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1 Introduction and main results.

Lévy processes conditioned to stay positive have been introduced by Bertoin at the
beginning of the nineties (see [1], [2], [3]). These first studies are devoted to the special
case where the Lévy processes are spectrally one-sided. In a recent work Chaumont
and Doney [9] studied more general cases.

In this article, we are interested in the case when Lévy processes have no positive jumps
(or spectrally negative Lévy processes). This case has been deeply studied by Bertoin
in Chapter VII of [5]. This will be our basic reference.

The aim of this note is to describe the lower and upper envelope at 0 and at +oo of
Lévy processes with no positive jumps conditioned to stay positive throughout integral
tests and laws of the iterated logarithm.

For our purpose, we will first introduce some important properties of Lévy processes
with no positive jumps and then we will define the “conditioned” version.

Let D denote the Skorokhod’s space of cadlag paths with real values and defined on
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the positive real half-line [0, 00) and P a probability measure defined on D under which
& will be a real-valued Lévy process with no positive jumps, that is its Lévy measure
has support in the negative real-half line.

From the general theory of Lévy processes (see Bertoin [5] or Sato [19] for background),
we know that & has finite exponential moments of arbitrary positive order. In particular
¢ satisfies

E(exp {)\&}> = exp {tw()\)}, At >0,

where

1
(A) =a\+ 502)\2 +/( | (e“ —1- )\a:]I{D_l})H(da:), A >0,
—00,0

a € IR,0 > 0 and II is a measure that satisfies
/ (1A 22)T1(d).
(—O0,0)

The measure II is well-known as the Lévy measure of the process .

According to Bertoin [5], the mapping v : [0, 00) — (—00, 00) is convex and ultimately
increasing. We denote its right-inverse on [0,00) by ®. Let us introduce the first
passage time of & by

Tx:inf{szgsZaE} for z > 0.

From Theorem VII.1 in [5], we know that the process T = (T,,x > 0) is a subordi-
nator, killed at an independent exponential time if £ drifts towards —oo. The Laplace
exponent of T' is given by &,

E(exp{—)\Tx}> :exp{—xcb()\)}, At > 0.

According to Bertoin [5] Chapter III, we know that
O(N) =k+dr+ / (1 —e)p(da), A >0,
(0,00)

where k is the killing rate, d is the drift coefficient and v is the Lévy measure of the
subordinator 7" which fulfils the following condition,

/ (1A z)v(de) < oc.
(0,00)

It is sometimes convenient to perform an integration by parts and rewrite ® as

Note that the killing rate and the drift coefficient are given by

k = ®(0) and d= lim —=.



In particular, the life time ¢ has an exponential distribution with parameter £ > 0
(¢ = +oo for k = 0). Hence, it is not difficult to deduce that £ drifts towards —oo if
and only if ®(0) > 0.
In order to study the case when ¢ drifts towards —oo, we will define the following
probability measure,

Pi(A) =E(exp {206} 1), A€ R,

where F; is the P-complete sigma-field generated by (&,s < t). Note that under P,
the process ¢ is still a Lévy process with no positive jumps which drifts towards +oo
and its Laplace exponent is defined by ¢*(\) = ¢)(®(0) + ), A > 0. Moreover the first
passage process T is still a subordinator with Laplace exponent ®*(\) = ®(\) — &(0).
Since £ has no positive jumps, we can solve the so-called two-sided-exit problem in
explicit form. This problem consists in determining the probability that ¢ makes its
first exit from an interval [—x,y|] (z,y > 0) at the upper boundary point. More

precisely,
_ W)
Wz +y)

where W : [0,00) — [0,00) is the unique absolutely continuous increasing function
with Laplace transform

]P)( inf ft Z —X

0<t<T,

> -z 1
/0 W (a)de = o for A > (0) (1.1)
The function W is well-known as the scale function and is necessary for the definition
of Lévy processes conditioned to stay positive.

Using the Doob’s theory of h-transforms, we construct a new Markov process by an
h-transform of the law of the Lévy process killed at time R = inf{t > 0: & < 0} with
the harmonic function W (see for instance Chapter VII in Bertoin [5], Chaumont [§]
or Chaumont and Doney [9]), and its semigroup is given by

Pl(& € dy) = %Px(g edy,t<R) for z>0,

where P, denotes the law of ¢ starting from x > 0. Under P!, ¢ is a process taking
values in [0, 00). It will be referred to as the Lévy process started at « and conditioned
to stay positive.

It is important to note that when ¢ drifts towards —oo, we have that P, = P4/, for all
x > 0. Hence the study of this case is reduced to the study of the processes which drift
towards +o0.

Bertoin proved in [5] the existence of a measure IP’E) under which the process starts at 0
and stays positive. In fact, the author in [5] proved that the probability measures P!
converge as x goes to 0+ in the sense of finite-dimensional distributions to Pg =PI
and noted that this convergence also holds in the sense of Skorokhod. Several authors
have studied this convergence, the most recent work is due to Chaumont and Doney
[9]. In [9], the authors proved that this convergence holds in the sense of Skorokhod
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under general hypothesis.
Chaumont and Doney [9] also give a path decomposition of the process (¢,Pl) at the
time of its minimum. In particular, if m is the time at which &, under P!, attains its
minimum, we have that under P! the pre-infimum process, (§,0 < t < m), and the
post-infimum process, (&4 — &yt > 0), are independent and the later has by law PT.
Moreover, the process (&,P]) reaches its absolute minimum once only and its law is
given by

Wz —vy)

Recently, Chaumont and Pardo [10] studied the lower envelope of positive self-similar
Markov processes (or pssMp for short). In particular, the authors obtained integral
tests at 0 and at +oo, for the lower envelope of stable Lévy processes with no positive
jumps conditioned to stay positive and with index « € (1,2]; such processes are well-
known examples of pssMp. More precisely, when X ® is the stable Lévy process with
no positive jumps conditioned to stay positive and with starting point = > 0, we have
the following integral test for the lower envelope at 0 and at +o00: let f be an increasing
function, then

1/a
IP’(Xt(O) < f(t),i.0.,ast — 0) = 0 , according as @ ﬂ <0
1 0+ t t = 0

Let f be an increasing function, then for all x > 0,

+o00 ¢ 1/a dt
P(Xt(w) < f(t),i.0., as t — o0) = { (1) , according as / (&) at { < 00

t t = 00

Pl(ém > y) = Tiy<a)- (1.2)

Later, Pardo [17] studied the upper envelope of pssMp at 0 and at +oc. In particular,
the author noted that X ®), the stable Lévy process with no positive jumps conditioned
to stay positive, satisfies the following law of the iterated logarithm

x©
lim sup !

= Pl — a.s.
t—0 tl/a(log | 10gt|)1—1/o¢ C(Oé>7 a.s 5

where ¢(«) is a positive constant which depends on «.
Moreover, Pardo [17] also established that

J© T

li = P' —a.s.

T t1/2(log | log t])1 -1/ (), -5
X(O) . J(O)

lim sup ¢ ! = c(a), P! —a.s.,

t—o  tY/(log|logt|)t-1/

where J@) is the future infimum process of X® i.e. Jt(x) = infy, X 1t is important
to note that the above laws of the iterated logarithm have been also obtained at +oo,
for any starting point x > 0.

Bertoin [4] studied the local rate of growth of Lévy processes with no positive jumps. In
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[4], the author noted that the sample path behaviour of a Lévy process with no positive
jumps &, immediately after a local minimum is the same as that of its conditioned
version (£,PT) at the origin. The main result in [4] gives us a remarkable law of the
iterated logarithm at an instant when the path attains a local minimum on the interval
[0,1]. We will recall this result for Lévy processes conditioned to stay positive.

With a misuse of notation, we will denote by ® and 1 for the functions ®* and 2,
respectively; when we are in the case where the process £ drifts towards —oo.

Theorem 1 (Bertoin, [4]) There is a finite positive constant k such that

. §®(t " log|logt|)
lim sup
t—0 log | log |

=k, P! — a.s.

It is important to note that the constant found by Bertoin satisfies k € [c, ¢+ 7], where
c is the same constant found below in Theorem 3 and v > 6.

Bertoin presented in [4] a “geometric” proof using some path transformations that
connect £ and its conditioned version (¢, P"). Here, we will present standard arguments
involving probability tail estimates.

Our main results requires the following hypothesis, for all 3 > 1

(H1) lignjglfqﬁgi) >0 and (H2) I;Tﬁ&qu((;))

Theorem 2 Let us suppose that (H2) is satisfaied, then there is a positive constant k
such that,

> 0.

& (t " log | logt])

lim su =k, P! — a.s.
ot log | log |
Moreover, if condition (H1) is satisfied, then
P(t'loglogt
lim sup S oglog?) =k, P! — a.s.

t—-oo log | log t|

Note that with our arguments, we found that k& € [c, cn] where of course n > 1 and
cn > 3. We also remark that in particular (H1) and (H2) are satisfied under the
assumption that 1 is regularly varying at 0 and at oo with index o > 1. Under this
assumption

k=c=(1/a)"/*(1-1/a)=".
The next result gives us a law of the iterated logarithm at 0 and at o0 of the future
infimum of (&, PT). This result extends the result of Pardo [17] for the stable case.

Theorem 3 Let J denote the future infimum process of &, defined by J, = inf >, &,
then there is a positive constant ¢ such that,
Ji®(t~ 1 log | log t])

lim su =c, P — a.s.,
0 P log | log t|

and J®(t logl
t t
lim sup = (t” loglog?) =c, P! — a.s.
t— o0 log | log t|




If we assume that (H2) is satisfied, then
Jy®(t~log | log t])

lim su =k, P’ — a.s.,
t—0 P log | log |
i.e. that c = k.
Moreover if (H1) is satisfied, then
J;®(tloglogt
lim sup Gl oglog?) =k, Pl —a.s.,

t—-too log | log |
t.e. that c =k.

We now turn our attention to the Lévy process conditioned to stay positive reflected
at its future infimum. The following theorem extends the law of the iterated logarithm
of Pardo [17] for the stable case.
Let us suppose that for all 7 < 1

) W(px) . W (Bx)
(H8) Hmap Ty <1 e () dmenp )

Theorem 4 Under the hypothesis (H2) and (H3), we have that

(& — Ji)@(t " log |logt|)

< 1.

lim su =k, P! — a.s.
£0 P log | log |
Moreover if (H1) and (Hj) are satisfied, then
t~loglogt
lim sup (ft ) ( oglog ) =k, P! — a.s.
t——+oo log | log t|

Again conditions (H3) and (H4) are satisfied when ¢ is regularly varying at 0 and at
oo with index a > 1.
The lower envelope of (£,PT) at 0 and at oo is determined as follows,

Theorem 5 If £ has unbounded variation and f : [0,00) — [0,00) is an increasing
function such that t — f(t)/t decreases, one has

lirtriionf% =0 P'-a.s. if and only if /Of(x)l/(dx) = 0.

Moreover,

Pl-a.s.

. &
if /f x)v(dr) < oo then lim ——
) 70
The lower envelope at +oco is determined as follows: if & oscillates or drifts towards
—o0 and the function f :]0,00) — [0,00) is increasing such thatt — f(t)/t decreases,
one has
+oo

l}glglof % =0 Pl-a.s. if and only if f(x)v(dr) = 0.



Moreover,

“+oo
if f(z)v(dr) < 0o then lim & 00 P'-a.s.

The following result describes the lower envelope of the future infimum of (£,P"). In
fact, we will deduce that (£,P") and its future infimum have the same lower functions.

Theorem 6 (i) If £ has bounded variation, one has

J, 1
lim = = = Pl-a.s.
t—0 t d

(ii) If & has unbounded variation and f : [0,00) — [0,00) is an increasing function such
that t — f(t)/t decreases, one has

lim infi =0 P'-a.s. if and only if /f(:c)u(d:c) = 0.
0

=0 f(t)
Moreover,
if /f(:c)u(dx) < 00 then lim o 00 P'-a.s.
0 =0 f(1)
(iii) If & drifts to +00 one has
ﬁ = L P'-a.s.

y
4t E(T))

(iv) If € oscillates or drifts to —oo and f : [0,00) — [0,00) is an increasing function
such that the mapping t — f(t)/t decreases, one has

+oo
lg}lﬁ&f % =0 Pl-a.s. if and only if f(z)v(dz) = oc.
Moreover,
if +<>0 f(x)r(dz) < oo then lim S 00 P'-a.s
t—too f(t) h

Moreover, we have the following integral test for the lower functions in terms of ®.

Proposition 1 (i) Let f : [0,00) — [0,00) be an increasing function.

If /Oxlf(x)é[)(l/x)dx < 00 then 11_{%% = %%% =00 P'-a.s.

(ii) Let f :[0,00) — [0,00) be an increasing function.

If /+OO v f(x)®(1/x)dr < oo then  lim e lim S oo Plas
t——+00 f(t) o t—-+o00 f(t) a e

The rest of this note consists of two sections, which are devoted to the following topics:
Section 2 provides asymptotic results for the first and the last passage times of the
process (&,PT). In Section 3, we will prove the results presented above.
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2 First and last passage times.

Let us recall the definition of the first and last passage time of (&, PT) or ¢! to simplify
our notation,

nginf{tZO:QZx} and ngsup{tEO:ftTgx} for z>0.

From Theorem VII.18 in [5], we know that (§,0 < ¢t < T,), the Lévy process killed at its
first passage time above x, under P?, has the same law as the Lévy process conditioned
to stay positive time-reversed at its last passage time below x, (x—ﬁ(TULt)f ,0<t<U)).

In particular, we deduce that U] has the same law as T, and that UT = (U], x > 0) is
a subordinator with Laplace exponent ®(\) and therefore we obtain that the process
&1 drifts towards +o0.

There exist a huge variety of results on the upper envelope of subordinators. Fristedt
and Pruitt [12] proved a general law of the iterated logarithm which is valid for a wide
class of subordinators. The sharper result on the lower envelope for subordinators is
due to Pruitt [18]. In his main result, he gave an important integral test.

Bertoin [5] presents a more precise law of the iterated logarithm of subordinators
than the result obtained by Fristedt and Pruitt but for a more restrictive class of
subordinators. In his result, Bertoin supposes that 1 is regularly varying at +oo with
index a > 1 (see Theorems II1.11 and II1.14 in [5]). In particular, we have the following
lemma.

Lemma 1 The last passage time process U' under the assumption that 1 is reqularly
varying at 400 with index o > 1, satisfies

Ul (z ' og |1 1 1\
lim inf zv,b(x og | ngD = — - — , almost surely,
2—0 log | log x| a «

and for large times, if we suppose that 1 is regularly varying at 0 with index o > 1,

then . ) .
Ul (z=oglog x 1 1\
lim inf Y glog ) =—(1-— , almost surely.
z—+00 log log o Q@

Now, we turn our attention to the first passage time process. Note that due to the
absence of positive jumps, for all x > 0, é’;T = x, a.s. Hence from the strong Markov

property, we have that TT = (T],x > 0) is an increasing process with independent
increments but not stationary.

Here we will use the results presented in Bertoin [5] and Lemma 1 to obtain the following
law of the iterated logarithm for the first and last passage time of ¢!,

Proposition 2 Suppose that ¢ is reqularly varying at +o0o with indexr o > 1. Then
the first passage time process satisfies the following law of the iterated logarithm,

Th(z " log |1 1 1\
lim inf z@b(m 8| ngD = — - = , almost surely,
z—0 log | log x| « o




and for large times, if we suppose that v is reqularly varying at 0 with inder o > 1, we

have ' ) )
Tl (z~ logl 1 IR
lim inf wqb(x 6 %8 x) =—(1—— , almost surely.
z—-+00 log log x « «

Proof of Proposition 2: We will only prove the result for small times since the proof
for large times is very similar. For all # > 0, we see that T] < U], then from Lemma
1 we obtain the upper bound

< lim inf ——

.. Tlp(ztlog|logzl)
lim inf <
2—0 log | log x| z—0 log | log | a

«

Ul (z7togllogz|) 1 ( 1)“1

Next, we prove the lower bound. With this purpose we establish the following lemma.

Lemma 2 Assume that v is reqularly varying at +oo with index o > 1. Then for
every constant ¢; > 0, we have

1 1\ VD)
—log]P’<T$T < cg(x)) ~ (1 — —) <—) log | log x|, as x — 0,
a) \aqa

where
log | log x|

@/)(x—l log|1ogx|)'

Proof of Lemma 2: We know that U' is a subordinator and that v is the inverse of the
function ®, then from Lemma II1.12 in Bertoin [5], we see that

1 1\ M)
—10gIP><U£ < clg(x)> ~ (1 - —) (—) log |log x|, as x — 0.

« Iaxe’

g(t) =

Then the upper bound is clear since for all z > 0 we have that 7] < U].
For the lower bound, let us first define the supremum process S = (S;,t > 0) by
St = supg<s<; §s- Next, we fix € > 0, then by the Markov property

]P)T (Jclg(x) > (1 — 6)1‘) > PT (Sclg(x) >, Jclg(x) > (1 — E)l‘)

Clg(z)
_ / P(T] € At)BL (g« > (1 €)a) (2.3)
0
> IP’(TJ < cm(:v))Pl(JO > (1—¢€)z).
From the definition of the future infimum process, it is clear that .Jy is the absolute
minimum of (£, P]) then by (1.2)

W (ex)

PL(Jo>(1—e)x) = W)

On the other hand, from (1.1) and applying the Tauberian and Monotone density
theorems (see for instance Bertoin [5] or Bingham et al [7]) we deduce that
o 1

Ve~ s mam 0
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hence,
PL(Jo> (1—€x) — €2 as oz —0. (2.4)

Now, since the last passage time process is the right inverse of the future infimum
process, we have that

P (Jesgtey > (1= ) = P(U],_,, < cag(@)),

and applying Chebyshev’s inequality, we have that for every A > 0

]P’(U(Tl_g)x < clg(aj)) < exp {)\clg(x) - (1- e)x@(/\)},

and thus
_1ogzp><U§17€)x < clg(a:)> > “Aerg(z) + (1 — €)zd(N).

Next, we choose A = A(z) such that (1 — €)z®(\) = K log|logz| for some positive
constant K, that will be specified later on, then A\ = (K (1 — ¢)~ 'z log]|log z|).
Since 1) is regularly varying at co with index a, we see that

A= Az) ~ K*(1 — e)"*(z" " log | log z).
This implies
—Xeg(z) + (1 —e)zd(N\) ~ (K — 1 K*(1 — €)7) log | log x| (x — 0).

We now choose K in such way that K — ¢ K*(1 — €)™ is maximal, that is

|\ V-1
K = (1 — )/t (_) |

1

1 1/(a—1) 1
K —cK*(1—¢) = (1-¢V (_) (1 R _> |

o o

and

In conclusion, we have established that

t
1 1\ V=D —1ogIP’(U o S 019(95))

(1- E)cv/(cv—l) 1— = — < lim inf - (2.5)
a clo x—0 log | log $|

Hence from the inequality (2.3) and (2.4) and (2.5), we deduce

_ T
1 1\ V(-1 —logIP’<Tx < clg(:c))
(1—e)/eb 1 - =) — < lim inf
a) \aa z—0 log | log x|

Y

and since € can be chosen arbitrarily small, the lemma is proved. [ |

Now we can prove the lower bound of the law of the iterated logarithm for 7. Let
(x) be a decreasing sequence of positive real numbers which converges to 0 and let us

10



define the event A, = {TJIn+1 < c19(z,)}. Now, we choose x, = r", for r < 1. From

the first Borel-Cantelli’s Lemma, if ) P(A,) < oo, it follows
T :n+1 > c19(r") almost surely,
for all large n. Since the function ¢ and the process T are increasing, we have
T! > cg(z) for "t <o <o
Then, it is enough to prove that > P(A,) < co. In this direction, we take

1 (63
0<e<d< (—) (a— 1)1,

(67

Since 1) is regularly varying and we can chose r close enough to 1, we see that for ng
sufficiently large

rn0+2

dx
P(An) < P(TTM<’ "+2)</ [p><TT<f )_
Z ( )—Z rnt Cg(T ) — 0 x_Cg(.T) x?
n>ng n>no
and from Lemma 2 this last integral is finite since
1 1 1/(a—1)
()@
@ ca
with this we finish the proof. [ |

There also exist a huge variety of results for the upper envelope of subordinators,
see for instance Chapter III of Bertoin [5]. Here, we will state with out proofs the main

results for the upper envelope of U'. The proofs of the following results can be found
in Chapter III of Bertoin [5].

Proposition 3 (i) Ifd > 0 one has

1

lim —= =d almost surely.
x—0 1

(ii)) Ifd =0 and f : [0,00) — [0,00) is an increasing function such that t — f(t)/t
increases, one has

\
lim sup s =00 a.s. if and only if /I/(f(t))dt = 00,
—0  f() 0
where v(t) = v((t,00)).
Moreover,
r [t hen  lim 2 i ! !
g v(f(t))dt < oo then im —"— =lim —*~ =0 almost surely.
0 a0 fz)  ==0 f(x)
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(iii) If E(T1) < oo one has

1

xiﬂm ?x =E(Ty) almost surely.
(iv) If E(TY) is infinite and f : [0,00) — [0,00) is an increasing function such that the
mapping t — f(t)/t increases, one has

lim sup U; =00 a.s. if and only if /+OO v(f(t))dt = oo.
e—too ()
Moreover,
+oo T Ul
if / v(f(t))dt < oo then xEToo ﬁ;) = rl_lgloo ?;) =0 almost surely.

3 Proofs of the main results.

For simplicity, we introduce the notation

log | log ¢|

h(t) = .
(t) O (t=1log|logt|)

We start with the proof of the first part of Theorem 3, since a key result on subordi-
nators due to Fristed and Pruitt [12] easily yields the result. The second part will be
proved after the proof of Theorem 2, since the latter is necessary for its proof.

Proof of Theorem 3 (first part): First we will observe that ¢(\) = O(A\?), as A goes to
+00, then A2 = O(®())). Since the last passage time process U' is a subordinator
with Laplace exponent ® and the future infimum process is the right-inverse of the last
passage times U, then according to Theorem 2 and Remark on p. 176 in Fristed and
Pruitt [12], there exists a positive constant ¢ such that

Jy®(t~ 1 log | log t])

lim su =c, P’ —a.s.,
-0 p log | log |
and J®(t Llogl
t t
lim sup Al oglog?) =c, P! —a.s.,
t—to00 log logt
then the first part of Theorem 3 is proved. [ |

Proof of Theorem 2: We only prove the result for small times since the proof for large
times is very similar. The lower bound is easy to deduce from Theorem 3 and since
J} < ¢!, where J] denotes the future infimum of £!. Hence

&®(t ! log [logt|)

J;®(t ' log | logt
¢ = limsup Gl 0g |logt)) < lim sup P! — a.s.
t—0 log | log t| 0 log | log t|
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Now, we prove the upper bound. Let (x,) be a decreasing sequence of positive real
numbers which converges to 0, in particular we choose x, = r", for r < 1.

Recall that S is the supremum process of £, i.e. S; = supo<u<:§u. We define the events
A, = {S,, > nch(r,1)}, where n > ¢ (2 +r7!) and S is the supremum process.
From the first Borel-Cantelli’s Lemma, if > P'(A,) < oo, it follows

Spn < mch(r™™)  Plas.,

for all large n. Since the function h and the process S are increasing in a neighbourhood
of 0, we have
S; < neh(t) for "t <t <"  under P

Then, it is enough to prove that > P'(A,) < co. In this direction, we will prove the
following lemma,

Lemma 3 Let0 < e <1 andr < 1. If we assume that condition (H2) is satisfied then
there exists a positive constant C(€) such that

P'(Jpn > (1 — e)nech(r™™)) > C(e)PT(4,) as n — +oo. (3.6)
Proof of Lemma 3: From the inequality (2.3), we have that
P! (Jon > (1 — €)neh(r"t)) > P! (Jo > (1 = e)nch(r™™))PN (S > nch(r™th)),

neh(rm+)

and since Jy is the absolute minimum of (¢, chh(rnﬂ)) then by (1.2)

W (ench(r"t1))
%% (nch(r”“)) '

Pl ey (Jo > (1= e)neh (7)) =

On the other hand, an application of Proposition III.1 in Bertoin [5] gives that there
exist a positive real number K; such that

Klm <W(z) < Kflm, for all x>0, (3.7)

then it is clear that
W (ench(r"*1))
W (nch(rm+1))

o (1/nch(r"t!))
¥ (et /neh(rt1))

From this inequality and condition (H2), there exist a positive constant C'(¢) such that
for n sufficiently large

P'(Jin > (1= e)nech(r"™)) = C(e)P'(Sin > neh(r")),

> Kje !

which proves our result. [ |

Now, we prove the upper bound for the law of the iterated logarithm of (¢,PT). Fix
0<e<1/(2+7r71). Since J can be seen as the right inverse of U, it is straightforward
that

P! (ann > (1-— e)nch(r"“)) =PI (U(l,e)nch(rnﬂ) < r"),

13



and this probability is bounded from above by
exp{)\r”}]ET(eXp {- )\U(l,e)nch(rml)}) = exp {\r" — (1 — e)nch(r"tHe(\)},
for every A > 0. We choose A = r~("*D]og | log r"*!|, then
P'(Jyn > (1 — e)neh(r™t)) < exp{ — (1 = ¢)npe —r~") log|log r"“]},

hence from the above inequality and Lemma 3, we have that

CO)Y P(A) <Y (logn+ 1) < 4oo,

n

since (1 —€)nc—r=t > 1.
Hence, we have

lim sup < ne, Pl-as.,

t—0 h(t)
for nc > 3, since we can choose r close enough to 1.
The two preceding parts show that

. &
lim sup — € |[¢, ncl, Pl-a.s.
By the Blumenthal zero-one law, it must be a constant number k, P! —a.s. [

Proof of Theorem 3 (second part): First we prove the result for large times. Assume
that the additional hypothesis (H2) is satisfied. Since J; < & for every ¢ > 0 and
Theorem 2, it is clear that

J,
lim sup L <lim sup i =k Plas.,

then the upper bound is proved.
Now, fix € € (0,1/2) and define

Rn:inf{SZn: Mfgs) 2(1—6)}.

From the above definition, it is clear that R, > n and that R, diverge a.s. as n goes
to +00. From Theorem 2, we deduce that R, is finite a.s.
Now, by (1.2) and since (£, P") is a strong Markov process with no positive jumps, we

have that
(TR _ —pl %)
P (i 20 20) = (e = U2
— E! (PT (JR > %

(1-¢)

14
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Now applying (3.7), we have that

“(Wieer) 24 (Gievienn)

and since the hypothesis (H2) is satisfied, an application of the Fatou-Lebesgue Theo-
rem shows that

N en, (1,
e (o) > 2 (i) o

which implies that

. Jr
lim PT (| —"2 > (1-2 .
n—lgloo (kh(Rn) - ( 6)> >0

Since R,, > n,

J. J
P! L > (1-26), f t>n ) >PH [ - > (1-2)).
(kh(t) > ( €), for some _n) > Fh(R) > ( €)

Therefore, for all € € (0,1/2)

P! <k‘f(L](tt) > (1 —2¢), i0.,ast — +oo) > lim P! <kf{L](RR?n) > (1-— 2(—:)) > 0.

n—-+00

The event on the left hand side is in the upper-tail sigma-field N;o{&! : s > ¢} which
is trivial from Bertoin’s construction of (£, P') (see Theorem VIL.20 in [5]). Hence

Ji
limsup ——= > k(1 — 2¢), Pl —as.,
mSup g = M2
and since € can be chosen arbitrarily small, the result for large times is proved.
In order to prove the law of the iterated logarithm for small times, we now define the
following stopping time

oy
Rn—mf{ﬁ<s.kh(s)2(1—e)}.

Following same argument as above and assuming that (H1) is satisfied, we get that for
a fixed € € (0,1/2) and n sufficiently large

il (ﬁ > (1—26)) > 0.

Next, we note that

JR JR
P! P> (1—2¢), f >n | >P "> (1—2€) ).
(kh(Rp) > ( €), for somep_n) > (k‘h(Rn) > ( e)>

Since R, converge a.s. to 0 as n goes to oo, the conclusion follows taking the limit
when n goes towards to +oc. [ |

15



Proof of Theorem 4: The proof of this theorem is very similar to the proof of the
previous result. Following same arguments, we first prove the law of the iterated
logarithm for large times. Assume that the hypothesis (H2) and (H3) are satisfied.
Since &) — J! < €] for every ¢ and Theorem 2, it is clear that

. — D _ . &
lim sup <limsup —— =k Plas.,
s h(f) T et (1)

then the upper bound is proved.
Now, fix € € (0,1/2) and similarly as the last proof we define

Rn:inf{sZn:k}f—%S)z(l—e)}.

Now, by (1.2) and since (£, P") is a strong Markov process with no positive jumps, we
have that

P (i > 0-20) =7 (< )

_wlm €
=E (IP’ <JRn < (1_6)§Rn

-2 (Nt

“))

where k(e) = (1 —2¢)/(1 —¢).
Since the hypothesis (H3) is satisfied, an application of the Fatou-Lebesgue Theorem

shows that
. ' W(k<e>53n)> T(. W (k(e sRn)>
IEEEEOPE< Wien) ) =B\ lmsup = =7 ) <L,

which implies that

: Er, — JR
| Pl 22 > (1 -9 )
nlgloo ( k’h(Rn) - ( E)) >0

Again, since R, > n,

t_Jt —J
P! (i;h(t) > (1 — 2¢), for some t > n) > P! (&Z}l(—Rl)% > (1-— 26)) :

Therefore, for all € € (0,1/2)

—J J
P! (ih(t)t > (1—2e¢), i.0., ast— +oo> > lim P! (5’;’;1(]% ’; (1- ze)) > 0.

The event on the left hand side is in the upper-tail sigma-field N;o{&! : s > ¢} which

is trivial, then
. & — Ji
1 > k(1 -2 P! — a.s.
msup gy = A0 20, &5

16



and since € can be chosen arbitrarily small, the result for large times is proved.
Similarly as in the proof of the previous result, we can prove the result for small times
using the following stopping time

e
Rn_mf{ﬁ<s'kh(s) 2(1—6)}.

Following same argument as above and assuming that (H1) and (H4) are satisfied, we
get that for a fixed € € (0,1/2) and n sufficiently large

$r, — IR,
PTC%HEJ—ZQ—Q@)>O

Next, we note that

§r, — Jr €r, — JIr
P22 2 > (1 — 2), f > >PH 2 25 > (1 - 2¢) ).
( kh(R,) > ( €), for somep_n) > ( KR > ( e))

Again, since R,, converge a.s. to 0 as n goes to oo, the conclusion follows taking the
limit when n goes towards to +oc. u

Proof of Theorem 5: Let (x,,) be a decreasing sequence such that lim z,, = 0. We define
the events

A, = { There exist ¢t € [U] Ul | such that ¢ < f(t)}.

Tn41? ~ T

Since Uggn tends to 0, a.s. when n goes to +o00 , we have

{/ftT < f(t), 1.0, ast — 0} = limsup A,,.

n—-+4o0o

Let us chose z,, = r™, for r < 1. Since f is increasing the following inclusions hold
A, C {There exist t € [r"T "] such that tr < f(UtT) },

and
{There exist t € [r"* "] such that tr~! < f(UtT)} C Ay

Then we prove the convergent part. Let us suppose that f satisfies

Aﬂ@mmg<m.

Hence from Theorem VI.3.2 in [13] and the fact that U' is a subordinator, we have
that
P! (tr < f(Ut), io.,ast — O) =0,

which implies that
lim i = 00 Pl-a.s.,
t—0

f(t)
17



since we can replace f by cf, for any ¢ > 1.

Similarly, if f satisfies that
JRCE

again from Theorem VI.3.2 in [13], we have that
P! (tr_l < f(Ut), io.,,ast — 0> =1,

which implies that

lim inf i =0 Plas.,

=0 f(t)

since we can replace f by cf, for any ¢ < 1.
The integral test at +oo is very similar to this of small times, it is enough to take
x, = 1", for r > 1 and follows the same arguments as in the proof for small times. B

Proof of Theorem 6: The proof of parts (i7) and (iv) follows from the proof of Theorem
5, it is enough to note that we can replace £ by J! in the sets A,. The proof of parts
(i) and (4i7) follows from Proposition 4.4 in [6]. |

Proof of Proposition 1: Similarly as in the proof of Theorem 5, let (z,,) be a decreasing
sequence such that limxz,, = 0 and ¢ > 1. We define the events

A, = { There exist ¢ € [U]

Tn+41?

U/ ] such that ¢ < cf(t )}
Since U] tends to 0, a.s. when n goes to +oo , we have

{g[ <cf(t), i.0., as t — O} = limsup A4,,.

n—-4oo

Since f is increasing the following inclusion holds

A, C {mnﬂ < cf(U;n)}.
On the other hand
P! (%+1 < Cf((]ggﬂ)) — P! <ffl(xn+1/c) < an>,

where f~!is the right-inverse of f.
Now, we take z,, = ¢f(r™), for r < 1. Since f is increasing and from the above equality,
we get that

]PT (xn-l-l < Cf(U:vn)> < ]PT <7ﬂ+1 < Ucf(r"))

The obvious inequality

P! (a < Ut) <(1- e_l)_1<1 el tcp(l/a)}>’

18



applied for t = cf(r") and a = r"*! entails that
P! (7’"“ < Ucf(rn)) < (1 —e Htef(rm)®(r D)y,

Since the mapping t — t®(1/t) increases, it is not difficult to deduce that the function
® satisfies that
@(T_("“)) < T_2<I>(7‘(”_1)).

Hence,

D (rm < Ucf(,m)) <C(r)). ! FOH®(rh)dt
n>k n>k n—1
,r,kfl

< C(r)/ v f(2)®(1/x)dz.
0
Since the last integral is finite, by the Borel-Cantelli lemma, we deduce that
P! <£t <cf(t), i.0., as t — O) =0,

for all ¢ > 1, hence

&

lim —— = o0, Pla.s.
t—0 f(t)

In order to prove that the future infimum satisfies the same result, we note first that

we can replace ¢! by its future infimum in the sets A,, and then the same arguments

will give us the desired result. n
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