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A PROBABILISTIC REPRESENTATION OF CONSTANTS IN
KESTEN’S RENEWAL THEOREM

NATHANAEL ENRIQUEZ, CHRISTOPHE SABOT, AND OLIVIER ZINDY

Abstract. The aims of this paper are twofold. Firstly, we derive some probabilistic representation
for the constant which appears in the one-dimensional case of Kesten’s renewal theorem. Secondly,
we estimate the tail of some related random variable which plays an essential role in the description of

the stable limit law of one-dimensional transient sub-ballistic random walks in random environment.

1. INTRODUCTION

In 1973, Kesten published a famous paper [J] about the tail estimates of renewal
series of the form > .., Ay...A;_1B;, where (A;);>0 is a sequence of non-negative
i.i.d. d x d random matrices and (Bi)i>1 is a sequence of i.i.d. random vectors of
R?. His result states that the tail of the projection of this random vector on every
direction is equivalent to C't™", when ¢ tends to infinity, where C' and x are positive
constants. The constant x is defined as the solution of the equation k(s) = 1, with
k(s) := lim, .o E(|| 4;... A, ||*)¥/". The proof of his result in the one-dimensional
case, even if it is much easier than in dimension d > 2, is already rather complicated.

Even if we are concerned by the one-dimensional case in this paper, let us mention
that a significant generalization of Kesten’s result, in the multi-dimensional case,
was recently achieved by de Saporta, Guivarc’h and Le Page [], who relaxed the
assumption of positivity on A;.

In 1991, Goldie [d] relaxed, in dimension d = 1, the assumption of positivity on the
A; and simplified Kesten’s proof. Furthermore, he obtained a formula for the implicit
constant C' in the special case where A; is non-negative and « is an integer.

In 1991, Chamayou and Letac [] observed that, in dimension d = 1, if A; has the
same law as (1 — X;)/X;, with X; following a Beta distribution on (0, 1), then the law
of the series itself is computable so that the constant C'is explicit in this special case
also. The following question was then asked. How does one effectively compute the
constant C'?7

In our framework, we consider the case d = 1 and we make the following assump-
tions: p; = A; is a sequence of i.i.d. positive random variables, B; = 1 and there
exists k such that E(p§) = 1. Moreover, we assume a weak integrability condition and
that the law of log p;, which has a negative expectation by the previous assumptions,
is non-arithmetic. In this context we are interested in the random series

R:1+ZP1"‘Pk-

k>1
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The previous assumptions ensure that the tail of the renewal series is equivalent
to Cxt™, when t tends to infinity. We are now aiming at finding a probabilistic
representation of the constant Ck.

Besides, this work is motivated by the study of one-dimensional random walks
in random environment. In [I(], Kesten, Kozlov and Spitzer proved, using the tail
estimate derived in [[J], that when the RWRE is transient with null asymptotic speed,
then the behavior depends on an index £ < 1: the RWRE X,, normalized by n!/*

K
converges in law to C <3%> where S, is a positive stable random variable with index

k. The computation of the explicit value of C,, was left open. In [[], the authors derive
an explicit expression, either in terms of the Kesten’s constant C'x when it is explicit,
or in terms of the expectation of a random series when Ck is not explicit. To this
end, we need to obtain a tail estimate for a random variable closely related to the
random series R, and to relate it to Kesten’s constant. This is the other aim of this
paper.

The strategy of our proof is based on a coupling argument in the spirit of the
coupling argument used to derive the renewal theorem (cf [H], 4.3). We first interpret
p1 - - - pn as the exponential of a random walk (V,,, n > 0), which is negatively drifted,
since E(log p1) < 0. We have now to deal with the series R := Y . e". One can

write
R = eS Z eVn—S7
n>0

where S is the maximum of (V,,, n > 0). The heuristic is that S and Y, .,e"" ™ are
asymptotically independent. The coupling argument is used to derive this asymptotic
independence. But, in order to implement this strategy, several difficulties have to
be overcome: we first need to condition S to be large. Moreover, we have to cou-
ple conditioned processes: this requires to describe precisely the part of the process
(Vo, ..., Vr,), where T is the first hitting time of the level S.

2. NOTATIONS AND STATEMENT OF THE RESULTS

Let (p;)icz be a sequence of i.i.d. positive random variables with law Q = u®Z.
With the sequence (p;);cz we associate the potential (Vj)rez defined by

> iy log py if n>1,
0 it =0,

— Egznﬂ logpp if n < —1.
Let p having law p. Suppose now that the law p is such that there is k£ > 0 satisfying
(1) E*(p") =1 and EX(p"log* p) < oo.

V, =

Moreover, we assume the distribution of log p is non-lattice. Then the law pu is such
that log p is integrable and that

(2) E*(log p) <0,

which implies

Va
lim — = /logpd,u< 0,

n—oo n

under Q).
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We set
S := max{V}, k > 0},
and
H = max{V;,0 < k <Tg_},
where Tk_ is the first positive hitting time of R_:
Tg_ :=inf{k >0, V} <0}.

The random variable S is the absolute maximum of the path (Vj)r>o while H is the
maximum of the first positive excursion. We also set

TS = mf{kzO, VkIS}, TH = mf{kZO, Vk:H}
We clearly have, Q-almost surely,
H<S<oo, Th<Ts< .

The following tail estimate for S is a classical consequence of renewal theory, see
[,
(3) P9 e > t) ~ Cpt ™,
when t — oo, where
1 — EQ(e"V(Tr-)y

Cp = .
" KE#(prlog p)EQ(Th_)

R

The tail estimate of H is derived by Iglehart, in [f],
(4) P9 > t) ~ Cpt",
when t — oo, where
(1 — QT )))2
KE#(plog p)ER (T )

I = (1 — EQ(e"V &) Cp.

Consider now the random variable

oo
R := E e’
n=0

This random variable clearly satisfies the following renewal equation

R law 1+ pR,
where p is a random variable with law p independent of R. In [[], Kesten proved
(actually his result was more general and concerned by the multidimensional version
of this one) that there exists a positive constant C such that

(5) PR >t) ~ Ot ™",
when t — oo. The constant C'x has been made explicit in some particular cases: for
k integer by Goldie, see []], and when p law % where W is a beta variable, by

Chamayou and Letac []. One aim of this paper is to derive an expression of this
constant in terms of the expectation of some simple random variable.

We need now to introduce some Girsanov transform of ¢). Thanks to ([]) we can
define the law

= pp,
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and the law Q = %% which is the law of a sequence of i.i.d. random variables with
law ji. The definition of x implies that

/1ogpﬂ(dp) >0,
and thus that v
lim — :/logp di >0,

n—oo M

under Q. Moreover, Q is a Girsanov transform of Q, i.e. we have for all n
E? (¢(Vo, ..., Vn) = E® (e "o (Vy, ..., V2)) |

for any bounded test function ¢. Let us now introduce the random variable M defined
by
(6) M= eV 4> e

k<0 k>0

where (V)g<o is distri‘buted~ under Q(:|Vy > 0,Vk < 0) and independent of (Vj)g>o
which is distributed under Q(-|V}; > 0,Vk > 0).

Theorem 2.1. i) We have the following tail estimate
PR >t) ~ Cit™",
when t — 0o, where
CK - CFE(MH)
ii) We have
PYR>t; H=2S5)~ Cgt™",

when t — 0o, where
CK[ = C[E(MR)

Remark 2.1 : The conditioning H = S means that the path (Vi)i>0 never goes
above the height of its first excursion. This conditioning appears naturally in [f]], and
is useful to return the path, cf Section [.

In [, we need some tail estimate on a random variable of the type of R but with
an extra term. Let us introduce the event

(7) T:={H=28n{V, >0, Vk <0},

and the random variable

Z = e M Ms,
where
Ts
M= ) e,
k=—o00
o ]
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Theorem 2.2. We have the following tail estimate

PY(Z > t|T) ~ Cyt™,

PR(H = )

when t — 0o, where

Oy = CE(M*)? = %(CK)Q.
F

Remark 2.2 : The factor 1/P?(H = S) in the last formula just comes from the fact
that the event {H = S} is now in the conditioning. But this term will not play any
role in [g].

Remark 2.3 : In [{] we need to evaluate Cy: when Ck is not explicit it is better
to use the expression of Cyy in terms of E(M") which is easy to evaluate numerically.
When Ck is explicit, we use the expression in terms of Ck.

Sketch of the proof and organization of the paper

The intuition behind Theorem P.1 and Theorem P.J is the following. Let us first
consider P¢(R > t|H = S). The law Q(-|Z) has a symmetry property which implies
that the variable R = Mse! has the same distribution as M;je!! (cf Section f). Then,
the proof of Theorem is based on the following arguments.

Firstly, we prove that the variables M; and e are asymptotically independent. To
this end, we use a delicate coupling argument which works only when H is conditioned
to be large. Therefore, we need to restrict ourselves to large values of H. To this
end, we need to control the value of R conditioned by H; this is done in Section 6.
Then, a second difficulty is that we have to couple conditioned processes (namely, the
process (V) conditioned to have a first high excursion). We overcome this difficulty
by using an explicit description of the law of the path (Vg, ..., Vy, ). Namely, the path
(Vo, ..., Vi, ) behaves like V under Q(-|V;, > 0,Vk > 0) stopped at some random time.

Secondly, we observe that the distribution of M; is close to the distribution of M
as a consequence of the above description of the law of (Vg, ..., Vg,).

From these two facts, we deduce that P?(R >t | Z) ~ P9(Me" >t | Z), where
M and H are roughly independent. Using the tail estimate for H we get the part ii)
of Theorem P.]. For Theorem P.3, we proceed similarly: the variable Z writes M; R
and, for large H, the variables M; and R are asymptotically independent and the law
of M is close to the law of M. Then the estimate on the tail of R allows to conclude.

Let us now describe the organization of the proofs. In Section fJ, we prove that M
has finite moments of all orders and we estimate the rest of the series M. Section
f] contains some preliminary properties of the law Q(-|Z), and Section [J presents a
representation of the law of the process (Vg,...,Vs) in terms of the law Q. Section
contains crucial estimates which will allow to restrict ourselves to large values of
H. In Section [, we detail the coupling arguments which roughly give the asymptotic
independence of M; and e M,. Finally, in Section f we compile the arguments of the
previous sections to prove Theorem P.2 and Theorem P.1. In Section f§, we present

a Tauberian version of these tail estimates, which is the version we ultimately use in
B
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3. MOMENTS OF M

Here is a series of three lemmas about the moment of the exponential functional of
the meanders. In this section, we denote by {V > —L} the event {V}, > —L, k > 0}.

Lemma 3.1. There exists C > 0 such that, for all L > 0,
EQ(Ze_V’“ |V > —L) < Cer.

k>0

Proof. Using Markov inequality, we get

EQ<Ze’Vk\V2 —L) g2%+2@(e% > %\vz —L>eL.

k>0 k>1 k>1
Since PQ(V > —L) > PL(V > 0) > 0, for all L > 0,
. 1 . .
Qe = 51V 2 ~L) = QUi < 2logk| V = —L) < CQ(Vi < 2logh).

Now, since large deviations do occur, we get, from Cramer’s theory, see B, that
E?(log pg) > 0 implies that the sequence Q(V; < 2logk) is exponentially decreasing.

The sum Ek21 @(e_v’c > 1%2 |V > —L) is therefore bounded uniformly in L, and

the result follows. U

Lemma 3.2. Under Q=% := Q(-| Vi >0, Yk > 0), all the moments of 3", e~ " are
finite. -

Proof. Let us treat, for more readability, the case of the second moment. Observe

first that
B (L)) <m0 (e (Lo )

i>0 i>0 j>i

Applying the Markov property to the process V under Q at time i, we get

EQZO((Ze_Vi)Q) < QEQZO(Ze_QwEQ[Ze_ (v > —V;D,

i>0 i>0 1>0

where V' is a copy of V' independent of (V})o<k<i- Now, we use Lemma B.1] to get the
upper bound
CEQ”’ ( > e x eW) < CE®™ ( > e*Vl'),
i>0 i>0

which is finite, again by applying Lemma B.T. This scheme is then easily extended to
higher moments. O

We will need further a finer result than Lemma B.]], we state here.

Lemma 3.3. There ezists C > 0 such that, for all L > 0 and for all €' > 0, we have
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o if k<1,

o if k>1,

Proof. Let o € [0,1] and define T(_o,—oz) := min{i > 0: V; < —aL}. Let us write

Z eV = < Z e_vi> 1{V>*0¢L}

>0 >0
T(—co,~ar]—1 00
E -Vi E —Vi
+( e _'_ € ) l{T(—oo,—ozL]<Oo}'
i=0 =T o —aL]

Now, since Q(V > —A) is uniformly bounded from below, for A > 0, by QV >
0) > 0, we obtain that EQ(E@ZO e Vi

V> —L) is less or equal than

(8) CE?(Y e |V > —al)
i>0
+ CEQ< Z e Vi, T—oo,—ar) <00; V 2> —L)
Z‘<T‘(7c>o,7ozL]
+ CEQ< Z e Vi, T—oo,—ar) <003 V > —L).
Z‘ZT‘(*oo,fozL]

Lemma bounds the first term in (§) from above by Ce®*. Furthermore, i <
T(—oo,—ar) implies eV < el Therefore, Ce*“E? (T o0, —ar)1{1_. _yy<o0}) is an upper
bound for the second term in (f), which is treated as follows,

E? (T oo -ar L1 wpyeoct) < D KQ(T(ooar) = k)

k>0
< D _kQ(Vi < —al)
k>0
< Zke‘kgj(_%)e_k(l_e)f(_%),
k>0

where 0 < # < 1 and I denotes the rate function associated with P which is pos-
itive convex and admits a unique minimum on R,. We can therefore bound by be-
low all the terms I(—2%) by I(0) > 0. Moreover, a more sophisticated result yields

sup,<o I(z)/r < —k (see definition of £ and formula (2.2.10) in ([J], p. 28)). There-
fore, we obtain

EQ (T(*OQ*CVL]1{T(,Oo’7aL]<oo}) S e—GnaL Z k‘e_k(l_g)l(o) S Ce—e,‘sz'
k>0

As a result, the second term in (§) is bounded by Ce(l=%%@)L,
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Finally, concerning the third term in (f), we have that

C EQ< Z eri; T(,OQ,O,M <oo; V> —L)

—oo,—alL]

i>T|

S C EQ (eVT(_OCN—OéL] Z ei(‘/i*VT(—oo,—aL]) ’ T(*Oo,faL} < oo7 V Z _L)

12T(—o0,—aL]

S C EQ (e_VT(_OO’_aL] 1{T(—oo,—aL]<OO}EQ ( Z e_v;/

i>0

V'>—(L+ VT(_WQL]))) ,

where V/ = VI oanti = VI ooy for © > 0. The last inequality is a consequence
of the strong Markov property applied at 7{_o ), Which implies that (V;, i > 0) is
a copy of (Vi, ¢ > 0) independent of (V;, 0 < i < T(_ —ar))- Then, Lemma BT yields
that the third term in (f) is less than

A —v L+V;
CEQ (e T(—oo,—aL] 1{T(70077QL]<00}6 T(_oo,—aL] )

< CeLQ(T(_oov_aL] < o0) < Cell—relL

Since 6 < 1 implies 1 — Ok > 1 — ko, we optimize the value of a by taking a =
—akf+1,1e. a=1/(1+kf). As a result, we get already a finer result than Lemma

Bl with a bound e instead of el

Now, he strategy is to use this ameliorated estimation instead of Lemma .1 and
repeat the same procedure. Like that, we obtain recursively a sequence of bounds, we
denote by Ce* L. The first term in (§) is bounded by Ce®“rL whereas the second and
the third term are still bounded respectively by Ce(l=#e)L and Cell=re)L,

L The new

Optimizing in « again, one chooses au, = —axf + 1, ie. a =

exponent is therefore u, ; = au, = un”:%. Thus, the sequence u,, is hggggraphic and
converges to a limit satisfying [ = ; +l/<9 . For kf < 1, the limit is | = 1 — k# and for
k6O > 1, the limit is 0. Since this result holds for any 0 < 6 < 1, it concludes the proof
of Lemma B.3. O

Remark 3.1 : Analogous results as in Lemma B.J], Lemma B.2 and Lemma B.3 apply
for 3,50e"* under @ and conditionally on the event {Vj < L, Vk > 0}.

4. A TIME REVERSAL

Let us denote by @ the conditional law Q*(-) := Q(-|Z), where Z is defined in ([]).
The law QF has the following symmetry property.

Lemma 4.1. Under QF we have the following equality in law

[
(Vi Jkez = (Vry — Vry—1)kez-
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Proof. Let ¢ be a positive test function. We have
ES (0((Viy = Vi—)i20))

= ZE (L1 =p@ (Vo — Vo) i>0))

= po (I) Z E?(Lvicz0,vk<0r Lvisy, vizpy Lio<vi<vi vock<pp (Vo = Voi)kz0))-
p=0

By construction we have, for all p > 0,

law

(Vp - Vp* )keZ - (Vk)keZ
This implies that
EY (0((Vey — Via—r)k20))

1
= @ D E2(Lviz0, vk<or Lvisv, vk Lio<vi<yy,  vo<k<p) O((Vi)kzo))

p=0

[e.9]

= E? (¢((Vi)kez))-
]

This implies that under Q%, R has the law of e M. This last formula will be
useful since the asymptotic independence of e and M;, in the limit of large H, is
more visible than the asymptotic independence of H and M, and will be easier to
prove.

5. THE TWO FACES OF THE MOUNTAIN

It will be convenient to introduce the following notations: we denote by Q<" the
conditional law

Q="() = Q( Vi <0, ¥k > 0),
and by Q>° the conditional law
Q7°() = Q(|Vi > 0, Vk > 0).

It will be useful to describe the law of the part of the path (V4,...,Vr,). Let
us introduce some notations. If (Yi)r>o is a random process under the law (), then
Y, — +o00 a.s. and we can define its strict increasing ladder times (e)x>0 by: € := 0,
and

ept1 = 1inf{n > ey, Y, > Y, }.
We define a random variable ((Y)x>0, ©) with values in RN x N as follows: the random
process (Y%)r>0 has a law with density with respect to @) given by

HE)a
k=0

where Z is the normalizing constant given by
1

T 1_EQ(e ")
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Then, conditionally on (Yj)r>0, © takes one of the value of the strict ladder times
with probability

e*liyep

e
We denote by Q the law of ((Y;)x=0, ©). Otherwise stated, it means that, for all test
function ¢,

PO = ey | o((Yi)rz0)) =

A 1 ~ /&
E9(6(6, (Y)nz0) = B9 > e olen (Yaluz)).
Lemma 5.1. The processes (Vo,...,Vrs) and (Vg — Vig)e>o are independent and
have the following laws: (Vrg,, — Vg )k>o has the law Q=" and
[
(%7 R VTs) aw(}/@a SR Y@)7

where (Yi)ks0, ©) has the law Q.

Proof. Let 1, 6 be positive test functions. Let us compute
E® (¢((VTs+k - VTs)kZO)e((‘/Ov SRR VTS)))

= ZEQ (Lrg=pV (Vpsr — Vp)r=0)0((Vo, ..., V3)))

= > E? (Ljyev, voskepy Live<yy wion ((Vosk — Voli=o)0((Vos - - V3)))

p=0

= ZEQ (Lgve<v, vkt 0((Vo, - ... V3p) E© (Lgvi<o,vi>03 ¥ ((Vie)k=0))
p=0
using Markov property at time p. The second term is equal to

PO(Vi <0, Yk > 0)E?™ (0((Vi)kzo)) -

Let us now consider only the first term. Using the Girsanov property of Q and Q we
get

ZEQ (Lvev, vhep0(Vo, -, V3))) = ZEQ (Lvecvy, vheppe ™20((Vo, ..., V3)))

p=0 p*O
= ZEQ Ve d(Vo, ..., Vo)) s

where (e,),>0 are the strict increasing ladder times of (Vi , k > 0) as defined above.
The last formula is exactly the one we need, and also imply that

1 ~
= POV, <0, Vk >0)=1—E%e "),

(which can also be obtained directly). O
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Denote now by Q>° the law
Q7" = Q(- | Yi > 0,Vk > 0).
We will need the following result.

Lemma 5.2. There exists a positive constant ¢ > 0 such that, for all positive test
function 1,

EQ" (¢ (Vi, ..., Vi) < B9 (0(Ye, ..., Yo)).

Proof. Let ¥ be a positive test function. Thank to the previous lemma, we have

EQ(U(V, ..., Vi)

1
- mEQ<1H=S\I](%77VTH))
- Z]PQ H S ZEQ 1Yk>ovvo<k§6pe_ﬁyep\p(yv07 T }/;p))
p:O

[e o]

1
. E9(1 i
ZP(H = S) H S) (B0 o0 (Vi > =Y., , Vk > 0)

p=

e U(Yy,. .., Ye,))

1 .
< — EQ]]_ e—HYep\I/ Y,...,}/e
- ZPO(H = S)PA(V, > 0, ¥k > 0) ZO iz v %o )
1 .
< = EQ™’ (U (Y, ..., Ye)),

PR(H = S)P2(V, > 0, Vk > 0)
using the Markov property at time e, in the fourth line. This is exactly what we
want. U

6. A PRELIMINARY ESTIMATE

To derive the tail estimate of R or Z we need to restrict to large values of H: this
will be possible, thank to the following estimate.

Lemma 6.1. For all n > 0 there exists a positive constant ¢, such that

EY (M) | |H]) < ey QF ps.
where | H| is the integer part of H.

Proof. Since (Vi)r<o is independent of H under Q*, we have, for all p € N,

B ((My)" | [H] =p) <2 (EQ(&)) +EQI<(§36‘W>” | |H] =p)) .

k=0 k=0



12 N. ENRIQUEZ, C. SABOT, AND O. ZINDY

The first term on the left-hand side is finite for all > 0 as proved in Section J.
Consider now the last term. Using Lemma p.9, we get

QI((?%GV’“)" | LH] IP)

< g (S o)

k=0
d A>0 > = )
¢ et (e )
P*(|H]| = p) kzzo e ;

Now, using Cauchy-Schwarz inequality in the last expression, we get
Ty
QI<(Zer)77 | LHJ :p>
k=0
CI >0 - —KY, 2 >0 7V
< o= (e ) 2 (S

k=0
< e rP @ 1 2 %]EQ>O > V21 3
= par([H| = p) Z Y, € pp+1]) (kz;e ) :
But the last term is independent of p and finite by Lemma B.J. On the other hand,
since Q(Vx > 0, Yk > 0) > 0 and from Markov property, we obtain

k=0 k=0 k=0

which is finite since (Y;)r>o has a positive drift under Q. Finally, using the tail
estimate on H, we know that

©)  Jim PY(H] =p) = Jim e (PC(H 2 p) ~P(H 2 p+1)
== C[(l — ef””).

Hence, (e"?PQ"(|H| = p))~" is a bounded sequence (we do not have to consider the
cases where eventually P(| H| = p) = 0 since it is a conditioning by an event of null
probability which can be omitted). O

Corollary 6.1. We have, Q*-almost surely,
EQ" (Z | |H|) < ecyel.

Proof. We have Z = M, M,e" . Using Cauchy-Schwarz inequality and Lemma [6.1 we
get

1
2

EY (7| |H]) < o (B ((My)* | [H)JE (M)* | LH])))

< ngeLHJ,

since M; and M, have the same law under Q. O
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Corollary 6.2. Let h: R, — R, be a function such that

lim ¢ te® = 0.

t—o0
Then, we have
P9 (R >t, H < h(t)) = o(t™),
PR (Z >t, H < h(t)) = o(t™),
when t tends to infinity.

Proof. Let us do the proof for Z. Let n be a positive real such that
n > K.

We have (all expectations are relative to the measure Q7; so, to simplify the reading,
we remove the reference to Q7 in the following)

PO(Z 2t H<h(t) = E(P(Z>t H<h(t)]|H])
E (Lim<pnoP(Z = t] [H]))
E (1) <ine) P (MM > te” U0 | H]))
ek (ILLHJSLh(t)Jt*”emHJE ((M1M2>n | LHJ))
¢"E (1)< (ot " E (M1)*" | [H])) -
In the last formula, we used Cauchy-Schwarz inequality and the symmetry property
of Q%, see Lemma [, to obtain
E((My)™ | [H]) = E((My)™ | LH]).

We can now use the estimate of Lemma [6.]], which gives

) LA (t)]

P (Z>t, H<h(t)) < eloyt™™ Y ePP(|H] =p)
p=0

Lh(8)]

< Z e(m—r)p.

p=0
In the last formula, we used the fact that P(|H] = p) = O(e "), see (). Since we
chose n > Kk we can bound uniformly

VAN VAR VAN

IA

h(t)

120 (Z>t, H<h(t)) < A nem—rh) _ C//t,,{(eT)n—n'

This gives the result for Z. Since R < Z we get the result for R. U

7. THE COUPLING ARGUMENT

We set
I(t) .= P (e M My > 1)
J(t) =P (M My > 1),
K(t) =P (e >1).
From the estimate of Iglehart, see [§], we know that
1

K~ parm=3)

Crt",
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when t — oco. Indeed, we have

1
PO (ef > ) = ——(P9e” >¢) — P > H)).
(e > 1) IP’Q(H:S)< (e" >1t) (e" >t S>H))
The second term is clearly of order O(t7%*), the first term is estimated in [§], cf (H).

We will prove the following key estimates.
Proposition 7.1. For all§ > 0 there exists a function eg(t) > 0 such that lim,_, es(t) =
0 and
e EE (J(e®tM ™) (1 — ee(t)) < I(t) < e®E (J(e M) (1+ e(t)),
e XE (K(e*tM ™)) (1 —ec(t)) < J(t) < e*E (K(e *tM ™)) (1 + ec(t)),
where M is the random variable defined in ([8).

We see that Theorem ii) is a direct consequence of the second estimate and of
the tail estimate for K(¢). Theorem R.9 is a consequence of the estimate i) and of the
estimate for J.

Proof. Step 1: We first restrict the expectations to large values of H. Let h : Ry — R
be any increasing function such that

(10) Jim t~1eh® =0,
9

11 h(t) > — logt.

(11) (t) 2 15 los

;From Corollary .2, we know that
(12) P (M MMy > t, H < h(t)) = o(t™) = o(K(t)).
Hence, we can restrict ourselves to consider
Ly(t) == P9 (e My My >t | H > h(t)),
Jn(t) =P (MM, >t | H > h(t)),

Step 2: (Truncation of Mj, Ms). We need to truncate the sums M; and M, so that
they do not overlap. Under Q*(-|H > h(t)) we consider the random variables

t1
(13) M, = Ze*V’“,
(14) My =) e"5,
to
where

1
ty :=inf{k >0, V, > 3 logt} — 1,

1
to :=sup{k < Ty, Vi < H — glogt} + 1.

~ 9
Since h(t) > {5logt, we have
0<1t; <ty <Thy.
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Clearly, by the symmetry property of QF, M; and M, have the same law under
QZ(-|H > h(t)). (Observe that the random variables M; and M, are implicitly defined
in terms of the variable ¢.)

Lemma 7.1. Let § be a positive real. There exists a constant cg > 0 such that

c§t*””/6 fork <1,

QI(~ < e € > ><
P (M, <e*M,|H>h()) < etV for k> 1.

Proof. We have, since M; > 1
pe’ (M1 <e M, | H> h(t))

< p¥ (Ml—z\z1 >1 e HZh(t))
1 . .

< E® (M _ N, | H > h(t )
< B (M- W | 2 ()
< e~ Z k< § e w(t»)
> e e ep ,

PQI(H > h k=t1+1 ep>k,

Yep >h(t)

where in the last expression we used the result of Lemma [.9, and the notations of the
related section, and where ¢ is a constant depending on & and on the parameters of
the model. Using the fact that PR*(H > h(t)) ~ Ce *® when ¢t — oo, the Markov
property and the fact that

EQ™° Z o F(Vep—h(®) | « __ 1 _ ’
T PRY, > 0,Yn > 0)(1 — EQ(e*¥er))

ep>k,
Yep >h(t)

independently of &k, we see that
PO (I < e My | H 2 h(t)) < BO(Y o)
k=t1+1

S cetoo,
using the estimate of Lemma B.3. O

Step 3: (A small modification of the conditioning.) We set
IV =Tn{S>ht)} ={Vi >0,Vk<0}N{S=H}N{S > h(t)}
the event by which we condition in Sy(t), Ry (t). We set
D= {S =AM} N{Vi >0, Yk <0} N {Vi >0, V0 <k < Thpy,},
where 1
Tirpgr = inf{k >0, V, > 3 logt}.
Clearly, we have I,(f) C f}(f) and
PEONTY D)) < et
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for a constant ¢ > 0 depending only on the parameters of the model. We set
In(t) = P? (GHM1M2 >t j;@) ;
Tu(t) =B (N1 2 ¢ 717

Ku(t) == P? (eH > ¢ i,ﬁ”) .

¢ From Step 2 (Lemma [[.1]) and Step 3, we see that we have, for all £ > 0, the following
estimate

(15) (%) —cet™ 6 < I(t) < I(t) +ct™
(16) In(e8t) — cet™ 6 < Ju(t) < Ju(t) +ct”

W[

)

w|x

Step 4: (The coupling strategy.)
Let (Y))k>0 and (Y}/)r>0 be two independent processes with law

Q1Y >0,0<k <Tipy,).

Let us define, for all u > 0, the hitting times
T, :=inf{k >0, Y/ >u}, T):=inf{k >0, V) > u}.

Set

Ny = T% log Ny :=T¢
We couple the processes (Y, )kz0 and (Y, )kz0 as in Durrett (cf |, (4.3), p.
204): we construct some random times K’ > NJ and K” > N/ such that

Yier = Yien| <&,
and such that (Y, — Yi ) k=0 and (Y, — Y£u)k>o are independent of the o-
field generated by Yy,..., Y}, and Yy, ..., Y/.,. The method for this &-coupling is
the following: we consider some independent Bernoulli random variables (});en and
(7! )ien (with P(n} =1) =P(n! = 1) = 3) and we define
(Zli:) = ( ]([(/ﬁLZf:l 77;)7 (Zli:/) = ( ]G(S/+Zf:1 772/).

This extra randomization ensures that the process (Z; — Z}!) is non arithmetic. Since
its expectation is null, there exists a positive random time for which they are at a
distance at most £ (cf the proof of Chung-Fuchs theorem (2.7), p. 188 and theorem
(2.1), p. 183 in [d]). Then we define

v, — Y, when k < K,
k o (YI/(,”-"-(]C—K,) - YI,(///) + Y[/(/, When k: > K/.

Clearly, by construction, since the processes Y’ and Y” are no longer conditioned
when they reach the level %log t, (Yi)r>o0 has the law

Q| Y, >0, V0 <k< Tt 1og10):
We want that Y’ and Y couple before they reach the level 1 logt, so we set
A={K'< Télogt} N{K" < Tgmgt}'

Clearly, since the distribution of Y](,(,) — élogt converges (and the same for Y, cf
limit theorem (4.10), p. 370 in [f§]) and since for all starting points Yy, and Y, 2
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and Z” couple in a finite time almost surely, we have the following result (whose proof
is postponed to the end of the section).

Lemma 7.2.

tlim P(A°) = 0.
We set
n(t) = P(A%),
and we choose h(t) in terms of n by
1 9 1
1 =(l —1 —1 1——)1
(17) h(t) = (logt + o - logn(t)) V ({5 logt) V (1 — =) log ),

where V stands for the maximum of the three values. Clearly, h(t) satisfies the
hypotheses ([0), (IT).

Consider now two independent processes (Wy)r>o and (W))g>o (and independent
of Y, Y") with the same law Q= (cf Section [). Let e be a strict increasing ladder
time of Y and define the process V(W, W' Y, e) = (Vi)kez by

(Vk>k§0 = <_Wfk)k§07

(Vidkzo = (Yo, ..., Yo, Yo+ W, Yo+ W, o).

If Y, > h(t) then clearly (Vj)rez belongs to the event f}(f), and the functional M,
defined in ([[3) depends only on W and Y’; we denote it by M; (W, Y"). The functional
M, depends only on Y, W’ e; we denote it by M, (Y, W' e). Using Lemma p.1], we see
that

. 1

—KrYe
In(t) = Zh(t)E< Z e Ly 2nt) Ly (wy )t (v, )7 2t>’
p=0

where (e,),>0 i the set of strict increasing ladder times of Y (cf Section ) and where
Z,(t) is the normalizing constant

Zn(t) = E( Z e Yep ]lyepzh(t)) :
p=0
Clearly, Z,(t) ~¢ oo ce ") The variable Y1, — h(t) is indeed the residual waiting
time of the renewal process defined by the values of the process Y at the successive
increasing ladder epochs. Hence, it converges in distribution by the limit theorem
(4.10) in ([g], p- 370).
On the coupling event A, we have
}/;,;—K/'i‘K” — g S }/ep S }/Z;—K’-i-K" + g,
My(Y, W' e,) = My(Y" W' e, — K' + K"),

for all ladder time e, such that Y,, > h(t) (indeed h(t) > logt) and where
My(Y" W' e,— K'+ K") is the functional obtained from the concatenation of the pro-

cesses Y and W' at time e, — K’ + K", as it is done for MQ(Y, W' e,). The first set of
inequalities implies that, on the coupling event A, the set {e, — K' + K", Y, > h(t)}
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is included in the set of strict increasing ladder times of Y larger than h(t) — £. So
we have

e"‘f > —rY’],
I(t) < —Zh@)E(]lA(Ze Pﬂye'é,Zh(w—sﬂm(w,qu(yu,wgeg)exp(y%)zte—s))

where (e),>0 denote the strict increasing ladder times for the process Y. Since the
process {Ye,, Ye, > h(t)} depends on the event A only through the value of Y7, , , we
see that the second term is less or equal than

1 e*lih(t)
[—E3(c ) Zu(0)

Now, the first term is lower than

(18) P(A%) < cP(A°).

Z . t "~ ~ "~ ~
(19) e“ﬁ%t())ﬂb(es My(W,Y') MY > te ) < P(e My (W, Y') MY > te™®),
h

for ¢ large enough (using the equivalent of Z(t)), where S” and M} are relative to a
process V" independent of W, Y’ and with law Q(- | i,(flg) Moreover, let us introduce

My =37, e"¥'=5" We need now to replace the truncated sum M; by the meander
M. Using the fact that P(3k > 0: Y/ <0) < ct="/3, we see that

(20) P(e5" My (W, Y') My > te™¢) P(e*" My M > te™*) + ct =/
E(Jh_g(e 5t/M)) + 't/
the second inequality being a consequence of P(if(f) \I,(f) | f,(f)) < ct™/3 and M the

random variable defined in (f]) and independent of V”. Finally, considering the choice

made for h(t) (cf ([[7)), we have
1P (H > h(t) = o(t7),

P(A)PY (H > h(t)) < ct/P(A°) = o(t™").

Putting everything together (i.e., the estimates ([3), ([3), ([§), (I9), (BT))
I(t) < P(H = h(t))In(t) + o(t™")
P(H > () (Tn(e %) + ct=5") + o(t™)

P(H > h(t))(*“E(Jp—¢(e™*t/M)) + P(A%)) + o(t ™)
P (RM > te™, H > h(t) — &) + o(t™"),
where R and M are independent processes with laws defined in Section P (indeed,

in the last inequality, P(H > h(t))P(A°) < \/P(A°)t™ = o(t™")). Now, proceeding
exactly as in Corollary .9, we see that

P(RM > t, H < h(t) — £) = o(t™),

(indeed, the only difference is that M; is replaced by M and that M and R are
independent). Finally, we proved that

I(t) < RE(J(e™%t/M)) + o(t™).

<
<

IA NN TN
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The lower estimate is similar. We first have, since the set {e, — K'+ K", Y, > h(t)}
includes the set of strict increasing ladder times of Y larger than h(t) + &:

Lt > —_ %E 1a( ) Yy 1 W )
e P " Y AYY " ! ol ” .
h il Zh(t) A g YegZh(t)Jr{ M{(W,Y'")M2(Y", 7ep)exp(Ye;),)Zteé

Hence, by the same argument as above
LY > e 5P (8 My (W, Y') My > et) + cP(A°),
where S” and M/ are relative to a process V” independent of W and Y’ and with law

QL1 ,g?rg) Using, now the fact that Y, > 0 for all k£ > 0 with probability at least

1 —ct="/3 and the fact that Mg > e~¢ M, with probability at least 1 — ct="/% and the
estimate on the tail of the sum > e (of Section [J) we see that

IV > o—3p <MeS"M§' > e3ft) +o(t7/5) 4 cP(A°),
where M is the random variable defined in (f) and independent of V”. Then, we
conclude as previously.
To prove the estimate on J(t) and K (t) we proceed exactly in the same way: we
first remark that by the property of time reversal (see Lemma [L.1]), we have
J(t) =P (e My > t).

The situation is then even simpler, we just have to decouple M; and e”. O

Proof. (of Lemma [I.2). Denote by F, ,~(u) the probability that Z" and Z” couple
before the level %logt + u knowing that Y’6 = élogt + ¢’ and Y”(,), = %logt +vy”. By
the arguments above, Fj,»(u) tends to 1 when u tends to infinity. Let A > 0, we
first prove that this convergence is uniform in 3/, 3” on the compact 3’ < A, 3" < A.
For this we consider the set S = (N - i) N[0, A], and for ¢/, y” in S x S the function
F, ,(u) the probability that Z’ and Z” starting form the points Y’(,) = élogt +y

and Y](;é/ = +logt +y” couple at a distance £/2, before the level £ logt +u — &. Let
P(u) =

Clearly ¢(u) — 1 when u — oo and Fyy ,»(u) > ¢(u), whenever y’ and y” are in [0, AJ.
This implies that

Ilf F\y/y// (’LL) .

1
Yy €S, y"eS

1 2
liminf P(A) > lim inf lim inf (IP’(Y](,(/) —3 logt < A)) :

t—o00 A—oco  t—oo

Moreover, IP’Q(YR' >0,0<k<T: logt) = IP’Q(YR' >0, k>0)> 0 implies
1 5 1 5 1
P(Yx, —=logt > A) =PV,  —=logt> A|V >0) < cPYVy, —-logt> A),
0 3 3 logt 3 3 logt 3

where here V' is the canonical process under (). Therefore, since Vi, — %logt
308

converges in law (under Q) to a finite random variable when ¢ tends to infinity (see
limit theorem (4.10), p. 370 in [] or Example 4.4 part II, page 214 in [[l]), this yields
liminf;, ., P(A) = 1. O
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8. PROOF OF THEOREM P.1 AND THEOREM [2.7

Proof. (of Theorem R.0], 77) and Theorem P.2). Let & > 0. By Proposition [(.1], we
have, for all A > 0 and for ¢ large enough,

J(t) < e (E(K (e *tM ") 1y<a) + E(K (e *tM ) 1as=a)) -

On the first term, for ¢ large enough, we can bound from above K (e %tM~!) by
(m +&)(te"2M~1)7%. For the second term we can use a uniform bound K (t) <
ct™". Thus we get

Cr
PR(H = 5)
Since M"* is integrable, letting A tend to oo, then & tends to 0, we get the upper
bound

J(t) < I + O (EM™)ar<a) + ™" E(M ass4)).

: Ckr

1 () < .

msup () < parr — 5
For the lower bound it is the same. The proof of Theorem is the same: we use
the estimate i) of Proposition [.1] and the tail estimate for J. u

Proof. (of Theorem R.1], 7)).
Let us first recall (B) and Theorem R.1], ¢), which tells that

(21) QR >t; HzS)z%#—o(t“), t — o0,

where Cx; = C;E(M*). Then, introducing
KI = Z er, 01 = _VTR,v

0<k<Ta_
Theorem R.1], 7) is a consequence of Theorem R.1, 77) together with the two following

lemmas.

Lemma 8.1. We have

(22) QKT > 1) = ? Fo(tF), 1 — o0,

Proof. Firstly, observe that K1 < R implies Q(KI >t; H=5)<Q(R>t; H=2.9).
Moreover, Corollary implies Q(KI > t; el =% < 1?/3) = o(t™"), t — oo, since
KI < R. Furthermore, we have 0 < Q(KI > t; et > t?3) — Q(KI > t; e =% >
t23) < Q(H # S; efl > t2/3) = o(t™), t — oo. Therefore, we obtain, when ¢ — oo,

(23) QR>t; H=28)>Q(KI >t;e" >3 +o(t™).
Since, by Corollary f.2, Q(K I > t; efl <*/3) = o(t™), t — oo, we get
(24) QKI >t; e >1*3) = Q(KI >t)+o(t™),

when ¢ — oo. Then, assembling (R3) and (R4) yields

(25) QR>t; H=5)>Q(KI >1t)+o(t™), t — 0.

On the other hand, observe that Corollary [6.9 implies that Q(R > t; H = S) =
Q(R > t; e =e% > */3) 4 0(t™), t — 0o. Moreover, since we have R = K1+ e R,
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with R’ a random variable independent of K1 and Oy, having the same law as R, we
obtain that Q(R > t; efl =e% > t¥/3) < Q1 + Q,, where

Q1 = QKI<t-— 23 R >3 et > t2/3),

Qy = QKI>t—t"?, R>t; e =e%> 3.
Now, since R’ and H are independent, we get Q; < Q(efl > ?)Q(R' > t?/?) =
o(t™"), t — 0o. Moreover, we easily have Qo < Q(KI >t — t*/?). Therefore
(26) QR>t; H=8)<Q(KI>t—t"3+o(t™), t— .

Recalling (1)) and assembling (R3) and (26) concludes the proof of Lemma B.1. [

Lemma 8.2. Ck; satisfies
CK[ == (]_ — EQ(Q_HOI))CK.

Proof. First, observe that Q(R > t) = Q(KI > t) + P, + P,, where
P = QKI+e 9 R >t:t4Y? < KI<t),
P, = QKI+e DR >t; KI<t'?),

with R’ a random variable independent of K1 and O,, with the same law as R.

Now, let us prove that P; is negligible. Observe first that, since O; > 0 by definition,
we have P, < Q(R' >t — KI; t/2 < KI <t). Therefore 0 < P, < P| + P/, where

P, == QR >t—KI;t—t*?<KI<t),
P! = QR >t—KI;t"/? < KI <t—1t/).
Since R’ and KI are independent, (f) and (22) yield P! < Q(R' > t*3)Q(KI >
t1/2) = o(t"), t — oo. Furthermore, we have
P < Q@ -t} <KI<t)
< QKI>t—1*?) —Q(KI >t)

= Q(KI>1) <Q(KI >t _ 1) .

Q(KI >t)
Therefore (BZ) implies P} = o(t™*), t — oco. Then, we obtain P, = o(t™"), t — 0.
Now, let us estimate P. Observe that P, < P, < P, where
Py = Qe 'R >t; KI <t'/?),
Py = Qe 'R >t —1t'?),

Since R" and O; are independent, (f) yields
o EQ(ef"{Ol)C}(

(27) P, =

+o(t™"), t — oo.
Therefore, it only remains to estimate P,. Since R’ is independent of K1 and Oy, we
obtain for any € > 0 and ¢ large enough,
—kO1
e

e—nol
(1—e) CxE® (1{K1§t1/2} 7) < Py < (1+¢)CxE” (nglﬂ} i )
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Moreover,

—kO1 Q(,—kO1 —k0O1
e E%(e="1) e
EQ (1{K1§t1/2} t:"@ ) == T — EQ (1{K1>t1/2} t"‘@ ) 9

and the second term on the right-hand side is less or equal than t"Q(KI > t'/?) =
o(t™"), t — oco. Thus

E? (efﬂol )CK

(28) P, = ”

+o(t™"), t — 00.

Assembling (27) and (R§) yields P, = ero(t*“), t — oo. Therefore, recalling

(B), B2) and Q(R > t) = Q(KI > t) + P, + P», we obtain Cxr = (1 —EQ(e "))k,
which concludes the proof of Lemma B.9. 0

Since Theorem P.0], i7) together with Lemma B.1 and Lemma yield Cx; =
CiERIM*] = (1 — E9[e "%1))Ck, we get Cx = CrEC[M*](1 — E¢[e~"%1])~1. Now,
recalling that C; = (1 — E9[e *1])CF, this concludes the proof of Theorem P,
P). O

9. A TAUBERIAN RESULT

Corollary 9.1. Let h: R, — R, be such that

lim Ae"™ =0, lim h()\) = occ.
A—0 A—0

Then, for k <1,

1 1 K
E?(1— TN )~
( 1+ )2 | 2 ) PQ(H > h()\)) sin(mk)

when A — 0, where Zf(;\) 1s the event

IV =Tn{H>hN}={Vk >0,Vk <0}n{H =S5 >h(\)}.

CuA®,

Proof. Clearly, we have
Q 1 ) PY(H = S)
E2(1- 7)) = oo
1+ 72 PQ(H = S > h(\))
Since P?(H = S > h()\)) ~ P?(H > h(\)) we consider now
1
s
R (ILH?’L(”(I 1+ )\Z)>

We will forget in the following the reference to the law QF, and simply write E for
the expectation with respect to Q*. We have

(29) E(ﬂﬂzhm(l - HIAZ))
1

1
= E(1mon (11 . —)) —E( Loz (1 - 1+7)).

1
e <1H2W> -1z )\Z))
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For k < 1, the second term can be bounded by
[h(N)]

E<16H<eh(A)gz(1_ 1—0—1)\Z)> < Z E( LHJ:pliiZ)
Lh()\
- Z E(ILLHJ =p <liZ)\Z | [H] :p>>

Lh()\ cheP
= Z E<1LHJ P —i—c)\ep)

where, in the last inequality, we used Jensen inequality and Corollary B.]], and where
¢ denotes a constant independent of A (which may change from line to line). Now,
since P(| H| = p) < ce " for a positive constant ¢, we get that

Lh(M)]
1 - y
E<1eH<eh(A)§Z(1 1 I )\Z)) < cA Z e(l=r)p <  Ne(l=R)A(N)

p=0

< C/X@()\eh(k))l—m — 0()\“),

for k < 1, since Ae"™ — 0, A\ — 0.

By integration by part, we see that the first term of (29) is equal to

1
E@Zzh(”(l 1+ AZ))

Az 00 & A
_ P(Z > ] 2 Pp(Z>2)de.
[1 + Az ( - z) eh() +/eh(,\) (1 +)\Z)2 ( - Z) ®

The first term is lower than
C)\e(lfn)h()\) — C)\R()\eh()\))lfn — O()\R),
for k < 1. For the second term, let us suppose first that

h(\) — 0.

we can estimate P(Z > z) by

(ari=g; ~ " < P2 > 2) < (g + 1"

for any 1, when A is sufficiently small. Hence we are lead to compute the integral

oo \ 1
—k _\k K] _ )
/eh(A) 1+ )\Zz dz A /‘)\eh(x) x ( l’) dl’v

1+ 2P (X))

(making the change of variables x = A\z/(1 4+ Az)). For x < 1 this integral converges,

when A — 0, to
TK

'+ 1)I'(—r+1) = Sn ()’

If h(A) does not converge to co when A tends to 0, then we can take h(\) such that
h(X) < E(é), and such that h(A\) — oo, Ae"™ — 0. The part of the integral between

h(\) and h(])) is of order o(\¥). For the part between h()\) and oo it is the previous
estimate (this is essentially the same as proving Tauber’s theorem). U
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Remark 9.1 : Let us make a final remark useful for [{]. If we truncate the series M;
on the right and on the left when V}, reaches the level A > 0, and if we truncate M,
when H — V, reaches the level A then the results of Theorem P-4 and Corollary P.]]
remain valid just by replacing in the tail estimate M by the meander truncated at
level A. More precisely, let A > 0 and consider

tf tf
M, = § e Vk My = § Ve H
k=t] k=ty

where
ty =sup{k <0, V, > A}, tf =inf{k >0, Vi, > A} ATy
ty =sup{k <Ty, H—V;, > A}V 0, t3 =inf{k>Ty, V}, > A}

then the results of Theorem and Corollary 0.1 remain valid when we consider
7 = e"M, M, instead of Z, if we replace in the tail estimate M by M = Eif e Vi
where t_ and ¢, are the hitting times of the level A on the left and on the right.
Indeed, in the proof of Theorem we see that considering the truncated M, and
M, only simplifies the proof: we don’t need to truncate M; and M, as we did. In
particular, it implies that in Corollary we can truncate M; and M, at a level
h(X) < h(A): if h(X) tends to oo, we have exactly the same result.
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