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WEIGHTED NORM INEQUALITIES FOR FRACTIONAL
OPERATORS

PASCAL AUSCHER AND JOSE MARIA MARTELL

ABSTRACT. We prove weighted norm inequalities for fractional powers of elliptic op-
erators together with their commutators with BMO functions, encompassing what
is known for the classical Riesz potentials and elliptic operators with Gaussian dom-
ination by the classical heat operator. The method relies upon a good-A method
that does not use any size or smoothness estimates for the kernels.

1. INTRODUCTION

In [MW] Muckenhoupt and Wheeden resolve the one-weight problem for the clas-
sical fractional integrals I, = (—A)~®/2 and fractional maximal operators M, in R"
defined by

Maof(z) = supr(B)° ]é W) dy,

where the supremum is taken over all balls B of R™ that contain .

Theorem 1.1 ([MW]). Let w be a weight. Let 0 < a <n, 1 <p <2 and g = L,
that is, 1/p—1/q=a/n. If p > 1, M, is bounded from LP(wP) to LI(w?) if and only
ifwe Ay, Ifp=1, M, is bounded from L*(w) to L& (w?) if and only if w € Ay ,.
Furthermore, the same estimates for the Riesz potential 1, are characterized by the
classes A, 4.

The class A, ,, whose definition is recalled below, can be equivalently written as
Ay N RH, where A, and RH, are the standard Muckenhoupt and reverse Holder
classes. These two operators have intimate relations and the estimates for I, follow
from the ones for M,,. First there is a pointwise domination M, f < I,(] f]) and second,
although the pointwise converse does not hold, by means of a good-\ inequality, one
has for all 0 < p < oo and w € A.:

[ spwdns [ upywds (1.1)
R?’L n
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2 PASCAL AUSCHER AND JOSE MARIA MARTELL

and also its corresponding L' — LY version.

Different authors have studied the commutators of the fractional integrals with
BMO functions. Unweighted estimates were considered in [Chd] and the weighted
estimates were established in [FT]] by means of extrapolation. Another proof based
on the sharp maximal function was given in [[CH].

Here, we consider operators with the same scaling properties as fractional integrals
but which may not be representable by kernels with good estimates and that we call
fractional operators. We wish to generalize the part of the theorem concerning I,
but a direct comparison to M, will not work because we will have a limited range of
«. Hence, we are looking for some other technique which could also provide another
proof of the sufficiency part of Muckenhoupt-Wheeden theorem for I,,.

Our main example is the fractional power of an elliptic operator L on R"™, given

formally by

L,a/z _ 1 / ta/2 eftL ﬁ

[(a/2) Jo t

with @ > 0 and Lf = —div(AVf), where A is an elliptic n x n matrix of complex and
L>-valued coefficients (see Section B.1 for the precise definition). The operator —L
generates a C-semigroup {e '¥},.y of contractions on L?(dz) = L?(R",dz). There
exist p_ = p_(L) and p; = py(L), 1 < p_ <2 < py < oo such that the semigroup
{e7L},~0 is uniformly bounded on LP(dz) for every p_ < p < p,. (see Proposition B.]]
below). The unweighted estimate states as follows.

Theorem 1.2 ([Aud]). Let p_ < p < q < py and a/n = 1/p —1/q. Then L=*/% is
bounded from LP(dx) to Li(dz).

Let us observe that the range of a’s in Theorem [[is 0 < o < n/p_ —n/p;. By
(e) in Proposition B.]] below, for n = 1 or n = 2 or when L has real coefficients, we
have pointwise Gaussian domination of the semigroup, hence 0 < a < n. In general,
by (f) in Proposition B.1] the range of a’s always contains the interval (0, 2].

Our first main result in this paper gives sufficient conditions for the weighted norm
inequalities of L=/2.

Theorem 1.3. Let p_ < p < q < py and a/n = 1/p—1/q. Then L=/ is bounded
from LP(w?) to LI(w?) forw € Ajy 1+ 1 NRH s,
p— p q

Notice that if p_ =1 and p; = oo (for instance, when L = —A or under Gaussian
domination), then the condition on w becomes w € A1,y N RH,, that is, w € Ay,
(see Proposition P.), and our result agrees with that by Muckenhoupt and Wheeden
(see Theorem [L1]).

We also obtain estimates for commutators with bounded mean oscillation functions:
Let b € BMO, that is, ||b|lsmo = supp f3 |b(z) — bp| da < 0o, where the supremum is
taken over all balls and bp stands for the average of b on B. Given f € L¥(dx), set
(L=/2)9f = L=*/2f and for k > 1, the k-th order commutator

(L) f(x) = L™ ((b(x) = b)* f) (2).

These commutators can be also defined by recurrence: (L™%/2)F = [b, (L=/)571]

where [b, T]f(x) = b(z) T f(x) = T(b f)().
We obtain the following weighted estimates:
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Theorem 1.4. Letp_ < p < q<py and a/n=1/p—1/q. Given k € N, b € BMO

and w € A1+,%_f% N RHq(p%), we have

1L Fllpaway < C Ibllgato 11/l ogwr)-

In the particular case k = 1 and under Gaussian kernel bounds (as in (e) of Proposi-
tion B.1l below) the unweighted estimates were studied in [DY]] using the sharp maximal
function introduced in [Mai]]. A simpler proof, that also yields the weighted estimates,
was obtained in [[CMB]]: a discretization method inspired by [Ped] allows the authors to
extend (1)) to (L=*/2)k f which is controlled by M, 105 1.«f (see the definition below)
and then use the weighted estimates for the latter which are studied in [[CH].

Theorems and [[.4 will be proved in Section B They depend on a general
statement (Theorem P.2), interesting on its own, based itself upon a good-A method
in [AMT] developed for operators with the same scaling properties as singular integral
operators. This was used in [AM3] for the same class of elliptic operators and also for
the Riesz transforms on Riemannian manifolds in [[AM{], and we shall see that the
very same tools apply as well for fractional operators.

In Section f] we present a variant of Theorem extending earlier results from
[AMT] and [Bhd] to the context of fractional operators.

While the good-A method in [[AMI] is valid in all spaces of homogeneous type, the
application to fractional operators can be adapted only to those spaces with polyno-
mial growth from below. We comment on this in Section .

2. WEIGHTED ESTIMATES FOR GENERAL OPERATORS

We introduce some notation and recall known facts on weights. We work in R".

Given a ball B, we write
1
hdr = — / h(x)dx.
foe =gz [ o

2.1. Muckenhoupt Weights. Let w be a weight (that is, a non negative locally
integrable function) on R™. We say that w € A,, 1 < p < oo, if there exists a constant
C such that for every ball B C R,

’ p—1
<][ wd:c) <][ w'P da:) < C.
B B
For p = 1, we say that w € A; if there is a constant C' such that for every ball B C R",
][wd:pSCw(y), for a.e. y € B.
B

Finally, As = Up>14,.
The reverse Holder classes are defined in the following way: w € RH,, 1 < g < 00,
if there is a constant C' such that for any ball B,

<]{Bwqu); §C’]{3wdx.

The endpoint ¢ = oo is given by the condition w € RH,, whenever there is a constant
C such that for any ball B,

w(y) < C][ wdz, for a.e. y € B.
B
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We introduce the classes A, , that characterize the weighted estimates for the frac-
tional operators (see Theorem [[.]). Given 1 < p < g < oo we say that w € A, if
there exists a constant C' such that every ball B C R",

1

(][wqda:>q <][w_p'dx>pll <,
B B

1

(][wqu>q < Cw(x), for a.e. z € B,
B

when 1 < p < oo, and

when p = 1.
We summarize some properties about weights (see [GR], [Grd] and [JN]).

Proposition 2.1.
(1) Ay CA, CA, for1 <p<g< 0.
(i1) RHy C RH, C RH, for 1 <p <gq < c0.

(i19) If w € Ay, 1 < p < o0, then there exists 1 < q < p such that w € A,.

(iv) Ifw e RH,, 1 < q < oo, then there exists ¢ < p < oo such that w € RH,,.
) A

= U 4= |J RH,

1<p<oo 1<g<0

(v

(vi) If 1 < p < oo, w € A, if and only if w' ™" € A,.
(vit) If1 <p < oo andl < q < oo, thenw € A,NRH, if and only if w? € Agp-1)11.

(viit) If 1 < p < q < 00, then w € A, 4 if and only if w? € Ay gy if and only if
w € A1+1/p/ N RHq.

(iz) If1<p<qg<ooanda/n=1/p—1/q thenw € Ay, if and only if w? € Ay«
where 1X, =n/(n — ).

2.2. The general statement. Our main statement is based on unweighted estimates
relating the fractional operators and their commutators with the corresponding frac-
tional maximal functions.

We introduce some notation in order to state our general result in a way that is
valid also for sublinear operators. Given a sublinear operator T and b € BMO, for
any k € N we define the k-th order commutator as

THf(a) = T((b(x) =0} f)(@),  feLX(da), weR™

Note that TP = T. We claim that if T is bounded from L?°(dz) to L*°(dz) for some
1 < py < s9 < oo then Tb"“f is well defined in L{_ for any 0 < ¢ < s¢ and for

loc

any f € LX(dx): take a cube @) containing the support of f and observe that by
sublinearity, for a.e. x € R,

k
T f ()] < Conk [b(w) = b[* ™ [T((b—bo)™ f) ()]
John-Nirenberg’s inequality implies

!éww—%mmﬂMWWSCWMMW%H@<+W



WEIGHTED NORM INEQUALITIES FOR FRACTIONAL OPERATORS 5
Hence, T ((b—bQ)m f ) € L*(dx) and the claim follows by using again John-Nirenberg’s
inequality.

Theorem 2.2. Let 0 < o <n, 1 < py < 59 < qo < 00 such that 1/py —1/sg = a/n.
Suppose that T is a sublinear operator bounded from LP(dx) to L*°(dx) and that
{A, }r=0 is a family of operators acting from LX(dx) into LP°(dz). Assume that

<]{9 T(I = Avs)) fI° d:p);‘) < iaﬂ(zﬂ*l B)® <]€

i+1 B

1

| f|Po da;)%, (2.1)

and
4 o L
(£ s fmar)™ < e (f . 1zsiman)™, (22)

forall f € L and all balls B, where r(B) denotes the radius of B. Letpy < p < q < qo
be such that 1/p—1/q=a/n andw € Aj; 1+ 1 N RH,(w) .

po P

(a) If 351 a5 < 0o then T is bounded from LP(wP) to LI(w?).

(b) Given k € N and b € BMO, if Zj>1 j¥a; < oo then for every f € L(dx) we
have -

15 fllzocwny < C lBllao I/ llzoqur). (2.3)

The case gy = oo is understood in the sense that the L%-average in (R.J) is indeed
an essential supremum. Thus, the condition for w turns out tobew € A, 1 _1NRH,
pi P

for p > pg. Similarly, if (B.9) is satisfied for all gy < oo then the conclusions hold for
allpp<p<oocandwe A, 1+ _1NRH,.

Po P

Remark 2.3. In case (a) the hypotheses can be slightly relaxed. Namely, instead of
(1)) and (R.2), it suffices that

1

(]i T(I = Av) 1™ dxf < C May, (IfI7° dz)(z)7s,  VzeB, (2.4)

(]{9 T A f1#)* < CM(Tf*)@)%,  VoeB (2.5)

It is clear that these estimates follow from (B.I]) and (R.4) provided };a; < oo
We prove (a) below (which corresponds to (b) with & = 0) by using these weaker
conditions. The proof also shows that the right hand side of (R.5) can be weakened

1

to CM(|Tf|s°)(x)% + C Moy, (|f|P°)(Z)70 where Z € B is also arbitrary.

Remark 2.4. Equivalent ways to write the condition w € Ay, 1+ 1 N RH (wy are
P

(0] r q
w? e A1 _apo NVRH g 7qy 0r w9 € Agjipoy NRH 4y /4y Where (po)s, =mnpo/(n—apy), or

T /p0)
WP € Ap/po.g/pe ad w? € RH (g /gy (see (viii) and (iz) in Proposition P.1)). Note that

when py = 1 and gy = oo, then this reduces to w € A,y N RH, which is equivalent
to w € A, , by (viii) in Proposition R.1.

Remark 2.5. In the limiting case a = 0, this result corresponds to a special case of
[AMT], Theorems 3.7 and 3.16]. In such a case, we have p = ¢ and the weight w? turns
out to be in Ay, N RH g, /py. This condition arises naturally when proving weighted
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norm inequalities for operators with the same scaling properties as singular integral
operators —such as those appearing in the functional calculus associated with L, see
[AM3]— whose range of unweighted L? boundedness is (po, qo). Also, these classes of
weights admit a variant of the Rubio de Francia extrapolation theorem that is valid
for the limited range of exponents (po, qo), see [AMI] .

2.3. The technical result. The proof of Theorem .3 is a consequence of the fol-
lowing result which appears in a more general form in [AM]] and is based on a
two-parameter good-\ inequality.

Theorem 2.6 ([AMI]). Fiz1 <r <oo,a>1andw € RHy, 1 < s < co. Let

T

1 <p< <. Assume that F € L'(dz), G, H, and Hy are non-negative measurable

functions on R™ such that for any cube Q) there exist non-negative functions Gg and
Hg with F(z) < Go(z) + Hg(x) for a.e. x € Q) and

<]{2H£2 da:>% <a(MF(z) + MH;(z) + Ha(Z)), Va,z e Q; (2.6)

and
][ Godr < G(x), VzeqQ. (2.7)
Q
Then, there exists a constant C'= C(p,r,n,a,w,s) such that
IME 2oy < C (1G]l o) + IMH o) + | Holl 2o w) - (2.8)

Note that the assumption F' € L!(dz) is not used quantitatively. The case r = oo
is the standard one: the L"-average appearing in the hypothesis is understood as an
essential supremum and the LP(w) estimate holds for any 1 < p < oo, no matter the
value of s, that is, for any w € A.

2.4. Proof of Theorem P.2, Part (a). As mentioned in Remark B.3, we can relax
the hypotheses by assuming (B.4) and (R.§), which we do. We consider the case
qo < 00, the other one is left to the reader. Let f € L°(dx), so F' = |T f|** € L'(dx).
We fix a cube @ (we switch to cubes for the proof). As T is sublinear, we have

F<Go+Hg=2"""T(I - A) fI" + 27 [T Ay I

Then (£-4) and (B-]) yield respectively (1) and (-6) with r = qo/so, H1 = Hy = 0,
a=2%"1C% and G = 271 C% M,,, (|f|p°)so/p0. By Remark .4, w? € RH 4,y and
one can pick 1 < s < gy/q so that w? € RHy. Thus, Theorem P.§ with ¢/s¢ in place
of p (notice that 1 < ¢/sy < r/s) yields

S0
1771wy S WM 0y < OGN 5y = O Mo (1)

La(w) 50 (wa L?0 ((wP0)a/ro)

S0
sy

0 wPO)P/PO

) =C ||f||sLOp(wp)-

In the last estimate we have used that M, ,, maps L%((wpo)p/po)) into L7 ((wPo)a/roy)
by Theorem []] from w”® € Ap/p, q/po (See Remark £4) and the easily checked condi-

tions 0 < apyg < n, 1 < p/pyg <n/(apy) and 1/(p/po) — 1/(q/po) = apo/n.
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2.5. Proof of Theorem 2.2, Part (b). Before starting the proof, let us introduce
some notation (see [BY] for more details). Let ¢ be a Young function: ¢ : [0,00) —
[0, 00) is continuous, convex, increasing and satisfies ¢(0+) = 0, ¢(c0) = co. Given a
cube ) we define the localized Luxemburg norm

Iflsq =t {r>0: £ o () <1}

and then the maximal operator
My f(z) = sup || flls.q-
Q>z

In the definition of || - ||4,q, if the probability measure dz/|Q)| is replaced by dx and @
by R™, then one has the Luxemburg norm || - ||, which allows one to define the Orlicz
space L.

Some specific examples needed here are ¢(t) ~ €' for t > 1 which gives the classical
space expL” and ¢(t) =t (1 + log* ¢)® with a > 0 that gives the space L (log L)*. In
the particular case a = k — 1 with k& > 1, it is well known that Mo 1)1 f &~ Mk f
where M* is the k-iteration of M.

We also need fractional maximal operators associated with an Orlicz space: given
0 < o < n we define

Mgy of(r) = nggé(Q)a | fll¢.q-

John-Nirenberg’s inequality implies that for any function b € BMO and any cube
Q) we have ||b — bgllexpr.o S ||bllBmo- This yields the following estimates: First, for
each cube Q and = € )

]é b= bel** /1™ < 116~ bQHSXSISL@ H|f|SOHL (log L)**0,Q

S 101530 My o pyso (IF17)(x) < IIbllgato M2 (1.£1%0) (), (2.9)

where [s] is the integer part of s (if k 59 € N, one can take M¥I+1) Second, for each
7 >1 and each @,

7j—1

16— b2gllexpr,2r @ < 11D = basgllexpr2r @ + b2 g — bagl S Iblleyo + D [baies g — b
=1

7j—1
S Plloso + Y f. b= brvrol S Pllasco (2.10)
=1 2l+1Q
The following auxiliary result allows us to assume further that b € L*>(dx). The

proof is postponed until the end of this section.

Lemma 2.7. Let 1 < py < sy <00, pp<p<qg<oo, keNandw! € Ay. Let T be
a sublinear operator bounded from LF°(dx) to L*(dx).

(i) If b € BMO N L>®(dz) and f € L®(dx), then T f € L*(dx).
(17) Assume that for any b € BMO N L*>(dx) and for any f € L°(dx) we have that
175 f 1| agwsy < Co lIllnao I Il zowr), (2.11)
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where Cy does not depend on b and f. Then for all b € BMO, (R.I1)) holds with
constant 2% Cy instead of Cj.

Part (7i) in this result ensures that it suffices to consider the case b € L*(dx)
(provided the constants obtained do not depend on b). So from now on we assume
that b € L*°(dz) and obtain (R.IT]) with Cj independent of b and f. Note that by
homogeneity we can also assume that ||b]|gmo = 1.

We proceed by induction. Note that the case k = 0 corresponds to (a). We write
the case k = 1 in full detail and indicate how to pass from k — 1 to k as the argument

is essentially the same. Let us fix py < p < g and w? € A, q/po N RH g, /qy (see
T /Po
Remark B.4). We assume that ¢y < oo, for gy = oo the main 1deas are the same and

details are left to the interested reader.

Case k = 1: We use the ideas in [AMI] (see also [Pel]]). Let f € L°(dx) and set

= |T}} f|*°. Note that F' € L'(dz) by (i) in Lemma m (this is the only place in this
step where we use that b € L*(dz)). Given a cube @, we set fo, = (bsg — b) f and
decompose T as follows:

Ty f(@)] = |T((b(x) = b) f)(2)] < [b(z) — bag| T f ()| + |T((bag — ) f) ()]
< [b(z) = bagl [TF(2)| + [T = Av@)) fau(@)| + [T Ar) fop(2)]-

With the notation of Theorem P.6, we observe that F' < Gg + Hg where
Go=4""(Go1+Goz) =47 (Ib—big|™ ITfI* +|T(I — Ang)) foul™)

and Hg = 2s0—1 |T.AT(Q)fQ7b|SO.
We first estimate the average of Gg on Q. Fix any z € Q. By (R.9) with £ =1,

]éGQ 1 —][ b= bagl™ [T < IIbllgno M&*(ITF1) ().

Using (E1), (29) and (I0),
(][GQ2 ‘T[ Ar@) foul’ >SIO iajﬁ 2 Q) (]é

i+l Q

1
|fQ,b\p°> N

1
S Z Q; ||b - b4Q||expL,2j+1Q ML(logL)PO,apo (|f|p0)p0 (l‘)

j=1

S 18 Mo (1171 305

a1
S My (og Lyvo.apo (| 17°) 70 (2),

since Zj a; j < oo. Hence, for any x € @)

]{2 G < C (M (ITF1)(@) + My gog 2y ap (1F7) @)) = Gl(a),
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We next estimate the average of Hy, on @) with r = qo/so. Using (B.4) and proceed-
ing as before

1 1

(][ HQ) = 20" 1)/50 ][|TA (Q)be|q°>qo Zaj(][_ ITfQ,bIS")SO
Q ~ 2i+1Q

Jj=1

SiaJ(]éjH |be|SO>SO+ZOz]<][ » |b—b4Q|5°|Tf|50)‘°’10

j=1 j>1

S QIFYS (@) + 305 10— brgllsprars o MIF (T 1) % )

j=1
< (MF) () + M2 (| f]0) Z%]
< (MF)™ (2) + MU (|7 f])% (2),
for any z, = € @), where we have used that » ;0] < o0 Thus we have obtained
(éH@igCQMﬂ@+NW“%WﬂM@»ECWMF@Hlﬁ@»
As mentioned before F' € L. Since w? € RHy,/q, we can choose 1 < s < ¢o/q so that

w? € RHy. Thus, Theorem .G with ¢/sy in place of p (notice that 1 < q/sg < 7/s)
yields

,+ I H

T3 £y < 5

SHML<logL>m,am(lf|”° |4
ST+

L35 (u)
o HMEEE(Ts ) |

(wq)

We estimate each term in turn. For I, we claim that M, qog 1,70 ,0p, Maps L (wP) into
L%(wq). This implies that

50
I = HML(logL)PO,apo (‘f|pO>Hp0’# < Hf”Lp wP)

Let us show our claim. We observe that 1 + (5//1’0) =Z1= q( — 9). Then, by (iii)

in Proposition R.1], there exists 1 < s < p/pg so that wq €A (-

_ay. Let us observe
spg n

that the choice of s guarantees that ¢ (% —2)> 1L

We set @ = spoa, p = p/(pos) and ¢ = q/(pos). Let us observe that 0 < & < n,
l<p<mn/a&and 1/p—1/¢§ = a&/n. Besides by (iz) of Proposition P.1] we have that
w = wP** € Az;. Therefore, by Theorem [[1]] it follows that Mz maps LP(w?) into
Li(w7).

Notice that as s > 1 we have that ¢ (1 + log* ¢)Po < ¢* for every ¢ > 1. Thus,

M7, 1og Lo apy 9(x) = SUPE(Q)WO 91|z qog yro,0 S Sup (@) ||g|
Q3z

= Map08(|g|s)(x) = M&(|g| )(x);a

LS 7Q

1
s
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and therefore we conclude the desired estimate

1Mool g S HM@<|g|S>% oy = 18191
L 0

(w9)
- ngm .
For IT as before we observe that 1 + (5//5(;’), = L. Besides, 1/p—1/q = a/n =

1/po — 1/so implies that 1/s9g — 1/¢ = 1/py — 1/p > 0 and therefore q/sy > 1.
Consequently, M (hence, M? M3, ...) is bounded on L%(wq) which gives

I = [|MSF2 (T )| x ST S 115 )

L%o (w7)

where in the last inequality we have used (a) (which is the case k = 0).
Collecting the obtained estimates for I and I we conclude as desired

1T £l gy S )

Case k: We now sketch the induction argument. Assume that we have already proved
the cases m =0,...,k—1. Let f € L°(dx). Given a cube Q, write fo, = (bag—b)" f
and decompose TF as follows:

Ty f(z)] = ( )($)|
k—1
< D Chinlb(x) = bag* ™| T f ()| + T ((bag — 0)* ) ()]
m=0
k-1
S D 1b(@) = baol T f (@) + IT(T = Av) fou(@)| + 1T Arg fap(x)]-
m=0

Following the notation of Theorem B.q, we set F' = |T}*f|** € L'(dz) by (i) in Lemma
R.1. Observe that F' < Gg + Hg where

Go=4""1C (( ki b — b4Q|k7m‘Tgnf‘>so +[T( - AT(Q)>fQ’b|so>
m=0

and Hg = 271 T A, () fop|™. Proceeding as before we obtain for any z € Q

k—1
. Ga < 0 (0 ML) ) 4 Mooy (7)) = G),
m=0

and for r = qy/so

( ]é Hg)i <C <MF(J;) + S Mlk=m) sol+2 (| f\so)@)) = C (MF(z) + Hy()).

Therefore, as F' € L', Theorem P. gives us as before

T8 oy < NMF g S UG, g+ 1l

. Z HM [(k—m) so +2(|Tmf|so)’

L0 (w)

S HML(logL)kPmapo(|f|p0)p0 LSO (w)
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S ATy + Z 1" Fll Zoway S NFNZ oy

where have proceeded as in the estimates of [ and I in the case k = 1 and we have
used the induction hypothesis on 7", m = 0,...,k — 1. Let us point out again that
none of the constants involved in the proof depend on b and f.

Proof of Lemma [2.7. We use an argument similar to that in [AMI] (see also [Pell]).
Fix f € L (dx). Note that (i) follows easily observing that

k k
T3 f(@)] S D [b@)™ 7™ @) < Y IEHTO™ ()] € L (de),
m=0 m=0
since b € L*>®(dx), f € L (dz) imply that o™ f € L(dx) C LP°(dx) and, by assump-
tion, T'(b™ f) € L*(dx).

To obtain (i7), we fix b € BMO and f € L*(dx). Let )y be a cube such that
supp f C Qo. We may assume that by, = 0 since otherwise we can work with b=b—
bg, and observe that T} = TE’LC and [|b||pmo = ||g||BMO- Note that for all m =0,..., k,
we have that |b™ f| and ’T(bm f )’ are finite almost everywhere since |b™ f| € LP°(dx)
and ’T(bm f)’ € L*(dz). Let N > 0 and define by as follows: by(x) = b(z) when
—N < b(z) < N, by(z) = N when b(z) > N and b(x) = —N when b(z) < —N.
Then, it is immediate to see that |by(x) — by (y)| < |[b(z) — b(y)| for all z, y. Thus,
llbn]lBMo < 2 ||bllsmo- As by € L*°(dx) we can use (B.11]) and

155 fllzoquny < Co llbwllEmo 1l zowey < Co 2 [1BllEao 11 oqur) < oo.

To conclude, by Fatou’s lemma, it suffices to show that \Tij f(x)] — |TFf(x)| for

a.e. © € R™ and for some subsequence {N;}, such that N; — oo.

As |by| < |b] € LP(Qo) for any 1 < p < oo, the dominated convergence theorem
yields that (by)™ f — 0™ f in LP°(dx) as N — oo for all m = 0,..., k. Therefore,
the fact that 7" is bounded from LP°(dz) to L*(dz) yields T((by)™ f — b™ f) —
0 in L*(dz). Thus, there exists a subsequence N; — oo such that T(( O f =
b f)(a:) — 0 for a.e. z € R" and for all m = 1,..., k. In this way we obtaln

1T, @) = T f @] < [T ([0, (2) = by, )* = (b(x) = b)"] f) ()]

k
S b, @) T (o)™ f = 0™ F) ()] + [ba, (2)F7™ = b()E | [T (0™ f)()]

m=0

and as desired we get that |Tijf(x)| — |TF f(2)] for a.e. z € R™. O

3. PROOF OF THEOREMS [[.3 AND [[.4

We first introduce our class of elliptic operators and state some needed properties.
Then we present an auxiliary lemma which leads us to prove the weighted estimates
for L=°/? and the corresponding commutators.
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3.1. The Class of Elliptic Operators. Let A be an nxn matrix of complex and L>-
valued coefficients defined on R™. We assume that this matrix satisfies the following
ellipticity (or “accretivity”) condition: there exist 0 < A < A < oo such that

AP <ReA(z)€- € and [A(2) €¢I < Al

for all £, € C" and almost every z € R". We have used the notation £ - ( =
&G+ -+ &, ¢, and therefore € - € is the usual inner product in C". Note that then
Alx)€-( = > ik Gik() i (j. Associated with this matrix we define the second order
divergence form operator

Lf =—div(AVY),
which is understood in the standard weak sense as a maximal-accretive operator on
L*(dz) with domain D(L) by means of a sesquilinear form.

The operator —L generates a C%-semigroup {e~*Z};~¢ of contractions on L?*(dz).
Define 9 € [0,7/2) by,

¥ = sup {’ arg(Lf, f>’ : fe D(L)}.
Then the semigroup has an analytic extension to a complex semigroup {e *%}, 5 -
of contractions on L?(dz). Here we have written for 0 < 6 < m,
Yg={z€C":|argz| < 0}.

We need to recall some properties of the generated semigroup {e~*%£};~¢ (the reader
is referred to [Aug and [AMZ] for more details and complete statements). In what
follows we set d(E, F') = inf{|z —y| : © € E,y € F} where E, F are subsets of R".

Proposition 3.1. Given L as above, there exist p- = p_(L) and p; = pi(L), 1 <
p_ <2< py < oo such that:

(a) The semigroup {e~*}i~q is uniformly bounded on LP(dx) for everyp_ < p < p,.

(b) The semigroup {e~t1}~q satisfies LP — L7 off-diagonal estimates for every p_ <
p<q<py: Forl<p<gq<oo, LP— L% off-diagonal estimates mean that for
some ¢ > 0, for all closed sets E and F', all f and allt > 0 we have

(/F|6_”(XE f)|qu)‘11 <te %%k‘@(éwdx)’l’. (3.1)

(¢) For everym € N and 0 < p < /2 — 9, the complex family {(zL)™e *1} e, is
uniformly bounded on LP(dx) for p— < p < py and satisfies LP — L% off-diagonal
estimates for every p_ < p < q < py (in (B)) one replaces t by |z]).

(d) The interval (p—,py) is mazximal for any of the properties above up to end-points,
that is, none of them can hold outside [p_, p.].

(e) If n =1 or2, or L has real coefficients, then p_ =1 and py = oo. In those cases,
one has the stronger Gaussian domination |e L f| < Ce®|f| for all f € L*(dx)U
L>*(dz) and t > 0 with constants ¢,C > 0. This implies uniform boundedness
and off-diagonal estimates in the whole interval [1,00]. Other instances of a
Gaussian domination occur for complex, continuous and periodic coefficients in
any dimension, see [ERY].

(f) ]fnZ?),p_<n2—f2 andp+>%.
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Let us make some relevant comments. In the Gaussian factors of the off-diagonal
estimates the value of ¢ is irrelevant as long as it remains positive. When ¢ = oo
in (B-1), one should adapt the definitions in the usual straightforward way. One can
prove that L' — L* off-diagonal estimates are equivalent to pointwise Gaussian upper
bounds for the kernels of the family (see [AMZ]). In dimensions n > 3, it is not clear
what happens at the endpoints for either boundedness or off-diagonal estimates.

3.2. Auxiliary Lemma. The proofs of Theorems [[.3 and [[.4 will use the following
auxiliary lemma.

Lemma 3.2. Let p_ < py < so < qo < p+ S0 that 1/py — 1/sy = a/n. Fizx a ball B
with radius r. For f € L°(dx) and m large enough we have

1

(f 1= et ar) < ggmj) et (£ ) e

and for 1 <1 <m

(f 1eretipman)™ <3 wG) (£ Leriea)®. 6y
B i 2i+1 B

where gy(j) = C' 277 @m=n/50) and g,(5) = Ce=¥ .
Proof. We first obtain (BJ). We fix f € L&°(dz) and a ball B. We decompose any

given function h as

h=> hj hy =h X¢,m) (3.4)

i>1
where C;(B) = 27t1 B\ 2/ B when j > 2 and C(B) = 4B.
Fix 1 <1 <m. Since p_ < 59 < gy < p4+ by Proposition B-]] part (b) we have

1 . W cd?(C;(B),B) =
(f e nman)™ <o @y 3G SR ([ jpa)”
B C;(B)

1 ) 1
S ][ ) g e ][ pfde)”
2i+1 B 2i+1 B

and by Minkowski’s inequality

—kr? L % . s %
(£ 1 him ) 5;g<j>(]£j+13\h\0dx) (35)

with g(j) = e=°* for any h € L®(dz). This estimate with h = L~%/2f € L*(dx)
—here we use that f € L°(dx) and Theorem [.2— yields (B.3) since, by the commu-
tation rule, L~*/2elr*Lf — ¢=lr*Lp,

Next we obtain (B.2). We decompose f = 3., f; as in (B.4). For j = 1, we
use that L~*2 maps L*(dz) into L* (dz) by Theorem [, and that (I — e ™)™ is
bounded on LP° uniformly on r by (a) in Proposition Bl as p_ < pg < p,. Hence,

(f 1o =g de) ™ < 151
B

1

1B ([ i an)® < e (£ i an)® (36)

(1= 5y i da)

R"|
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Next we estimate the terms j > 2. We first write

Lfa/2 (1 . 677‘2 L)mfj — P(;‘/2) A ta/2 eftL<1 —e —r2 )mf] Cfft
1 ° dt
o | e s T 1)

where ¢(t,2) = e **(1 — e %)™ The argument will show that the integral in ¢
converges strongly in L*°(B). Let u € (¥, 7) and assume that ¥ < 0 < v < p < 7/2.
Then we have

p(t, L) = / et (t,z) dx + / et (t,2) dz, (3.8)
r, _
where Ty is the half ray R+ e*?(7/2=0),
1
n:l:(t’ Z) = % - GCZQO(LC) dg) S F:|:7

with 7. being the half-ray R* e**¥ (the orientation of the paths is not needed in what
follows so we do not pay attention to it). It is easy to see (see for instance [Aud]) that

7,2m

(EEDE
Then, since p_ < pg < so < p4 by (¢) in Proposition B.T we have

s i i
Vr) < [ (f le e ds) e )
r. \JB

n n n —C4j7‘2 i
S [T ([ aman) a2
r, C;(B)
2m

. L oo 2j7» a  c4ir? r
< gin/so <][ po da:) " / (—) e s ——ds.
~ 2j+1 B 7 0 NG (s +t)m+t

The same is obtained when one deals with the term corresponding to I'_. We plug
both estimates into the representation of (¢, L) and use Minkowski’s inequality for
the integral in the ¢ variable in (B.7) to obtain

n:(t,2)| S z €Ty,

1
(][ ‘Lfa/2<[_€fr2L)mfj|so da:) 50
B

1 0 0 J o 47 p2 2m
52]’"/80( ][ P dx>m / a2 / (2_7“) — e Tildsﬁ
2i+1 0 0 \Vs (s+0)m* t
1

5 9in/so g—=jm (2j+1 T)a (][ |f|p° dx) %’ (3.9)

21+1 B

since, after changing variables and taking m + 1 > «/2,

o0 00 j o c 47 2 2m
[ ey o
o Jo Vs (s+t)mtt ¢

o e g d o2 qt
— 2.4 m i ( [ et 2 S} <4t
0 $ o (1+6)™1 ¢



WEIGHTED NORM INEQUALITIES FOR FRACTIONAL OPERATORS 15

Gathering (B.g) and (B.9) it follows that

(]{B|L_O‘/2(I—e_”QL)mf|8°dx> <3 g() () (][

i>1 2i+1 B

1

fd)”

with g(j) = 279@m=n/s0), O

3.3. The proofs. We are going to apply Theorem to the linear operator T' =
L=/ Part (a) yields Theorem [[.3 and part (b) gives the estimates of the commutators
in Theorem [[.4. Thus, it suffices to establish (R.1]) and (B.2) with a sequence {c;};
that decays fast enough.

We fix p_ <p<q<p+,Ozsothatoz/n—1/10—1/q,amdw€AIJr 1ﬁRH Py

By (#i) and (iv) in Proposition .1 there exist po, qo, So such that 1/p0 - 1/30 = a/n,
P <po <58y <qo<ps, Po<p<q<q and weA 1 1NRH, (wy-

po P

Notice that as 1 < p_ < p; < 0o we have that 1 < py < s9 < qop < co. By Theorem
T3, T = L~/ maps L (dz) into L*(dz). We take A, = I—(I—e™ " F)™ where m > 1
is an integer to be chosen. By the property (a) of the semigroup in Proposition B.1], it
follows that the family {A,},~o is uniformly bounded on LF°(dx) (as p_ < py < p4)
and so acts from L°(dz) into LP°(dx). We apply Lemma B.3. Note that (B.2) is (B.])).
Also, (P) follows from (B3) after expanding A, = I — (I — e~ ""%)™. Then, we have
that Ej>1jk 9i(j) < oo for i = 1,2 by choosing 2m > n/sy. Consequently applying
Theorem P4, part (a) if &k = 0 and part (b) otherwise, we conclude that T} maps
LP(wP) into L(w?) as desired.

4. A VARIANT OF THEOREM

The next result is an extension to the context of fractional operators of [[AMI],
Theorem 3.14], itself inspired greatly by [Ehd, Theorem 3.1].

Theorem 4.1. Let 0 < o < n, 1 < py < 59 < qo < 00 such that 1/pg —1/sy = a/n.
Suppose that T is a sublinear operator bounded from LP°(dx) to L*°(dx). Assume that
there exist constants cg > aq > 1, C' > 0 such that

(]{9 T f]* dx)qlo < C{<]{v13 T f|® dx)slo +Map0(|f|p°)(x)1’10}, (4.1)

for all balls B, x € B and all f € L*>®(dx) with compact support in R™ \ as B. Let
Po<p<q<q withl/p—1/qg=a/n cmdwEAlJr 1ﬂRH wy . Then, there is a

constant C' such that
1T fllzoqwsy < CN1f lzoqur)
for all f € L (dz).

Proof. A straightforward modification of Theorem P.9 is to replace the family {4, },~¢
indexed by radii of balls by {Ap}p indexed by balls. For any ball B, let Apf =
(1= X4, ) f- With this choice, we check (R.4) and the weakened version of (2.9). Fix
f € L¥(dr), aball Band z,z € B. Using that T is bounded from LP°(dx) to L*(dx)

we have
1

<]£13 T(I ~ Ag)fI di)

B (f )™ S a7 @5 (02
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In particular (2:4) holds since a; > 1. Next, by (f.1]) and since |Agf| < |f| we have

1

(]é T Apf|® d:c)% <C { (]ﬁ T A fdr)” + Mapo(\f|po)<;z)%}.

Using ([.2) and the sublinearity of T', it follows that

(£ ImAssimdr) ™ < CM(TI#)S (@) + € Ma (1117) (25,

which is the weakened version of (B-7). We conclude on applying the above mentioned
variant of Theorem P.3. O

5. SPACES OF HOMOGENEOUS TYPE

As Theorem passes entirely to spaces of homogeneous type —a (quasi-)metric
space (X, d) equipped with a Borel doubling measure p— one may wonder whether
Theorems P.3 and [ can be extended to this setting.

In the Euclidean setting, the classical Riesz potential I, or the fractional maximal
operator M, are bounded from LP(dx) to L?(dx) necessarily when 1/p — 1/q = a/n.
This is caused by the homogeneity of these operators plus the dilation structure of
the Lebesgue measure (that is, |B| = c¢r(B)"). Concerning the weighted estimates,
the boundedness of M, and [, from LP(w?) to LI(w?) are modeled by suitable modi-
fications of the Muckenhoupt conditions which are vacuous unless 1/p —1/q = a/n.

Let (X,d,n) be an space of homogeneous type where it is assumed that d is a
distance (see [MY]). We also impose that u(B) > cr(B)" for some n > 0 —with
this assumption, the fractional operators defined below are bounded with the same
restriction in p and ¢ as above. In this setting one can define the classes A,, RH, and
A, , by simply replacing the Lebesgue measure by p. All the properties in Proposition
P.1] hold (to avoid some technicalities we assume that the weights are doubling). Here
and in the sequel we understand that the averages are taken with respect to the
measure .

We consider the following fractional operators that appear, for instance, in the
study of subelliptic equations (see [Nag], [EW], [PW] and the references therein):

B d(x,y)"
ﬂmm—AMmLmeﬂwwm

for 0 < a < n. The associated maximal operator is

MJ@=%W@W£V@MM)

B>z

As mentioned before there is a version of Theorem P.§ in spaces of homogeneous
type. Thus, in order to extend Theorem P.J and, therefore, Theorem [, one only
needs to study the boundedness of the fractional maximal operators M, defined above.

Proposition 5.1. Let 0 < a < n, 1 < p <n/a and 1/q = 1/p — a/n. For every
w € A,,, M, maps LP(wP) into L4(w?) if p > 1 and L*(w) into L= (w?) if p = 1.

Proof. The proof follows the classical scheme in [MW]] and we give just a few details.
Given «, p, ¢ and w as above, using Holder’s inequality and that w € A, , one can



WEIGHTED NORM INEQUALITIES FOR FRACTIONAL OPERATORS 17

easily obtain that for every 0 < g € LP(w?)

(T(B)a ]{Bgdﬂ)qwq(B) S % (/ngwpdﬂ>% N (/Bg”wpd@%, (5.1)

where in the last estimate we have used that u(B) 2 r(B)".
Given f € LP(wP) and A > 0, Vitali’s covering lemma yields

Ex={xeX: My f(x)> A c|J5B;
J
where {B;}; is a family of pairwise disjoint balls such that r(B;)® fBj |fldp > cA.
Using (B.1]) with B =5 B; and g = |f] X5, and that p < ¢ we obtain

EEWLLIENS /\f|”w”du (B ][mcm
< (X[ irwran)’ < xoe ([ 1spwran)’
= /B X

This shows that M, maps LP(w?) into L9 (w?) for every w € A,,. When p = 1, this
is the desired estimate.

To conclude that M, is of strong type when p > 1 we use an interpolation argument
in [MW]. Having fixed p, ¢ and w € A, ,, we have w = w? € A, with r = 1+ ¢/p’
(see (viii) in Proposition B.J). We define a new operator S,g = M, (g wa/”). By
Proposition .| part (iii), there exists 1 < p; < p such that w € A,, where r; =
1+q/p, <rand1/q = 1/p; —a/n. Thus, @Y% € A, ,, and the argument above
shows that S, is bounded from LP'(w) to qu > (w). On the other hand we can find
p < p2 < a/n, then we define 1/go = 1/ps—a/n and ro = 14+¢qo/phy > r and so w € A,,.
Thus, w'/® € A,,,, and as before we conclude that S, maps LP?(w) into L% ().
By Marcinkiewicz’s interpolation theorem, it follows that S, is bounded from LP(w)
into L?(w) which in turn gives the desired weighted norm inequality M,. O

Once we have obtained the weighted norm estimates for M,,, the proofs of Theorems
P.9 and [T can be carried out in X. The precise proofs and formulations are left to
the interested reader. As a consequence, we show weighted estimates for T,.

Corollary 5.2. Let0 < a<n, 1 <p<n/a and 1/q=1/p— a/n. Then, T, maps
LP(wP) into Li(w?) for allw € A, ,.

Proof. We first notice that it suffices work with the sublinear operator f —— T,(|f|).
Abusing on the notation, we write T,, for this new operator. Note that in that case
T.f > 0.

We claim that T, maps LP(u) into Li(u) for every 1 < p < ¢ < oo such that
1/p—1/q¢ = a/n, and also that

sup T f(x) < ][ " F (@) d(z) (5.2)

zeB

for every ball B, and f € L with supp f C X'\ 4B.
Assuming this, we obtain the desired estimate. Fix p, ¢, and w € A, ,. Note that
w € A1y N RH, and by (i) in Proposition P.J] there exists 1 < py < p such that
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Ay o 1N RH;. We take s so that 1/py — 1/s9 = a/n, and ¢y = co. Then, (£.2)

clearfy implies ([.1]) and thus 7}, is bounded from LP(w?) to LI(w?).

To finish we need to show our claims. First, we obtain the boundedness of T,.
Fixed p, q, let 0 < s < 0o to be chosen. Then, as a > 0,

- 2+ s)e
Ta B(x,s - —k—1
(f X (@, ))<x) % /lesﬁd(ar,y)<2ks M(B(xv 27k 5))
s s s g
k=0 B(

z,27k 5)

| f(y)] du(y)

On the other hand, since 1 < p < n/a,

Ta(f X ) @) < [ fllog (Z/
k=0 /2"

(2k+1 s)ap’

s<d(z,y)<2k+1s M(B(SL’, 2k S))p/

L
I’

du(y)>

4
7

0 (2k S)ozp’ -
Sl (X sz

> 1
Sl (047 0) S Ul o
k=0

p/

Collecting the obtained estimates and choosing s = (|| f||re( /M f(2))”"" we conclude

Tof () S I MF@ 5 = [F15 ) MF)"

Let us point out that this estimate in the classical setting was shown by Hedberg
[Hed]. From here, that T, maps LP(u) into L?(u) follows from the boundedness of M
on LP(u).

Next, we show (b.2). Let B be a ball and f supported on X \ 4 B. For every =z,
z € Band y ¢ 4 B we have that d(z,y) = d(z,y) and the doubling condition yields
w(B(x,d(z,y)) =~ u(B(z,d(z,y)). Therefore T, f(x) ~ T, f(z) for every z, z € B and
this readily leads to (£.2). O
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