : R — R[x] then ¢~ ' (¢t) = t.

Let A ={p,...,pn} and S = {s1, ..., s, } be finite sets of polynomials of R. Let
{21, ..., zm} be a finite set of indeterminates over R. One gets a Grobner basis By of
the ideal S71(A) of S™!R by computing a Grébner basis of the set

{p1, - spn, 5121 — 1, .0 Smzm — 1}

for any ordering (Eisenbud, 1995, exercise 2.2, page 79). Each z; stands for 1/s;. To get
a Grobner basis By of (A) : S°°, compute first By for any ordering which eliminates the
z’s. Then By = By N R (Becker and Weispfenning, 1991, proposition 6.15, page 257).

2. Lazard’s lemma

Lazard’s lemma (theorem 2.1) is a result of commutative algebra, interesting in itself.
It was first published in (Boulier et al., 1995, lemma 2, page 161) with a proof relying on
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basic arguments. During the Special Year in Differential Algebra and Algebraic Geometry
organized in 1995 at the City College of New York by Prof. Hoobler and Sit, a weakness
in the proof was pointed out': there was a claim which was true but not proven. Morrison
(1995) proved then a generalized version of the lemma which is presented in Morrison
(1997). Another proof was written later by Schicho and Li (1995). The one we give here
only relies on elementary commutative algebra (say van der Waerden (1966), chapter 15).
In this sense, it is simpler than the other ones. The knowledge of Morrison’s proof helped
us to fix ours. Section 2.2 contains the argument (Ollivier, 1998) missing in (Boulier
et al., 1995).

DEFINITION 2.1. (regular algebraic systems)
A system A =0, S # 0 of a polynomial ring R is said to be a regular algebraic system
(for an ordering R) if

1 A is triangular,
2 S contains the separants of the elements of A.

The ideal (A): S is called the regular algebraic ideal defined by the system. The system
is said to be inconsistent if (4) : S°° = R. It is said to be consistent otherwise.

THEOREM 2.1. (Lazard’s lemma)

Let A =0, S # 0 be a consistent reqular algebraic system of a polynomial ring R =
K[X]. Denote L the set of the leaders of the elements of A and N = X \ L. Then

1 the regular algebraic ideal (A): S is radical,
2 if p is a prime ideal minimal over (A): S then dimp = |N| and p N K[N] = (0).

PRrOOF. Notice it is enough to prove the theorem in the case S = S4 for, if (A): S is
radical, the ideal (A) : S° is the intersection of the prime ideals which are minimal over
(A) : ST° and which do not meet S (van der Waerden, 1966, section 15.6).

Propositions 2.2 and 2.3 imply that if p is an associated prime of (A4) : ST° then
dimp = |N| and p N K[N] = (0). This proves the point 2.

The nonzero elements of K[N] are thus different from zero and do not divide zero in
R/(A):S%. The elements of S4 are not zero and do not divide zero either in R/(A):S.

We have thus the ring isomorphismJr
Fr(R/(A): S%°) ~ Fr(S;'R/S ' (A))

where R = K(N)[L] and A denotes the image of A by the canonical ring homorphism
R — R. A product of fields is isomorphic to its total ring of fractions thus the ring
Fr(R/(A):SY) is isomorphic to a product of fields by proposition 2.1. According to the

axioms of products, Fr(R/(A) : S) contains no nilpotenti element thus R/(A): S
does not either whence (A4) : ST is radical. U

T The first author would like to thank Prof. Hoobler, Sit and in particular Prof. Sally Morrison for
many fruitful comments and email communications.

T 1f R is a ring then Fr(R) denotes the total ring of fractions of R, obtained by making invertible all
the non divisors of zero of R.

1 An element g of a ring R is said to be nilpotent if g # 0 and ¢ = 0 for some n € N.
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In the sequel, we consider the ideal (A4): ST. We denote L the set of leaders of the
triangular set A and N the remaining indeterminates. Thus (A4) : S € R = K[N, L].
We assume (A) : S # R.

2.1. LAZARD’S LEMMA IN DIMENSION ZERO

In this section we consider the case |[N| = 0.
We denote S ' R the ring localized at S4 and S;'(A) the ideal generated by the image
of (4) in S, 'R (van der Waerden, 1966, section 15.9) or (Eisenbud, 1995, section 2).

LemMA 2.1. Let K[z] be a polynomial ring in one indeterminate over a field. Let p €
K[z] be a polynomial and s be its separant. The ideal s~'K[x]/s™'(p) is isomorphic to
a product of algebraic field extensions of K.

ProOF. The ideal s !(p) is generated by the product of the irreducible simple factors
of p. These factors generate comaximal ideals in K[z]. The lemma comes from the Chinese
remainders theorem (Eisenbud, 1995, section 2, exercise page 79). [

LEMMA 2.2. If Ry is a ring isomorphic to a product of algebraic field extensions of K
and x is a new inderminate, p € Rolx] is a polynomial and s = Op/dx is its separant
then s~ Ro[x]/s 1 (p) is isomorphic to a product of algebraic field extensions of K.

PROOF. Let Rg ~ K; x --- x K. We have Rylx

[x] ~ Ki[x] X --- x Kp[z]. Denote m; the
canonical ring homomorphism Ry[z] — K;[z] (1 < i

< i < h). We have
h
s~ Rolz]/s™" (p) ~ H(m-‘?)flKi[ﬂ?]/(?fiﬁ)fl(mp)-

Since m;s = Om;p/Ox (1 < i < h), lemma 2.1 applies: each (m;s) "L K;[z]/(m;s) " (m;p) is

isomorphic to a product of algebraic field extensions of K thus so is s ! Ro[z]/s 7! (p). O

PROPOSITION 2.1. The ring SglR/Sgl(A) is isomorphic to a product of algebraic field
extensions of K.

PROOF. Apply lemma 2.2 inductively on |A]. O
2.2. NON LEADERS FORM A PARAMETRIC SET

If i and j are two ideals of R then the quotient i:j of i by j (van der Waerden, 1966,
section 15.2) is defined by i:j ={p€ R|Vq €j, pq€ i}

LEMMA 2.3. Denotei= (A):SY. If h € R then for every q € i: (h) we have

dq dq
VeeL — =0 = VxeN, — €i:(h).
Te,ax T € ,&UEI()
PROOF. Denote D the determinant of the jacobian matrix J of A, which is the product
of the elements of S4 since A is triangular.

(@)
O pEA,x€L
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Assume g € i: (h). Then there exists some o > 0 and some m, € R (p € A) such that

Dhq = Z mp P.
pEA

Assume x € L. Differentiating w.r.t. z, multiplying by D and h and applying the fact
that dq/0xz = 0 we conclude

dp
Dh Zm,,% e (A).

pEA

Denote J the cofactors matrix of J and I the identity matrix. Using the fact that J.J =
DI we find that D? hm, € (A) for each p € A which implies m, € i: (h) for each p € A
whence dq/dz € i: (h) for any x € N. U

COROLLARY 2.1. Denote i = (A): S. If h € R is a polynomial such that i:(h) # R
then i: (h) N K[N] = (0).

PROOF. If ¢ € i: (h) N K[N] then for any = € L we have d¢/0z = 0. Using lemma 2.3
we see i: (h) N K[N] is stable under the action of the partial derivations w.r.t. all the
indeterminates. This ideal is therefore either equal to K[N] (in which case i: (h) = R)
or to (0). O

PROPOSITION 2.2. If q is an isolated primary component of (A): ST then dimq = |N|
and g N K[N] = (0).

PROOF. Let h € R be a polynomial belonging to all the associated primes of i = (4): S
but not to the associated prime of q. This polynomial exists for q is isolated (van der
Waerden, 1966, section 15.6). For # > 0 great enough, h® belongs to all the primary
components of i but not to q and we have i: (h?) = q. Corollary 2.1 implies qn K[N] = (0)
whence dim q > |N]|.

Now, denote R = K(N)[L] and denote A the image of A by the canonical ring homor-
phism ¢ : R — R. If p is a prime ideal minimal over i then p = (¢p) is minimal over the
ideal j = (A): ST (van der Waerden, 1966, section 15.9). The proposition 2.1 implies
that dimp = 0 whence dimp = |[N|. O

PROPOSITION 2.3. If q is a primary component of (A): ST then q is isolated.

PROOF. Assume i = (A) : S admits an imbedded primary component gq. By proposi-
tion 2.2 we have dimq < |N| whence g N K[N] # (0). There exists some polynomial h
(taken in all the isolated components of i but not in q) such that i:(h) # R. Since i: (h)
contains an intersection of imbedded primary components of i we have i:(h)NK[N] # (0).
This contradicts corollary 2.1. [

DEFINITION 2.2. (associated Grébner basis)

Let A =0, S # 0 be a consistent reqular algebraic system of a ring R = K[X].
Denote L the set of the leaders of the elements of A and N = X \ L. The reduced Grébner
basis of the ideal (A): S, computed in the ring K(N)[L] for the elimination ordering
given by the ordering over X is called the Grobner basis associated to A =0, S # 0.
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COROLLARY 2.2. If A=10, S # 0 is a consistent regular algebraic system of a polyno-
mial ring R = K[X] and z; € X is an indeterminate then the following conditions are
equivalent

1 x; is the leader of some element of A,

2 x; is the leader of some element of the Grébner basis associated to A =0, S # 0,

3 x; is the leader of a characteristic set (for the ordering defined over X) of any
prime ideal minimal over (A):S°°.

2.3. COMPUTING IN DIMENSION ZERO

Let A =0, S # 0 be a regular algebraic system of a polynomial ring Ry = K[X] for
an ordering R. Let L C X be the set of the leaders of the elements of A and N = X \ L.
Denote tg = (A4) : S and By the reduced Grobner basis of tg w.r.t. the elimination
ordering given by R.

Let Ry = K(N)[L] be the polynomial ring obtained by extending the ground field K
with N and ¢ the canonical ring homomorphism Ry — R;. Denote t1 = (pA) : (¢S)>®
and B; the Grobner basis associated to A = 0, S # 0. The basis B; is a Grobner basis
of r;.

Because of theorem 2.1 the ring homomorphism Rg/tog — R;/t; is injective and there
is a one to one correspondence between the prime ideals p1, ..., p,, which are minimal
over tyg and the prime ideals gy, ..., q,, which are minimal of t;. The ¢’s are dimension
zero ideals thus so is t;.

Therefore, though By is not a Grobner basis of tg, many computations can be performed
using the latter since

1 for any p € Ry we have p € tg if and only if ¢p F%) 0,
1

2 a polynomial p € Ry is a divisor of zero modulo ty if and only if p is a divisor of
zero modulo vy,

3 minimal triangular subsets of By have the same rank as minimal triangular subsets
of B] .

The basis By turns out to be much smaller and faster to compute than By. It is
sometimes faster to compute Grobner bases of regular algebraic ideals in dimension
zero in MAPLE than to compute the Grébner bases in dimension d > 0 using the GB
software of Faugere (which runs usually one thousand times faster than the MAPLE’s
implementation of the Buchberger’s algorithm).

3. Differential algebra preliminaries

The reference book is the one of Kolchin (1973), chapters I IV. Readers who discover
the theory had probably better however to start with the book of Ritt (1950).

A differential ring is a ring endowed with finitely many derivations dy, ..., d,, which
commute pairwise. Derivation operators are denoted multiplicatively 8 = 7' - 6%

where the a’s are nonnegative integers. The sum of the exponents a’s is the order of 6,
denoted ordf. The identity operator has order 0. All other operators are said to be
proper. If = 67" ---§% and ¢ = 65" <<+ 6Pm then ¢ = (5?‘“" o §amFbm If q; > b,
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fori =1,..., m then (8/¢) = §%* " ... §2m~bm  The monoid of derivation operators is
denoted O.

If R is a differential ring and S C R then ©S denotes the smallest subset of R containing
S and stable under derivation. If Ry C R; are two differential rings and S C R; then
Ro{S} denotes the smallest differential ring containing Ry and S i.e. Ry[©S].

We deal with a differential polynomial ring R = K{uy, ..., u,} where K is a differ-
ential field of characteristic zero. The u’s are called differential indeterminates and the
fu’s are called derivatives. The set of the derivatives is denoted OU.

The differential ring R can be viewed as a non differential polynomial ring K[QU]
whose indeterminates are the derivatives of R. The definitions given for non differential
polynomial rings hold therefore for differential ones.

If Au and ¢u are derivatives of some same differential indeterminate u, we denote
led(Qu, pu) the least common derivative between fu and ¢u. It is equal to lem (6, ¢)u.

A ranking R is an ordering over OU compatible with the action of the derivations
over OU (Kolchin, 1973, page 75):

1 dv > v (for all derivation § and v € OU),
2 v>w = dv > dw (for all derivation § and v,w € OU).

Rankings such that ordd > ord¢ = v > ¢w (for all derivations operators 6, ¢ and
all differential indeterminates v, w) are said to be orderly. Rankings such that v > w =
fv > ¢w (for all derivations operators 6, ¢ and all differential indeterminates v, w) are
said to be elimination rankings. Any ranking is a well ordering (Kolchin, 1973, page 75).

Properties of rankings imply that the separant of a differential polynomial p € R\ K
is also the initial of all the proper derivatives of p.

If A C R\K is aset of differential polynomials and v is any derivative then A, denotes
the set of the derivatives of the elements of A whose leaders are less than or equal to v:

A, ={0p|p€ A, €0 andldip <v}.

According to this notation, R, denotes the ring of the differential polynomials whose
leaders are less than or equal to v. Therefore

ANR,={pe A|ldp <wv}.

Let p € R\ K and ¢ € R be differential polynomials. Denote rankp = v?. The
differential polynomial ¢ is said to be partially reduced w.r.t. p if no proper derivative
of v appears in g; it is said to be reduced w.r.t. p if ¢ is partially reduced w.r.t. p and
deg(q,v) < d.

A set A C R\ K is said to be autoreduced if any element of A is reduced w.r.t. any
other element, of the set.

DEFINITION 3.1. A set A C R\ K is said to be differentially triangular if it is triangular
and if its elements are pairwise partially reduced.

Every autoreduced set is finite (Kolchin, 1973, page 77). The proof holds also for
differentially triangular sets. A characteristic set of a sett S c R is an autoreduced
T This definition corresponds to Ritt’s one (Ritt, 1950, T, 5, page 5) and coincides with Kolchin’s when

S is a differential ideal. Kolchin only defined characteristic sets for ideals (Kolchin, 1973, T 10, page 81
and III, 2, page 124).
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subset of S which has lowest rank among the autoreduced subsets of S. It is also a
minimal (according to our definition) element in the set of the autoreduced subsets of S.
If S C R admits autoreduced subsets then S admits a characteristic set.

A differential ideal of a differential ring R is an ideal of R stable under derivation. If
A C R then [A] = (O A) denotes the smallest differential ideal of R containing A. Since R
has characteristic zero, the radical of a differential ideal is a differential ideal. Any radical
differential ideal v of a differential polynomial ring R is a finite intersection of differential
prime ideals which is unique when minimal (Kolchin, 1973, III, Theorem 1, page 126)
or (Ritt, 1950, I, Theorem, page 10). The following is a differential analogue of Hilbert’s
theorem of zeros (Seidenberg, 1952, Nullstellensatz, weak form) or (Kolchin, 1973, chapter
IV, section 2).

THEOREM 3.1. (theorem of zeros)

Let R = K{U} be a differential polynomial ring over a differential field of characteristic
zero and v be a differential ideal of R. A differential polynomial p vanishes on every
solution of t, in any differential field extension of K, if and only if p € /t.

ProOF. The implication from right to left is immediate. The implication from left to
right: if p ¢ 1/t then p does not belong to at least one differential prime ideal p minimal
over y/t. The canonical ring homorphism which maps R to the field of fractions of R/p
furnishes a solution of t which is not a solution of p. O

COROLLARY 3.1. A differential polynomial p vanishes on every solution of a system of
polynomial differential equations and inequations A =0, S # 0 iff p € \/[A] : S>®.

Proor. Using the definitions of the radical and of the saturation of an ideal, we see
that p € /[A]: 5% if and only if there exists a product h of elements of S such that
hp € \/W According to the theorem of zeros, hp € \/W if and only if hp vanishes on
every solution of the system A = 0 i.e. if and only if p vanishes on every solution of the
system A =0, S#0. O

The following technical lemma is classical. See Ritt (1950), page 30 for instance. We
are going to use it many times.

LEMMA 3.1. Let A be a finite subset of some differential polynomial ring R. Let q =
sv +r be a differential polynomial with leader v, such that deg(q,v) =1 and v does not
appear in s, r nor any element of A. For any p € R, if p € (4, q) and v does not appear
in p then p € (A) : 5.

PROOF. Since p € (A4, q) there exists a formula (f) such that

p=>Y Bipi+Cq

pi€A

€))
where B;, C' € R. Apply on the terms of (f) the substitution

q—rT
S

v —>
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and multiply by some power of s to erase denominators. Since v does not appear in p
and the p; one gets another formula (f') such that

s“p=Y_ Dipi+Eq
pi€A

(")
where D;, E € R and v only appears in q. Therefore E =0 and p € (4): s*. O

3.1. RITT’S REDUCTION ALGORITHMS

Ritt’s reduction algorithms are pseudo division (Knuth, 1966, vol. 2, page 407) al-
gorithms, extended to differential algebra. Many such algorithms exist (Kolchin, 1973,
page 77) (Ritt, 1950, I, 6, page 5) which may produce different results. We fix one of
them.

Let ¢ be a differential polynomial and A be any finite subset of R\ K. Denote v = 1d q.
Let A= {p € A | rankp < rankq}. We distinguish the Ritt’s partial reduction (purely
differential, denoted partial rem) from Ritt’s full reduction (denoted full rem).

Specification of the partial reduction algorithm.

If § = g partial rem A denotes the partial remainder of ¢ by A then

1 g is partially reduced w.r.t. all the elements of A, )
2 there exists a power product h of elements of Sz such that hg =g (mod (4,)).

The following instructions provide an algorithm to compute h and ¢ from ¢. Build a
sequence of pairs (h;, ¢;). Initially, set hy = 1 and go = ¢ and stop at the first index n
such that ¢, is partially reduced w.r.t. A (then take h = h,, and § = ¢,,). If 7 is an index
such that ¢; is not partially reduced w.r.t. A then let w be the highest derivative which
occurs in ¢; which is also a proper derivative of the leader of some p € A. If there are
many different possibilities for p, take which one you want. Now, let # be the derivation
operator such that 1dfp = w. Take for ¢;y1 the pseudo—remainder of g; by 6p. There
exists then some o € N such that s} ¢; = ¢i+1 (mod (6p)). Take h; 11 = sy h.

Specification of the full reduction algorithm.

If ¢ = q full-rem A denotes the full remainder of ¢ by A then

1 ¢ is reduced w.r.t. all the elements of A,
2 there exists a power product h of elements of H 5 such that hq =g (mod (A,)).

The following instructions provide an algorithm to compute h and ¢ from ¢. Build a
sequence of pairs (h;, ¢;). Initially, set hy = 1 and gy = ¢ and stop at the first index n
such that ¢, is reduced w.r.t. A (then take h = h,, and ¢ = ¢,). If i is an index such that
q; is not reduced w.r.t. A then let w be the highest derivative which occurs in ¢; such
that one of the following conditions holds:

1 w is a proper derivative of the leader of some p € A,
2 w is the leader of some p € A and deg(q;, w) > deg(p, w).
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If the first case arises then proceed as for the partial reduction algorithm else if the
second case arises then take for g; 11 the pseudo-remainder of ¢; by p There exists then
some a € N such that 5 ¢; = giy1 (mod (p)). Take hiyq =iy h.

We have ¢ € [A]: H{® if and only if (¢ full rem A) € [A]: H{®. In particular, ¢ full rem
A=0=qge[A]: H. We have q € [A4] : S3° if and only if (¢ partial rem A) € [A]: S5°.

4. Regular differential systems

All the definitions given in this section are new (e.g. the definitions of “pairs” and
“solved pairs”). We define the coherence as a property of systems of differential polyno-
mial equations and inequations (condition C3 of definition 4.4) instead of the traditional
property of systems of differential polynomials. This important change turns out to be
very convenient and permits us to formulate Rosenfeld’s lemma for regular systems in-
stead of coherent autoreduced sets. Though this lemma only needs A—polynomials to
be defined between elements of differentially triangular sets, we give a more general def-
inition because we want to prove an analogue of Buchberger’s second criterion in non
triangular situations.

DEFINITION 4.1. (pairs)

A set {p1, p2} of differential polynomials is said to be a pair if the leaders of p1 and py
have common derivatives. If A is a set of differential polynomials then pairs(A) denotes
the set of all the pairs which can be formed between any two elements of A.

We do not distinguish a pair {p1, p2} from the pair {p2, p1}.

Let {p1, p2} be a pair. It may happen that the leader of (say) p> is a (non necessarily
proper) derivative of the leader of p;. In that case, the pair {p1, p2} is called a reduction
pair.

Note however we will never consider a pair {p1, po} such that rank p; = rank ps.

DEFINITION 4.2. (A-polynomials)

Let {p1, p2} be a pair. Assume rankp; < rankps. Denote 61u = ldp;, Oou = ld ps
and 612u = lcd(01u, 2u). The A—polynomial A(pi,p2) between p1 and py is defined as
follows. If {p1, p2} is a reduction pair then

[
A(p1,p2) = p full rem 9—2111;
1
else
01 01
A(p] =p2) = 81 ﬁpz — 52 ﬁp]-
02 01

If D is a set of pairs then A(D) denotes the set of all the A—polynomials of its elements.

With the same notations, if ;u < fyu then 1d A(py, p2) < 612u and there exist some
a € N and a differential polynomial ¢ € R such that
012

612
Apr,p2) = s —2ps — q ——=p1.
(P1 p2) 1 6, P2 —q 9, P1
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The notation A for A polynomials comes from Rosenfeld’s paperT. Seidenberg, Rosen-
feld and Kolchin never considered reduction pairs. Qur definition coincides with theirs
in the other case.

4.1. SOLVED PAIRS

DEFINITION 4.3. (solved pairs)
A pair {p1, p2} is said to be solved by a differential system of equations and inequations
A =0, S #0 if there exists a derivative v < led(1d p1,1d p2) such that

A(p1,p2) € (4,) (SN R,)™®.

In our algorithm, we shall apply the following criterion to test whether a pair is solved
by a differential system.

LeMMA 4.1. Let {p1, p2} be a pair such that ldp, # ldps. Let A = 0, S # 0 be a
differential system such that Hqa C S. If A(p1,p2) full-rem A = 0 then the pair {p1, p2}
is solved by A =0, S # 0.

PrOOF. Denote v = 1d A(p1,p2). Since ldp; # ldps we have v < led(ld p1,1d p2). De-
note A = {p € A | rankp < rank A(p1,p2)}. According to the specifications of Ritt’s
algorithms of reduction, there exist then hy, ..., h, € Hj such that, for some positive
integers ai, ..., @, we have h{"' ---h® A(py,ps) € (A,). Since Hy C Ha N R, and
A, C A, we have A(p1,p2) € (A,): (SN R,)> and the pair is solved by the differential
system A =0, S #0. O

The next lemma is a generalization to a non triangular situation of a lemma already
proven by Seidenberg (1956), inside theorem 6, page 51, Rosenfeld (1959), inside the
lemma page 397 and Kolchin (1973), page 167.

LEMMA 4.2. Let py and ps be two differential polynomials whose leaders 61u and 6su
have common derivatives. Denote s1 and so their separants. Let (X) denote a differential
system A =0, S # 0. If (H1) 0,u and Osu are different, (H2) the pair {p1, p2} is solved
by (¥) and (H3) s1, so € S then for each derivation operator v € O, the pair {yp1, yp2}
is solved by (X).

PROOF. Denote 615 = lem(61,602) and A, = A(yp1,yp2). Denote also fu = ybu =
led(1d ypy,1d yp2).

The proof is done by induction on the order of 7. If the order is zero then the lemma is
satisfied because of H2 else, decompose v = A where § is a mere derivation and denote
¢ = Ab12. Assume (induction hypothesis) that the pair {Ap;, Ap2} is solved by (X).
There exists then a derivative v < ¢u and a power product h of elements of SN R, such
that h Ay € (A,). By H1 (assuming p; < p») there exist some a € N and a differential
polynomial ¢ such that Ay = s (¢/62)p2 — q (6/61)p1-

Consider the differential polynomial §(h Ay). The second axiom of rankings implies
that it belongs to (As,) and that dv < fu. Multiply it by h. One gets a sum (6h) h Ay +

T Note the symbol A has a different meaning in Kolchin’s text: it denotes the set of derivations.
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h? §A, whose first term is in (A4,) by induction hypothesis. Since (4,) C (As,) we
conclude h% §Ay belongs to this latter ideal. Expand this polynomial

h2(6Ay) = h2(5{sf %pg —q %pl} (4.1)
= w2 {06 - G0 (42)

0 0
+ hQ{s? gpQ —qam}. (4.3)

The polynomials (¢/6;)p; (i = 1,2) have both ¢u < fu for leaders. If w = max(¢u, dv)
then w < Au and the term (4.2) is in (A4,,). Thus so is the term (4.3). Since 6/62 and 6/6,
are proper derivation operators, we have A, = s1 (8/62)p> — s2 (6/61)p1. The term (4.3)
is equal to h? 57 * A, + C(8/61)p1 where C is a differential polynomial. Using H3, the
fact that R, C R, and lds; < 1dp; < ¢u < w, for some power product k' of elements
of SN R, we have h' A, € (Ay, (6/61)p1). The differential polynomial A’ A, and the
elements of A, are free of fu. Lemma 3.1 applies, A, € (Ay) : (SN Ry)® and the pair
{~p1, yp2} is solved by (X). U

4.2. ROSENFELD’S LEMMA

DEFINITION 4.4. (regular differential systems)
A differential system A =0, S # 0 of a differential polynomial ring R is said to be a
regular differential system (for a ranking R) if

C1 A is differentially triangular,
C2 S contains the separants of the elements of A and is partially reduced w.r.t. A,

C3 all the pairs {p, p'} € pairs(A) are solved by A =0, S # 0 (coherence property).

The differential ideal [A]: S is called the regular differential ideal defined by the system.

The following lemma is a generalization of Rosenfeld (1959), lemma, page 397. which
was already proven by Boulier (1997). The first version is due to Seidenberg (1956),
theorem 6, page 51. Another version was proven in Kolchin (1973), lemma 5, page 137
but the part of Kolchin’s lemma which is not in Rosenfeld’s is not proven algorithmic.
Kolchin’s proof consists in a very nice transfinite induction (van der Waerden, 1966,
chapter 9). We apply the idea in the proof of theorem 4.1.

THEOREM 4.1. (Rosenfeld’s lemma)

If A =0, S # 0 is a reqular differential system of a differential polynomial ring R
for a ranking R then every differential polynomial in [A] : S°° which is partially reduced
w.r.t. A belongs to (A) : 5.

Proo¥F. Let A = {p1, ..., pn}- Let ¢ € [A] : S be a differential polynomial partially
reduced w.r.t. A. Denote F(q) the set of all the formula (f) such that, for some power
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product h of elements of S we have a finite sum

hg="Y ZBj,(b op; -

$€0 j=1
(£

Assume ¢ ¢ (A) : S°. In each formula (f) € F(q) appears therefore some (at least
one) proper derivatives of some leaders of elements of A. Denote v(f) the greatest of
them according to the ranking R. Among all the formula (f) € F(q) let us consider
one such that v(f) is minimal w.r.t. R. Such a formula exists for all rankings are well-
orderings. We claim there exists another formula (f') € F(q) such that o(f') < v(f).
This contradiction will prove the lemma.

By lemma 1.1 and the minimality hypothesis, v(f) is the derivative of the leader of at
least one element of A. Let v(f) = 6u be a proper derivative of the leaders 6,u, ..., f;u
of the differential polynomials py, ..., p; € A, renaming the p’s if needed.

0
Denote g Pi = si fu + r. Apply on the terms of the formula (f) the substitution

N (9/9i)pi -r
8;

o(f)

(as in lemma 3.1) and multiply by some power s to erase denominators. Denoting
v; = (6/lcm(6;,60;)) we get a formula

0

sihg = D gpi (4.4)
2
i—1
+ > Ej A(yipivipg) (4.5)
i=1
+ 2D Cio 0w (4.6)
€0 j=1

such that only derivatives less than v(f) appear in the terms of the sums (4.5) and (4.6).
Since the elements of S and ¢ are partially reduced w.r.t. A, the derivative v(f) only
appears in the differential polynomial (6/6;)p;. Therefore D = 0.

If Ais a system of ODE the sum (4.5) is empty and there exists a derivative w < v(f)
such that g € (A4y) : S°°. Contradiction.

Assume A = 0, S # 0 is a PDE system. Since it is regular, condition C3 of defini-
tion 4.4 holds and lemma 4.2 applies: all the pairs {v;p;, 7;p;} are solved. There exists
thus a derivative w < v(f) such that ¢ € (4,,) : S°°. Contradiction. [J

COROLLARY 4.1. If A =0, S # 0 is a reqular differential system of a differential poly-
nomial ring R then

1 we have [A] : S° = R if and only if (A): S =R,

2 for any p € R we have p € [A] : S%° iff (p partial rem A) € (A) : S,

3 a differential polynomial p € R is a divisor of zero modulo [A] : S*° if and only if
(p partial rem A) is a divisor of zero modulo (A) : S*°.

PRrROOF. The first point. By Rosenfeld’s lemma, 1 € [A] : S* if and only if 1 € (A): S°°.
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Let p € R be a differential polynomial. The second point relies on the two following
facts: because of condition C2, p € [A] : S if and only if (p partial-rem A) € [A]: S
the differential polynomial (p partial-rem A) is partially reduced w.r.t. A.

The third point. Let p, ¢ € R be differential polynomials. Denote p = p partial rem A
and ¢ = ¢ partial rem A. According to the second point above, we have

pE[A]:S® & pe(A):S® and qe[A]:S® & g€ (4):5%.

We also have pg € [A] : S if and only if pg € (A) : S*°. Therefore, pq € [A] : S,
D, q ¢ [A]: S (i.e. p is a divisor of zero modulo [A] : S°°) if and only if pg € (A4) : S°°,
D, 4 ¢ (A): S (i.e. pis a divisor of zero modulo (A4) : §*°). U

THEOREM 4.2. (lifting of Lazard’s lemma)

If A=0, S #0 is a consistent reqular differential system of a differential polynomial
ring R and Ry C R denotes the ring of the differential polynomials partially reduced
w.r.t. A then

1 the regular differential ideal [A] : S*° is radical,

2 there is a bijection between the minimal differential prime components p1, ..., Pn
of [A] : S%° and the minimal prime components by, ..., b, of (A): S given by
b; = (p; N Ro) ; moreover, if C; is a characteristic set of b; then C; is also a
characteristic set of p; and p; = [C;] - HS?.

PRrROOF. Assume p*¥ € [A]: S for some k € N. Denote p = (p partial rem A). By
Rosenfeld’s lemma p* € (A): S°°. By Lazard’s lemma p € (A) : S*°. By the corollary
below Rosenfeld’s lemma (point 2), p € [A] : S thus [A] : S°° is radical.

The ideals b’s are prime and their intersection is equal to (4):S%. Let’s assume (H1)
that b; is redundant w.r.t. (A) : S and seek a contradiction. Let f € poN---Npy,
be a differential polynomial and ¢ = f partial-rem A. Since A C p; we have g € p;
for every 2 < i < n. Since g € Ry we have g € by N ---N b,. Using H1 we conclude
g € (A):S%°. Let’s summarize: (f partial rem A) € (A): S°°. By the corollary (point 2)
below Rosenfeld’s lemma f € [A]: S® thus p; is redundant w.r.t. [A4]:S*°. Contradiction.

Assume Cj is a characteristic set of (p; N Ry). Let p € p; and denote ¢ = p full-rem C;.
We have ¢ € p;. By Lazard’s lemma, ld A = 1d C; thus ¢ € Ry. Since g € p; N Ry is reduced
w.r.t. C; we have ¢ = 0. Therefore C; is a characteristic set of p; and p; = [Cy] : HE®. [

If A =0, S # 0is a regular differential system then the set of leaders of the ele-
ments of A is equal to the set of leaders of each of the differential prime ideals which are
minimal over [A] : S°°. All these differential prime ideals have therefore the same differ-
ential Hilbert’s function. The computation of this function is then a purely combinatorial
problem (Kolchin, 1973, chapter II, section 12).

Moreover, by applying a primary decomposition algorithm over (A) : S we get the
differential prime decomposition of the differential ideal [A] : S°°. Characteristic sets for
the minimal differential prime components of [A] : S can then be computed using the
method given by Boulier et al. (1995), Theorem 6, page 164.
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4.3. TESTING THE COHERENCE

Let A =0, S # 0 be a differential system of R which satisfies conditions C1 and C2 of
definition 4.4. If A is differentially triangular, H4 C S and A(p,p') full rem A = 0 for all
pairs {p, p'} € pairs(A) then the differential system A = 0, S # 0 is regular (lemma 4.1).

This criterion is useful for practical purposes but only gives a sufficient condition.
Consider the next differential system A = 0, S4 # 0 for any elimination ranking such
that u > v. It generates only one A polynomial A(py,ps) = vy. Now, A(p1, p2) (v, +1)% €
(Aq) for some derivative a < ug,,. Since (v, +1) is a multiple factor of ps, it is also a factor
of the separant of p3 whence A(p1,p2) € (Ay) 1 (SN R,)°. Therefore A =0, S4 # 0 is
a regular differential system. However, the A—polynomial v, is reduced w.r.t. A.

P1 = Uy + v,
A D2 = ’U,y7
ps = wvy(v, +1)%

Given a differential system and a ranking, one may decide whether the system is regular
or not. The decision algorithm is quite expensive and not very useful: the following
example (borrowed from Boulier (1997)) shows that the coherence property is only a
sufficient condition for Rosenfeld’s lemma.

Consider the following system A of Q{¢, u, v, w} endowed with derivations w.r.t. x
and y, for any ranking such that ¢, u,, u, and v, are the leaders of p, p>, p3 and p4 re-
spectively. It generates only one pair {ps, p3}. The associated A polynomial is A(py, p3) =
Uy — Wy

p o= 2+ Vy,
A P2 = Uz +v,
Pz = Uy tw,
pr = (vy — wg)vy.

If the ranking is orderly, then there exists a derivative a such that t,, u,, uy, vy, <a <
Ugy. Then A C A, and t, € SANR,. Using p; and py it is clear that A(pa,p3) t2 € (Ay).
Since t, € SaN R, it follows that A(ps, p3) € (As) 1 (Sa N R,) i.e. the pair {ps, p3} is
solved by A =0, S # 0. This differential system is thus regular and Rosenfeld’s lemma
applies.

If the ranking is an elimination ranking such that ¢ > wu then for each derivative
a < Uzy we have p1 ¢ A, and ¢, ¢ SaN R,. It can be proven (Boulier, 1997, lemma 6)

but this is quite obvious  that A(pa,ps) ¢ (Aa) 1 (SN R,)™ i.e. the pair {ps, p3}
is not solved by A = 0, S # 0. This differential system is not regular w.r.t. this latter
ranking. However, since the leaders and the families S4 are the same for both rankings,
the conclusion of Rosenfeld’s lemma still holds.

4.3.1. BUCHBERGER’S CRITERIA

Most of the results of this section are borrowed from Boulier (1997). Buchberger (1979)
established a few criteria which predict that some S—polynomials (Becker and Weispfen-
ning, 1991, def. 5.46, page 211) are reduced to zero without having to actually reduce
them. They turn out to be very important in practice since most of the CPU time is
spent in S polynomials reductions. Remark however they do not change the theoretical
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complexity of Grobner bases since this complexity expresses the size of the Grobner basis

(which does not depend on the algorithm) in terms of the size of the input system.
Buchberger’s first criterion (Becker and Weispfenning, 1991, lemma 5.66, page 222)

states that if the leading terms of two polynomials p and ¢ are disjoint (i.e. their least

common multiple is equal to their product) then the S polynomial S(p, q) {i>} 0.
P,

In differential algebra, we might conjecture that if p and ¢ are two differential polynomi-
als with leaders fu and ¢u respectively and if 6 and ¢ are disjoint then the A polynomial
A(p, q) full rem {p, ¢} = 0. This conjecture is false in general but true in the next case.

PROPOSITION 4.1. (analogue of Buchberger’s first criterion)
If p and q are two differential polynomials which are linear, homogeneous, in one
differential indeterminate, with constant coefficients and if (denotingldp = Bu and1ld g =

¢pu) we have led(8u, pu) = G¢u then A(p, q) full-rem {p, ¢} = 0.

PROOF. Let R = K{u} be a differential polynomial ring endowed with a ranking and a
set of derivations {01, ..., 6,,}. Let R = K[z1, ..., 2,,] be a non differential polynomial
ring.

To each differential polynomial f = 6;u + --- + 6su which is linear, homogeneous
and with constant coefficients we may associate a polynomial vf € R defined by vf =
véiu + -+ + vy8su and ye = ¢ for every ¢ € K and y(87" ---60mu) = " ---x0m. The
monoid of terms over the alphabet {z1, ..., x,,} is endowed with the admissible ordering
(Becker and Weispfenning, 1991, def. 4.59, page 167) given by the ranking.

Let p, g, 7 € R satisfying the hypotheses of the proposition. On one hand, A(p,q) =

v 1S(yp,vq) ; on another hand 7 full rem {p, ¢} = 7 if and only if yr . LN , T
P, 74

By Buchberger’s first criterion, S(yp,7q) — 050 A(p,q) full-rem {p, ¢} = 0. O
P, va

The following example shows that the conjecture is false if the equations are not
homogeneous: take p = u, + 1 and ¢ = u, + u. The A polynomial A(p,q) = u, is
reduced to 1 by the set {p, ¢}.

This one shows that the conjecture is false if the coefficients of the equations are not
constants: assume the coefficient ¢ is such that ¢, = 1 and take p = u, + cu and ¢ = u,,.
The A—polynomial A(p,q) = cu, + u is reduced to u by {p, q}.

In proposition 4.2, we prove an analogue of Buchberger’s second criterion. However
we impose restrictions on the differential polynomials which have no counterpart in the
Grobner bases theory. This makes the proof of its implementation in the Rosenfeld
Grobner algorithm more painful than in the non differential case.

PROPOSITION 4.2. (analogue of Buchberger’s second criterion)

Let (p1, pa, p3) be a triple of differential polynomials such that (H1) the leaders 6y u,
62u and Osu of the p’s have common derivatives and are pairwise different, (H2) lcd (6, u, O3u)
is a derivative of 8su and (H3) one of the following conditions holds:

1 1dp; is not a derivative of ldp; (1 <4, j <3 and i # j),
2 p1 <p2 <p3 orpz<p2 <pi,

3 p2 < p1 < p3 and deg(p1,01u) =1,

4 p1 < p3 < p2 and deg(ps,Bsu) = 1.
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Let A =0, S # 0 be a differential system. If (H4) the pairs {p1, p2} and {p2, ps}
are solved by A = 0, S # 0 and (H5) s1, sa2, s3 € S then the pair {p1, p3} is solved
by A=0, S#0.

PRrOOF. Denote 6;;u = led(6;u, 8;u). Because of H2 the derivation operators (613/612)
and (613/623) exist. Denote
i3 b3
Al —=pi,—p2 |,
<9]2p1, 0]2132) ;
6 6
A = A <ﬁp2, ﬁp:&) :
3

Lemma: if there exist differential polynomials B, C' and D and a power product h of
elements of S such that 1d A < 613u and

Az

9
hA(pr,ps) = BA3+0A1+D£p1 (4.7)
1

then the pair {p1, p3} is solved by A = 0, S # 0. Proof: by H4 and lemma 4.2 there
exists a derivative v < f13u such that Az, Ay € (4,): (SN R,)®. By H5 there exists a
power product A’ of elements of S such that h'A(p1,p3) € (Ay, (013/61)p1) and ldR' =
max(ld h,v) < 613u. Denote w = max(6u,ldh’'). Because of H1 we have w < 613u.
By H5 and lemma 3.1, A(p1,ps3) € (4Aw) : (SN R,) and the pair {p;,p3} is solved
by A=0, S#£0.0

If 1dp; is not a derivative of Idp; (1 < 4,5 < 3 and i # j) then ss A(pr1,p3) =
s1A1 + s3A3. Because of H1 we have 1d s2 < 813u. By H5 our lemma above applies and
the pair {p1, p3} is solved by A =0, S #0.

If p1 < p2 < p3 then there exist some a;, as, ag € N and some differential polynomials
q1, g2 and g3 such that

f13 013
As = ¥ 20, g, 2
3 1 9, P2 — g3 9, b1,
Ay = s Py — —9]3:02
2 9? 3 92 9
013 013
A(pi,p3) = 3?29—103—% o—pl-
3 1

Denoting 8 = max(as, as), there exists a differential polynomial C' such that

_ _ f13
S']B 25 A(pr,p3) = S'?Al +q1 s'? BA;+C Wpl.

ﬁfaz a1

Because of H1 we have 1d(s; s9') < f13u. By H5 our lemma applies and the pair
{p1, pa} is solved by A =0, S #0.
If p» < p1 < ps then

613 613
A3 = 53 —"p —qza—pa.
3 2 9, b1 — g3 6, D2

Computing as above we find a relation

b1:

qp
g, °t

In the general case, one cannot apply our lemma for g3 ¢ S. Assume deg(py,f01u) = 1.

g3 5 A(p1,p3) = q1 577 Az — gz s7° A+ C
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By H5 we have g3 = 51 € S. Because of H1, we have 1d(g3 s5") < 613u. Our lemma
applies and the pair {pi, ps} is solved by A =0, S # 0.
The last case is similar to the former one. O

O

P = wud, +ul, +ug, 16T fr2u frau
D2 = Ugy, ) }912/92
D3 = Uyy + Uy7

= v 1 Upy — fogu
D4 Yo

3 (Bgu)
Ds = Ugga + Uy,
623/63

— 3
A(p1 =p2) = UylUpy + Usy, 0 Uyy (6zu)
A(pQ:pS) = UylUgy-

0 i 2 g,
The picture illustrates proposition 4.2 in the triangular case. Both A(p;,p2) and
A(pa, p3) are reduced to zero by A. Therefore the pairs {p;, p2} and {ps, p3} are solved

by the system A = 0, H4 # 0. The least common derivative between the leaders of p;
and p3 is a derivative of the leader of p,. Thus the pair {pi, ps} is solved by the system.

5. Computing a regular decomposition

This section aims at proving the theorem 5.1 which constitutes the core of the Rosenfeld
Grobner algorithm. Our implementation of the algorithm can be viewed as a mere trans-
lation in the MAPLE programming language of the effective proof of this theorem.

Our implementation carries the analogue of Buchberger’s second criterion out. It is a
lifting for the differential algebra of the version of Buchberger’s algorithm by Gebauer
and Moller (1988). The book of Becker and Weispfenning (1991), pages 230 232 furnished
us many important informations on that subject. It is much more efficient than the ones
given by Boulier (1994) or Boulier et al. (1995).

THEOREM 5.1. (computing a regular decomposition)

If Py =0, So # 0 is a differential system of a differential polynomial ring R then it is
possible to compute finitely many consistent reqular differential systems A; =0, S; # 0
(1 <i < n) such that

p=/IR]: S = (AN N[A]: ST, (5.1)

This decomposition may contain components redundant w.r.t. p. Operations needed are
addition, multiplication, differentiation and equality test with zero in the base field of R.

A quadruple G = (A, D, P, S) is a data structure which contains a differential system
being processed until it is regular. The set A C R contains equations already processed.
The set P C R contains the equations which are not yet processed. The set D contains
pairs which have to be solved and S C R contains the inequations.

Initially, P = Py, S = Sgpand A = D = (). If P # () or D # () then the current quadruple
is rewritten as finitely many quadruples by a completion and splitting process. If P =
D = () then an autoreduction process transforms the differential system A =0, S # 0
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as an equivalent regular differential system A = 0, S # 0. The autoreduction process
decides if the system is consistent or not. In the former case, the regular differential ideal
[A] : §°° becomes one of the components of intersection 5.1; in the latter, the system is
discarded.

Let G = (A, D, P, S) be a quadruple. We denote P(D) the set of all the differential

polynomials p such that there exists a reduction pairT {p, p'} € D with rankp > rankp’.
We denote F(G) = AUP(D)UP and Z(G) = /[F(G)] : S*®. The solutions of a quadru-
ple G are defined as the solutions of the differential system F(G) = 0, S # 0. A pair
is said to be solved by G if it is solved by the system F(G) = 0, S # 0. The following
axioms give the definition of pairs nearly solved by G.

A1 Every pair which is solved by G is nearly solved by G.

A2 FEvery pair which belongs to D is nearly solved by G.

A3 If {p1, p»} and {pa, ps} are pairs nearly solved by G and if the triple (p1, p2, p3)
satisfies the hypotheses H1, H2 and H3 of proposition 4.2 then the pair {p1, p3}
is nearly solved by G.

We are now ready to state some properties which will become loop invariants of our
implementation of the Rosenfeld-Grobner algorithm. Let G = (A, D, P, S) be a quadru-
ple.

I1 The rank of the set A is autoreduced.

12 If {p, p'} € D is a reduction pair with rankp > rankp’ = v? and F = {f € F(G) |
rank f < v?} then p' € (F,): (SN R,)™.

I3 Every pair {p, p'} € pairs(A4) is nearly solved by G.

I4 If p € A or p belongs to some pair of D then iy, s, € S.

I5 If {p, p'} € D is not a reduction pair then A(p,p’) € Z(G).

16 If {p, p'} € D is a pair then rankp # rankp’.

5.1. THE FINAL AUTOREDUCTION PROCESS

Let G = (4, D, P, S) be a quadruple satisfying the invariants and s.t. D = P = {J.
The differential system is not necessarily regular. We present here one possible way
to transform it as an equivalent regular differential system. This process may show
that Z(G) = R. In that case, the quadruple G is discarded. We build a sequence of
differential systems. Let

A0:A7 SOZS

Let £ > 0 be an index. If Ay is not differentially triangular then let fu be the greatest
derivative occuring in some p € Ay being also a proper derivative of the leader 6'u of
some p' € Ay. Denoting ¢ = 0/6’, compute p = p full rem ¢p' and

Ak = A\ {p}U{p},
Sk+1 = SpU{ip, sp}

If rank Ay # rank Ag4q then Z(G) = R (proved below) and the quadruple is discarded.
Let’s assume rank Ay = rank Ax4q. If Ay is differentially triangular then take

A=A, S =S5, partial-rem A.

T Recall we don’t distinguish {p, p'} from {p’, p}.
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ProproSITION 5.1. The autoreduction process terminates.

PRrOOF. The sequence of the rewritten derivatives fu is strictly decreasing and rankings
are well orderings. [

PROPOSITION 5.2. For each index k > 0 we have Ha, C Si. Moreover, Hz C S.

PrOOF. The first statement is clear. The second one is due to the fact that, since A
is differentially triangular,; the initials and the separants of its elements are partially
reduced w.r.t. it, and are thus left inchanged by the final partial reduction. O

PROPOSITION 5.3. For each index k > 0, if rank Ay, # rank A1 then [A] 1 S° = R.

Proor. If rank Ay # rank A; then some initial i, of some element of A; has been re-
duced to zero. By proposition 5.2 we have i, € [A;]:S°. Since i, € S, (by proposition 5.2
again) [Ag]: Sp° = R. U

Let us now explicit the values of p, its initial and its separant. Let & > 0 be an
index. Since rank Ay, is autoreduced, 1d ¢p’ = Bu < ldp and there exist some a € N and
differential polynomials qg, q1, g2 € Rg, such that

P o= spp—qoop, (5.2)
Sp = SpSp— op', .
iy = Syip—a¢p. (5.4)

LEMMA 5.1. Ifrank Ay = rank Ay, then for every derivative v we have!

(Akm) : (Sk N Rv)oc C (Ak+]’v) : (Sk+l n RU)OC.

Proor. First observe S, C Sp41. If v < ldp then Ag, = Agt1,,. If v > 1d p, it suffices
to prove p € (Agy1p) i (Sk+1 N R,)®. Since ldp = 1dp we have p € Agi14. Since
ld¢p' = 6u < 1dp we have ¢p' € Ajy1, and sy € R,. Using proposition 5.2 and
relation (5.2) we conclude p € (Agt1,4) : (Spr1 N R,)°. O

PROPOSITION 5.4. For each index k > 0, we have [Ag]: S° = [Ag]: S5,
PROOF. The inclusion [Agx]: SP° C [Agqq] : S5, comes from lemma 5.1. The converse
one. Assume f is a differential polynomial such that, for some 3, v € N we have i’gs%f €
[Ag+1]. By relation (5.2) we have p € [A;]:SP° hence [Apy1] C [Ag]:SR°. By relations (5.3)
and (5.4) and the fact that s, sy, i, € Si (proposition 5.2) f € [Ag]: S, U

LEMMA 5.2. Assume all the sets Ay have the same rank. All pairs in pairs(Ay) are solved
byAk:(L Sk#O

1 By Ay, we mean E, where E = Ay.
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PrROOF. The proof is an induction on k. Basis of the induction. Because of I3, the fact
that D = () and proposition 4.2 every pair {p, p'} € pairs(A4y) is solved by the differential
system Ag =0, Sy # 0.

The general case. Let & > 0 be an index. We assume (induction hypothesis) that
all pairs in pairs(Ay) are solved by A = 0, Sy # 0 and we prove that, if {p1, p2} €
pairs(Agy1) then {p1, p2} is solved by Agt1 =0, Sgp41 #0.

First subcase: p; # p and ps # p. Then {p1, p2} € pairs(Ay) is solved by the system
A =0, Sk # 0 i.e. there exists some v < led(ld p1, 1d p2) such that A(p1,p2) € (Ag):
(Sk N R,)*>°. By lemma 5.1 A(p1,p2) € (Agt1,0) : (Sk+1 N Ry)° and the pair is solved by
Ag41 =0, Sg1 £ 0.

Second subcase: p; = p. Since rank Ay, = rank A1 we have ldp =1dp = ldp; = 61u
and (assuming with no loss of generality that p < p2)

_ 61 012 _
A(p,p2) = Si)HLQZPQ_szeLjp-

Expanding the value of A(p, p2) using formule (5.2) and (5.3) and recalling 1d ¢p' < 1d p;
we see there exists a derivative v < f12u such that sp A(p, p2) = A(p,p2) (mod (Ag.)).
By the fact that the pair {p, p2} is solved by A, = 0, Sk # 0 (induction hypothesis) and
lemma 5.1 the pair {p, p2} is solved by Ag41 =0, Sgy1 #0. O

PROPOSITION 5.5. Every pair in pairs(A) is solved by A =10, S # 0.

PROOF. By lemma 5.2 every pair in pairs(A4) is solved by A = 0, S}, # 0, where k is the
index such that A = A, is differentially triangular.

It suffices to prove that for any derivative v we have (A4,):(SxNR,)> C (4,):(SNR,)>®.
Let s € SN R, be not partially reduced w.r.t. A and § = s partial rem A. There exists a
power product h of elements of S4NR, such that hs =5 (mod (4,)). By proposition 5.2
we have Sy C S and the proposition is proved. O

By propositions 5.3 and 5.4, if the rank of the set A changes during the autoreduction
process then the differential system A = 0, S # 0 is proved to be inconsistent and can
be discarded. Let’s assume this is not the case. The system A = 0, S # 0 is a regular
differential system. Indeed A is differentially triangular (condition C1 is satisfied); S
contains H ; (proposition 5.2) and is partially reduced w.r.t. A (condition C2 is satisfied);
proposition 5.5 proves condition C3 holds for A = 0, S # 0. Computing a Grébner basis
of the ideal (A4) : S in dimension zero, one decides whether the regular differential
system A = 0, S # 0 is consistent (corollary below Rosenfeld’s lemma, point 1). If it is
inconsistent, it is discarded. Otherwise, Z(G) = [A] : S°° by theorem 4.2 (point 1).

5.2. THE COMPLETION PROCESS

We consider a quadruple G = (A, D, P, S) satisfying the invariants and such that
D # 0 or P # (). Roughly, we pick a new equation ¢ = 0 from these sets, reduce it by A
and enlarge A with it (if non zero of course). Applying the analogues of Buchberger’s
criteria, we do not only try to generate as few pairs as possible but also to remove as
many pairs as possible from D. The method is not optimal. Gebauer and Méller’s version
of the Buchberger algorithm is not either.

Pick either a differential polynomial go € P or a pair {po, py} € D. In the former
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case, let P* = P\ {qo} let D* = D and q = ¢o full rem A. In the latter let P* = P,
let D* = D\ {{po, po}} and ¢ = A(po,p;) full-tem A. Assume ¢ # 0 and denote
G' = (A", D', P', §") any quadruple satisfying:

A" = {q}U{p€e A|ldpis not a derivative of Id ¢}.
D' = D, U D, where
D, C Do = {{p, q} | p € A and 1d p has common derivatives with ld ¢}
A pair {p, ¢} € Dy is not kept in D; only if condition (a) or (b) holds:
(a) p and ¢ are linear homogeneous differential polynomials in one differential
indeterminate with constant coefficients and lem(6, ¢) = 8¢
(where Id ¢ = 6u and 1d p = ¢u),
(b) there exists a pair {p', ¢} € D; such that the triple (g, p’, p) satisfies the
hypotheses H1, H2 and H3 of proposition 4.2.
Dy, C D*.
A pair {p, p'} € D* is not kept in D» only if the triple (p, q, p') satisfies
the hypotheses H1, H2 and H3 of proposition 4.2 and led(1d p,1d p’)
is different from both led(ld p,1d ¢) and led(1d p', 1d q).
P = PpP*,
S S Uiy, s¢}-

LeMmMA 5.3. AcC A'UP(D").

PrOOF. It suffices to show that if p € A is such that 1d p is a derivative of 1d ¢ then the
reduction pair {p, ¢} is kethr in D;. By the hypothesis H2 of proposition 4.2, if {p, ¢} is
not kept in Dy, there exists a differential polynomial p' € A such that led(1d p,1dq) =1dp
is a derivative of 1d p’. This is impossible for p, p’ € A and rank A is autoreduced. O

LEMMA 5.4. If {p, p'} € D* is a reduction pair then {p, p'} € Da.

PROOF. Assume rankp > rankp'. Since {p, p'} is a reduction pair we have led(ld p,1dp’) =
1d p. Thus, if the triple (p, ¢, p') satisfies the hypothesis H2 of proposition 4.2 then ld p is
a derivative of 1d ¢ hence led(ld p,1d¢) =1dp = led(1d p,1d p’) and the pair is kept in Ds.
O

LeEMMA 5.5. If v? is any rank, F = {p € F(Q) | rankp < v?} and F' = {p € F(G") |
rank p < v} then (F,): (SN R,)® C (F)):(S'NR,)™®.

PrOOF. Denote F* = {p € AUP(D*)U P* | rankp < v?}. By lemmas 5.3 and 5.4 we
have F* C F'. We thus have two cases to consider.

First case: P* # P. More precisely, we assume ¢ = qo full-rem A with gy € P and we
prove that, if rank gy < v? then gy € (F!): (S' N R,)*>.

This comes from lemma 5.3, the fact that the elements of A involved in the reduction
process of gg have rank lower than or equal to that of gg that H4 C S C S’ that g € A’
and rank ¢ < rank qq.

1 Actually, the lemma is false when p, ¢ are linear homogeneous differential polynomials, in one
differential indeterminate u, with constant coefficients and when 1ld ¢ = u. In that case, the equation p
is lost. However, this does not matter for ¢ := u = 0 makes superfluous all other linear homogeneous
differential polynomials in » alone and with constant coefficients.
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Second case: P(D*) # P(D). More precisely, we assume g = A(pg,pj) full rem A and
{po, ph} is a reduction pair with rankp, > rankpj. We prove that, if rankpy < v¢ then
Po € (F1): (SN Ry)™.

Claim: there exists a power product h of elements of S’ N R, such that hpy =
A(po,py) (mod (F))). Since {po, py} is a reduction pair, there exists some derivation
operator ¢ such that A(po,p)) = po full rem ¢pj. Thus there exist a, § € N such that
7:70;6 ng po = A(po,py) (mod (¢pp)).

Using lemmas 5.3 and 5.4, the fact that G satisfies 12 and rank pf, < rankpy < v? we
see py € (F!):(S'NR,). Since ld ¢py = ldpy < v, we have ¢py € (F)): (S' N R,)>.
Since iy, sy, € S' N R, by 14 the claim is proved. O

Now 1d A(pg, py) < v thus, according to the specifications of Ritt’s algorithms of re-
duction, there exists a power product h of elements of S’ N R, such that h A(pg, pp) =
q (mod (F!)). Since rank ¢ < rank A(pg, pj) < v¢ we have ¢ € F!. Using the claim above,
the lemma is proved. O

PROPOSITION 5.6. Z(G) : {iq, 4} = Z(G").

PRrROOF. The inclusion Z(G) : {iy, s} C Z(G') is a corollary of lemma 5.5. Let’s prove
the converse inclusion and first that ¢ € Z(G). For this, we consider three cases:

First case: ¢ = ¢o full rem A with gy € P. It is clear for ¢y € Z(G), A C Z(G) and
HyCS.

Second case: ¢ = A(po, py) full rem A when {po, pj} is not a reduction pair. It comes
from I5 and the fact that A C Z(G) and Ha C S.

Third case: ¢ = A(pog, py) full-rem A when {po, p} is a reduction pair (with rank py >
rank pj). It comes from the fact that pj € Z(G) by 12 (applied to G), pg € P(D) C Z(G),
ACI(G)and Hq CS.

Since g € Z(G), we have A’ C Z(G). If p € P(D') does not belong to P(D) then p
belongs to a reduction pair {p, ¢} € D’ with p € A ; thus P(D’') C Z(G). The lemma
comes now from the fact that P’ C P and S’ = S U {i,, s.}. U

PROPOSITION 5.7. G' satisfies invariants 11, 14 and I6.
PRrROPOSITION 5.8. G' satisfies invariant I5.

PRoOOF. This comes from the fact that all the pairs in D’ which are not reduction pairs
have the form {p, q} with p, ¢ € A’ C Z(G"), that Z(G) C Z(G') and G satisfies I5. [

PROPOSITION 5.9. G’ satisfies invariant 12.
PROOF. Invariant 12 is satisfied for all reduction pairs in D’ which are not in D since
those pairs have the form {p, ¢} with rankp > rankq and q € A’. Invariant 12 is satisfied

for all reduction pairs in D' which belong also to D by lemma 5.5. O

LEMMA 5.6. Ifv is any derivative then every {p, p'} € pairs(AU{q}) which is such that
led(ld p,1dp') < v is nearly solved by G'.

ProOF. By induction on v. Basis of the induction: if v is less than or equal to the
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minimum vg of led(ld p,1d p') for all {p, p'} € pairs(A U {g}) then the lemma is trivially
satisfied. In the general case, let us assume that v > vy and (induction hypothesis) that
every {p, p'} € pairs(A U {q}) such that led(ldp,ldp’) < v is nearly solved by G".

First case: p # q and p' # q.

First subcase: if {p, p'} is solved by G then, by lemma 5.5, the pair {p, p'} is solved
by G'. It is thus nearly solved by G’ according to A1.

Second subcase: if {p, p'} € D* then either it belongs to D’ or it does not. In the former
case, it is nearly solved by G’ according to A2. In the latter, the triple (p, ¢, p’) satisfies
the hypotheses H1 to H3 of proposition 4.2 and led(1d p,1dp’) is a proper derivative
of both led(ld p,1d ¢) and led(1d p’,1d ¢). By the induction hypothesis and A3, the pair
{p, p'} is nearly solved by G'.

Third subcase: if {p, p'} = {po, P4} € D and ¢ = A(po,py) full rem A then {p, p'} is
solved by the differential system AU {q} = 0, S’ # 0 (specifications of Ritt’s reduction
algorithms). By lemma 5.3 and the fact that ¢ € A’, the pair {p, p'} is solved by G'. It
is thus nearly solved by G’ according to A1.

Second case: the pair is formed by ¢ and some p € A.

First subcase: If {p, ¢} € D; C D' then {p, ¢} is nearly solved by G' according to A2.

Second subcase: If {p, ¢} ¢ D’ then either it is solved by G’ according to proposition 4.1
or there exists a pair {p', g} € D; C D' such that the triple (g, p’, p) satisfies the
hypotheses H1 to H3 of proposition 4.2. In this latter case, led(1d p,1d q) is a derivative of
led(1d p,1d p') and, according to the first case considered above, the pair {p, p'} € pairs(A)
is solved by G'. According to A3 the pair {p, ¢} is nearly solved by G'. O

ProrosITION 5.10. G' satisfies 13.
PrOOF. This is a consequence of lemma 5.6 and of the fact that A’ C AU {¢}. U
5.3. SPLITTINGS

When the completion process enlarges A with a new equation ¢ = 0, the set S is
also enlarged with two inequations iy # 0, s, # 0. In order not to loose solutions of
the current quadruple, we must also consider its solutions which cancel the initial or the
separant of ¢. This we do by splitting cases as in Seidenberg’s elimination algorithms. The
argument relies on the differential analogue of Hilbert’s theorem of zeros (theorem 3.1).

LEMMA 5.7. If A= 0, S # 0 is a differential system and h is a differential polynomial
then every solution of A =0, S # 0 is a solution of AU{h} =0, S # 0 or a solution of
A =0, SU{h} # 0 and conversely.

COROLLARY 5.1. /[A]: S = /[A4, h]: S° N /[A] : (SU {h})®>.

PRrROOF. The corollary comes from lemma 5.7 and the corollary 3.1 of the theorem of
zeros. U

Let’s come back to the quadruples G, G' and to the differential polynomial g of sec-
tion 5.2. Denote rankq = v?. Let ¢; = ¢ — i, v? and g5 = dq — v s,. Denote

Gi = <A7 D*,P*U{iq,(h}, S>/
Gs = <A7 D*,P*U{Sq,qs},SU{iq}).
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ProposiTION 5.11. Z(G) = Z(G;) N Z(Gs) N Z(G").

ProOF. Using lemma 5.7, every solution of F(G) = 0, S # 0 is a solution of F(G) U
{iq} =0, S # 0 (denoted X;) or a solution of F(G) =0, SU {i,} # 0 and conversely.
Using lemma 5.7 again, every solution of the latter system is a solution of F(G) U {s,} =
0, SU{iy} # 0 (denoted X;) or a solution of F(G) =0, SU {i4, sq} # 0 (denoted ')
and conversely.

The system ¥; (respectively ;) has the same solutions as the quadruple G; (respec-
tively G). By proposition 5.6, the system ¥/ has the same solutions as the quadruple G'.

The proposition follows now from corollary 5.1. O

Observe that if a differential polynomial h does not divide zero modulo /[X] then
there is no need of splitting on A since in that case \/[X] = /[X] : h*°. This is the case
for instance if h € K (h # 0).

5.3.1. THE SYSTEM (F; SATISFIES ALL THE INVARIANTS

Note: the proofs are simpler variants of the ones given for G’ in section 5.2. They rely
on the fact that ¢ € (i4, ¢;) and ranki,, ¢; < rankgq. Therefore, since q € (sq, qs) and
rank s,, gs < rank g the same proofs hold for G ; if ¢ = 0 then they hold for the quadruple
G* = (A, D*, P*, S) too.

LEMMA 5.8. If v? is any rank, F = {p € F(G) | rankp < v?} and F; = {p € F(G;) |
rankp < v?} then (F,): (SN R,)>® C (Fi,): (SiNR,)>.

PrOOF. We only have to consider two cases.

First case: P* # P. More precisely, we assume ¢ = qq full rem A with gy € P and we
prove that, if rank gy < v? then go € (F},) : (S N R,)®.

This comes from the fact that the elements of A involved in the reduction process of gq
have rank lower than or equal to that of ¢g, the fact that H4 C S C S’ and the fact that
q € (ig: @;) C (Fi).

Second case: P(D*) # P(D). More precisely, we assume g = A(pg, py) full-rem A and
{po, Py} is a reduction pair with rank py > rankpy. We prove that, if rank pg < v? then
Do € (Fi,v) : (Sl N Rv)oo-

Claim: there exists a power product h of elements of S; N R, such that hpy, =
A(po,py) (mod (F;,)). Since {po, pi} is a reduction pair, there exists some derivation
operator ¢ such that A(pg,py) = po full-rem ¢p;. Thus there exist a, 8 € N such that
i Sgg po = A(po,pp) (mod (¢pg)).

Using the fact that G satisfies 12 and rank pj, < rank pg < v? we see pj € (F; ) (S;N
R,)®°. Since 1d ¢pj = 1dpy < v, we have ¢py € (F; ) (S;NR,)®°. Since ipt: Sp, € S;NR,
by I4 the claim is proved. O

Now 1d A(po,pj) < v thus, according to the specifications of Ritt’s algorithms of re-
duction, there exists a power product h of elements of S; N R, such that h A(pg,p}) =
q (mod (F;,)). Since ranki,, ¢; < rank A(pg,pp) < v¢ and q € (i,, ¢;) we have q € (F} ).
Using the claim above, the lemma is proved. O

ProprosITION 5.12. G; satisfies invariants 11, 14 and 16.
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ProrosiTiON 5.13. G; satisfies invariant I5.

PrOOF. This comes from the fact that Z(G) C Z(G;) and G satisfies invariant I5. U
PROPOSITION 5.14. G; satisfies invariant 12.

PRrOOF. This proposition is a corollary of lemma 5.8. O

PROPOSITION 5.15. G; satisfies invariant 13.

PRrROOF. Because of lemma 5.8, all the pairs in D solved by G which still belong to D*
are also solved by G;.

It suffices thus to show that if ¢ = A(pg, pp) full rem A then {po, pj} is solved by G;.
This pair is solved by the differential system A U {q} =0, S; # 0. Since q € (iq, ¢;) C
F(G;) and ranki,, ¢; < rankq the pair {po, py} is solved by G;. O

5.4. PROOF OF THEOREM 5.1

The axioms below define a partial ordering among quadruples. Let G = (A’, D', P', S')
and G = (A, D, P, S) be two quadruples such that rank A and rank A" are autoreduced.

O1 If A’ < A then G' is said to be less than G.

02 If A’ = A and D' has fewer elements than D then G' is said to be less than G.

03 Assume A’ = A and D' = D. If there exists a differential polynomial p € P and a
finite set E (possibly empty) of differential polynomials all less than p such that
P' =P\ {p} UE then G’ is said to be less than G.

LEMMA 5.9. The ordering defined above is artinian (i.e. every strictly decreasing se-
quence of quadruples is finite).

PrOOF. We assume there exists an infinite strictly decreasing sequence (G,,) of quadru-
ples and seek a contradiction. Denote G,, = (A,, Dy, P,, S,). Since the ordering on
autoreduced sets of differential polynomials is artinian, (G,) contains an infinite subse-
quence (G;,) of quadruples such that all A;’s have the same rank. By a similar argument,
(G;,) contains itself an infinite subsequence (G, ) of quadruples such that all A;’s have
the same rank and all D; have the same number of elements. By an argument of graph

theory (Konig, 1950, Satz 6.6) (i.e. every infinite locally finitel tree contains a branch of
infinite length) there exists (taken from the P;) an infinite strictly decreasing sequence
of differential polynomials. This cannot be for rankings are well orderings. This final
contradiction proves the lemma. [

PROOF OF THEOREM 5.1. Differential systems are represented using quadruples. Let
G = (A, D, P, S) be a quadruple of R satisfying the invariant properties I1 up to I6.
The initial system, coded (@, #, Py, Sg) satisfies them. We assume inductively that the
theorem holds for any quadruple G’ < G satisfying the invariants. The induction is
transfinite (lemma 5.9).

T A tree is said to be locally finite if only finitely many branches start from each of its nodes.
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Assume D and P are empty (basis of the induction). Applying the method described in
section 5.1, one decides whether the differential system A = 0, S # 0 is consistent or not.
It is discarded if it is inconsistent else one gets a regular differential system A =0, S # 0
such that (@) = [A] : §°°.

Assume D or P not empty (general case). Pick either a differential polynomial gy € P or
a pair {po, py} € D. In the former case, let P* = P\ {qo} let D* = D and ¢ = qo full-rem
A. In the latter let P* = P, let D* = D \ {{po, py}} and ¢ = A(pg,p;) full rem A.

Assume ¢ = 0 and denote G* = (4, D*, P*, S). The quadruple G* satisfies the invari-
ants (cf. the note in section 5.3.1). Since Z(G) = Z(G*) and G* < G by O2 or O3 the
quadruple G* can be disposed of by induction.

Assume g # 0. Let G' be any quadruple obtained following section 5.2. The quadru-
ple G' satisfies the invariants and is less than G according to O1. It can be disposed of
by induction.

Denote rankq = v?. Let ¢; = q — i, v? and ¢; = dq — vs,. Form two quadruples G;
and G, as in section 5.3. Since ¢;, gs, 44, Sq¢ < ¢ the quadruples G; and G are both less
than G according to O2 or O3. They satisfy the invariants. They can be disposed of by
induction.

The proof of the theorem is now completed by proposition 5.11. [

5.5. ABOUT THE IMPLEMENTATION

The following pseudo code furnishes the method carried out by implementation of the
Rosenfeld Grobner algorithm for constructing D' from Dy and D*. Note the first loop
keeps the pairs which could be discarded using the analogue of Buchberger’s first criterion
(proposition 4.1). Let’s pseudo—quote Becker and Weispfenning (1991), page 231: if two
or more pairs have the same least common derivative of leaders, so that there is a choice
as to which one(s) should be deleted, then it is advantageous to try and keep one which
will be discarded later by the analogue of Buchberger’s first criterion. That way, one
eventually gets rid of all of them.

D1 = @
while Dy # () do
pick a pair {p, ¢} € Dy
Do := Do \ {{p; q}}
if p, g are linear homogeneous differential polynomials in one differential
indeterminate and with constant coefficients or if there does not
exist any pair {p’, ¢} € Do U D; such that the triple (g, p’, p) satisfies
the hypotheses H1 to H3 of proposition 4.2 then
Dy = DiU{{p, ¢}}
fi
od
Remove from D; all pairs {p, ¢} such that p, ¢ are linear homogeneous differential
polynomials in one differential indeterminate and with constant coefficients
Let D5 be the subset of all the pairs {p, p'} € D* such that (p, ¢, p') does not satisfy
the hypotheses H1, H2 and H3 of proposition 4.2 or led(ld p,1d p') is equal to
led(ld p,1d ¢) or led(1d p',1d q).
DI = D1 U DQ.
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5.5.1. AVOIDING SPLITTINGS

As stated in section 5.3, if a differential polynomial h does not divide zero modulo
p = +/[FPo] : S§° then there is nod need of splitting on h.

Here is a way to apply this idea: before computing a decomposition of p w.r.t. to some
desired ranking R first compute a decomposition of p w.r.t. another ranking R’ chosen
heuristically so that the representation involves only few components. Afterwards, use
it while computing the decomposition of p w.r.t. R: each time the algorithm is about
to split computations between (say) h = 0 and h # 0, test whether h is a divisor of
zero modulo p. If h is proven not to be a divisor of zero, the splitting can be avoided
and the branch h = 0 discarded. The differential polynomial h € p if and only if the
branch h # 0 only leads to inconsistent regular differential systems. Such branches can
therefore always be detected and discarded. If h is proven to be a divisor of zero or if
nothing can be proven then the splitting must be generated.

The method above is particularly interesting when p can be represented by a unique
regular differential system C = 0 which is orthonomic (i.e. all the initials and separants
of C belong to the base field of R). In that case (which turns out to happen quite
often) p = [C] is prime. No differential polynomial can divide zero modulo a prime ideal.

The implementation of the Rosenfeld—Grobner algorithm in the diffalg package ap-
plies this improvement.

5.5.2. REDUCING THE INEQUATIONS

It is interesting to keep S partially reduced w.r.t. A for inequations are usually small
differential polynomials (for problems which can be handled): reducing them is not very
CPU expensive and can point out inconsistencies. Note invariant I4 must then be changed
and proofs modified.

5.5.3. LINEAR EQUATIONS

If our implementation is given linear differential polynomials then the analogue of
Buchberger’s second criterion always applies ; moreover, no splittings are generated. In
particular, if the given system is a set of non differential polynomials, coded as differ-
ential polynomials linear, homogeneous, in one differential indeterminate with constant
coefficients then this implementation behaves exactly (up to the implementation over-
head) as a good implementation of the Buchberger’s algorithm (the one of Gebauer and
Moller (1988)).

6. Computing canonical representatives

According to the results of the previous sections any regular differential ideal may be
presented by a regular differential system and by its associated Grobner basis. This was
the choice in (Boulier et al., 1995). This representation is not only heavy but also non
canonical for different regular differential systems may define the same regular differential
ideal. In this section, we define better representatives of regular differential ideals that
we call characteristic presentations. Theorem 6.3 then shows how to compute character-
istic presentations from regular differential systems. The Rosenfeld-Grébner algorithm
(theorem 6.4) can then be stated.
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6.1. CHARACTERISTIC PRESENTATIONS

The implication from left to right in the proof of the following theorem was already
proven in Boulier et al. (1995), lemma 5, page 162.

THEOREM 6.1. (canonicity theorem)
If Ay =0, S; #0 and Ay =0, Sy # 0 are two reqular differential systems of some
differential polynomial ring R then [A1]: ST° = [Aa] 1 S$° iff (A1) : SP° = (4o) : S5°.

PROOF. The implication from left to right. We assume (H1) that [A;]: ST° = [A2]: S$°
and (H2) that (A;):S7° # (A2):59°. We seek a contradiction. Denote By = p; < -+ < p,
and By = ¢1 < -+ < ¢, the Grobner bases associated to the algebraic regular ideals.
Apply H2 and assume B; < Bs. There exists an index i < n such that p; is not reduced
to zero by By and p; = ¢; (1 < j <i). By H1 we have p; € [A5] : S3°. By the corollary
below Lazard’s lemma and the fact that p; = ¢; (1 < j < i), the differential polynomial p;
is partially reduced w.r.t. ¢1, ..., ¢;_1. It is also partially reduced w.r.t. g;, ..., g, for
ldp; <ldg, ..., ldg, and By is a Grobner basis w.r.t. an elimination ordering defined
by a ranking. By the corollary of Lazard’s lemma, p; is partially reduced w.r.t. As. By
Rosenfeld’s lemma p; € (A42) : S$°. Contradiction.

The implication from right to left now. We assume (H1) that (A;) : SP° = (A4y) : S§°
and (H2) that p € [A1]: 57°. We claim p € [A,] : S$°. Let ¢ = (p partial-rem A,). There
exists thus a power product h of elements of S, such that hp = g modulo [A,]. According
to H1 we have Ay C [A1]: SF° thus hp = g modulo this latter ideal. Because of H2 we
have q € [A;]: S{°. By the corollary below Lazard’s lemma and H1 again ¢ is partially
reduced w.r.t. 4;. By Rosenfeld’s lemma, it belongs to (A;) : ST° = (A42) : S$°. Let’s
summarize: (p partial rem As) € (Ay):S3°. By the corollary (point 2) below Rosenfeld’s
lemma, p € [4y]: S3°. O

In the next definition, the only purpose of conditions C2 and C3 is to ensure the
canonicity property of characteristic presentations.

DEFINITION 6.1. (characteristic presentations)

Let A =0, S # 0 be a consistent reqular differential system of a differential polynomial
ring R for a ranking R and B be the Grobner basis associated to the regular algebraic
ideal (A) : S, computed in dimension zero.

A differentially triangular set C = p; < --- < py is called a characteristic presentation
of the regular differential ideal [A] : S if it satisfies the following conditions:

C1 for any p € R we have p € [A] : S* if and only if (p full-rem C) = 0,
C2 the set C is a minimal differentially triangular subset of B,
C3 if C' = p| < --- < pl, is another set which satisfies C1 and C2 and i < n is the

smallest index such that p; # p; then the leading term! of p; is less than the one
of pj-

A characteristic presentation C of a regular differential ideal [A] : S*° is not exactly a
characteristic set in the sense of Ritt of the ideal since it is not autoreduced. However,

T The term ordering used is the elimination one given by the ranking.



34 F. Boulier, D. Lazard, F. Ollivier, M. Petitot

it has the same rank as the characteristic sets of the ideal and it could easily be made
autoreduced by performing a few reductions. We have [A] : S%° = [C]: HS°. Remark also
that a characteristic set of [A]: S is not necessarily a characteristic presentation of this
ideal since it may reduce to zero more than the ideal.

THEOREM 6.2. (canonicity of characteristic presentations)
If it exists, the characteristic presentation of a reqular differential ideal is a canonical
representative of this ideal (it only depends on the ideal and on the ranking).

PRrooOF. It is an easy consequence of theorem 6.1, conditions C2 and C3 and the canon-
icity property of reduced Grobner bases. U

Here is an algorithm to extract a minimal differential triangular subset C from the
associated Grobner basis B of a consistent regular differential system A =0, S # 0: for
each derivative v which is the leader of some element of A, pick from B a differential
polynomial with leader v and with minimal degree in v (among the elements of B whose
leader is v).

If C' is such a set of differential polynomials then C is a triangular subset of B. By
Lazard’s lemma, a derivative v is the leader of some element of B if and only if it is
the leader of some element of A. Thus C is a minimal triangular subset of B. Since A is
differentially triangular, so is C.

LEMMA 6.1. (algorithmic test for condition C1)
Let A =0, S # 0 be a consistent reqular differential system of a differential polynomial
ring R for a ranking R and B be its associated Gribner basis.

If C is a minimal differentially triangular subset of B and no element of Ho is a
divisor of zero modulo (A) : S°° then C satisfies C1.

ProOOF. By the hypothesis and the corollary (point 3) below Rosenfeld’s lemma, no
element of He is a divisor of zero modulo [A] : S*°. Since C C [A] : S°°, the set C only
reduces to zero elements of this differential ideal.

By the corollary of Lazard’s lemma, a derivative v is the leader of some element of C'
if and only if it is the leader of some element of B. Thus if p is a non zero differential
polynomial reduced in the sense of Ritt w.r.t. C' then p is partially reduced w.r.t. A on
one hand; on the other hand, the terms of p are not divisible by the leading terms of the
elements of B thus p is irreducible by the Grobner basis B and p ¢ (B) = (A4) : S*°. By
Rosenfeld’s lemma, p ¢ [A] : S°°. Therefore, every element of [A] : S*° is reduced to zero
by C. O

LEMMA 6.2. Let A =0, S # 0 be a consistent reqular differential system of a differential
polynomial ring R for a ranking R, B be its associated Grébner basis and C' be a minimal
differentially triangular subset of B.

An element h € Hc is a divisor of zero modulo (B) if and only if the reduced Grébner
basis of (B): h®> (computed in dimension zero) is different from B.

Proo¥r. First note h ¢ (B) for h is irreducible by B. Now, the ideal (B) is radical by
Lazard’s lemma,; the prime ideals which are minimal over (B):h® are the minimal prime
ideals of (B) which do not contain h; a polynomial A is a divisor of zero modulo a radical
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ideal v if and only if it belongs to some but not all of the prime ideals which are minimal

over t; reduced Grobner bases are canonical representatives of the ideals they generate.
O

THEOREM 6.3. (computing characteristic presentations)

If A=0, S #0 is a consistent reqular differential system for a ranking R of a differ-
ential polynomial ring R then it is possible to compute finitely many regqular differential
ideals given by characteristic presentations C; (i =1, ..., n) such that

[A]:S®° = [Ci]:HZN---n[Cy]: HY. (6.1)

This decomposition does not contain redundant components w.r.t. [A] : S°°. Operations
needed are addition, multiplication and equality test with zero in the base field of R.

PRrROOF. Denote v = [A] : S*° and B the Grobner basis associated to (A) : S°°. The
paragraph above lemma 6.1 shows how to extract minimal differentially triangular sub-
sets C' from B. Lemmas 6.1 and 6.2 show how to test if one of them is a characteristic
presentation of .

The proof is an induction on the number of prime components of (B). If (B) is prime
and C is a minimal differentially triangular subset of B then no element of H¢ divides
zero modulo (B) hence C satisfies C1.

Assume (A) : S°° admits no characteristic presentation. Let C' be a minimal differ-
entially triangular subset of B and p € He be a divisor of zero modulo (B). We have
t=r1; Nty where ty = \/[AU {p}]: S® and ty = v: p™.

Both t; and vy have fewer components than t. The latter ideal is a regular differen-
tial system whence is disposed of by induction. Using theorem 5.1, one can compute a
representation of vy as an intersection of regular differential ideals. Moreover, one can
manage to compute an irredundant intersection by using the technique described in
paragraph 5.5.1 O

The method described in the proof above is the one applied in the diffalg package.
It is not very efficient. The Lextriangular algorithm of Lazard (1992) (see also Moreno
Maza (1997)) would be much more efficient and would even permit us to completely
avoid the use of Grobner bases.

6.1.1. AN EXAMPLE

Some regular differential ideals (quite unusual in practice) have no characteristic pre-
sentation. An example is given by the following triangular set A, for the elimination
ordering x5 > --- > 1. The example is purely algebraic but can be easily transformed
into a differential one.

ps = ((22+ 25 + 22 + 23) (2225 + 14),
AQ p2 334(-?3 + x3),
pi = (2}
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Below is the reduced Grébner basis B (computed over Q) of the ideal (A) : S$° for the
elimination ordering x5 > --- > 1.

bs = =z,
b4 = ’1‘4(’1“3 + ’I‘q)l
B{ by = z12%+ (22 + 11)73,
by = ®xaxy,
b] = X2 (:U% + ZE]).

It contains only one minimal triangular subset {b1, b2, b5}, which is not a characteristic
presentation of v = (A) : Sg° since the initial 2 of by is a divisor of zero modulo t.
Moreover, t contains no differentially triangular subset satisfying C1. Let us assume
the existence of such a set C' and seek a contradiction. This set reduces b, to zero. So
it contains either a polynomial p € v N K[z, 2] of degree 1 in x» (impossible) or a

polynomial p € tN K[xy, ..., z4] of degree 1 in z4, say p = aj x4 + ag. In this latter
case, p € (by,be) is a multiple of 25 and so is a; which is thus a divisor of zero modulo ©
(contradiction).

According to theorem 6.3, the regular ideal can be decomposed as an intersection
of regular ideals which admit characteristic presentations. The ideal v = (A4) : S§° is
decomposed as the intersection t = t; Nty where t; = v:23° and vy = v + (z3). Here are
characteristic presentations of these two ideals.

Zs, Ts5,
T X4, T azi + x3,
22+ 2 ; .

6.2. THE MAIN THEOREM

THEOREM 6.4. (the Rosenfeld-Grdbner algorithm)

If Py =0, Sy # 0 is a differential system of a differential polynomial ring R then it
is possible to compute finitely many regular differential systems given by characteristic
presentations C; (i =1, ..., n) such that

p=1/[R]:S° = [Ci]:HEN---N[C,] HE. (6.2)

Operations needed are addition, multiplication, differentiation and equality test with zero
in the base field of R. This decomposition may contain components redundant w.r.t. p. It
provides a normal simplifier for the equivalence relation modulo this ideal i.e.

peEp < pfull remC; =0 (1<i<n).

ProOF. The first claim is proven by theorems 5.1 and 6.3. The property of being a
normal simplifier is an immediate consequence of condition C1 of definition 6.1. U

By applying a primary decomposition algorithm over the regular decomposition of p,
one would get a (redundant) differential prime decomposition of p (see a remark below
theorem 4.2). This algorithm would probably be much more efficient than the character-
istic sets algorithm of Ritt (1950) and would provide the same result.

Remark that decomposition of radical differential ideals in regular differential ideals
does not depend on the base field whereas the decomposition in prime differential ideals
does.
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The computed representation of a radical differential ideal p is not canonical because of
the regular components which may be redundant w.r.t. p. Moreover, even if t is a regular
differential ideal which is not redundant w.r.t. p, there may exist among the minimal
differential prime components of t some differential ideals redundant w.r.t. p.

Deciding whether a regular differential ideal is redundant or not w.r.t. a decomposition
of type (6.2) is related to a famous open problem in differential algebra (Kolchin, 1973,
page 166).

The computed representation of p is therefore not a canonical simplifier for the equiv-
alence relation modulo p. However, being a normal simplifier is enough for deciding
whether two given differential polynomials p and ¢ are equivalent modulo p for p = ¢ if
and only if p — ¢ = 0 modulo p.

In the case of differential ideals generated by only one differential polynomial, the
problem of the computation of the minimal prime decomposition is solved by the Low
Power Theorem (Kolchin, 1973, chapter IV, section 15), much studied by Ritt (1950)
and Levi (1945). See also Hubert (1997) for an implementation of this theorem based
on the Rosenfeld Grobner algorithm and a generalization of it to regular differential
decompositions.

7. Formal power series solutions of regular differential ideals

The content of this section is a variant of Seidenberg’s results (Seidenberg, 1956, the-
orem 11, page 59) (Seidenberg, 1958, Embedding theorem) and (Seidenberg, 1969). We
give proofs for the sake of completeness and because the hypotheses of Seidenberg’s the-
orems are slightly different from ours. This section was also partly inspired by (Péladan-
Germa, 1997).

Let A = 0, S # 0 be a differential system of a differential polynomial ring R =
K{uy, ..., u,} and Ry be the ring of the differential polynomials partially reduced
w.r.t. A.

Let ¢g be any algebraic solution of A =0, S # 0, viewed as a non differential system
of Ry. The solution ¢y defines a K—algebra homomorphism ¢g : Ry — G where G is
some field extension of K. Note ¢g maps the elements of S to nonzero elements of G.

We prove first (proposition 7.1) that ¢q extends to a unique solution ¢ of the differential
ideal [A] : S°°. Then we prove ¢ is uniquely defined (proposition 7.2) and provides the
coefficients of a formal power series solution of [A] : S (proposition 7.3).

Let v € OU be a derivative and let p = v partial-rem A. There exist then a power
product h of elements of S and a differential polynomial p € Ry such that

hv = p (mod [A]). (7.1)
We define ¢(v) = do(p)/do(h).

LEMMA 7.1. The map ¢ is well defined (i.e. the definition does not depend on the dif-
ferential polynomials h and p).

PrOOF. Let h, p be the differential polynomials defined in congruence (7.1). Assume
there exists another power product h' of elements of S and another differential poly-
nomial p' € Ry such that A'v = p' (mod [A]). We have hp' — h'p € [A] : S N Ry.
Since A = 0, S # 0 is a regular differential system, Rosenfeld’s lemma applies and
hp' — h'p € (A) : S° whence ¢o(p)/¢o(h) = do(p')/¢o(h"). U



38 F. Boulier, D. Lazard, F. Ollivier, M. Petitot

The map ¢ extends to a unique K algebra homomorphism K[OU] — G that we
denote ¢ also.

PRrROPOSITION 7.1. If p € [A]: S°° then ¢(p) = 0.

PROOF. First observe that if p is a proper derivative of some element of A then there
exists a possible partial reduction such that p partial rem A = 0 ; according to lemma 7.1
we have ¢(p) = 0.

Now, if p € [A] : S then p = (p partial-tem A) € (A) : S by Rosenfeld’s lemma
whence ¢(p) = 0. Moreover, there exists a power product h of elements of S such that
hp — p is equal to a linear combination of proper derivatives of elements of A ; thus

d(p) = ¢(p)/p(h) = 0. O

PRroproSITION 7.2. The homomorphism ¢ is the unique K algebra homomorphism ex-
tending ¢o which maps [A] : S to zero.

PROOF. Assume there exists another homomorphism ¢’ extending ¢ which maps [A]: S
to zero. Let v € OU be a derivative and h, p be the differential polynomials defined in

congruence (7.1). We have ¢'(v) = ¢o(p)/do(h) = ¢(v). O

Ifa = (a1,...,an) € N®is a multi-index, and n = (1, ..., ) € G™ then we
denote ! = [[\%, e and (z —n)* = (1 —m1)*" - (T, — Ppn)*™ and 6% = 671 -+ 6%m.

To each differential indeterminate u € U we can associate a formal power series (7 is the
point of expansion of the series):

= Z ¢(5O;u) (x — ).

[e%
aENm

The derivations defined over R act over such a formal power series according to the rules:

dix; =1, &xz; =0, (i#7).

LEMMA 7.2. The substitution u — u defines a differential homomorphism of K -algebra
R — G[[z — ).

We omit the proof which is purely computational.
PROPOSITION 7.3. The n uple (41, ..., Uy) is a differential solution of [A]: S®°.

Proor. Using lemma 7.2, for any differential polynomial p € R we have

plar, ..., ) = Y ﬂg?%m—nw

aeN™
hence p(ay, ..., 4y,) = 0 if and only if #(6*p) = 0 for each o € N™. Since ¢ maps [A]: S
to zero and [A] : S is a differential ideal, for every p € [A] : S* and every a € N™ we
have ¢(6*p) = 0 whence p(ay, ..., u,) =0. O

A regular differential ideal may have a formal power series solution for initial conditions
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which annihilate some elements of S. The simplest example is probably u2 — 4u = 0 with
uz # 0 and ¢o(u,) = 0 (the solution being u(z) = 22).

The formal power series defined here do not belong to G[[z]] but to G[[z — n]]. Fixing
the ring of formal power series where we seek solutions would fix the expansion point.
Denef and Lipshitz (1984) showed that there does not exist any algorithm which decides
whether systems of polynomial differential equations have solutions in a given ring of
formal power series (see however their article for exact statements).

8. Examples

We detail the resolution of the system presented in the introduction with the help of
the diffalg package of MAPLE V.

u? — 4u = 0,
YO ugyvy —u+1l = 0,
Vgg — Uy = 0.

The following instructions load the package and store in R the differential polynomial
ring Q(z, y){u,v} endowed with derivations w.r.t. z and y and an orderly ranking over
©{u, v} such that

1 if ord(f) = ord(p) then Ou > v
2 if ord(f) = ord(p) and 8 > ¢ for the lexical order > y then fu > pu (idem for v).

> with ( diffalg ):
> R := differential ring ( derivations = [x,y], ranking = [[u,v]] ):

The Rosenfeld-Grobner algorithm is called and returns a list (understand “intersection”)
of regular differential ideals presented by characteristic sets. The ideals are stored in
MAPLE tables. Only the names of the tables (i.e. “regular”) get printed. Over this
example, the list only involves one table.

> Sigma := [ ulx]"2 - 4*ull, ulx,yl*vly]l - ull + 1, v[x,x] - ulx] ]:

> ideal := Rosenfeld_Groebner ( Sigma, R );
bytes used=1002848, alloc=851812, time=1.48
ideal := [regular]

The following instruction displays the characteristic presentation of the regular ideal
as rewrite rules for Ritt’s reduction algorithms: let p be a differential polynomial with
rank v¢ ; then p = agv? + ag_1v%' + .- - + ag for some differential polynomials a’s (the
initial of p is a4). the differential polynomial p is displayed as

d ag 10"+ 4 ag
vt = — .

aq
> rewrite_rules ( ideal [1] );

Uy Uy Uy Uy

y Uy =2

=2
[Um’m —1+4+u —14+u

1
, uy2 =2u, 1)y2 = 511,2 —u+ 5]
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Looking at the leaders of the differential polynomials we see that there are only three
derivatives (i.e. u, v and v,) which are not derivatives of the leader of any equation of
the characteristic presentation. The solutions of ¥ depend therefore on three arbitrary
constants (the symbols starting with underscores denote initial conditions).

> initial_conditions ( ideal [1] );

[-Cu, _Cv, _Cv_1]

The following function call computes two objects from the computed representation which
give us formal power series solutions of X.

1 a “generic” formal power series solution of ¥ expanded at the origin and up to
order 100 (the series turn out to be a polynomial) ; this is the returned value of the
function call,

2 a triangular system of non differential polynomial equations and inequations over
the initial conditions (this is returned in the output parameter syst).

> generic_series := power_series_solution ([x=0,y=0],100,ideal[1],’syst’);
x _Cu_y _Cu_
generic_series := [u(z, y) = _Cu+ 2 # +y_Cu_y

1 2% (=128 _Cu_y _Cu® + 384 _Cu_y _Cu® — 384 _Cu_y _Cu+ 128 _Cu_y)

2 64 _Co_y _Cu® — 192 _Cu_y _Cu’® + 192 _Cv_y _Cu — 64 _Cu_y

_ zy(48.Cv’ —48_Cu—16_Cu’ + 16) 2 11/2, o(@.y) = Cota Coa

16 _Cv_y — 32 _Cv_y _Cu+ 16 _Cv_y _Cu 2

2% _Cu_y _Cv_ 1 y?(—2_Cu _Cu_y+ 2 _Cu_
_1+1/_O u+my_0u_y7§u ( _CU_;/ Y)

1 2° (128 _Coy _Cu® + 384 _Cu_y _Cu? — 384 _Cv_y _Cu+ 128 _Cu_y)

6 64 _Cv_y _Cu® — 192 _Cu_y _Cu* + 192 _Cv_y _Cu — 64 _Cuv_y

1 2%y (48_Cu® — 48 _Cu — 16 _Cu® + 16)

216 6_Cu_y—32_Cu_y _Cu+ 16 _Cu_y _Cu®

1 zy? (128 _Cu_y _Cu’ + 256 _Cu_y _Cu — 128 _Cu_y)

ol

1

6

+ 1y _Cu_y+

128 _Co_y _Cu? — 256 _Co_y _Cu+ 128 _Cu_y
y® (=128 _Cu® + 384 _Cu® — 384 _Cu + 128)
256 _Cu_y _Cu® — 512 _Cuv_y _Cu + 256 _C_y

]

> syst;

[—-Cvzz+ _Cvzz _-Cu— 2 _Cu_y_Co_y =0,
—_Cuz+ _Cuz_Cu—2_Cuy _Coy=0, —2_Cu+ _Cu_y® =0,
— O +2_Cu+2_Coy’>—1=0, Coy#0, _Cuy#0, —1+ _Cu# 0]

According to section 7, every solution of syst furnishes a unique formal power series
solution of X. According to Lazard’s lemma _Cu, _Cv and _Cuv_z furnish a family of
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system has now only finitely many solutions. Here is one of them, computed from bottom

up.

algebraic_solution := _Cv_zz = V102, _Cu_z = V102, _Cu_y = V10, _Co_y = 2/2,
Cu=5,_Cv=421, Cvz=m

The corresponding solutions of ¥ are obtained by specializing the formal power series of
generic_series at algebraic_solution.

> subs ( algebraic_solution, generic_series );

1
[u(z, y) =5+ 2V10V2+yV10+ 2° + 2y V2 + 5_1/2,1)(.7:, y) =421+ xm+2yV/2
1 1 1 1 1 1
+§m2\/10\/§+my\/10+1y2\/10\/§+ §m3+§m2y\/§+ 5.7:_1/24—51/3\/5]
8.1. LIE SYMMETRIES WITH AUTOMATIC DISCUSSION

This example consists in solving a system of linear partial differential equations de-
pending on a parameter. By splitting cases, the Rosenfeld—Grébner algorithm actually
discusses the solutions w.r.t. the parameter. The example and a part of its analysis are
borrowed from Reid (1991). It deals with Lie symmetries of differential equations. See
Olver (1993) and (1995) for the mathematical theory. The following differential equation
is a variant of the wave equation. The symbol H denotes an arbitrary function of u(z, y)
(i.e. a parameter of the differential equation).

2 2
Ep : % u(z,y) = aa—yz u(z, y) + H(u(z, y)) 8%/ u(z, y)

We are concerned with the Lie symmetries of the equation (Eg). Indeed, the graph of a
solution of the equation (Ep) is a set of points (z,y,u) € R® ; a Lie symmetry of this
equation is a transformation (a local diffeomorphism) which maps the graphs of solutions
to the graphs of other solutions:

X = (pl(may7“‘)7
Yy = (102('7"7:[/7“‘)7
U = ps(z,y,u).

We are looking for vector fields
0 0 0
V= Vi) g+ Vi) o+ Vi) o

whose flows are the desired symmetries. The set of these vector fields form a Lie algebra
i.e. a vector space endowed with a Lie bracket.

With the help of the liesymm package of MAPLE, we build a system Y.p of linear
partial derivatives equations in the three differential indeterminates V', V2 and V? and
derivations w.r.t. z, y and u.

1 1 3 1 72 2 2 3 3
Yu=V, —-HV, =2V, =V, Vo =V, + HV, + V" H, +2V,,,
V131 - HVy3 - Vy3y7 V;L]u7 V;i“ -2 Vm]u + ‘/;?117 V;LQ ‘/;27 VT] - Vy27 V2 - V]

yu T
2 1 2 1
Vz B Vu ’ Vzu - Vyu]
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Derivatives of the parameter H appear in the coefficients of the linear differential equa-
tions. We enlarge the system with the two following equations, to express the fact that H
only depends on u.

H,=0, H, =0.

We want to discuss w.r.t. H the structure of the Lie algebra (in particular, its di-
mension as a vector space). For this reason, we consider Yy as a system of polynomial
differential equations in four differential indeterminates V', V2, V3 and H and we call
the Rosenfeld-Grobner algorithm with a ranking which eliminates the V’s. By split-
ting cases, the Rosenfeld-Grobner algorithm discusses the structure of the Lie algebra
w.r.t. H. Four regular systems are generated.

In the paragraphs below, computations of regular differential systems and Taylor
expansions of solutions are performed using the diffalg package. Outputs are pretty
printed. Taylors expansions are computed in the neighborhoud of z = 0,y = 0, u = 0.
The symbols starting with a C denote the constants appearing in these developments
(e.g. CH= H(0,0,0), CH, = H,(0,0,0), ...).

8.1.1. FIRST SYSTEM

Here is the characteristic presentation of the first system.
1 1 1 2 2 2 3
vV, =0,V, =0V, =0,V=0,V,=0,V; =0,V"=0,H,=0,H, =0

There is no differential equation in H alone (except the two ones we have introduced
above). This case corresponds to the general case. The solutions of the V’s are

Viz,y.u) = CV,
Vi(x,y,u) = CV*
V3(z,y,u) = 0.

The allowed transformations are translations in the (z, y) plane (A, 4 denote constants):

X=z4+\ Y=y+pu U-=u.
8.1.2. SECOND SYSTEM

Here is the characteristic presentation of the second system.

V3H . V3 H .
1 _ u 1 1 _ 2 __ 2 _ u 2 __ 3 _ 3 _
Vm_f H 7Vy_07Vu_0=VT,_07Vy_7 H 7‘/11_07‘/,1_07‘/3/_07
~V3H,> + H,, HV? —2HH,,” + H,> Hy,
Vug:_ H+H sy Tyyu = — H_;I :Hw:07Hy:0-

This case corresponds to any function H which satisfies the third order differential equa-
tion above. Computing Taylor expansions of solutions we get

3
Vi) = ovi - 2OV Ol

3
Vi) = ov2 - 4CY O

CH ~
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u (- CV® CH,> + CH,,, CH CV?)
CH, CH
The Lie algebra has dimension three i.e. the solutions depend on the three arbitrary

constants CV*, CV* and CV? (the constants which appear in the Taylor expansion of H
are supposed to be known).

Vix,y,u) = CV* -

oz CH,

1 0 CH

v=cv'| 0 |+0V | 1 |+CV _yCH,
0 0 CH

CH, CH+ u(CH,* — CH,, CH)

Remark we find again (setting CV® = 0) the Lie symmetries of section 8.1.1. Some
other symmetries exist however in this particular case. A class of functions H which
satisfy the third order differential equation above is given by

Hu)=au+f

where a, 3 are constants (actually « = CH, and § = CH here since solutions have been
expanded at the origin). Setting CH, = CH = 1 we find the symmetry group

1 0 -z
v=cv'| 0 |+CV | 1 |+0CV —y
0 0 u+1

The flows generated by the two first vector fields are translations in the (z,y) plane. The
third vector field generates the group of dilatations (where A denotes a constant)

X:%, Y:%, U+1=\(u+1).

8.1.3. THIRD SYSTEM

The third regular differential system correspond to the case H(u) = constant.
1
2 _ 3 _ 3 3 U3 — 2 3 _ 3 _ 1_
Vi, =0, V2, =HV) + V. V)5, = —EVz H, V), =0V, =01V =0,

V) =V2,Vl=0,V>=0,V2=0,H, =0, H, =0, H, =0.

The solutions of the V'’s are

Viz,y,u) = CV'4y CVi,
V3i(z,y,u) = CV2+wCV§,
1
Vi@, y,u) = CV4+zCVi+yCVi+uCV+ 3 2>(CH CV + CV3)

1 1
+ay OV — 5auCV, CH+ Sy CVyy o

The vector fields associated to CV* and CV? generate the translations we already met
in the general case. The vector field associated to CVi generates an hyperbolic rotation

X a b T 1
— — 0 o3 (YY)
(v)=-(3 ) () vmue
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where a®> — b? = 1. The vector field associated to CV? generates the group of dilatations
U = Au. The other symmetries depend on an arbitrary solution a(z,y) of the equation
Ep since it is linear in this case (see Olver (1993), page 124):

0

V= CK(.’IJ,:[/) %

8.1.4. FOURTH SYSTEM

The fourth system corresponds to the wave equation (H(u) = 0). There are still more
symmetries than in the third case. See Olver (1993), page 124 for their descriptions.

2 _ 2 3 _ 3 3 _ 3 _ 3 _ 1 _ 2 1 _ 2
V2 =V2 V=V VR =0,V =0,V =0,V =V2, VI = V2,
V!=0,V2=0,H=0.

Conclusion

We have described an algorithm which computes a representation of the radical p of
any finitely generated differential ideal as an intersection of radical differential ideals.
The representation separates the minimal differential prime components of p which do
not have the same dimension. It permits to compute Taylor expansions of solutions of p
and the Hilbert’s polynomials associated to its minimal differential prime components.
The algorithm is implemented in MAPLE within a package. Its implementation is quite
tricky: it applies an analogue of Buchberger’s second criterion, it manages to perform
Grobner bases computations in dimension zero and is able to reuse a representation of p
for a ranking to simplify the computation of a representation of p for another ranking.
Quite surprisingly, the algebraic computations turn out to be much easier to handle than
one might fear.

In order to prove and present our algorithm, we had to improve some of Kolchin’s
theorems. Our results (e.g. Lazard’s lemma) do not only apply in differential algebra but
also for the non differential commutative algebra. Remark this phenomenon is not new:
Ritt’s characteristic sets theory, first developed for differential equations, has become
later very popular for systems of usual polynomials.
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