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L-FUNCTIONS OF AUTOMORPHIC FORMS
AND COMBINATORICS: DYCK PATHS

by Laurent HABSIEGER *) and Emmanuel ROYER

Introduction.

Since Chowla [Cho34], the behavior of the values at the edge of the
critical strip (we shall normalize L-functions such that the critical strip
is 0 < Res < 1) of the Dirichlet L-functions have been widely studied.
Recent results are due to Montgomery & Vaughan [MV99] and Granville
& Soundararajan [GS02]. The work on these values is motivated by the
algebraic interpretation via Dirichlet’s class number formula. On the other
hand, the study of values at 1 for the higher degree L-functions is much
more recent. It seems to have begun with the work of Luo [Luo99] who
deduced from the study of L(sym?f,1) (when f is a Maass form) results
in the deformation theory of modular forms. The experimental study of
the values L(sym?f, 1) has also been developped by Watkins [Wat02] and
Delaunay [Del03].

The Euler product of an higher degree L-function being greater than
1, the corresponding Dirichlet coefficients are not completely multiplicative.
It follows that the precise combinatorial behavior of the values at 1 is

(*) The first author is partially supported by the European Community ITHRP Program,
within the Research Training Network “Algebraic Combinatorics in Europe”, grant
HPRN-CT-2001-00272.

Keywords: Symmetric square — modular form — L-function — Dyck path — Combinatorics
— Narayana number

Math. classification: 11F11 — 11F12 — 11F67 — 11M41 - 05A15 — 05A19 — 11B75 - 11B83
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intricate and actually reveals interesting combinatorial structures. The
combinatorial study of the asymptotic negative moments of f — L(f,1)
and f — L(sym2f, 1) (where f is a primitive form, the parameter being the
level of f) has been done by the second author in [Roy03]. The underlying
combinatorial structures were paths in Z?, mainly the Dyck and Riordan
paths. Our aim in this paper is to extend the corresponding result to
positive moments, and even to positive moments of these values twisted by
eigenvalues of Hecke operators. The combinatorial study is more difficult
since the asymptotic moments are free of the Mdbius function which was
fundamental in the proofs in [Roy03]. The combinatorial structures we
enlighten are Dyck paths with multivariate statistics (such as return steps,
doublerises and last descent steps, see §2).

Let us be more explicit. Let u be the Mobius function and P~ (N)
the smallest prime factor of the integer N. One defines

Nexi = {N € N*: u(N) # 0 and P~(N) > log(3N)}.

Let H;(N) be the (finite) set of primitive forms of weight k over the group
I'o(N) and w(f) be the usual harmonic factor (see §1 for the modular
background). One defines

Hu(N) = 3 w(f)L(f, )"

fEH(N)

Mn(N):= > w(f)Lisym*f,1)"

fEHE(N)

for every integer n > 0. We proved in [Roy01] (and actually a more precise
result is given in [RW04]) that

N—+4oco
NeNcri
where
+oo m (7")
r=1
with

my(r) = Z Z 1

beN™  de€n(b)
det b=r detd=r

ANNALES DE L’INSTITUT FOURIER



L-FUNCTIONS OF AUTOMORPHIC FORMS AND COMBINATORICS 2107

for every integer r > 1 and

2
gn(b) = {d € Nn—lzdi | (d—fl—dbi—l’bz-H) ,Vie [1,n - 1]}

for every b € N™. We used the following notations: boldfont letters such as
o are devoted to vectors; their coordinates are numbered by the index in
subscript; the determinant — denoted by det — of a vector is the product
of its coordinates; the greatest common divisor of two integers a and b is
denoted by (a,b). The same method (see also [CMO04]) implies that

lim H,(N)=H,
N—+o00

NENri

where

with

hn(r) := Z Z 1

beN"  deFn(b)
detb=r getd2=r

for every integer » > 1 and
1 by...b; )
fn(b) =¢deN :dil m,bi+1 ,VlE[l,’n—l]
1. Gi—1

for every b € N™. Denoting by P the set of prime numbers, our first result
is

THEOREM A.— Let n be a nonnegative integer, then
¢(2)3n+3 ( p )
Hn = T Sn\ 5 7
NCE ,E, P+l
e (2 (3)
n k3 p
My = > HE” (_2———_) :
¢(6) P pPP-p+1

The function s, is a polynomial, related to Narayana numbers. More
precisely, let N,, be the Narayana polynomial

wa= 55 () ()=

TOME 54 (2004), FASCICULE 7



2108 Laurent HABSIEGER, Emmanuel ROYER

then,
_ 2\n—1 z
Nn(m)—(1+x ) Sn—1 (m)

(see lemma 5). The function £,, is also a polynomial related to Riordan
numbers. For every nonnegative integer m, define the Riordan number R,,
of order m by

+o0 2
5 R
= 1+z+V1—-2z—3z2

(see [Roy03, §1.2]) then

bo(z) = zn:(_l)m (;) Ronz™.

m=0

We do remark that the obtained eulerian products are polynomials. The
result is similar to the one obtained for negative moments: if n > 3, then

Hoo= G Mo (59)

pEP

and

Mon = ey 11t <p2 +:D+1) ‘

p€EP

Using integral representations of the polynomials s, and ¢,, we get
asymptotic expansions of H, and M,.

THEOREM B.— Let n > 3 be a integer. Then

n
log H, = 2nloglogn +2yn+ O (@)

and

n
log M,, = 3nloglogn + 3yn + O (i-og—n) .

Remark that the first term is managable by more elementary (even
not obvious) tools — see [Roy01, §3.2.3] — but the combinatorial method has
the advantage to give the second term with no additional difficulty and to
be more general as applying also to negative moments.

ANNALES DE L’INSTITUT FOURIER
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The way we obtain theorem 1 is to relate the moments to sums of

powers. More precisely, let n be a nonnegative integer and q a real number,
define

Sa0ia)i= Y H(q'“"“’“'+ A gortenn)

(cips- o) ENPHL =
ag=0,an=0

and

n—1
Suq) = Y [ (gl gl g gt

aenntl i=0

ag=0,an=0

where N = {0,1,...} is the set of nonnegative integers . We show that

My, =¢(2)" [] Sn (0 —)

PEP

and

ngs()

pEP

Relating these sums to Dyck paths with statistics “doublerises” and “return
step” — see § 2 — we prove the

ProrosiTioN A.— Let n be a nonnegative integer and q a real
number, then

Sm2(010) = 7=y a J;q)le A (— e )

1-— 4\n—1
it = (e ()

These results are proved in §§ 3.1 and 4.1.

We next give a unified hypergeometrical formula for the negative and
positive moments, valid for both H, and M,. Let a, b and ¢ be three

TOME 54 (2004), FASCICULE 7
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complex numbers such that Rec > Reb > 0, and z a complex number not
in the real segment [1, +0o[. One defines

. — P(C) ! -1 c—b—-1 —a
F(a,b,c;z) = m/{) w7 (1 —w)e (1 — uz)"%d .

For every n € Z and « € {2, 3}, define

H, ifa=2
M, ifa=3.

Mpo =

’

One then has the

ProrosITION B.— Let n € Z and o € {2,3}. Then

_ (___1)(1 —an n§ e e P
Mn,a_]g)[u—p } F( 58— 054(=1) _———_[p+(—1)a]2>'

Remark. — In the case a = 2, the formula can be simplified in

H,= H F(n,n—1,2;p7%)
pEP
[GROO, 9.134.3].

Finally, we give a combinatorial interpretation of the moments twisted
by the eigenvalue Af(m) of the m-th Hecke operator (one normalizes the
Hecke operators such that |A¢(p)| < 2 for every prime number p). Denote by
D,, the set of Dyck paths of semilength n. If D € D,,, let RET (D), DBR (D)
and LD (D) be (respectively) the number of return steps, of doublerises and
of last descent steps — see §2. Then define

Kn(xv Y, Z) = Z ./L'RET (D)yDBR(D)zLD (D)
DeD,

For g €]0,1] and « > 0, one defines X, [a](g) by the generating function

+o0 o —q__ _ 2 (1 — q2)t
;En[a](@t T - o1 =)t Knt1 (1 &9 q(1— qt)) '

One then has the

ANNALES DE L’INSTITUT FOURIER
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THEOREM C.— Let n be a nonnegative integer. Define
. Znlvp(m)/2] (1)
Twistao(n,m) = | | =222 (2 ).
2 =11 =57 (5
plm
Then

lim Z w(f)A(m)L(sym?f,1)"*! = Twista(n, m)My41.

N—+oo P
NEN fEH{(N)

(N,m)=1

Similary, define o, [a](q) by

+o00 2
a q 2 2 (1 —4q )t
§ :Un[a](q)t = 2 Kn+1 (]- —q9,5q9, .
= (1—g?)>%t q(1 - qt)
One then has the

TueEOREM D.— Let n be a nonnegative integer. Define

Twista (n,m) = [ Z2Le2(m) (1) .

pim 0,[0] p
Then

lim Z w(F)As(m)L(f,1)" = Twisty(n,m)Hpt1.
’;;’;w fEH(N)
(m,N)=1

Remark. — Motivated by the results of this paper, Cogdell & Michel
developped in [CM04] the analytical view point for the values at 1 of all
the symmetric power L-functions. Their results show that our theorem 2
extends to higher degrees. They also obtain an interesting probabilistic
interpretation.

Acknowledgement. — The authors want to express their gratitude
to Etienne Fouvry who had the idea to bring them together. The second
author thanks Fabrice Philippe for its valuable comments.
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1. A skim through L-functions.

The aim of this section is to fix the notations used for modular forms.
For more details on the modular background, one refers to §2 of [RW04].
The space of newforms of weight k£ and level N is a Hilbert space with
respect to the Petersson product

—— . dxd
(f,9) = /D pRCrery =t

where Do(N) is a fundamental domain of I'o(N). The harmonic weight of
feH{N)is )

k-1

D= g

Denote by H(N) the (finite) set of primitive forms of weight k and
squarefree level N. This is the orthogonal basis of the space of newforms of
weight k over the modular subgroup I'o(N), consisting of Hecke eigenforms
with first Fourier coefficient equal to 1. The harmonic factor may be
considered as an averaging factor since

lim Z w(f)=1.

N—+oo
NeNcri fGH;: (N)

If f € H(N), one writes its Fourier development as

+oo
f(z) = Z A (n)n*=V/2 exp (2imnz).

n=1

If p is a prime number, the coefficient A¢(p) admits the decomposition
At (p) = af(p) + Bf(p) where af(p) and B¢(p) have a norm smaller than 1
(and equal to 1 for all except a finite number of primes).

The L function of a primitive form f € H}(N) is defined for Res > 1

L(f,s) = [[ {1_ g_,f@]—l [1_ M}_l.

S S
pEP p p

by

Define

L(fso,8) i=7~°T (s t (kQ_ 1)/2> r (s + (k2+ 1)/2)

ANNALES DE L’INSTITUT FOURIER
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then the function
A(f,8) == L(foos $)L(f, 5)

is entire and satisfies the functional equation
N*/2A(f,s) = ef(NYNO=9/27(f,1 — 5)

where €¢(N) is £1.

The symmetric square L function of a primitive form f € H;(N) is
defined for RRes > 1 by

pEP p? p?
Define
L(sym?® foo, 8) := 7r"3s/21“<8;1)1‘(5+];_ 1) r (s;k>

then the function

A(sym?f, s) := L(sym?fo,, s) L(sym>f, s)
is entire and satisfies the functional equation

N°A(f,5) = NOT9A(f,1 - s).

2. Dyck paths of statistics (RET,DBR,LD)
and Narayana numbers.

Let n > 0 be an integer. A Dyck path(!) of semilength n is a path
in Z2 relying (0,0) to (n,n), with steps (1,0) or (0,1) (one names these
steps, respectively horizontal and vertical steps) and never going below the
first diagonal. One denotes by D,, the set of Dyck path of semilength n. A

@ Actually, this is the same as what has been untraditionally called “chemin de
Catalan de longeur 2n” in [Roy03].

TOME 54 (2004), FASCICULE 7
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Dyck path D is entirely defined by the sequence of abscissas of the starting
points of its vertical steps so that there is a bijection between D,, and

——{ z€0n 1]* :0=dy<ds <d2<Sdn_l,dzgl,(ZE[O,n—l])}

Given i € [0,n— 1], the number d; is then the abscissa of the starting point
of the vertical step number i + 1. The “empty Dyck path” is the point
(0,0). One denotes the set consisting of this only path by Dy. For n > 0,
the number of Dyck paths of semilength n is the nth Catalan number,
denoted by C,.

Let D be a Dyck path of semilength n. A doublerise of D is an integer
i such that d; = d;4+1. The number of doublerises of D is then

DBR(D);:{#{lE[on_] i1 =di} ifn>1

ifn=1.
One also defines RET (D) to be the number of return steps, by what one
means vertical steps with starting point on the diagonal,
RET (D) :=#{i€[0,n—1]:d; =14} if n>1and RET(D):=1ifn=1.
Finally, LD (D) is the number of horizontal steps that end the path D, that
is
D(D)=n—-d,-1.

Figure 1.

ANNALES DE L’INSTITUT FOURIER



L-FUNCTIONS OF AUTOMORPHIC FORMS AND COMBINATORICS 2115

We call LD (D) the number of last descent steps. The empty path is
supposed to have DBR, RET and LD all equal to 0. For example, figure 1
represents the Dyck path D of semilength n = 5, defined by the sequence
(0,1,1,2,3). It satisfies DBR (D) =1, RET (D) = 2 and LD (D) = 2.

For n a nonnegative integer, one denotes by K, (z,y, z) the generating
function of Dyck paths of semilength n and statistics (RET, DBR,LD ) and
the generating function of these functions is K(x,y, z;t):

Kn(z,y,2) == Z ZRET (D), DBR (D) LD (D)
DEDn

K(z,y,z;t): ZK z,Y, 2

The generating function K(z,y, z;t) is computed in the
LeEmMMA 1.— Let the functions N, D1 and Dy be defined by

N(z,y,z;t) =14+ [1 —y -2z + (2z —y — 1)2]t + (1 — y)22t?

+ 14+ (1 —y)zt] V121 +y)t + (1 — y)2t2,

Di(z,y,z;t) =14+ (1 —y —2z)t + /1= 2(1 + )t + (1 — y)2t2

and

Doz, y, ;1) = 2 — [1 -yt -T2+t —y)2t2] 2

then
N(z,y,zt)

K 1) =2 '
(x,y,Z, ) Dl(x,y,z;t)Dz(%yaZ;t)

Proof.— Let us denote by b,(d,r,£) the number of Dyck paths
D € D, satistying

DBR(D) = d;
RET(D) = r;
LD(D) = 4.

TOME 54 (2004), FASCICULE 7
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Then
“+00 400 400

K(z,y,z;8) =14z Z Z Z ba(d, 1, £yt 24"

n=1d=0 £=1

+00 +00 +00 +00

+ Z Z Z Z bn(d,r, f)xrydzet".

n=1d=0r=2 £=1
Let D € D, be a path with RET (D) > 2. Cutting at the return point of
greater abscissa, one sees that this path is the concatenation of a path D,
satisfying
RET (D;) =RET (D) -1

and a path D with RET (D3) = 1 and LD (D3) = LD (D) — see figure 2

e D =D;-D, g
-—

Figure 2.
then obtains,
+00 +00 +00
ba(d,r,8) = Y N " b,(6,mr = L,A)bay(d—5,1,0) (r>2).
5=0v=1 =1
One deduces
(1)
+00 +00 400
K(z,y,z;t) =142z Z Z Z bn(d, 1, 0)yd 25"
n=1d=0 ¢=1
400 400 400 400 +00 +00 +00
+z (D3 ba(d, 1, E)ydzet"] [Z DN bad,r Nay |
n=1d=0 £¢=1 n=1d=0r=1 =1

Let n > 2 and D a path in D,, satisfying RET (D) = 1. This path is the
concatenation of its first step (necessarily vertical), of a path D in D,,_;

ANNALES DE L’INSTITUT FOURIER
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with DBR (D’) = DBR (D) — 1 and LD (D’) = LD (D) — 1, and of its last
step (necessarily horizontal) — see figure 3. Thus

400
bn(d,1,0) =Y bpa(d—1Lrl—1) (n>2)
r=0

—— o .
d
7
e
d
d
q L’ ———o——o
d 'd
d /7
Ve 4
,, 1: 1 //
F_‘. , > 7’
7 7/
d e
d d
d d
7/ d
¢ d v
: P ’
. Y s
. s ’
. 4 e
4 ’
[ 4
Figure 3.
and
+00 +00 400
bn(d, 1, 0)y24™
n=1d=0 £=1
(2)

+00 +00 400 400
=zt + yat Z Z Z Z ba(d, T, 0y 24",
n=1d=0r=1¢=1
Reporting (2) in (1) thus gives
() K(z,y,zt) =1+[(1 —y)zzt + yaztK(1,y, 2 t) K(z,y,15t).
Evaluating (3) at = 1, one finds

1+ (1 —y)ztK(L,y,1¢)

(4) K(1,y,zt) = 1—yztK(1,y,1;t)

1—y2tK(1,y,1;t) + z2tK(z,y,1;t)
1—yztK(l,y,1;1)

(5) K(z,y,zt) =

TOME 54 (2004), FASCICULE 7
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Evaluating (5) at z = 1 leads then to

Reporting (6) in (5) gives
(7)

1 -1) - NtK . 2,02 K (1 Ry
Koy, 1) = 112D —y(z 4+ DKLy Lit) + 2K (L y, 1;t)

[1—yztK(1,y, Lit)][l — 2t — ytK(1,y,1;¢)]

Evaluating (4) at z = 1 gives a second order equation in K(1,y,1;¢) whose
solutions are

1—t+yt+/1—2t— 2yt + 12 — 2yt + y2¢2
2yt '

From the convergence of K(1,y,1;t) at yt = 0, one deduces

1—t+yt—/1—2t— 2yt + 2 — 2yt2 + y2¢2

K(1,y,1;t) = 21

so that (7) gives the announced expression of K (z,y, 2;t). O

For n a nonnegative integer, one denotes by A, (z,y) the generating
function of Dyck paths of semilength n and statistics (RET ,DBR) and
A(z,y;t) the generating function of these functions:

“+oo
An(x’y) = Z xRET(D)yDBR(D)> A(xay;t) = ZAn(xvy)tn
DeD, n=0

These functions are specializations at z = 1 of the preceding ones. One
deduces from lemma 1 the

LEMMA 2.— One has

2—x+m(y—1)t—m\/1—2(1—|—y)t+(1—y)ztz'

Az, y;t) = 2[1—z+z(z+y— 1)t

As a consequence of lemma 2.1, one has the

ANNALES DE L’INSTITUT FOURIER
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COROLLARY 3.— Let n be a nonnegative integer and x a real number
such that |x| < 1. Then

Api1(1 =22 2%) = (1 - 2%)A,(1,2%).

Proof.— Considering the generating series of both sides, one is led

to prove

% [A(1 —2?,2%t) — 1] = (1 - 2®)A(1, 2%;1)

which is a straightforward consequence of lemma 2. O
One then introduces the special case
Np(z) == An(1,2%)
and evaluates it in the

ProrosiTioN 4.— Let n be a nonnegative integer and x a real
number. Then

®) Nn<w>=:f ()=

n

The number 1 ( ) ( " ) is the Narayana number of index
n m+1

m
(n,m). By definition, one has

Nn(.’lt)z E w2DBR(D)
DeD,

so that, the Narayana number of index (n,m) counts the number of Dyck
paths of semilength n with m doublerises. One extracts proposition 2.4
from [Sul98].

Finally, we end the section with an integral expression for the poly-
nomial N,,.

LEMMA 5. — Let n > 1 be a nonnegative integer and x a real number.
Define

/2
sn(z) = 2 (1+2zsinf)" cos?0d6.
T J_n/2

TOME 54 (2004), FASCICULE 7



2120 Laurent HABSIEGER, Emmanuel ROYER

Then,

Na(z) = (1 4 22)" s, 1(?%?)

Proof. — Writing

() (k)=

m=0
1 ”i n—1 CISPR)
(n—1)lz =\ m ) (m+1)! (n—m)!

gives

( )<m+1>x2m GL—_lT)'w;:nll(l+zz) (x+2)" .

Then, Cauchy integral formula gives

M r

m=0

1
2mnx

27
Np(z) = /0 (1+ze)" (z + )" e~in=10q 9.

Evaluating the real part gives

1 2m n
Np(z) = 1 2 :
(x) P /0 (1+ 2zcosf +2?)" cosfd o

The result follows then by integration by parts and changes of variables. 0

3. Moments of L(sym?f,1).

3.1. A sum of powers related to L(sym?f,1).

The purpose of this section is to relate the sum

Sn(0;q) := Z H ( low—ental 4 qm+ai+1>

aenntl =0
ag=0,an=0

ANNALES DE L’INSTITUT FOURIER
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to Dyck paths. This sum is a specialization of the sum

-1
Sn(aiq):= Y nH(q"“—‘““'+-~+q°”+m+1)

aenntt =0
ag=a,an=0
which satisfies
©) Si(a;q) = ¢*
and the recursion
(10) Sn+1(as q) Z Sn(1;9) (q"’“"l' +...+qa+a1),

a1_0

Let ¢ €]0, 1] be a real number. One defines an endomorphism on C[a]
by setting, for every integer r > 0,

n((5) = Ssorgtar= (5)

1—q ifj=0,
tgi(r) =141 flrgjgr,
q* ifj=r+1.

with

One then has the

LeEMMA 6. — Let g €]0, 1] be a real number, for every couple (r,a) of
nonnegative integers,

(7)) E e=en((2)):

From this lemma, one deduces the

LEmMA 7.— Let g €]0,1[ be a real number, for every nonnegative
integer n, there exists a polynomial &, 4 of degree n — 1 verifying

Gnt1,q =14 (6n,q)
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such that
Sn(a; q) = qagn,q(a)

for every nonnegative integer «.

Proof of lemma 6.— Denoting by 3 the left hand side sum of
lemma 6, one has

=GR (e 2 ()2 ()]

a1 Zo a1 <a

Using [GRO00, 0.15.1]

a1 <o r r 1
one deduces

= {0 ) ()

1

From the Chu-Vandermonde formula

(1) (" )==0")0)

one obtains

> {(m)@[ﬂ—q( ) )}}

Jj=

_ & R EET) +T i
S 1-q |\r+1 q( 2)rt1 4 1_qry+1

Jj=1
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Proof of lemma 7. — One proceeds by recurrence on n. If

using lemma 6. The result finally follows from (9).

2123

O

CoroLLARY 8. — Let g €]0,1[ be a real number, for every nonnega-

tive integer n, one has

1

SO0 = A

n An(]- - 4q, q2)'

Proof. — From lemma 6 and (9), one deduces &,,41,4 = Tg‘(l). One

defines
Zalal(g) == (1= 9)"(1 = ¢*)"Sny1(es; @)

Then

AR DI €= ) [1} tq,T,“(n)] (2

To 1S +1 (0<i<n—1)

r9=0

(13)

1< +1 (0K —1)

ro=0

TOME 54 (2004), FASCICULE 7
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x il q2ﬁ(1—q) (f;)q‘”

i=0 i=1
Ti41 =Ty +1 ;=0

rip1<7i+1 (0<i<n~1)

rg=0

X q2#{i€[0,n~1]:r1+1_—_r1+1}(1 — q)#{ie[l,n]:n=0} (? ) qa‘

In particular,
En[O](q) — Z q2#{i6[0,n—1]:m+1=n+1}(1 _ q)#{ie[l,n]:m=0}

rip1<r;+1(0<isn—-1)

To=7rn=0
thus
Zn[0](q) =

Z q2#{i€[0,n——2]:r,’+1 =7'i+1}(1 _ q)#{’ie[o,n—-l]:'l‘,=0} .

Ti41STi+1 (0<i<n—2)

rg=0
Taking d; = i — r;, one obtains
En [0]((]) — Z q2#{i€[0,n—2]:d,»+1=di}(1 _ q)#{ie[o,n—l]:dizi}

- do<...<dp_1

d, <2 (0<i<n—2)

the sum being A, (1 — ¢, ¢?). a

We end this section with the following integral expression of Sy, +2(0; g):

LEMMA 9.— Let n be a nonnegative integer, then

‘ (1+¢)" q
Sni2(030) = T e " T g
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with
4 77/2
() := —/ (14 z — 4z sin26)™ cos 26d 6.
T Jo

Proof. — Define F,(q) := (1 — ¢)"(1 — ¢*)" "1 S,4+2(0; ¢) and

+oo
F(g;t) =Y Fu(g)t™
n=0

The announced equality is equivalent to

(14) me)=§§ﬂ—q+qﬂwn<—*~i—7>f‘
o’ l1-gq+gq

By corollary 8, one has

A(l _Qaq2;t) —1

F(g;t) =
(g;¢) d=o)
4 +oo i
= 5 (1_\/1’ %) =) O
q -(1-9q) — 1~ (1 - g)%]
for
+oo
(15) ZC’ixi:A(l l'm):i(l—\/l-—élcc).
e o 2z
By (12), it follows that
+oo ‘+oo n ) ]
P = clay 3 () -0
=0 n=t
+oo n
S ()aa-ad]e
n=0 Li=o \*
+oo 4 71'/2 n
= Z = / [(1-¢)*+ 4qsin6]" cos?6d 0 o t".
T Jo
n=1
The last line (obtained by [Roy03, lemme 6]) gives (14). a
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3.2. Combinatorial expression of the positive moments

of L(sym?f,1).

In this section, we shall prove the

ProrosiTioN 10. — Let n be a nonnegative integer, then

@3y o
Mnsz = = HE"( pZ—p+1)'

pEP

By lemma 9, it is equivalent to

LeEMMA 11.— Let n > 2 be an integer, then

)

pEP

Proof.— By multiplicativity, it suffices to prove

Yy s (o).

One has 1
= 1.
= 2 w2
beNn de€En(b)
b;|po° (1<2<n) det d=det b
Defining o € N™ by
bi1...b;

one gets
1
(1) S-Y LAY
i‘fﬁﬁ =1 (g40.8,) e

Bit1—8 =1
5,2 min(az ~51+1)
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such that it suffices to prove

(17) Z 1 — p‘|az—-a1+ﬂ + ... +p—(al+a@+1)'

pﬁ1+l

(BH—I"St)ENz
Byp1—8, =, 1—ay
§,<2 min(al,ﬁl+1)
In the case a; 41 > o, equation (17) follows from
{(Bi41,8;) € N*: By — & = g1 — o, §; < 2min (o, Big1) }
= {(ai+1 —Q; +(5,(5) S N2:5€ {0,...,2a¢}}.
In the case @;+1 < a;, equation (17) follows from
{(Bis1,6:) € N Biy1 — 6 = i1 — i, 6; < 2min (o, Biv1) }
= {(5,% — a1 +B) ENLBE{a; — g, 0 +ai+1}} .

O

3.3. Asymptotic expansion of the positive moments
of L(sym?f,1).

In this section, one proves the

ProrosiTiON 12.— Let n > 3, then

log M,, = 3nloglogn + 3yn+ O <_n_> .
logn

Proof. — For x < 1/3, one verifies £, (z) > 0, £//(z) > 0 and £,,(0) =
so that £, has a minimum on | — 00, 1/3] at 0. This minimum is £,(0) = 1.
One also has £,(z) < (1 —3x)" for z < 0 and

) 42
1+(1 t)x:1+(4 t)x}l_é
1-3z 1-3z n
if
—ggazg—l, and 2\/1+i<t<2.
3 n nT
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If n >5 and —2n < 3nz < —3 one deduces

Ln(x) 1 _ 4\ adt
(18) (1 + 3z)" = [z\m—_ (1 n) V—nz
(19) 2 (—nz)~3/2

> =
31257 (—nz)=3/2 4909
One the other hand, if —1 < nz < 0, one has

<(z) <In(n—1) ( §>n_26n(o) < 181n?

which gives

(20) lo(z) < 1+ 91(nz)2.
Defining
- P
yp p2 _ p + 1 9

one has ny, > 1 if and only if p < n. From (18) and (20) one obtains

H(1+3yp)"g[ni’;09 J Hf

PEP
p<n p<n

and

H €n(—yp) < H (1+ 33Jp)n H [1 + 91(nyp)2] :

peEP PEP pEP
p<n p>n

As in [Roy03, §2.4.], one then finds

(21) Zlog[ﬁ yp]‘nzlog 1+3y”)+0(logn)

peEP PEP
pEn

Writin
; (1-1/p*)31 -1/p*)
(1-1/p)3(1 - 1/p°)

and using Mertens formula [Ten95, théoréme 1.11]

11 (1_ %)4 — ¢ logn [1+O (mén)]

pPEP
PN

143y, =
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one obtains

B ¢(6) 1
; log (14 3yp) = 3loglogn + 3y + log 7aiszay + O (logn) '

psn

Reporting this expansion in (21), one finally finds

log M,, = 3nloglogn + 3yn + O (_n_) .
logn

4. Moments of L(f,1).
4.1. A sum of powers related to L(f,1).

Consider

N

n—1
S (a;q) = Z H (q""'_o"“l g2y qa’+°"+1> .

aenntl  i=0

ag=a, anp=0
The aim of this section is to relate S}, (0; ¢) to Dyck paths. One proves the

ProrosiTiON 13. — Let g €]0, 1] be a real number, for every nonneg-
ative integer n, one has

1
Sp+2(039) = ZTWA”H(I —-¢%,q¢°) = WNMQ)'

The second equality of proposition 13 is a consequence of the corol-
lary 3 and of the definition (8). The proof of the first equality is the same
as the one given for corollary 8 in § 3.1. The only significant difference is
that one replaces T, by T; defined by

() -Eewirm )
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with
1—¢% ifj=0,
te; (1) =1¢1 if1<j<r,
q> ifj=r+1

Lemma 6 has then to be replaced by the following one

LemMA 14. — Let q €]0,1] be a real number, for every couple (r, o)
of nonnegative integers,

5e() 5, e-emn(()

a1eN s=la—al
j=a+4ai (mod 2)

Proof.— Denoting by > the left hand side sum of lemma 14, one
has

- i ()2 (7))

The end of the proof is similar to the one of lemma 6. O

5 ()t ¥

a1 2o o <o

We end the section with the following integral expression of S, ,(0; q),
obtained from proposition 13 and lemma 5.

LEmMmA 15. — Let n be a nonnegative integer, then

, (1—gH"t q
;7.-{-2(0’ q) = (1 — q2)3n Sn—1 1 i q2 -

4.2. Combinatorial expression of the positive moments
of L(f,1).
In this section, we shall prove the

ProposITION 16. — Let n be a nonnegative integer. Then

C(2)3n+3 ( P )
Hn = TV Sn .
INSCY IE, P’ +1
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By lemma 15 it is equivalent to

LEMMA 17.— Let n be a nonnegative integer. Then

anﬂs;l(o,%).

pEP

Proof. — By multiplicativity, it suffices to prove

Z::i%ﬁ:s;(o,%.

p

One has

= X deltb 2. L

beNT deFn (b)
b, [p° (1<2Kn) det d2=detb

Defining o« € N* by

by...b;

by =p*, ————
' (dr .. di1)?

and 3€ N § € N*~! by

one gets

n—1
>= 2 I X 1
B p51+1
aenNttl =0 2
ag=an=0 (Bit1.8:)€N
B'L+1_251=az+l_az
§,<2min(o,,8;41)

such that it suffices to prove

2131

Z 1 _ p—-|a1—az+1f +p—|ai—a1+1|+2 +... +p—(a¢+a1+1)’

pPat1
(ﬁ1+1v51)€N2
Bog1—28,=a, 41—,
8,<2min(o,,B8,41)

This is done as in the proof of lemma 11.
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4.3. Asymptotic expansion of the positive moments
of L(f,1).

In this section, one derives from the combinatorial expression of the
positive moments of L(f, 1) the

ProposrTion 18.— Let n > 3 be an integer, then

log H, —2nloglogn+2fyn+0< >
logn

Proof.— This is a consequence of [Roy03, théoréme B and corollaire
C] that gives

0 (#) 55+ (en)
nlog —= + logs, | —— | =2nloglogn+2nlog —<+0 | —— | .
ORI P B ®1@ " \logn

pEP

O

5. A unified formula.

The aim of this section is to give a unified hypergeometrical formula
for the moments, positive and negative, of L(f,1) and L(sym?f, 1) proving
the proposition B.

Let a, b and ¢ be three complex numbers such that Rec > Reb > 0,
and z a complex number not in the real segment [1, +0o[. One defines

. c b—1¢1 _ a
(22)  F(a,b,c2) = b)F P / (1—wuz) *du.
One has [GR00, 9.131.1]

(23) F(a,b,c;2) = (1 —2)°°"%F(c —a,c— b,¢c; 2)
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For a = 2 and n < 0, the result is [Roy03, lemme 23 and théoréme
B]. For @ =2 and n > 0, [Roy03, lemma 23| and proposition 16 gives

H, =

1 —2n—6 p —-n—3/2 3 p
1+—) [1—4-————} Fl-n =, 34— |.
plel( p (p+1)? 277 (p+1)?

The result then follows from (23). For @ = 3 and n < 0, this is [Roy03,
théoréme A, lemme 16] and (23). For o = 3 and n > 0, [Roy03, lemma 16]
and proposition 10 give

Mn+2 =

II (1 - %)—%_6 [1+4(p—_p1)5]_n_3/2F (—n, %,2;—4 (pf1)2> .

peP

Formula (23) implies the result.

6. Twisted moments.

The work done in the preceding sections easily extends to twisted
moments, which are defined as follows: for m € N, put

M,(m):= lim Z w(f)As(m)L(sym?f, 1)™.

N —+o0 *
NEN ;i fEHk (N)
(N,m)=1

where A¢(n) is the eigenvalue of the n-th Hecke operator. The existence of
this limit may be checked as in [Roy01]. As before we find

n vp(m) 1
a(m) =2 [T s, (25,2
p
pEP
where v,(m) denotes the p-adic valuation of m and
Sn(a,q) =0 ifag¢N.
One recall the definition

Snlel(g) == (1 - q)"(1 — ¢*)"*Snt1(e;9)
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so that if o is an integer,
Zn[“](‘]) = Z qz#{ié[o,n—l]:di+1=dl}

dg<...<dn

d;<i (0<i<n)

[0

« (1 — qtliclinkd.=i) ( ) (g2 — 1),

n—dy

Section 3.1 (and especially equation (13)) then enables us to state the
following theorem.

THEOREM 19. — Let n be a nonnegative integer. Define

Ealylm2] (1),

Twista(n,m) = [| S 0] p

plm

Then
Mn+1(m) = TWiSt2 (n, m)Mn+1.

Remark 20. — From
(24)
Zalo](g) =

B |- g2 LD (D)-1 o
Z (1 _ q)RET(D) 1q2DBR(D) qa
2 b
v, q LD (D) - 1

one deduces the following combinatorial expression

(1—_<I2>t>

K 1-q,¢?
q2)t n+1( q’q’q(l—qt)

+oo
a _ q
(25) c;)En[a](Q)t - (1 _ q)(l _

where K, has been defined in section 2. Note that the value at ¢ = 0 of the
left hand side of (25) is £,,[0](¢g), which by definition is given by

£a0)(q) = Y. (1 —g)RET(P)-142PBR(D)

Ao

(26)
1 9

= i_—_q a_z' n+1(1 - Q7q2>z)

z=0
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This is also the right hand side of (25) since K,.1(1 — ¢,¢%,0) = 0 (the
only path with LD = 0 being the empty one).

Remark 21. — Since there is a bijection
0: D} :={D € Dpy1: LD (D) = 1}-"5D,

with RET (¢(D)) = RET (D) — 1 and DBR (p(D)) = DBR (D) (remove
the last two steps of paths of D}), one recovers by combinatoric means the
value of M, 11:

M1 = ()™ IJ) (1 - i)— (1 B ;12‘>—n2"[°] Ga)

where

En[o](q) = Z (]_ — q)RET (D)—quDBR (D)

DED, 41
LD (D)=1

— Z (1 _ q)RET (D)q2DBR(D) — An(l _ q,q2)‘
DeD,

It has to be compared with lemma 11 and corollary 8.

Remark 22. — One interprets theorem 19 in terms of independance
of random variables. From

= FE Tt [1 O (W)]

for N € N (see [RW04, (16) and (30)]) one deduces

w(f)

1

lim ——— E /\f(m)L(symzf, D™ = (2)Mp41(m).
N —+oo #Hk (N) fGH*(N)
NEN’cri k
(N,m)=1

In particular (take m = 1) ((2)M,,+1 is the moment of order n of the limit
of the random variable f — L(sym?f,1). One then describes the moments
of the limit of the random variable f +— A¢(m). Denote by X, is the r-th
Chebyshev polynomial of second kind, defined by

sin [(r 4+ 1)¢]

s (el

Xr(2cos¢p) =
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The basis { X}y is orthonormal for the scalar product on R[X] defined
by the Sato-Tate measure

A direct computation then leads to the decomposition

T

X" = Zx(r,j)Xj

=0
with

r+2

/2
2(r,j) = 8(2] 5 +7) /0 cos ()" sin [(j + 1)) sin () d .

The multiplicativity of Hecke operators gives

1

lim S ——— Y Ag(m)"L(sym®f,1)"
N—+o0 #Hk( )fEH =(N)

NeNcri

(N,m)=1

(27)

T

=¢(2) Y a(r, 5)Twista(n, m’) My 1.

Jj=0

Denote by 1° the characteristic function of squares and by ., the measure
on [—2,2] given by

_ m+1
um($) - (ml/z + m_1/2)2 _ xz /ioo(-r)

Then Selberg trace formula (see [ILS00, propositions 2.11 and 2.13}) leads
to

| L 1)
| 3 M =3 S
NeN: feH}(N) J=0

(N,m)=1

(28) = ; z(r, j) : X (@) pm ()
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for all r > 1, so that p,, is the equirepartition measure of the family

U sim): feHi(N)}
(N,m)cgl

(see also [Ser97]). By (27) and (28), the system of equalities

- j i j - 18 (md
: Om(TaJ)TWIStz(n, m?) = Z%x(n]) 7rfj/2)
j= =

, (r,n)eN?

is equivalent to the independance of the limits of the random variables

f—=As(m) and f L(sym?f,1).

Remark 23. — The coefficient Twistz(n, m) is zero if and only if m is
not a squarefull integer (see (24)). Assume m is a squarefull integer. One
proves that As(m) does not affect the asymptotic behavior of the moments
of L(sym?f,1). Let « € N and q €]0, 1|. Equation (24) implies

Enla)(g) > Z (1 — q)RET(D)~=142DBR (D) jo

DEDp 41
LD (D)=1

so that (26) gives

(29) Znla](g) > ¢*En[0](q)-

In the proof of lemma 9, one introduced the function
(30) Fa(q) = —%,[0](q)

and proved the integral representation

/2
(31) Fo.(q) = % / [(1 - q)* + 4gsin?60]"™ cos?6d 6.
0

By (24), one has the majoration

Salallg) € 3 (1— RET(R)-1g20BR(D) | ((;) (1-—q2>fqa

DeDnqq e

1 _
< q_a Z (1 _ q)RET (D) IQQDBR (D)
DEDn+1
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Bijection ¢ — see remark 21 — enables to write

Z (1_q)RET(D)—1q2DBR(D)=(1_q) Z (1_q)RET(D)—1q2DBR(D)

PEPra o ()5

so that (26) gives

Zfal(@) € = Zura 01(0).
Using (30) and (31) one shows

Zn+1[0)(9) < (1+¢)°E,[0](q)
thus

@ salal@ < LD o) < Lomiole)

Equations (29) and (32) then imply

1
T < Twista(n,m) <m  (m squarefull).
Finally
log M,,(m) = 3nloglogn + 3yn + O <$ + log m) (m squarefull).

Similarly we also define

H,(m):= lim Z w(f)Ap(m)L(f,1)".

N —+oco *
NENri FEH(N)
(m,N)=1

We have the counterpart of theorem 19. Recall the definition

On [a] (q) = Z qz(#{iefo’n—l]‘dwl=di}—n+dn)

(dg,---,dn)ENTF1
dp<...<dp
d;<i (0<e<n)

) o «a
X(]_ — q2)#{7le[1!"]‘dz—-z}+n dn ( d ) qa.

n —
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THEOREM 24. — Let n be a nonnegative integer. Define
. Un[vp(m)] ( 1 )
Twist,(n,m) = — - ].
o) = 11250 (5

Then
Hyp1(m) = Twisty(n, m)Hp4q.

Remark 25. — From
onlel(q)

9\ LD (D)—1
_ Z JRET (D)~1,2DBR (D) 1-g¢ a 4
e o) -1)%"

DeDn+1

one deduces the following combinatorial expression

+00 i

where K, has been defined in section 2.

Remark 26. — Similary to (27) one has

T

lim Z W(HA(m)"L(f, 1) = Zx(r,j)Twistl(n, mI )V Hyp 1.

Then, for m > 1, Petersson trace formula leads to

im Y w(f)As(m)" =x(r,0).

N—+4occ *
NeNg, JEHEN)

(N,m)= 1

In the probability space where a form f has weight w(f), the independance
of the limit random variables

f—As(m) and f— L(f,1)
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is equivalent to the system of equalities

Zx(r,j)Twistl(n, m?) = z(r,0), (r,n) € N2,

7=0
Similary to (29) and (32) and using

7al0)(0) = 7= 3 Nams ()

one has
_ 2 2
¢0al0l@) < onlalle) « FLHED 5, g1 < 2200
so that
% < Twist(n,m) <m
and

n
log H,(m) = 2nloglogn + 2yn + O (@ +10gm) .
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