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Abstract

Let (M™, g) be a compact Riemannian manifold without boundary. In this paper,
we consider the first nonzero eigenvalue of the p-Laplacian A; ,(M) and we prove
that the limit of {/A1,(M) when p — oo is 2/d(M) where d(M) is the diameter
of M. Moreover if (M",g) is an oriented compact hypersurface of the Euclidean
space R"™! or S"t! we prove an upper bound of A p(M) in term of the largest
principal curvature k over M. As applications of these results we obtain optimal
lower bounds of d(M) in term of the curvature. In particular we prove that if M is
a hypersurface of R"*! then : d(M) > 7/k.

Mathematics Subject Classification (2000): 53A07, 53C21.






1 Introduction and main results

Let (M™,g) be a connected compact Riemannian manifold of dimension n without
boundary and let p > 1. The first nonzero eigenvalue of the p-Laplace operator is defined
by the following variational characterization

Jyy ldulPdv
Joy lulPdv

This infimum is achieved by a C** eigenfunction f, (see regularity results in [8] and [9])
which satisfies the Euler-Lagrange equation

Mp(M) = inf{ cu € WH(M) , u#0 and / |u|P2udv = 0}
M

Apfp = /\17p(M)|fp|p_2fp

where A, is the p-Laplace operator defined by A,u = —div (|grad u[P~?grad u) and grad u
is the gradient of v with respect to the metric g of M.

On the other hand if (2", g) is a bounded domain of M with boundary 0f2, we consider
the first Dirichlet eigenvalue defined by

D . Jo ldulPdv . Lp
)\LP(Q) = lnf{m , U c WO (Q) , U 7£ 0

As previously, this infimum is achieved by a C* eigenfunction f, which satisfies the same
Euler-Lagrange equation with zero boundary values. Moreover, Lindqvist ([5]) proves
that f, is the unique positive eigenfunction associated to )\fp(ﬂ) up to multiplication by
constants.

In [4] the authors proved that {/ ML (Q) — Tg) when p — oo, where r(2) =
mag(dist (x,00)) and dist (z, 02) denotes the geodesic distance between = and 9f2. The
xe
main result of this paper is a similar result for the first nonzero eigenvalue of the p-Laplace
operator defined on the compact manifolds. Indeed we will prove the following theorem.

Theorem 1.1 Let (M",g) be a compact Riemannian manifold. Then we have

)‘Lp(M) -

2 b
— _
d0V) when p 00
where d(M) is the diameter of M.

In a second part, considering the case of compact hypersurfaces isometrically immersed
in the Euclidean space and the sphere, we will give an upper bound of A, ,(M) (see
theorems 3.1 and 3.2) in term of the largest principal curvature. Combining these results
with the above theorem 1.1 we get optimal lower bounds of the diameter of hypersurfaces
of the Euclidean space and the sphere (see corollaries 3.1 and 3.2).
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2 Proof of the main result

In this section we give a proof of the theorem 1.1

PROOF: There exist two points 21 and xo of M so that d(M) = dist (z1, 22), where dist
denotes the geodesic distance on M. Since the open balls B(zy, “22) and B(x», (M)) of

2
% are disjoint, we have by the min-max

s 352

Let & be the function defined on B(z;, 220 ) by d(x) = @ — dist (z;,z). Then ¢ is

in the space WHP(M) for p > 1 and is zero on the boundary. Consequently by the
characterization of the first Dirichlet eigenvalue, we get

center respectively x; and x5 and of radius
principle

A (B <xM)) < Naoly Y GGeD)

2 — ollp ~ 1615
Then
d(M)
lim sup ¢/ AP (B (x M)) < limsup (/V (B (Cl?z; 2 )) 2
AT\ 2 )T H 00
and

: 2
lim sup {//\Lp(M) < a00

Now, we will prove that liminf ¢/A; ,( d( M . 50, let f, be a first eigenfunction for

Mp(M), p>1andlet Q% = fpfl(RJr) and Q,” =f"R7). Q," and Q,” are nonempty
connected open subsets and Matei ([6]) has proved that

)\I»P(M) = /\fp(Qp+) = /\l'%p(Qpi)

Let ff € W,y P (Q,") and [, € Wy (Q,7) be positive eigenfunctions associated respec-
tlvely to A, (,7) and AP (Qp_). We can assume that || £,/ || = ||/, [oc = 1. We extend
ffand f by 0 respectlvely outside ," and Q,”. Then f and f, € W"P(M). Fix an
exponent ¢ > n. For p > ¢ by Holder’s inequality we have

1/q 1/p
(/ Idfglqdv) s(/ |df;|pdv) V(M)
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L ( / IfJI”’dv> "y
< {Mp(M)V (M)

where in this last inequality, we have used the fact that ||f[lc = 1. Since
limsup ¢/ Ay (M) < ﬁ, we conclude that (f;5),>, is uniformly bounded in W'4(M).
Then we can select a subsequence (f,!) that converges to a function fI weakly in W'4(M)
and by the Sobolev embedding theorems uniformly in C°(M) (in fact in C%*(M) for a
certain o, 0 < a < 1).

Now using the weak lower semicontinuity of the norm of W¢(M) and the fact that
(f;}) converges uniformly, we have

L0+ 1l < tmming (155 0+ I ) = 150, + limin s,

Then

ldfclly < liminf[ldf;; | < V(M) liminf 4/ xp, (M)

Pr—00

From this we deduce that

72l < immint /%, (M)

Now let QF = (f£)~" (R*). Since for any p, [ lc = 1 and f3 is continuous, it
follows that Q7 is a nonempty subset of M. Let z € Q" and choose y € 90" so that
dist (z,y) = dist (z, 0Q7) where dist (z,0Q") denotes the geodesic distance between x
and 0QT. Then, necessarily fI(y) =0 and

[foo(@)| = [foo(@) = f)] < lldflledist (z,y) < [ldfSlloor(27)
where for any domain Q, r(2) = maéc(dist (x,092)). Then
xe

1 e e ]
m < ||dfo—gl|oo < léinjoléf Al,pk(M)

By similar arguments, we can select a subsequence (f,) of (f,, ), so that

1 1 e
s (g ) <t o)

Now, for any domain 2, r(£2) is nothing but the radius of the largest ball inscribed in 2.

Moreover it is easy to see that QF and Q™ are disjoint. Therefore max (r(é"")’ r(é_)> >

bt



ﬁ. This completes the proof, since we can apply this process to any subsequence of f;

and f".
[

3 Applications

Before giving an application of the asymptotic property of the main theorem 1.1, we
will give a kind of generalization of the Reilly’s inequality for the A; ,(M) of hypersurfaces
of the Euclidean space R™"! and the sphere S"*1. We recall that the Reilly’s inequality
gives an optimal upper bound for the first nonzero eigenvalue of the Laplacian in terms of
the second fundamental form and the volume of M (see for instance [1], [2], [3] and [7]).

Let (M™, g) be an oriented compact n-dimensional hypersurface isometrically im-
mersed by ¢ in R"*! or S"*! and let B be the second fundamental form of the immersion ¢.
In the following theorems, we will give an upper bound of A ,(M) in terms of the function
| B|oo defined for any = by |B|oo(z) = max  |B,(X,X)| and the Riemannian volume

XeT, M,|X|=1
V(M) of M.

Theorem 3.1 Let (M",g) be an oriented compact n-dimensional Riemannian manifold
isometrically immersed by ¢ in R"™'. Then for any p > 1, there exists a constant K (p, M)
depending only on p and M, so that

1. K(p,M) — 1 when p — 0.

2.
ALp(M)V (M) < K (p, M)PA1p(S") | Blooll3

Similarly, we have for hypersurfaces of S"*!, the following theorem

Theorem 3.2 Let (M", g) be an oriented compact n-dimensional Riemannian manifold
isometrically immersed by ¢ in S™™' and let R(M) be the smallest radius of the ball
containing M. Then for any p > 1, there exists a constant K(p, M) depending only on p
and M, so that

1. K(p,M) — 1 when p — 0.
2.

p

Ap(M)V (M) < K(p, M)?A1p(S")

ot (S )
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We will see in the proofs, that the constant K (p, M) satisfies K (p, M) > 1, but if M
is a geodesic sphere, K(p, M) = 1 and the two inequalities are equalities.

Now, from these above theorems and from the main theorem 1.1 we obtain the follo-
wing corollaries which give an optimal lower bounds of d(M) in term of the largest prin-

cipal curvature k£ = max max | B (X, X)]
zeM \ XeT, M,|X|=1

Corollary 3.1 Let (M", g) be an oriented compact n-dimensional Riemannian manifold
isometrically immersed by ¢ in R, Then

d(M) zg

Moreover, if (M™, g) is a geodesic sphere, then equality holds.
We have also an optimal result for hypersurfaces of S**!

Corollary 3.2 Let (M", g) be an oriented compact n-dimensional Riemannian manifold
isometrically immersed by ¢ in S™™' and let R(M) be the smallest radius of the ball
containing M. Then

s
d(M) >
(M) = N 1 —cos R(M)
I{'/ _—
sin R(M)

Moreover, if (M™, g) is a geodesic sphere, then equality holds.

In particular, if (M™, g) is immersed in the hemisphere STFI, then

T

M) >
A )_n—l—l

and if (M", g) is a greatest sphere, equality holds.

Remark In [6] Matei proved that if the Ricci curvature Ric of an n-dimensional com-
pact Riemannian manifold satisfies Ric > kg, then Ay ,(M) > Ay, (S" ( "—_1>>, where

k
S (« / "T_1> denotes the sphere of radius 4/ "T_l Now if we apply the theorem 1.1, we find
again the well known Myers inequality
—1
d(M) < 7y |2 -



4 Proof of theorems 3.1 and 3.2

Let (M™, g) be a compact n-dimensional Riemannian manifold isometrically immersed
in R"*! or S"*! and oriented by the unit normal vector field . Then the second fun-
damental form of the immersion will be defined by B(X,Y) = (Vxv,Y), where V and
( , ) are respectively the Riemannian connection and the inner product of the ambient
space R+ or S*1,

On the other hand, we recall that the first Dirichlet eigenfunction f, of the p-Laplacian
on the hemisphere S = {x € S"/dist (z,x¢) < m/2} is necessarily radial ([5]). Actually,
it means that there exists a function ®, so that f,(z) = ®,(dist (zo, x)).

Assume now that (M",g) is immersed in R"™!. For any ¢ € S", let

Ppe() = Py(arccos (va, £))X (. 6)>0)

and

Ppe(r) = —®p(arccos(= (v, §)))X{(ve.€)<0)

where @, is the function defined in the preliminaries and for any subset A of M, x4 is
the characteristic function of A. For more convenience we put p(v,, &) = arccos (v, &) if
(U, &) > 0 and p(v,, €) = arccos(— (v, €)) if (v, &) < 0. Moreover we recall that |B|s is

the function defined by |B|(x) = y ij\%(x‘ X |B.(X, X)]|.
€lg ) =

First, we will estimate the gradient of ¢, and ¢_ ..

Lemma 4.1 Let (M™,g) be an oriented compact n-dimensional Riemannian manifold
isometrically immersed in R"™. The functions go;:g and @, are in the Sobolev space
WP(M) and satisfy for any x € M

Aoy ()] < 127,(p(va; )| Bloo ()X {(v.)>0)

and

dp, ¢ (z)] < | (0(Ves ) Bloo () X { (12,6 <0}

PROOF: Let (e;)1<i<n be an orthonormal basis at z € M. At z we have

P! ;
ez’(‘P;g) = _M@i (v,€) X{(va,€)>0}

1- <V>£>2

! (p(v,
_ _% (Ve §) X{(va ) >0}



_WB@i,sT)xam»m

where ¢7 denotes the orthogonal projection of ¢ on T, M. Then

@, (p(v,€))?
|dpt|* = %TP\BfTIQX{m,s»O} < (@, (p(1, )11 Bloo|* X ((re.6) >0}
which completes the proof for the first inequality. Obviously, the second is similar.

Now we will show a similar result for hypersurfaces of S, Let (M™, g) be an orien-
ted compact n-dimensional Riemannian manifold isometrically immersed in S"*!. Let
B(zo, R(M)) be the smallest ball of center xy and radius R(M) containing M. Let £ € S”
view as the unit sphere of the Euclidean space T,,S"*!. Let ¢ be the unit vector field on
St defined for any x € S**! by

o = (& u)gradr [y + & —(§u)u

where 7(x) is the geodesic distance on S"*! between xy and x, grad r is the gradient of r
and u is the unit vector of T, S™*! so that « = exp,, (r(z)u). Note that &, is nothing but

the parallel transport of ¢ along the geodesic joining xg and x. Therefore vgradré = 0.
Moreover if X is a vector of T,,S"*! so that (X, gradr) = 0, then

sinr

Vxé = (ﬂ> <<§,X> gradr — <§~,gradr> X> (1)

As in the Euclidean case, we define two functions gng and ¢, . by

P () =@, (arccos <Vx, §~I>> X{ (v £.)>0)

and

() = =P (arccos (— <1/z,§z>>> X{ (v, &) <0}
From now we will put p(v,,§) = arccos <1/x,éx> if <yx,§x> > 0 and p(v,, &) =
arccos(— <1/$,§$>) if <V$,§$> < 0.

Now, we state a lemma similar to the euclidean case.

Lemma 4.2 Let (M",g) be an oriented compact n-dimensional Riemannian manifold
isometrically immersed in S"™ and let B(xo, R(M)) be the smallest ball of center xo and
radius R(M) containing M. The functions ¢ . and @ . are in the Sobolev space WP (M)
and satisfy for any x € M



5] < 12500 D 1Bla(o) + (120 o

and

o)) < 195000, D 1Blo(o) + (0 ) e

ProoF: First we have at x in M

i = B alu ) v

Let (e;)1<i<n be an orthonormal frame in a neighborhood of M around z. Assume that
e, is colinear to the gradient of » on M with respect to the metric g. Let e} be a unit
vector of T,S™! orthogonal to gradr and so that e, = Agradr + pe’. Then at z we have

=3 (w{en) (e (er))

1<n—1

- 5 (R (59 (Prmitr)  (7.0))

i<n—1

Applying the relation (1) and using the fact that Vgradré =0, we get

= > <(%) <5>ei><grad'f’ay>+<BéT’€i>)2

i<n—1

4 (u (%) (&.ex) (Vrv) —p (%) (6.9r) (en) + <BéT,en>)2

A straightforward computation shows that

1 <f, e;> (gradr,v) — u <§, gradr> (er,v) = <£T, en> (gradr,v)

()= 3 () (e (6.0
() o) e s ()
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2
= BET 2 () (B8 €Y )+ (S ) T farad )’

sinr
1 —cosr 2
< (181 + (o)) e
sinr

l—cosr
sinr

Since the function r — is increasing on (0, 7) it follows that

1—cos R(M)\ >
det 2 <@ (p(v,6))? [ |Bloo + | ———r—t
| gOp7£| — p(p< 75)) | | SlﬂR(M)

Before proving the theorems 3.1 and 3.2, note that if M is immersed in R"™!, we
deduce from the compactness of M that the Gauss application is surjective and for any
unit vector £ € R™"! there exists a point z in M so that v, = £ For hypersurfaces of
S™*1 there exists a similar result stated in the following lemma.

Lemma 4.3 Let (M", g) be a compact n-dimensional Riemannian manifold isometrically
immersed in S and oriented by the unit normal vector field v. Let B(xo, R(M)) be the
smallest ball of center o and radius R(M) containing M. Then, for any & € T,,S™
with €] = 1, there exists a point © € M so that &, = v,.

PROOF: First note that we have always R(M) < w. Then M is contained in S"*1\{—z,}.
Now consider the stereographic projection

F - Sn+1\{_x0} N Rn+1

(y07y17--'>yn+1) — 1—1y0 (yla"'ayn—‘rl)

where the coordinates have been chosen in order to have zo = (—1,0,...,0). Let & =
(0,&1, .., &nq1) € TyeS™ 50 that |€] = 1. For any z € S"™'\{—x¢}, by a simply calculation
the coordinates in the chart induced by F' of the vector field éx (i.e. the coordinates in
R of dF,(E,)) are (&1, o, Engr) Where 7 = dist (g, ). Now, F(M) is an oriented
compact hypersurface of R**! with a normal vector field N with respect to the canonical
metric of R"™!. Then there exists a point z = F(x) so that N, = (&, ...,&,+1). Since F
is a conformal embedding, it follows that the coordinates of v, are Hcﬁ(&, wry&ng1) and
gx = V.

|
PROOF OF THEOREMS 3.1 AND 3.2: Throughout the proof we will denote by C the

function |B|s in the Euclidean case and |B|s + (M) in the spherical case. On

sin R(M)
the other hand, we assume that the functions @, are normalized so that ®,(0) = 1. Let
us put o = [, ¢llp-1 and o = ||} [l,-1. Then, observe that

11



+ o+ — = p=2( ot -
/M ’O‘pi@pé + O‘p,igop,&’p (ap,ﬁspp,& + O‘p,ﬁgppé)dv
= / o eonelP 20y oy edv + / o, ¢ 0p el 0 ey e
M M
— —1
— lepelit [ 1o
M

. _ : _ -1
Since ¢, Z_O and gopi_ﬁ 0, it f?llOWS that  [i lop P20y cdv = |lorllp-y  and
Jarlepel? 20, cdv = =@, cll,—1. This yields that

— —1 — — —
otdv el [ e ey

+  + - = p=2( At Lt - - _
/M ‘apaﬁ(ppé + ap7£¢p75| (Oépé%opf + Oépigop,ﬁ)dv =0

Now, we can apply the variational characterization of A; ,(A) to the test function ¢, ¢ =
Qe Ppe + Qpepp e and we get

Ma) [ NensPdo < [ fdoyepan
M M
= [ lagPlagidav+ [ lagPlag i
<lafd [ 18, NPICPxEdo + oyl [ 104(p(n )PICT g do
where in this last inequality, we have used the lemma 4.1 and where we have put XZ (r) =
X{(26)>0}> Xe (T) = X{(vs.6)<0y for hypersurfaces of R**! and x/ (z) = X{(ve &.)>0)" Xe () =

X{ (v &) <0} for hypersurfaces of S"*!. Now by integrating over S” and denoting by do the

volume element of the sphere, we have

Al,p(M)/ (/ \g0p7§|pdv) do
£esn M
< [ (g [ 190 opicpsgan) do
£esn M
- [ (|a;5|p e 5))Ip|0|pxgdv> do
gesn M

= [1er ([ tageiayom onrgas )
M gesn
+ rer ([ leperiagiot i) d

M £e
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< maxlageP [ o ( / |<1>;<p<u,f>>|pxgda) v
gesn M cesn

rmaxlogeP [ 10P ([ oo enPigds )
EES" §€S"

Now, for a fixed point x € M, we have

/gegn D, (p(va, ) PXE (x)do = / @ (p(ve, €))xg (x)do = d(@, 0 1) Pdo

gesn sn

where 7(§) is nothing but the distance function on the sphere between v, and . Now,
®, or is a first eigenfunction associated to the first Dirichlet eigenvalue AP (S%) of S7.
Therefore

|d(®, o 7)[Pdo = AL, (ST}) / |®, o r|Pdo
51

And since AP, (S%) = A1,(S"), we deduce that

Ap(M / </ |90p£|pdv)d0
£esn

< Aup(S™) (max o el” + max o, ") [ C17 /S . @, 0 r[Pdo (2)

On the other hand

/ </ ](pp,dpdv) do
gesn \Jm
:/ ) [P (/ |g0;§|pdv) da—i—/ la, [ (/ |g0;§|pdv) do
gesn M gesn M
> min | |? + Pdo | dv + min |o p/ (/ _pda)dv
winlofe? [ ([ vetepae)dosmintoner [ ([ 1

As previously, we have

/ ]gozg\pdaz/ \g0;5|pd0:/ |, o rlPdo
gesn gesn s

Thus

13



/&Sn (/ |g0p§|pdv) do > (mln )P + m1n|ap§| / |®, o r|Pdo (3)

Now note that the functions £ — ong and { — a, . are lower semicontinuous on S".
Indeed if &, — &, we have by using the Fatou’s lemma,

liminf(a?, )" = liminf /M D, (p(v, €)X dv
E/Mhmmf( o(p(v, &))P™ 1X2;)d
> /M D, (p(v, €))7\t do = (ot P!

Since M is compact there exists x € M so that v, = £ in the Euclidean case and UV, = fx
in the spherical case (see the lemma 4.3). Therefore we have necessarily ap ¢ e > 0, for
any ¢ € S", and by the lower semicontinuity of £ — O‘;;S and § — a, ¢, we deduce that

» o o ) .
?ééﬁ )P + min la, ¢[” > 0. Consequently, combining (2) with (3), we obtain that

max |a} [P + max |a_ [P

gesn gesn
Mp(M)V (M) < Ap(SM)|CP
WODVON < (e S | AuIC;
SGSH P, ggn

p 1/p
E%%§|a el +max|ozp€|
min |o 5\p—i—mln]a
gesn ' P £esn

to show that lim K (p, M) = 1. For this we state the

p—00

Let us put K(p, M) = . To complete the proof, we need

Lemma 4.4 For any & € S™, we have

lim o gzl and lim o gzl
p—00 p—00

Moreover the convergence is uniform with respect to &.

PROOF: Since @, is decreasing on (0, §) (see [6]), we deduce from the fact that ®,(0) = 1,
that

(P, o r[Pdo < V(ST)
8%
Then fix an exponent ¢ > n. For p > ¢, by Holder’s inequality we have

1/q 1/p
( |d(®,, o r)|qda) < ( |d(®,, o r)v’da> V(St)
S i

14



/p

= AP (ST)M/ (/ |, or|pd0> V(s

<\ (Sn)l/pv s) 1/q

Then ®,0r is uniformly bounded in W,*(S"). Then we can select a subsequence (pg)x>1)
so that by the Sobolev embedding theorems (®,, o r); converges uniformly to a radial
continuous function ®,, or. Note that & (0) = 1. Now, let us consider

T,. = {x e M/1— % < Boolp(vs, €)) < 1} N {z e M/ (v, €) > 0}

for hypersurfaces of R"™! and

Ti. = {x e M/1— g < o (p(1s, ) < 1} N {x e M/ <ux,§}> > 0}

for hypersurfaces of S"*'. Since M is compact, for any & € S, there exists z € M
so that £ = v, in the Euclidean case and {Nx = v, for the spherical case. This implies
that V(T¢.) > 0. Clearly, the function { — V(T¢.) is lower semicontinuous. From the
compactness of S”, it follows that £ — V(T .) achieves its minimum at a point &, of S”
and ?elérnl V(T¢.) = V(T¢,.) = Vo > 0. On the other hand, since ®,, — @, uniformly,

there exists k1 so that Vk > k; and Vt € [0, 5], ®o(t) — 5 < @, (£). Then

1
= = _ PE—1
ae = 65, ellpir (/M|<I>pk<p<u,§>>|pk ldv)

pr—1 e . 2_6 -1
> ( [ 1ontot0) dv) > (15 )

1
Now, there exists ko, so that Vk > ko, (1 — %) V2t > 1 —e. Moreover, from the
1
normalization of ®,, we have [|¢, [lp,—1 < V(M)7~T and there exists k3 so that V& > ks,
1
V(M)r=1 <1+ €. Therefore, for any £ € S™, we have for any k& > max(ky, ko, k3)

ey, ellp-1 — 1 < e
Finally, we have shown

sup o) . — 1| —0

gesn | Pk»E ‘

and this is true for any other subsequence (py),. This completes the proof.
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Now, we can compute the limit of K (p, M). We have

21/PY (M)

min oﬁg
cesn

1< K(p,M) <

And from the above lemma, it follows that lim gnma c=1
p—oo £ES™
|
Remark We can establish for hypersurfaces of the hyperbolic space H"*! a lower bound
of d(M) similar to the spherical case. Indeed, we can prove that if (M™, g) is an oriented
compact n-dimensional Riemannian manifold isometrically immersed in H" ™ and if R(M)
is the smallest radius of the ball containing M. Then

T
cosh R(M) — 1

( sinh R(M) )

But this inequality is clearly non optimal for geodesic spheres. To prove the above inequa-

lity, let B(zo, R(M)) be the smallest ball of center z and radius R(M) Contamlng M and

consider the Minkowsky model for H"™!. Namely H"* = {—y2+ Z y? = —1,1y0 >0}
1<i<n+1

d(M) >

and its metric is induced by the quadratic form ¢(y, z) = —yozo + Z Y;z;. Assuming
1<i<n+1

that xo = (1,0, ...,0), let £ € T,,,H"", [¢| = 1 and ¢ be the unit vector field defined for

any x € H"*! by

& = (& u)gradr[o + & — (6 u)u
where r(z) is the geodesic distance on H"™! between zy and x, gradr is the gradient of
r and u is the unit vector of T,,H"™ so that z = exp, (r(x)u). As in the spherical case

&, is the parallel transport of ¢ along the geodesic joining 2o and z. If X is a vector of
T,H""! so that (X, gradr) = 0, then

Vxé = (%) (— <§~,X> gradr — <g,grad7’> X>

where V denotes the Riemannian connection of H"™!. Now by similar computations, we
obtain

sinh r sinh r

10 &) = e (e LY (g &) g (S L) (e

But contrary to the spherical case we can only show a non optimal estimate
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