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REPRESENTATIONS OF BRAID GROUPS AND GENERALISATIONS
VALERIJ G. BARDAKOV AND PAOLO BELLINGERI

ABSTRACT. We define and study extensions of Artin’s representation and braid monodromy
representation to the case of topological and algebraical generalisations of braid groups.
In particular we provide faithful representations of braid groups of oriented surfaces with
boundary components as (outer) automorphisms of free groups. We give also similar repre-
sentations for braid groups of non oriented surfaces with boundary components and we show
a representation of braid groups of closed surfaces as outer automorphisms of free groups.
Finally, we provide faithful representations of Artin-Tits groups of type D as automorphisms
of free groups.

1. INTRODUCTION

Let F), be the free group of rank n with the set of generators {x,zs,...,z,}. Assume
further that Aut(F},) is the automorphism group of F,. The Artin braid group B, can be
represented as a subgroup of Aut(F,,). This representation, due to Artin himself, is defined

associating to any generator o;, for : =1,2,...,n — 1, of B, the following automorphism of
F,:
—1
Ty T Tjp1X;
ag; . Tiy1 /> Ty,
T —— Iy, Z%Z,Z—Fl

Moreover (see for instance [[[(J, Theorem 5.1]), any automorphism 3 of Aut(F,,) corresponds
to an element of B, if and only if 3 satisfies the following conditions:

i) Blri) =a; ' wypa, 1<i<n,
”) ﬁ(xle .. lﬁ) =T1T2...2Tp,

where s is a permutation from the symmetric group 5, and a; € F,,.

Generalisations of Artin’s representation have been provided by Wada [[J] and further by
Crisp and Paris [ff], in order to construct group invariants of oriented links.

Another interesting representation of B, is the braid monodromy representation of B,, into
Aut(F,_1) (see last Section), that was proven to be faithful in [[g] and [IJ].

In this paper, we extend Artin’s and braid monodromy representations to some generali-
sations of braid groups.
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2 BARDAKOV AND BELLINGERI

In the case of braid groups of oriented surfaces with boundary components our representa-
tions are faithful (Theorem P]). Moreover, in the case of surfaces of genus g > 1, the induced
representations of surface braid groups as outer automorphisms hold faithful (Theorem J).

In the case of closed surfaces, as earlier remarked in [[] for braid groups of the sphere, we
cannot extend Artin’s representation and we provide a representation in the outer automor-
phism group of a finitely generated free group.

In the last Section we consider the braid monodromy representation of B, in Aut(F,_;)
and we provide a faithful representation of the n-th Artin-Tits group of type D in Aut(F},)
(Proposition [[T).

Acknoledgments. The research of the first author has been supported by the Scientific and
Research Council of Turkey (TUBITAK). The first author would like to thank Prof. Hasan
Giimral, Prof. Vladimir Tolstykh and other members of the Department of Mathematics of
Yeditepe University (Istanbul) for their kind hospitality. We thank Prof. Warren Dicks for
pointing out a doubtful argument on a previous version of Proposition [[(J and for suggesting
us a different approach for an easier proof.

2. BRAID GROUPS OF ORIENTABLE SURFACES WITH BOUNDARY COMPONENTS

Surface braids as collections of paths. Let P = {p1,...,p,} be a set of n distinct points
(punctures) in the interior of a surface X.

A geometric braid on ¥ based at P is a collection (1, ..., ,) of n disjoint paths (called
strands) on Y. x [0, 1] which run monotonically with ¢ € [0, 1] and such that ;(0) = (p;,0)
and ¢;(1) € Px{1}. Two braids are considered to be equivalent if they are isotopic relatively
to the base points. The usual product of paths defines a group structure on the equivalence
classes of braids. This group, denoted usually by B, (%), does not depend on the choice of P
and it is called braid group on n strands of 3. The nth braid group of the disk D?, B, (D?),
is isomorphic to B,.

In the following we will denote by B,,(%,,) the braid group on n strands of an orientable
surface of genus g with p boundary components (we set ¥, = ;) and by B, (N,,) the
braid group on n strands of a non-orientable surface of genus g with p boundary components
(we set Ny = N,p).

In this section we will consider an orientable surface >, , of genus g > 0 and with p > 0
boundary components. We set also n > 2.

We denote by o1, ..., 0,1 the standard generators of the braid group B,. Since p > 0, we
can embed a disk in ¥, and therefore we can consider oy, ..., 0,1 as elements of B, (%,,).
Let also ay, ..., a4, b1, ..., by, 21, ..., 2p—1 be the generators of m; (X, ,), where z;’s denote loops
around the holes. Assume that the base point of the fundamental group is the startpoint of
the first strand. Then each element vy € m(X,,) determines an element denoted also by ~
in B, (X,,), by considering the braid whose first strand is describing the curve v and other
strands are constant.
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Let us set 29,1 = aj and z9, = b, for K = 1,...,g. According to [l] we have that the
group B, (%,,) admits a presentation with generators:

O1y+-+y0n—1,T1,.-.,%2g5 215 -+, Zp—1,

and defining relations:
— Braid relations:
0i0i110; = 0410011, 1 <1< n—2,
oi0; =004 |i—j]>1,1<4j<n-—-1,
— Mixed relations:

(R1) xpo; = o3z, 1 # 1, 1 < 1 < 2g,
R2) (o7 z,o7 DN, =z (07 001, 1 <1 < 2g,
( 1 1 1 1 g
(R3) (o1 w,01)2, = anloy "wson), 1 < s <7 < 29, (s,7) # (2m = 1,2m),
(R4) (07 Tom—-101 ) Tom = Tam (0] Tam—101), 1 <m < g,
(R,5> ZjUi:UiZj,i§£ 1, 1 S] Sp— 1,
(R6) (07 zjo ), = (07 '201), 1 <7 <29, 1< j#p—1,
R7) (07 'zj00)z = z(o7 ' 2500), 1 < j <1 <p—1,
1 ~j 1 %)
(R8) (07201 ")z = (07 o), 1< j<p—1.

Associating to any surface braid the corresponding permutation one obtains a surjective

homomorphism
7 B, (X,,) — S

such that w(o;) = (4,i + 1), i = 1,...,
1<j<p-1

In [I] the second author considered the subgroup D,,(%,,) = 7 !(S,_1) and found its gen-
erators. We provide a set of defining relations of D,,(2,,) using the well-known Reidemeister-
Schreier’s method (see [§, Chap. 2]).

Let M,, = {m; | 1 <1 < n} be the set defined as follows:

n—1, n(z,) = m(z;) = e for 1 < r < 2¢ and

m =0p_1...0, L=1,....n—1, m, = 1.

It is easy to prove (see [[]) that |B,(X,,) : Dn(X,,)| = n and that M, is a Schreier set of
coset representatives of D, (X, ,) in B, (X,,). Define the map =~ : B,(X,,) — M, which
takes an element w € B,(%,,) into the representative w from M,. The element ww *
belongs to D, (2, ,) and, by Theorem 2.7 from [§], the group D, (3,,) is generated by

$xa = Aa- (Aa)™h,
where A runs over the set M,, and a runs over the set of generators of B,,(X,,).

Case 1. If a € {0y,...,0,_1}, then we find the generators

2 _—1 -1 2
Tk = On-1--Ok1030)41---Op 1, K=1,....n =2, 7,1 =0, ;.
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Case 2. If a € {x1,...,29,}, then we find the generators

wr:an_l...alxrafl...cr;_ll, r=1,...,2g.
Case 3. If a € {#1,..., 2,1}, then we find the generators
fj:crn_l...olzjol_l...cr;_ll, j=1,...,p— 1.

To find defining relations of D, (¥,,) we define a rewriting process 7. It allows us to
rewrite a word which is written in the generators of B,(X,,) and to present an element in
D, (%,,) as a word in the generators of D, (X,,). Let us associate to the reduced word

_ _E1 E2 € _
u=a'ay ...q,);, g = =*xl1,
where
a € {01702,---,%—1, L1, X2, .-, L2g, 2’1,22,---72’;;—1},

the word
__ L€l €2 Ev
T(“‘) - Skl,al Sk‘g,a2 e Skim(lu

in the generators of D, (X, ,), where k; is a representative of the (j — 1)th initial segment
of the word w if ¢; = 1 and k; is a representative of the jth initial segment of the word w if
e; = —1. By [B, Theorem 2.9], the group D,(%,,) is defined by relations

rax =T, AT, A€ M,
where 7, is a defining relation of B, (%, ).

Proposition 1. The group D,,(X,,) admits a presentation with the generators

O15-+-50n-2,L1y- 322G, 21y -3 Zp—1,Tly -3 Tn-1, Wi,...,Waq, 517"'7 é‘p*l;
and relations:

— Braid relations

(B_Z) 0;0;410; = 0410041, 1 S 1 S n — 3,
(B2) 0,0; =0,04, [i—j]>1, 1 <i,j<n-—2,
(B3) crk_lncrk =7, k#Il—1,1,

(B4) o\ mor—1 = 11,

(B5) o] 'nioy = mary Y, L# 0 — 1.

— Mixed relations

(R1.1) xpo; =03z, 2<i<n—2,1<r<2g,
(R1.2) x,1; = Tixp, 2 <i<n-—1,

(R1.3) wyo; = oyw,, 1 <r <29, <i<n-—2,
(R2.1) (o7 w00 Yx, = 20 (07 oy t), 1 <1 < 2g,
(R2.2) x; \wpx, = 77 'wem, 1 <1 < 2g,
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(R2.3) v ' riw, = 7 'w,mw; i, 1 <1 < 2g,

(R3.1) (07 ws00)2, = 2p(0] 'ws01), 1 <5 <1 < 2g, (s,7) # (2m — 1,2m),
(R3.2) o7 (17 fwgr)wy = 1 twery, 1 < s <1 < 2g, (5,7) # (2m — 1,2m),
(R3.3) Tty = wrxs,ll <s<r< 2gi (s,r) # (2m — 1,2m),

(R41) (01_ me—lgl_ ):L‘Qm = me(Ul_ me—lal)a 1 S m S g,

(R4.2) o, (11 "Wam—1)Zom = 71 "wam—_171, 1 <m < g,

(R4.3) Topy 1 WamTom—1 = T, Wam, 1 <m < g,

(R5.1)Zj0’i20'l'2}j, QSZSTI,—Q, 1§j§p—1,

(R52) 25Ty = TiZj, QSZS’I’I,—L 1 S] Sp—l,

(R5.3)£j0’i20i£j, 1 S]Sp—l, 1 SZSH—Q,

(R6.1) (07 ' zj00)x, = mp(07 ' 2501), 1 <1 <29, 1< j<p-—1,

(R6.2) x7 (1 ' m)e, =70 'm, 1<1r <29, 1<j<p-—1,

(R6.3) zjw, = w,zj, 1 <r <2¢,1<j<p-—1,

(R7.1) (07 zj00) 2 = z(07 1 2500), 1 < j <1< p—1,

(R7.2) z; ' (7 ¢m)a =76, 1<j<I<p—1,

(R7.3) zjfllz flz{», 1<j<l 1§p —11,

(R8.1) (o) " zjoy " )z; = zj(0y 201 ), 1 <j<p—1,

(R8.2) 2 ()2 =1 &, 1< j<p—1,

(R8.3) z;lszj =7 '¢n, 1<j<p—1

The generators oy, ..., 0n_2, %1, ..., Tag, 21, - - ., Zp—1 generate a group isomorphic to B, _1(3, ;)
(see also Remark 3.1 from []) and it is easy to see that the relations (B1), (B2), (R1.1),
(R2.1), ..., (R8.1) are a complet set of relations for B,_1(X,,). From the other relations
we can find the following conjugacy formulae:

(S1) F =7, k#1—1,1,
(S2) 7't =7,
1
(S3) 7' =7l l#n—1,
(S4) 7" =7,2<i<n-—1,
(SH) wli =w,, 1 <r<2g9,1<i<n-—2
(S6) wyr = wy,
(S7) 7 =7 ™,
-1
(S8) wrr = w1 < s <r <2, (s,r) # (2m — 1,2m),
(S9) wrs =w,, 1 <s<r<2g,(s,7)# (2m—1,2m),
(S10) waprty = [11, Wapy|wam-171,
(S11) wye ™" = 7y "wam,
S12) 77 =7,2<i<n—1,1<j<p-1,
(S13) &' =&, 1<i<n-—2,1<j<p-1,
(S14) ¢ = el 1< <2 1< <p1,
(S15) wy’ =w,, 1<r<2g,1<j<p-—1,
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-1
=il 1< jcr<p-,

SIT) & =&, 1<j<l<p-—1,

S18) 77 = [m,& I, 1< j<p—1,

S19) &' =1, 1<j<p—1,

where a® = a"'ba and [a,b] = a~1btab.

Let U,_1,4, be the subgroup of D,, (2, ) generated by {7y, .

-+ Tp—1, Wi, -

..7w2g,€1,..

: 75}7*1}'

Proposition 2. The group U,_1,4, is a normal subgroup of D,(¥,,) and it is a free group

of rankn +p+2g — 2.

Proof. The statement was proven in [ll, Section.2] using the interpretation of U,,_; 4, as the
fundamental group of the surface ¥, , with n — 1 points removed.

g

From relations (S1)...(S19) we deduce that B,_1(%,,) acts on U,_; 4, by conjugacy.

Theorem 1. The group B,_1(2,,) with n > 3, g > 0 and p > 0 acts by conjugacy on
the free group U,_1 4,. Therefore we have a representation py : B,_1(2,,) — Aut(Uy—1,4,)

defined algebraically as follows:

— Generators 0;, 1 =1,...,n—2:
7'1'71.
T — Tl
Tit1 = Ti;
Oi:y m— 1, l#i,i+1,;
w, — w,, 1 <r < 2g;
§r—§&, 1<j<p-1
- Generators x,, r =1,...,2g:
( T »—>T{“”T_1Tl;
T, 2<1<n;
Wy — wLwT_l’Tﬂ, s<r (s,r)# (2m —1,2m);

Wp—1 [71,w,fl]wr_17‘1, ifr=2m;

Ly T .
wT’ — wr ’
Wy — ws, T < 8, (r,8) # (2m —1,2m);
-1 .
Wpiy — Ty Wry, 4fr=2m —1;
[wr‘ilyT} s
(&G— & 1< i<p-1.
— Generators z;, j=1,...,p—1:
( 5;171
T Ty ;

T T, 2510 S n;

wy — w,, 1 <1 <2g);

Zj [5'7177—1] .
g T Isi<g<p
5]‘] '_>§j1§

2j

T, 1< j<I<p—1.
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In the following we outline a proof of the faithfulness of the representation py of B,_1(3,,)
given in Theorem [[] using the interpretation of surface braids as mapping classes.

First, we recall that the mapping class group of a surface 3, ,, let us denote it by M, ,
is the group of isotopy classes of orientation-preserving self-homeomorphisms which fix the
boundary components pointwise.

Let P = {p1,...,pn} be aset of n distinct points (punctures) in the interior of the surface
Y4p- The punctured mapping class group of X, , relative to P is defined to be the group
of isotopy classes of orientation-preserving self-homeomorphisms which fix the boundary
components pointwise, and which fix P setwise. This group, that we will denote by M7 ,
does not depend on the choice of P, but just on its cardinal.

We recall also that a simple closed curve C' is essential if either it does not bound a disk
or it bounds a disk containing at least two punctures.

Finally, we denote Tz as a Dehn twist along a simple closed curve C. Let C' and D be
two simple closed curves bounding an annulus containing only the puncture p,;. We shall say
that the multitwist T Ty is a j-bounding pair braid, also called spin map in [f].

Surface braids as mapping classes. Let g,p > 0 and let 9,0 : My, — M, be the
homomorphism induced by the map which forgets the set P. When p = 0, according to a
well-known result of Birman [J, Chapter 4.1], the group B, (3,) is isomorphic to ker ¢, ¢ if
g > 1. The statement of Birman’s theorem concerns the case of closed surfaces, but the
proof extends naturally to the case of surfaces with boundary components and the group
B, (X,,) is isomorphic to ker ¢ if g > 1 and p > 0.

Geometrically the correspondence between ker i, and B, (¥,,) is realized as follows:
given a homeomorphism i of ¥, isotopic to the identity Id of X, , and fixing boundary
components pointwise and P setwise, the track of the punctures py, ..., p, under an isotopy
from h to Id is the geometric braid corresponding to the homeomorphism h.

Theorem 2. Let ¢ > 0, p > 0 and n > 3. The representation py : B,_1(%,,) —
Aut(U,—1,4,p) ts faithful.

Proof. First we prove the claim when ¢ is greater or equal then 1. According to Birman’s
result we can represent the group D,(3,,) as a (normal) subgroup of M7  more precisely
as the subgroup of mapping classes in ker,, sending the nth puncture into itself (see
also Remark 18 from [J]). In particular generators 7,..., 7,1, w1,..., Way, &1, ..., &1, of
D, (3y,) (see Proposition [l) correspond to n-bounding pair braids in M7 .

Let Yppn1 : My, — MZ;l be the homomorphism forgetting the last puncture. Now,
let us consider the exact sequence associate to the restriction of 4, ,_1 to D, (¥3,,). The
image of D, (%,,) by 1,1 coincides with ker t,,_1 o which is isomorphic to B,_1(3,,). On
the other hand, ker ¢, ,_1 N Dy,(¥,,) is the subgroup of M}  generated by n-bounding pair
braids 71,...,Th—1, Wi, ..., W, &1,...,&—1 and therefore it is isomorphic to Uy,,_1 gp.

The group B,_1(%,,) embeds naturally in B,(X,,) by sending generators of B,_1(3,,)
in corresponding ones of B, (X,,) and therefore B,_;(¥,,) can be considered also as a
subgroup of My . Moreover, the action considered in Theorem [ corresponds to the action

by conjugacy of B, 1(X,,), seen as a subgroup of My . on U, 14, Since U, 14, is a
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normal subgroup of M7  we can define a map © : Inn(Mj ) — Aut(U,_1,,). We prove
that © is injective and therefore that the action by conjugacy of B,,_1(X,,) on U,_14, is
faithful. Let g € Inn(Mj ) such that ©(g) = 1 and C be an essential curve. We can
associate to the curve C another simple closed curve D such that they bound an annulus
containing only the puncture p,. The mapping class T¢T5," is then a n-bounding pair braid.

Since O(g) = 1, then g ToTh'g™' = T¢Th' and from a simple argument on the index of
intersection of curves (see for instance Proposition 2.10 of [B]) one can easily deduce that
g(C) = C. Since g(C') = C for any essential curve C' it follows that ¢ is isotopic to the
identity (Lemma 5.1 and Theorem 5.3 of [[]). Therefore © is injective and in particular the
representation defined in Theorem [l is faithful when g > 1.

The only case left is when the genus is equal to zero. We recall that, for p > 0, the group
B,,(20,) is isomorphic to the subgroup By, 4,—1,-1 of By4p—1 fixing the last p— 1 strands. In
this case our representation coincides with Artin representation of B,i,—1 in Aut(F,i,-1)
restricted to the subgroup By, 4p—1,-1- O

Corollary 1. The group B,,(X,,) is residually finite for m > 1, g >0 and p > 0.

Proof. Baumslag and Smirnov proved (see for instance [, Theorem 4.8]) that any finitely
presented group which is isomorphic to a subgroup of automorphisms of a free group of finite
rank is residually finite. Therefore for m > 1 the statement is a Corollary of Theorem P} In
the case m = 1, the group B(%,,) is isomorphic to the fundamental group of 3, which is
free and therefore residually finite. n

Remark also that from Theorem ] one can derive, using Fox derivatives, a Burau rep-
resentation for B,(X,,). Since the restriction on B, of such representation coincides with
the usual Burau representation of B,,, the Burau representation for B,,(3,,) obtained from
Theorem [ is not faithful for n > 5.

3. SURFACE BRAIDS AS OUTER AUTOMORPHISMS OF FREE GROUPS

As recalled in the Introduction, any element [ of B, C Aut(F,) fixes the product
1% ... %, of generators of F,,. We prove a similar statement for the group B, (%,,), for
p > 0.

Proposition 3. Let p > 0 and let U,_1 4, be the free group of rank n +p+ 2g — 2 defined
above. Any element 3 in B,_1(X,,) C Aut(U,_1,4,) fizes the product

A= Tn_fll .. .7'2_17'1_15162 .. .fp_l[wl_l,wg] ce [wggﬂl,wgg].

Proof. In order to prove the claim it suffices to verify that any generator of B,,_1(%,,), con-
sidered as an automorphism of U,,_; 4, fixes the element A.

Case 1: generators 0;, 1 <1i < n — 2. The group B,_; is a subgroup of B,_1(%,,) and by

Artin’s theorem B,_; is a subgroup of Aut(F, 1), F,,_1 = (71,72, ...,Th_1), and fixes the

product 775 ...7,_1. Hence, the generator o; also fixes the product Tn__ll ce Ty 17'1_ L
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From Theorem [l it follows that
wy =w, 1 <r<2g; 7 =¢,1<j<p-1

r YE

Hence, A% = A.

Case 2: generators z,., 1 <r < 2g. By Theorem [] we have

(7‘,;11 .. .7‘2_17'1_1)“ = 7',;11 .. .7'2_1(7'1_1’11]7,7'1_111}7,_17'1)

and

(él cee §p71>zr = (§1 L. §p71>[wf1,71]_

Let us consider

([wr s wa - [y, wag])™

We will distinguish two cases: r = 2m — 1 and r = 2m, where m = 1,...g. In the first case
we have the following equalities:

—1
([wi 't wa] . [w gy wam o)) = ([wy !, wo] . Wiy, wapn ] 2m=17,

T2m—-1 [

[wZ_nlz—lv w2m] wZ_n?—lv Tl_lw2m] = [7—17 wZ_nlz—l] [wZ_nlz—lu w2m]7

([w2_rr1L+1’ w2m+2] s [w2_glfl’ ng])mnk1 = [w2_rr1L+1a w2m+2] st [w2_glfl’ w29]'

In the second case we have the following equalities:
_ _ _ _ —1
([wit wa] . [Wa gy wam—2])™™ = ([wi ™, wal .. [wyy, s, w2mf2])[w2’”’ﬁ]a
[w2_7711—17 me]mm = [Tl_lwz_ni—l ['wQ_nlw 7_1]7 w;n] = [7_1’ wz_nlz] [w2_7711—17 w2m]7

([wgﬁ%ki’l’ Wom2] - - - [w2791*1’ w29])12m = [w271”flb+l’ Wo 2] - - - [wgglfla w29]-
In both cases we have
([wi ™ wa . [wayy, wag])™ = [, wy fwy ™ wal - [wyy_y, wag].
Hence, the element x, acts by conjugation on A as follows
-1
AT =7 o w m] (& ) T i w [t we)

T o)

[w2_g1717 w29]7
and then it is easy to check that A™ = A.

Case 3: generators zj, 1 < j < p— 1. By Theorem M we have

(Tt )Y =t g,

(61 &) = (& -éjfl)[gf'_l’”]éﬁé*jﬂ L= G,
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and

([wl_17 w2] s [w2_glfl7 ng])Zj = [wl_lv U]Q] s [w2_glflv ng]'
Hence, A% = A and the Proposition follows. O

We recall that py : B,—1(X,,) — Aut(U,_1,4,) is the representation of B,_;(¥,,) defined
in Theorem [[] and let p : Aut(U,-14,) — Out(U,_1,4,) be the canonical projection.
Theorem 3. The representation p o py : By_1(X,,) — Out(Up—_1,4,) is faithful for p > 0
when g > 0 and for p > 2 when g = 0.

Proof. Since the representation py : B,_1(X,,) — Aut(U,_1,4,) is faithful (Theorem B), we
can identify B,,_1(2,,) with py(B,-1(2,,))-

Now suppose that there exists 5 € B,_1(3,,) N Inn(U,_1,,). From Proposition B one
deduces that 3 is a conjugation by a power m of

A = 77:_11 .. .7'2_17'1_15162 .. .gp_l[wl_l,wg] e [wz_gl_l,wgg].

Now, let g be a generator of B,_;(X,,). Since all elements of B,_;(%,,) fix the element A
we deduce the following equalities:

g ' (Blg(2))) = g7 (A"g(x) A7) = A"z A" = (),
for any @ € U,_1,,. One deduces that g~'3g = 3 for any generator g of B, 1(3,,)
and therefore 3 belongs to the center of B,_1(%,,). Since B, 1(X,,) (with n > 2) has
trivial center for p > 0 when g > 0 [ and for p > 2 when g = 0, the intersection
B,—1(2,,) NInn(U,,_14,) is trivial and the claim follows. O

Remark 1. Let ¢ : B, — Out(F,) the representation obtained composing Artin repre-
sentation of B, in Aut(F),) with the canonical projection of Aut(F,) in Out(F,). Such
representation is not faithful and it is easy to see that the kernel is the center of B,,.

4. SURFACE BRAID GROUPS OF NON-ORIENTABLE SURFACES WITH BOUNDARY
COMPONENTS

Let Ny, be a non-orientable surface of genus g > 1, with p > 0 boundary components. Let
o1,...,0,-1 be the usual generators of B,, and a4, ...ay, 21, ... 2,1 be the usual generators
of the fundamental group of N,,. As in previous section we can consider oy,...,0,-1 and
ar,...ag, 21, ... %p—1 as elements of B, (Ny,). According to [ the group B, (Ny,) admits a
presentation with generators:

01,.-.0p—1,01,...Qg, 21, -Zp—1,

and relations:
— Braid relations:
0i0i110; = 0410011, 1 <1< n—2,
oi0; =004, |i—j|>1, 1<i,j<n-1,
— Mixed relations:
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(R1) a,0; = 0ya,, i # 1,1 <r <y,

(R2) oy a,0{ "a, = a,o; "a,01, 1 <r <g,

(R3) (07 as01)a, = a,(07'as01), 1 <s<r<g,

(R4) zjo; = 0,2, 1 #1, 1 < j<p—1,

(R5) (07 zio1)ar = ar(07 '2i01), 1< 7 < g, 1<i<p—1,n>1,
(R6) (o7 'zjo1)zr = zi(07 'zjon), 1 <j <l <p—1,

(R7) (07 zj01 1)z = zj(oy ' zj071), 1< j <p— L

As in previous section let us consider the natural projection of 7 : B, (N,,) — Sy,
which associates to any braid the corresponding permutation. This projection map o; in
the corresponding transposition and generators ay, ..., aq, 21, ..., Z,—1 into the identity. As
before, let D,,(N,,) = 7 1(S,-1) and let m;y = 0p_y... 05, L =1,....,n—1, m, = 1. The
set M, ={m; | 1 <1 <n} is a Schreier set of coset representatives of D,(N,,) in B, (N,,)
and the group D,,(Ny,) is generated by

Sxa = Aa - (E)’l,

where A\ runs over the set M,, and a runs over the set of generators of B,,(N,,).
Case 1. If a € {0y,...,0,_1}, then we find the generators
Th = Ope1 - - .ak+1o§ak_j1 .. .o;il, k=1,....n—2, Thy_1 = 02_1.
Case 2. If a € {a1,...,a,}, then we find the generators
Wy :an_l...alarafl...a;_ll, r=1,...,9.
Case 3. If a € {#1,..., 2,1}, then we find the generators
& :crn_l...alzjal_l...cr;_ll, j=1,...,p—1

Using the same argument as in the orientable case one can find the following group pre-
sentation for D, (Ny,).

Proposition 4. The group D,,(N,,), n > 1 admits a presentation with the generators

0'17...,O'nfg,al,...,ag,Zl,...7Zp,1,7'1,...,7'n,1, wl,...,wg, gl,...7€p,1,

and the following relations:
— Braid relations:

(B1) 00,410, = 04100511, 1 <1< n—3,
(B2) 0,0; =0,04, i —j]>1, 1 <i,j<n-—2,
(B3) o' noy =7, k#1—1,1,
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(B4) o \mory =14,
(B5) JflTlal = TmHTfI, l#n—1.
— Mized relations:

(R1.1) a,0;, = 0ia,,2<i<n-—2,1<r<g,
(R1.2) a,7; = 1ia,, 2 <i<n-—1,
(R1.3) w0, = oyw,, 1 <r<g, 1<i<n-—2,
(R2.1) (07 'a,010 a, = a, (07 'a,00), 1 <7 < g,
(R2.2) a7 (7 'wy)a, = 7w, 1 <1 < g,
(R2.3) a; wya, = 1 'wy, 1 < < g,
(R3.1) (aflasal)ar = ar(aflasal), 1<s<r<y,
?RS.Qﬁ a; (7 fwery)a, = wer, 1< s < < g,
R3.3) asw, = wpas, 1 <s<r<g,
(R41)ZJO'Z:O'ZZ],2§Z§TL—2,1§j§p—1,
(R42)ZJTZ:TZZ],2§Z§TL—1,1§]§p—1,
(R43)£JO'Z:O'Z£J,1§j§p—1,1§l§n—2,
(R5.1) (crflzjcrl)ar = ar(crflzjal), 1<r<g, 1<j3<p-—1,
(R5.2) a; (7 '¢m)a, = 7' m, 1<r<g,1<j<p-—1,
R5.83) zw, =w,z;, 1 <r<g,1<j3<p—1,
?Ré’lj(;_lzv) g (7! g ) 1]< ‘Zl< -1
. _11 ]_11 2= 2 01_12]01 ’ _] =p )
(R6.2) 2 (r §m)a =1 §m, L <j<li<p-—-1,
R6.3) 26 =&z, 1 <j <l <p—1,
(R’71) Jéll -&*{ »—J- -1 ?*1 1<i<p-—1
(R7. )(011 Zjall )Z]—Z](lal 23‘71.)7 sJjsp— 1L
(R7.2) z; (10 &)z =1 &, 1<j<p—1,
(R7.3) zj_lszj =1, 1<j<p—1,

It is easy to see that the relations (B1), (B2), (R1.1), (R2.1), ..., (R7.1) are defining rela-
tions of B,,_1(N,,). From the other relations we can find the following conjugacy formulae:

(S1) F =7, k#1—1,1,
(S2) 7' =74,

—1
(S4) ri'm =7, 2<i<n-—1,
(SH) wii =w,, 1 <r<g,1<i<n-—2,
(S6) 7 = (m 1) ™,
(ST) w =1 w,, 1 <r <y,
(S8) w :w;UTTIUJT_IH’ 1<s<r<g,
(S9) w =w,, 1 <s<r<g,
(S10) 77 =7,2<i<n—1,1<j<p-—1,
(S11) &' =¢,1<i<n—-2,1<j<p-—1,
(812) g = g™ M 1< r < g 1< <p—1,
(S13) wy =w,, 1<r<g,1<j<p-1,
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J
J

Consider the subgroup

ngm = <7'1, ey Tp—1, W1y ... ,U}g,gl, v agp—1>

-1
yer =il <ici<p -,
)& =&, 1<j<l<p—1,
) le = [Tlag’il]Tla 1 S] Sp_ 15
S17) & =€, 1<j<p-1

13

of Dy+1(N,,). The group W, ,,, is free (see [I]) and from (S1)-(S17) we see that B, (N, )
acts on W, 4, by conjugacy.

Theorem 4. The group B,(Ny,), forn>1,p>1 and g > 1 acts by conjugation on the
free group W, ,,, and the induced representation pw : By, (Ny,) — Aut(W, ;) is defined as

follows:
— Generators o;, 1 =1, ...

— Generators a,, r=1,...

— Generators z;, j =1,...

We don’t know if the representation pyw : B, (N,

,n—1:
Ti_l
Ty = Tir1 5
Tiv1 — Ti;
Oity mmr—T1, l£,i+1;
W — w,, 1 <r<g;
r— &, 1<j<p—1.
» 9
( —1
n— ()
TZI—>TZ72§Z§TL,
-1
Wg —— w1 <s<r<g;
erTflwr;
ws — w,, 1 <r<s<g;
—1 .
| G— & 1< <p-1
,p—1:

(71— 1, &
TZHTZ,2§Z§W/,
w, —w,, 1 <r<g;

-1
e M i<i<i<p-r;

§— &

( G— &, 1<j<l<p—-1

g7p

) — Aut(W,,,,) is faithful or not.

Proposition 5. Let 3 be in B,(Ny,). The element py (B) in Aut(W, 4,) fizes the product
A=r11

-1, -1 2,2
nl--+-T9 T £1§2...£p,1w1w2...w

2

g
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Proof. As above it is enough to prove that images of generators of B, (N,,) fix A.

Case 1: generators o;, 1 < i < n — 1. The group B, is a subgroup of B,(N,,) and by
Artin’s theorem B, is a subgroup of Aut(F,), F,, = (11,7, ..., T,—1) and fixes the product
Ty ... Too1. Hence, pw(0;) also fixes the product 7, %, ... 7 tr L.

From Theorem f it follows that
w =w, 1 <r<g;=¢,1<j<p-1L1L

Hence, A% = A.

Case 2: generators a,, 1 <r < g. By Theorem [] we have that

(o = n T,
and )
(gl cee gp—l)ar = (51 ce gp—l)wTler_ Tla
and

2
g

Hence, the element a, acts on A as follows:

2 )erl’wT_IT1<

r—1 : 2)

(w? .. wh)™ = (wi...w m twry fwy) (wl L w?).

a -1 11 2, 2 2
A =71, Ty T G G wi wy L wy,

and A% = A.
Case 3. Generators z;, 1 < j <p—1. By Theorem [] we deduce that

(Y on'n ) =n o (G ),

, L —le-1 -
(&) = (& G5 S T (E) G G,
and
(wiwi ... w))¥ =wiw; ... w.

Hence, A% = A. O

5. BRAID GROUPS OF CLOSED SURFACES

Let 3, = ¥, be a closed orientable surface of genus g > 1. The group B, (3,), n > 1
admits a group presentation with generators:

01y...0n—-1,%1,...T2g,

and relations:
— Braid relations:
0i0i+10; = 0;1100i41, 1 <1< n — 2,
oi0; =050 |i—j]>1,1<¢j<n-1,
— Mixed relations:
(R1) xpo; = o3z, 1 £ 1, 1 < 1 < 2g,
(R2) (o7 w0y D, = 20(07 w0 t), 1 < v < 29,
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(R3) (07 'ws01), = 2p(0] '2s01), 1 < s <7 < 2g, (s,7) # (2m — 1,2m),
(R4) (o7 ' o107 ) Tam = o (07 ' 0o 101), 1 <m < g,
(TRS) [w1", wo)[ws ', @] .. gy, wag] = 0103 0%_ ... 02071

As before, let 7 be the natural projection of B, (%,) in Sy, let D,(2,) = 7 '(S,-1) and
my=0,-1...0,1=1...,n—1, m, =1. The set M,, = {m; | 1 <1< n} is a Schreier set
of coset representatives of D, (X,) in B,(X,) and D, (X,) is generated by

01,02,...,0n_2,71,72,...,Tn_l,ZL'l,l‘Q,...,ZL‘QQ,’wl,wQ,...,’wgg,
where
T = Op_1 - . .ak+1o§ak_j1 .. .o;il, k=1,....n—2, 1= Ui_l,
wr:an,l...alazrafl...aﬁl, r=1,...,2g.

Proposition 6. The group D, (¥3,), n > 1, admits a group presentation with generators:
O1,.-30pn—2,T15...,T2g,T15+++,Tp-1, W1,...,Waq,

and relations:

— Braid relations:

(B_Z) 0i0i+10i = O'Z‘+1CTZ'CTZ'+1, 1 S ’L S n — 3,

(B2) o,0; =0,04, i —j]>1, 1 <i,j<n-—2,

(B3) crk_lncrk =7, k#I1l—1,1,

(B4) o moi_1 =711,

(B5) o] 'nioy = mary , L# 0 — 1.

— Mixed relations:

(R1.1) xp0; = 03z, 2<i<n—2,1<r<2g,

(R1.2) x,1; = Tixy, 2 <i<n-—1,

(R1.3) wyo; = oyw,, 1 <r <29, 1<i<n-—2,

(R2.1) (o7 2,00 Yy = 2, (07 'y ), 1 <7 < 29,

(R2.2) x7 w,x, = 7 tw,my, 1 <1 < 2g,

(R2.3) v ' riw, = 1) 'w,mw; iy, 1 <1 < 2g,

(R3.1) (07 ws00)2, = 2.(0] 'we01), 1 < s <1 < 2g, (5,7) # (2m — 1,2m),
(R3.2) o7 (17 fwgr))wy = 1) twery, 1 < s <1 < 2g, (s,7) # (2m — 1,2m),
(R3.3) xsw, = w,xs, 1 < s <1 <2¢, (5,7) # (2m — 1,2m),

(R4.1) (07 @om—107 ) om = Zom (07 ' Tom—101), 1 <m < g,

(R4.2) o, (11 "Wam—1)Tom = 71 "wam_171, 1 <m < g,

(R4.3) 2o | WomTom—1 = T{ “Wam, 1 <m < g,

(RT.1) [x7" ao][w5 !, wa] . (31, Tag] = 0100 ... 0302 5003 ... 020171,
(RT.2) [wi ", wol[ws ', wa) ... [wy, 1, wag) = 7172 .. Ty

Consider the subgroup V,,_1, of D,(X,) generated by {rs,...,7_1,w1, ..., wae}. The
group V;,_1 4 is free and normal in D,(%,) [l]. Using relation (RT.2) one finds that

ni = i wolfwytwal L fwgg g wagl T Ty
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and therefore 7 € V,,. Also, consider the subgroup
Fn_l(Zg) = <0'1, ey Op—2,T1y ..., IL‘29>
of D,(%,). The group B,_1(%,) is not isomorphic to B,_1(%,).
In fact, one can prove that the relations (B1), (B2), (R1.1), (R2.1), (R3.1), (R4.1) and
(RT.1) are defining relations of B,_;(X,) and therefore we can deduce that B, _;(¥,) =~

B,_1(2,)/{{m1)). From the other relations we can see that B,,_1(3,) acts on V,, by conjugacy.
Hence, the following theorem holds.

Proposition 7. There exists a representation py : B,_1(X,) — Aut(V,,_1,4), induced by the
action by conjugacy of B,_1(X,) on the free group V,_14 = (T2, ..., Th1,W1, ..., W) given
algebraically as follows:

—Action on generators To, ..., Tn_1:

(S1) 7k =7, k#1—1,1,

(82) 7' =14,

(S3) 70 =7 L#n—1,

(S4) i =7,2<i<n—1,1<r<2g,

—Action on generators wy, . .., Way:
(S5) wl =w,, 1 <r<2g,1<i<n-—2

(S6) wrr =w, 1 <r < 2g,
(S7) i = 7-1“”_171, 1<r<2g,

(S8) wrr = wLw;l’Tﬂ, 1<s<r<2g, (s,r)# (2m—1,2m),

S

(S9) w* =w,, 1 <s<r<2g, (s,r)#(2m—1,2m),

T
(S10) wizr | = (11, wyhWapm—171,

(§11) wy>™ " = 7 wopm,
where
= [wt, wo[wyt,wy] .. [wz_gl_l, wzg]Tn__ll I
From Proposition [] we get a representation of B,,_1(X,) in Aut(V,_14)/((t)), where t €
Aut(V,_1 ) is the conjugation by the word

[wit, w,) . .. [wggl_l, L
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Therefore, we have the following result:

Proposition 8. There exists a representation py : Bn_1(3,) — Out(V,_1,), given alge-
braically as follows:

—Action (up to conjugacy) on generators Ty, ..., Tp_1:
(S1) 77 =7, k#1—-1,1,

(52) 7' =74,
-1
(83) 7' =1ty  L#n—1,
(S4) 78 =7,2<i<n—1,1<r<2g,

~Action (up to conjugacy) on generators wy, ..., Way:
(S5) wl =w,, 1 <r<2g, 1<i<n-—2,

(S6) wir =w, 1 <r < 2g,
(S7) 7 = 1 < < 2,

(S8) wrr = wLwT_I’Tﬂ, 1<s<r<2g (s,7)# (2m—1,2m),

(S9) wrs =w,, 1 <s<r<2g,(s,r)# (2m—1,2m),
(810) wipyy = [y, Wy Wam-1 71,

T2m—1 —1
(S11) wa2"~t = 7 "W,
where

-1

n = [wi wo[wyt wa] . [wgg g wagl T Ty

We don’t know if the representation pg of B,_1(X,) is faithful or not.

6. ARTIN-TITS GROUPS

We recall that classical braid groups are also called Artin-Tits groups of type A. More
precisely, let (W, S) be a Coxeter system and let us denote the order of the element st in W
by ms ; (for s,t € ). Let A(W) be the group defined by the following group presentation:

AW)=(S|st--.=ts--. forany s #t e S with ms; < +00) .
Mms, t Mms, t
The group A(W) is the Artin-Tits group associated to W. The group A(W) is said to be
of spherical type if W is finite. There exists three infinite families of finite Coxeter groups
usually denoted respectively as of type A, B and D. Artin braid groups correspond to the
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family of Artin-Tits groups associated to Coxeter groups of type A and braid groups of
the annulus coincide with Artin-Tits groups associated to Coxeter groups of type B. In
this Section we give a faithful representation of the remaining infinite family of spherical
Artin-Tits groups, associated to Coxeter groups of type D.

First let us denote by A(D,,) the n-th Artin-Tits group of type D with the group presenta-
tion provided by its Coxeter graph (see Figure 1), where vertices 41, .. ., d,, are the generators
of the group and two generators d;, d, verify the relation 9,0;0; = 6,00, if they are related by
an edge and elsewhere they commute.

FIGURE 1.

We denote by 7p : A(D,) — B, the epimorphism defined by 7p(d1) = mp(dy) = oy
and 7p(0;) = 0,1 for i = 3,...,n, which admits the section sp : B, — A(D,,) defined by
sp(o;) = 0j41 fori=1,2,...,n— 1.

Proposition 9. [, Proposition 2.3]
(1) The representation pp : B, — Aut(F,_1) given algebraically by:

Xy — Xy,
1 . .
2y — a1l £ 1,

pp(o) : {

and for2 <i<n-—1,

Tj—1 — Xy,

pp(0y) = 8 i — xiw iy,
Tj— j#i—11.

]
15 well defined and faithful.
(2) The group A(D,,) is isomorphic to F,,_y x,, B,, where the projection on the second
factor is mp and the section B, — F,_1 X,, B, s just sp.
(3) In particular, kermp = F,,_q is freely generated by Ay, ..., \,_1, where A\ = 5152_1
and )‘z = (52‘4_1 < '53)(515;1)(52‘4_1 cet 53)71 f07" 1= 2, NN 1.

The first item of Proposition [ was already established in by topological means and
the third item is actually proven in the proof of Proposition 2.3 in [f].

From Proposition f] we can deduce a faithful representation of A(D,,) into Aut(F;,).

Proposition 10. The representation ¢ : A(D,) — Aut(F,) given algebraically by:
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T —— Ty,
: —1 -
L(él) . l’] fL'j[L'l ) 1 j # 15 n,
Tp > T1TpTq

xq L1,
. -1 ;
L(52) : TjhH—— Ty ZTj, ] # 17 n,
In > L,

and for 3 <i<n,

Ti—2 F Tij-1,
U6 1 iy > T T,
T; — T, j#Ei—2,1— 1.
is well defined and faithful.
Proof. From Proposition [ it follows that F,_y x,, B, is isomorphic to A(D,,) through the
morphism x : F,_; x,, B, — A(D,) defined algebraically as follows: x(z;) = A; for any
generator z; of F,,_y and x(0;) = 0;11 for any generator o; of B,.

Remark that F},_y x,, B, is a subgroup of F,,_; X Aut(F,_1). Now, considering the natural
inclusion of Aut(F,_;) into Aut(F,) leaving the generator x, invariant and the action by
conjugacy of F,,_; on F),, we obtain a morphism ¢ : F,,_y x,, B, — Aut(F,), which can be
easily proved to be injective.

By direct calculation one can verify that ¢()\;) is the conjugacy by x; for i =1,...,n —1;
moreover, since ¢ o y restricted to B, coincides with the representation of B,, into Aut(F},)
obtained composing the map pp with the natural inclusion of Aut(F,,_;) into Aut(F},) leaving
the generator z,, invariant, we can deduce that cox = ¢ and therefore the claim follows. [
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