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▼❛✉r✐❝❡ ❈❧❡r❝
❉r❛❢t ✷✵✵✼✲✵✸✲✶✾

❆❜str❛❝t✳ ❲❡ ❞❡✜♥❡ ❛ ♥✉♠❡r✐❝❛❧ ✏♥❡❛r❡r ✐s ❜❡tt❡r ✑ tr✉t❤ ✈❛❧✉❡ t❤❛t ❝❛♥ ❜❡

❝♦♠♣✉t❡❞ ♦r ❡st✐♠❛t❡❞ ❢♦r ❛❧❧ ❢✉♥❝t✐♦♥s ♦♥ ❛ ❣✐✈❡♥ ❞❡✜♥✐t✐♦♥ s♣❛❝❡✳ ❚❤❡ s❡t

♦❢ ❛❧❧ t❤❡s❡ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ t❤❡♥ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ t❤r❡❡ s✉❜s❡ts✿ t❤❡ ♦♥❡s ❢♦r

✇❤✐❝❤ t❤✐s tr✉t❤ ✈❛❧✉❡ ✐s ♣♦s✐t✐✈❡✱ t❤❡ ♦♥❡s ❢♦r ✇❤✐❝❤ ✐t ✐s ♥❡❣❛t✐✈❡✱ ❛♥❞ t❤❡

♦♥❡s ❢♦r ✇❤✐❝❤ ✐s ✐s ♥✉❧❧✳ ❲❡ s❤♦✇ t❤❛t ♠♦st ♦❢ ❝❧❛ss✐❝❛❧ ❢✉♥❝t✐♦♥s ❜❡❧♦♥❣ t♦ t❤❡

✜rst s✉❜s❡t✱ ❛s t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ✉s❡❢✉❧ t♦ ❞❡s✐❣♥ ♣r♦❜❧❡♠s t❤❛t ❛r❡ ❞❡❝❡♣t✐✈❡

❢♦r ♠♦st ♦❢ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ❆❧s♦ ❢♦r t❤✐s t✇♦ s✉❜s❡ts t❤❡ ◆♦ ❋r❡❡

▲✉♥❝❤ ❚❤❡♦r❡♠ ❞♦❡s ♥♦t ❤♦❧❞✳ ❚❤❡r❡❢♦r❡ ✐t ♠❛② ❡①✐st ❛ ❜❡st ❛❧❣♦r✐t❤♠✱ ❛♥❞

✇❡ s✉❣❣❡st ❛ ✇❛② t♦ ❞❡s✐❣♥ ✐t✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

■t ❤❛s ❜❡❡♥ ❛❧r❡❛❞② s❤♦✇♥ t❤❛t ✐♥ ❛ ❧♦t ♦❢ ♦♣t✐♠✐s❛t✐♦♥ s❝❡♥❛r✐♦s t❤❡r❡ ❝❛♥ ❜❡ ♥♦
s✉❝❤ t❤✐♥❣ ❛s ❛ ◆♦ ❋r❡❡ ▲✉♥❝❤ ❬✺❪✳ ❆❝t✉❛❧❧② ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ t❤❛t t❤❡ ◆❋▲
❚❤❡♦r❡♠ ✭◆❋▲❚✮ ✐s ✈❛❧✐❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ s❡t ♦❢ ♣r♦❜❧❡♠s ✭❢✉♥❝t✐♦♥s✮ ✐s ❝❧♦s❡❞
✉♥❞❡r ♣❡r♠✉t❛t✐♦♥s ✭❝✳✉✳♣✳✮ ❛♥❞ ❡❛❝❤ t❛r❣❡t ❢✉♥❝t✐♦♥ ✐s ❡q✉❛❧❧② ❧✐❦❡❧② ❬✶✵❪✳ ■t ❤❛s
t❤❡♥ ❜❡❡♥ ♣r♦✈❡❞ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ s✉❝❤ ❝✳✉✳♣✳ s✉❜s❡ts ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ❝♦♠♣❛r❡❞
t♦ t❤❡ ♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ s✉❜s❡ts ❬✻❪✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐♥ t❤❡ s❛♠❡ ✇♦r❦✱
t❤❡ ❛✉t❤♦rs ❞❡✜♥❡ s♦♠❡ ❧❛r❣❡ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ♦♥ ✇❤✐❝❤ ◆❋▲❚ ❞♦❡s ♥♦t ❤♦❧❞✳ ❋♦r
❡①❛♠♣❧❡✱ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛ ♦❢ ❡✈❡r② ❢✉♥❝t✐♦♥ f ✐♥ ❛ ❝❧❛ss ✐s ❝♦♥str❛✐♥❡❞
t♦ ❜❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ♠❛①✐♠❛❧ ♣♦ss✐❜❧❡ ♦♥❡✱ t❤❡♥ t❤✐s ❝❧❛ss ✐s ♥♦t ❝✳✉✳♣✳✱ ❛♥❞
t❤❡r❡❢♦r❡ ◆❋▲❚ ❞♦❡s ♥♦t ❤♦❧❞✳
❍♦✇❡✈❡r ❜❡✐♥❣ ❝✳✉✳♣✳ ♦r ♥♦t ✐s ♥♦t ❛ ❢❡❛t✉r❡ t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧② ✉s❡❞ ❜② ♦♣t✐♠✐s❛t✐♦♥
❛❧❣♦r✐t❤♠s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❛ ✏♥❡❛r❡r ✐s ❜❡tt❡r✑ ✭◆✐s❇✮ ♣r♦♣❡rt② ✐s ❛❧♠♦st ❛❧✇❛②s
❛ss✉♠❡❞✿ ♠♦st ♦❢ ✐t❡r❛t✐✈❡ st♦❝❤❛st✐❝ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠s✱ ✐❢ ♥♦t ❛❧❧✱ ❛t ❧❡❛st
❢r♦♠ t✐♠❡ t♦ t✐♠❡ ❧♦♦❦ ❛r♦✉♥❞ ❛ ❣♦♦❞ ♣♦✐♥t ✐♥ ♦r❞❡r t♦ ✜♥❞ ❛♥ ❡✈❡♥ ❜❡tt❡r ♦♥❡✳
❚❤✐s ❝❛♥ ❜❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡✜♥❡❞✱ ❛♥❞ s✉♠♠❛r✐s❡❞ ❜② ❛ s✐♥❣❧❡ r❡❛❧ ✈❛❧✉❡ ❢♦r ❛♥②
❢✉♥❝t✐♦♥✳ ❲❤❛t ✐s ✐♥t❡r❡st✐♥❣ ✐s t❤❛t ✐t ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ✭♦r ❡✈❡♥ ❡①❛❝t❧② ❝❛❧❝✉❧❛t❡❞
❢♦r ♥♦t t♦♦ ❜✐❣ ♣r♦❜❧❡♠s✮✳ ❚❤❡ ❢✉♥❝t✐♦♥s ❢♦r ✇❤✐❝❤ t❤✐s ✈❛❧✉❡ ✐s ♣♦s✐t✐✈❡ ❞❡✜♥❡
❛ ❤✉❣❡ ❝❧❛ss✱ ✇❤✐❝❤ ✐♥ ♣❛rt✐❝✉❧❛r ❝♦♥t❛✐♥s ♠♦st ♦❢ ❝❧❛ss✐❝❛❧ ❛♥❞ ❧❡ss ❝❧❛ss✐❝❛❧ t❡sts
❢✉♥❝t✐♦♥s t❤❛t ✇❡ ❤❛✈❡ ❝❤❡❝❦❡❞ ❜② ♥♦✇✳ ❆♥❞ ✇❤❛t ✐s ❡✈❡♥ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ✐s t❤❛t
◆❋▲❚ ❞♦❡s ♥♦t ❤♦❧❞ ♦♥ t❤✐s ❝❧❛ss✿ ✇❡ ❝❛♥ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ✐s
❜❡tt❡r t❤❛♥ r❛♥❞♦♠ s❡❛r❝❤✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s ♥♦t ✉♥r❡❛❧✐st✐❝ t♦ ❧♦♦❦ ❢♦r t❤❡ ❜❡st
♣♦ss✐❜❧❡ ❛❧❣♦r✐t❤♠✳
❲❤❡♥ ♥❡❣❛t✐✈❡ t❤✐s ◆✐s❇ ✈❛❧✉❡ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥ ✐s ✈❡r②
♣r♦❜❛❜❧② ❞❡❝❡♣t✐✈❡ ❢♦r ♠♦st ♦❢ ❛❧❣♦r✐t❤♠s t❤❛t ♣r❡❝✐s❡❧② ❛ss✉♠❡ t❤❛t ❛ ✈❛❣✉❡ ♥❡❛r❡r
✐s ❜❡tt❡r ♣r♦♣❡rt② ✐s tr✉❡✳ P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐s❛t✐♦♥ ✐s t②♣✐❝❛❧❧② s✉❝❤ ❛♥ ❛❧❣♦✲
r✐t❤♠✱ ❛♥❞ ✇❡ ✇✐❧❧ s❡❡ t❤❛♥❦s t♦ t❤✐s ❛♥❛❧②s✐s ❤♦✇ ❡❛s② ✐t ✐s t♦ ❞❡s✐❣♥ ❢✉♥❝t✐♦♥s ♦♥
✇❤✐❝❤ ✐ts ❝❧❛ss✐❝❛❧ ✈❛r✐❛t✐♦♥s ❛r❡ ✇♦rs❡ t❤❛♥ r❛♥❞♦♠ s❡❛r❝❤✳

✷✳ ◆♦t❛t✐♦♥s ❛♥❞ ❉❡❢✐♥✐t✐♦♥s

✷✳✶✳ ❙❡❛r❝❤ s♣❛❝❡ ❛♥❞ ♣r♦❜❧❡♠s✳

❆s ✐♥ ❬✶✶❪✱ ✇❡ ❤❛✈❡ ❛ s❡❛r❝❤ s♣❛❝❡ X,♦❢ s✐③❡ |X|✱ ❛ s❡t ♦❢ ✜t♥❡ss ✈❛❧✉❡s Y ✱ ♦❢ s✐③❡|Y |✳
❆♥ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠ f ✐s ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❛ ♠❛♣♣✐♥❣ f : X → Y ❛♥❞ F ✐s t❤❡
s♣❛❝❡ ♦❢ ❛❧❧ ♣r♦❜❧❡♠s✳ ■t ♠❛② ❜❡ ✉s❡❢✉❧ t♦ q✉✐❝❦❧② r❡❝❛❧❧ ✉♥❞❡r ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥s
◆❋▲❚ ❤♦❧❞s✳

✶



✷ ❜r✐t✐s❤❲❍❊◆ ◆❊❆❘❊❘ ■❙ ❇❊❚❚❊❘

❈♦♥❞✐t✐♦♥ ✷✳✶✳ ❋♦r ❛♥② ♣♦s✐t✐♦♥ ✐♥ X ❛❧❧ ✈❛❧✉❡s ♦❢ Y ❛r❡ ♣♦ss✐❜❧❡✳

■♥ s✉❝❤ ❛ ❝❛s❡ t❤❡ s✐③❡ ♦❢ F ✐s ♦❜✈✐♦✉s❧② |Y ||X|✳ ❆ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠ A ✐s
❣❡♥❡r❛t✐♥❣ ❛ t✐♠❡ ♦r❞❡r❡❞ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts ✐♥ t❤❡ s❡❛r❝❤ s♣❛❝❡✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤
t❤❡✐r ✜t♥❡ss✬s✱ ❝❛❧❧❡❞ ❛ s❛♠♣❧❡✳

❈♦♥❞✐t✐♦♥ ✷✳✷✳ ❚❤❡ ❛❧❣♦r✐t❤♠ A ❞♦❡s ♥♦t r❡✈✐s✐t ♣r❡✈✐♦✉s❧② ✈✐s✐t❡❞ ♣♦✐♥ts

❙♦ ❛♥ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠ A ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ X✳

❈♦♥❞✐t✐♦♥ ✷✳✸✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ♠❛② ❜❡ st♦❝❤❛st✐❝ ✭r❛♥❞♦♠✮✱ ❜✉t ✉♥❞❡r ❈♦♥❞✐t✐♦♥
✷✳✷✳

❚❤❛t ✐s ✇❤② ❘❛♥❞♦♠ ❙❡❛r❝❤ ✭❧❡t ✉s ❝❛❧❧ ✐t R) ✐♥ ◆❋▲❚ ❝♦♥t❡①t ✐s ♥♦t ❡①❛❝t❧② t❤❡
✉s✉❛❧ ♦♥❡ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❞r❛✇ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡s✳ ❍❡r❡ R ✐s ❞❡✜♥❡❞
♥♦t ♦♥❧② ❜② ✏❞r❛✇✐♥❣ ❛t r❛♥❞♦♠ ❛❝❝♦r❞✐♥❣ t♦ ❛♥ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✑ ❜✉t ❛❧s♦ ❜②
✏✳✳✳ ❛♠♦♥❣st ♣♦✐♥ts ♥♦t ❛❧r❡❛❞② ❞r❛✇♥✑✳ ■t ♠❡❛♥s t❤❛t ✉♥❞❡r ❈♦♥❞✐t✐♦♥ ✷✳✷ ❛♥②
❛❧❣♦r✐t❤♠✱ ✐♥❝❧✉❞✐♥❣ R✱ ✐s ✐♥ ❢❛❝t ❛♥ ❡①❤❛✉st✐✈❡ s❡❛r❝❤✳

✷✳✷✳ P❡r❢♦r♠❛♥❝❡✳

■♥ ◆❋▲❚ ❝♦♥t❡①t✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ A ❛❢t❡r m ✐t❡r❛t✐♦♥s ❢♦r ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠ f ✐s
❞❡✜♥❡❞ ❢♦r ❛♥② ❦✐♥❞ ♦❢ s❛♠♣❧❡✱ ❛♥❞ ❛ss✉♠✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✳

❈♦♥❞✐t✐♦♥ ✷✳✹✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐s ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✜t♥❡ss ✈❛❧✉❡s✱ ❛♥❞ ♥♦t
♦♥ t❤❡ ♣♦s✐t✐♦♥s ✐♥ t❤❡ s❡❛r❝❤ s♣❛❝❡✳

■t ♠❡❛♥s✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❛t ◆❋▲❚ ❞♦❡s ♥♦t ❤♦❧❞ ✐❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡ t❛❦❡s
✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ s♦❧✉t✐♦♥ ♣♦✐♥t✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ❤❡r❡ ♦♥❧② ♦♥
s❛♠♣❧❡s t❤❛t ❝♦♥t❛✐♥ ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥ ♣♦✐♥t✱ ✐✳❡✳ ❤❡r❡ ✇❤❡r❡ f r❡❛❝❤❡s ✐ts
♠✐♥✐♠✉♠ ✈❛❧✉❡✳ ▲❡t f ❜❡ ❛ ♣r♦❜❧❡♠✱ ❛♥❞ A ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t s❛♠♣❧❡s xαt

❛t
✏t✐♠❡ st❡♣✑ t✱ ❛ss✉♠✐♥❣ t❤❛t ❛ ❡❛❝❤ t✐♠❡ st❡♣ ❛♥♦t❤❡r ♣♦✐♥t ✐s ❞r❛✇♥✳ ❚❤❡r❡ ✐s ❛
♣r♦❜❛❜✐❧✐t② p (f, t, a) t❤❛t t❤❡ s❛♠♣❧❡❞ ♣♦✐♥t ✐s ❛ s♦❧✉t✐♦♥ ♣♦✐♥t✳ ❲❡ ❝♦♠♣✉t❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❡①♣❡❝t❛t✐♦♥✳

✭✷✳✶✮ r (f,A) =

|X|
∑

t=1

p (f, t, A) t

❘♦✉❣❤❧② s♣❡❛❦✐♥❣ ✐t ♠❡❛♥s t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✜♥❞s ❛ s♦❧✉t✐♦♥ ❛❢t❡r ✏✐♥ ❛✈❡r❛❣❡✑
r (f,A)❞r❛✇s✳ ❚❤❡♥ ✇❡ s❛② t❤❛t ❛❧❣♦r✐t❤♠ A ✐s ❜❡tt❡r t❤❛♥ ❛❧❣♦r✐t❤♠ B ❢♦r t❤❡
♣r♦❜❧❡♠ f ✐❢ r (f,A) < r (f,B)✱ ✐✳❡✳ ✐❢ ✐♥ ❛✈❡r❛❣❡ A ✜♥❞s ❛ s♦❧✉t✐♦♥ q✉✐❝❦❡r t❤❛♥ B✳
❖♥ ❛ ✇❤♦❧❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s F ′ ✇❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ t❤❡ ❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ♠❡❛♥✳

r (F ′, A) =
1

|F ✬|
∑

P∈F ✬
r (f,A)

◆❋▲❚ ❝❧❛✐♠s t❤❛t ✇❤❡♥ ❛✈❡r❛❣❡❞ ♦✈❡r ❛❧❧ |Y ||X| ❢✉♥❝t✐♦♥s✱ ✐✳❡✳ ♦✈❡r F ✱ ✏❆♥② ❛❧❣♦✲
r✐t❤♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❘❛♥❞♦♠ ❙❡❛r❝❤✑✳ ■t ♠❡❛♥s t❤❛t r (F , A) ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧
❛❧❣♦r✐t❤♠s✱ ❛♥❞ ✐ts ✈❛❧✉❡ ✐s (|F| + 1) /2✳
❆s ✇❡ ❤❛✈❡ s❡❡♥✱ t❤✐s ✐s tr✉❡ ♦♥❧② ✉♥❞❡r ✈❡r② ♣r❡❝✐s❡ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ♠♦st ✐♠♣♦rt❛♥t
❜❡✐♥❣ ♣r❡❝✐s❡❧② t❤❛t ✏❛❧❧✑✳ ■t ✐s ❡❛s② t♦ ❞❡✜♥❡ s✉❜s❡ts ♦❢ ❢✉♥❝t✐♦♥s ♦♥ ✇❤✐❝❤ ✐t ❞♦❡s ♥♦t
❤♦❧❞✳ ❲❡ ❛r❡ ♥♦✇ ❣♦✐♥❣ t♦ st✉❞② t✇♦ s✉❝❤ s✉❜s❡ts ✇❤✐❝❤ ❤❛✈❡ ✐♥t❡r❡st✐♥❣ ♣r❛❝t✐❝❛❧
❛♣♣❧✐❝❛t✐♦♥s✳

✸✳ ◆❡❛r❡r ✐s ❇❡tt❡r ❚r✉t❤ ❱❛❧✉❡

✸✳✶✳ ❉❡✜♥✐t✐♦♥✳



❜r✐t✐s❤❲❍❊◆ ◆❊❆❘❊❘ ■❙ ❇❊❚❚❊❘ ✸

❲❡ ❛ss✉♠❡ ❤❡r❡ t❤❛t ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛ ♠✐♥✐♠✉♠✳ ▲❡t f ❜❡ ❛ ❢✉♥❝t✐♦♥✱ xb✱ xw

t✇♦ ♣♦s✐t✐♦♥s ✐♥ ✐ts ❞❡✜♥✐t✐♦♥ ❞♦♠❛✐♥✱ s♦ t❤❛t f (xb) ≤ f (xw)✱ ❛♥❞ δ ❛ ❞✐st❛♥❝❡
❞❡✜♥❡❞ ♦♥ t❤✐s ❞♦♠❛✐♥✳ ▲❡t ✉s ❞❡✜♥❡ t✇♦ s✉❜❞♦♠❛✐♥s✳

✭✸✳✶✮
Nb,w = {x, 0 < δ (xb, x) < δ (xb, xw)}
Bw,b = {x, x 6= xb, x 6= xw, f (x) ≤ f (xw)}

❚❤❛t ✐s✱ Nb,w ✐s t❤❡ s❡t ♦❢ ♣♦✐♥ts t♦ ✇❤✐❝❤ xb ✐s ❝❧♦s❡r t❤❛♥ t♦ xw✱ ✇✐t❤ ❛ ♥♦♥③❡r♦
❞✐st❛♥❝❡✱ ❛♥❞ Bw,bt❤❡ s❡t ♦❢ ♣♦s✐t✐♦♥s t❤❛t ❛r❡ ❜❡tt❡r t❤❛♥ xw ✭♦r ❡q✉✐✈❛❧❡♥t t♦✮✱
❡①❝❡♣t t❤❡ t✇♦ ♣♦✐♥ts ❛❧r❡❛❞② ❞r❛✇♥✳ ❚❤✐s ❧❛st ❞❡✜♥✐t✐♦♥✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❝❛❧❧❡❞
✏❜❡tt❡r t❤❛♥ t❤❡ ✇♦rs❡✑ ♠❛② s❡❡♠ str❛♥❣❡ ❛t ✜rst ❣❧❛♥❝❡✳ ❲❤② ♥♦t ✏❜❡tt❡r t❤❛♥
t❤❡ ❜❡st❄✑✳ ❇❡❝❛✉s❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s ✇♦✉❧❞ ♥♦t ❝♦♥t❛✐♥ s♦♠❡
✏♦❜✈✐♦✉s❧② ❣♦♦❞✑ ❢✉♥❝t✐♦♥s ✭s❡❡ ❆♥♥❡①❡ ✽✳✻✮✳
■❢ ✇❡ ♥♦✇ ❝❤♦♦s❡ x ❝♦♠♣❧❡t❡❧② ❛t r❛♥❞♦♠ ✐♥ X −{xb, xw}✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ✜♥❞ ❛
♣♦s✐t✐♦♥ ❜❡tt❡r t❤❛♥ xw ✐s s✐♠♣❧② |Bw,b| / (|X| − 2)✳ ◆♦t❡ t❤❛t ❢♦r ❛ ♣❡r❢❡❝t r❛♥❞♦♠
❧❛♥❞s❝❛♣❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤✐s ✈❛r✐❛❜❧❡ ✐s ♥♦t 1/2 ❛s ♦♥❡ ❝♦✉❧❞ t❤✐♥❦✱ ❜✉t 2/3✱
❜❡❝❛✉s❡ t❤❡ ❝♦♥❞✐t✐♦♥ f (xb) ≤ f (xw)✭s❡❡ ✽✳✶✮✳
◆♦✇ ✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ ❝❤♦♦s❡ x ✐♥ Nb,w✭❛ss✉♠✐♥❣ ✐t ✐s ♥♦t ❡♠♣t②✮❄ ❚❤❡ ♣r♦❜❛✲
❜✐❧✐t② t♦ ✜♥❞ ❛ ❜❡tt❡r ♣♦s✐t✐♦♥ t❤❛♥ xw✐s |Nb,w

⋂

Bw, b| / |Nb,w|✳ ■❢ t❤✐s ♣r♦❜❛❜✐❧✐t②
✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ t❤✐s str❛t❡❣② ♠❛② ❜❡ ✐♥t❡r❡st✐♥❣✳ ❚♦ ❞❡✜♥❡ t❤❡
✏◆❡❛r❡r ✐s ❇❡tt❡r✑ ❝❧❛ss✱ ✇❡ ❞♦ ♥♦t ✇❛♥t ✐t ❛❧✇❛②s ❤❛♣♣❡♥s✱ t❤♦✉❣❤✱ ❜✉t ❥✉st t❤❛t ✐t
❤❛♣♣❡♥s ✏♦♥ ❛✈❡r❛❣❡✑✳ ❲❡ ❞❡✜♥❡ t❤❡ s❡t ♦❢ ❛❝❝❡♣t❛❜❧❡ ♣❛✐rs ❜②✳

✭✸✳✷✮ Ω = {(xb, xw) , xb 6= xw, f (xb) ≤ f (xw) , |Nb,w| > 0}
❛♥❞ t❤❡ t✇♦ ♠❡❛♥ ♣r♦❜❛❜✐❧✐t✐❡s✳

✭✸✳✸✮



















ξ (f) =
1

|Ω|
∑

Ω

|Nb,w

⋂

Bw,b|
|Nb,w|

ρ (f) =
1

|Ω|
∑

Ω

|Bw,b|
|X| − 2

❲❡ s❛② t❤❛t ✏♥❡❛r❡r ✐s ❜❡tt❡r✑ ✐s tr✉❡ ✐✐❢ ξ (f) > ρ (f)✳ ◆♦t❡ t❤❛t ✐t ♠❡❛♥s s♦♠❡
❢✉♥❝t✐♦♥s✱ ❢♦r ✇❤✐❝❤ t❤❡s❡ t✇♦ ✈❛❧✉❡s ❛r❡ ❡q✉❛❧✱ ❞♦ ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ ❝❧❛ss✳ ■t
♠❛② ❤❛♣♣❡♥ ❡✈❡♥ ❢♦r ♥♦t ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s✱ ✇❤❡♥ |X| ✐s s♠❛❧❧✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥
❞✐♠❡♥s✐♦♥ ✶✱ ✐t ✐s t❤❡ ❝❛s❡ ✇✐t❤ X = (1, 2, 3, 4)❛♥❞ f (x) = (4, 2, 3, 4)✳ ❚❤✐s ✐s
❜❡❝❛✉s❡ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✏❝♦♥tr✐❜✉t✐♦♥✑ ♦❢ ❛ ❣✐✈❡♥ ♣❛✐r✳

ηb,w (f) =
|Nb,w

⋂

Bw,b|
|Nb,w|

− |Bw,b|
|X| − 2

✐t ✐s ♦❜✈✐♦✉s❧② ❡q✉❛❧ t♦ ③❡r♦ ✇❤❡♥ f (xw) ✐s ♠❛①✐♠✉♠✳ ❆♥❞ ✐♥ t❤✐s ❡①❛♠♣❧❡ ❛❧❧ t❤❡
❢♦✉r ♣♦ss✐❜❧❡ ♣❛✐rs ❝♦♥t❛✐♥ ❛ xw s♦ t❤❛t f (xw) = 4✳
❲❤❡♥ ρ (f) < 1 ✱ ❛♥❞ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ♠♦r❡ ✐♥t✉✐t✐✈❡ ✏ ◆✐s❇ tr✉t❤ ✈❛❧✉❡✑ ✱ ✇❡
❝♦♠♣✉t❡✳

✭✸✳✹✮ ν (f) =
ξ (f) − ρ (f)

1 − ρ (f)

❲❡ ❝❛♥ ❡✈❡♥ ✐♠♣♦s❡ ν (f) = −1 ❢♦r ρ (f) = 1 s♦ t❤❛t ✏♥❡❛r❡r ✐s ❜❡tt❡r✑ ✐s t❤❡♥ tr✉❡
✐✐❢ ν (f) > 0✳ ❋r♦♠ ♥♦✇ ♦♥ ✇❡ ❝❛❧❧ F+ t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ♦♥ X ❢♦r ✇❤✐❝❤ t❤✐s
✐s tr✉❡✱ F−t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ❢♦r ✇❤✐❝❤ ν (f) < 0✱ ❛♥❞ F= t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s
❢♦r ✇❤✐❝❤ ν (f) = 0✳ ❲❤❡♥ |X| ✐s ♥♦t t♦♦ ❜✐❣ t❤✐s tr✉t❤ ✈❛❧✉❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
❜② ❡①❤❛✉st✐✈❡❧② ❝♦♥s✐❞❡r✐♥❣ ❛❧❧ ♣❛✐rs ♦❢ ♣♦✐♥ts✱ ❛s ✐♥ ❚❛❜❧❡ ✷✱ ❜✉t ♠♦st t❤❡ t✐♠❡ ✇❡
❥✉st ❡st✐♠❛t❡ ✐t ❜② s❛♠♣❧✐♥❣✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ ❤❡r❡ ❞✐s❝r❡t❡ ❞♦♠❛✐♥s ❛r❡
❞❡✜♥❡❞ ❜② ❛♥ ✐♥t❡r✈❛❧ ❛♥❞ ❛ ✏❣r❛♥✉❧❛r✐t②✑✳ ❚♦ ❜✉✐❧❞ t❤❡ t❛❜❧❡ ✇❡ ✉s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣
❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥ts x = (x1, ..., xD) ❛♥❞ x′ = (x′

1, ..., x
′
D)✱ s♦♠❡t✐♠❡s ♥♦t❡❞

L∞✿

✭✸✳✺✮ δ (x, x′) = max (|xi − x′
i|)
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❋✉♥❝t✐♦♥ f ❉♦♠❛✐♥ ●r❛♥✉❧❛r✐t②✱|X| ▲❛♥❞s❝❛♣❡ ρ (f) ν (f)
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❋✉♥❝t✐♦♥ f ❉♦♠❛✐♥ ●r❛♥✉❧❛r✐t②✱|X| ▲❛♥❞s❝❛♣❡ ρ (f) ν (f)
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❚❛❜❧❡ ✷✳ ❚r✉t❤ ✈❛❧✉❡ ν (f) ♦❢ ✏◆❡❛r❡r ✐s ❇❡tt❡r✑ ❢♦r s♦♠❡ ❢✉♥❝✲
t✐♦♥s✱ ✐♥ [−1, 1]✳ ρ (f) ✐s t❤❡ ♠❡❛♥ ✐♠♣r♦✈❡♠❡♥t ♣r♦❜❛❜✐❧✐t② ❜②
r❛♥❞♦♠ s❡❛r❝❤

❖❢ ❝♦✉rs❡ ♦♥ ❞✐♠❡♥s✐♦♥ ♦♥❡ ✐t ✐s ❡q✉❛❧ t♦ t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡✳ ❚❤❡ t❛❜❧❡ s❤♦✇s
t❤❛t F−✐s ♥♦t ❡♠♣t②✿ ✇❡ ❝❛♥ ❤❛✈❡ ❛ ✏♥❡❛r❡r ✐s ✇♦rs❡✑ ❡✛❡❝t✱ ✐✳❡✳ ❛ ❞❡❝❡♣t✐✈❡ ❢✉♥❝t✐♦♥
✭❛❝t✉❛❧❧② ❛s F+ ✐s ♥♦t ❡♠♣t② t❤✐s ✐s ❛♥②✇❛② ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ◆❋▲❚✮✳ ❙❡❡ ❋✶✶✽✽✱
❋✶✼✶ ✭❝✳❢✳ ✽✳✷✳✸ ❢♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡s❡ ❢✉♥❝t✐♦♥s✮✳ ■♥ s✉❝❤ ❛ ❝❛s❡ ❘❛♥❞♦♠
❙❡❛r❝❤ ♠❛② ❜❡ ❜❡tt❡r t❤❛♥ ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ❛❧❣♦r✐t❤♠✳

✸✳✷✳ Pr♦❜❛❜✐❧✐t② t♦ ✜♥❞ t❤❡ ♦♣t✐♠✉♠✳

❆ss✉♠✐♥❣ t❤❡r❡ ❛r❡ k s♦❧✉t✐♦♥ ♣♦✐♥ts x∗✭✐✳❡✳ ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ r❡❛❝❤❡s ✐ts ♦♣t✐✲
♠✉♠✮✱ ✇❡ ❞r❛✇ ❛t r❛♥❞♦♠ t✇♦ ♣♦✐♥ts✳ ❖♥❡ ✐s xb✱ ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ✐s xw✱ ✇✐t❤
f (xb) ≤ f (xw)✳ ❲❡ ❝♦♥s✐❞❡r ❥✉st t❤❡ ❝❛s❡ ✇❤❡r❡ ♥♦♥❡ ♦❢ t❤❡♠ ✐s ❛ x∗✱ ✭✇❡ ✇✐❧❧ s❡❡
✇❤② ✐♥ ✸✳✸✮✳ ■t ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ❛❧❧ x∗ ❛r❡ ✐♥ Bw,b. ◆♦✇ ✇❡ ❞r❛✇ ❛ t❤✐r❞
♣♦✐♥t x✳ ■❢ ✇❡ ❞r❛✇ ✐t ❛t r❛♥❞♦♠ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ✜♥❞ ❛ x∗✐s t❤❡♥✳

p1 =
k

|X| − 2

❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❝❤♦♦s❡ ✐t ✭❛t r❛♥❞♦♠✮ ✐♥ Nb,w✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ✜♥❞ ❛ x∗ ✐s t❤❡
♣r♦❞✉❝t ♦❢✳

• k
|Nb,w

T

Bw,b|
|Bw,b| ✱ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛t ❧❡❛st ♦♥❡ x∗✐s ✐♥ Nb

⋂

Bw

• 1
|Nb,w| ✱ ♣r♦❜❛❜✐❧✐t② t♦ ❞r❛✇ ❛ ♣r❡❝✐s❡ x ✐♥ Nb,w

✐✳❡✳ p1 = k
|Nb,w

T

Bw,b|
|Nb,w||Bw,b| ✳

❚❤❡r❡❢♦r❡✱ p2 > p1✐s ❡q✉✐✈❛❧❡♥t t♦
|Nb,w

T

Bw,b|
|Nb,w| >

|Bw,b|
|X|−2 ✳ ❋♦r ❛ ❢✉♥❝t✐♦♥ ✐♥ F+✱ ✇❡

❤❛✈❡ t❤❡♥✳

✭✸✳✻✮ probability (p2 > p1) > 0.5

■♥ s❤♦rt✱ ✇❤❡♥ ❝❤♦♦s✐♥❣ ❛ ♣♦✐♥t ♥❡❛r t♦ xb ✇❡ ❤❛✈❡ ❛ ❜❡tt❡r ❝❤❛♥❝❡ t♦ ✜♥❞ ❛ s♦❧✉t✐♦♥
t❤❛♥ ✇❤❡♥ ❝❤♦♦s✐♥❣ ✐t ❛t r❛♥❞♦♠✳

✸✳✸✳ ❇❡tt❡r t❤❛♥ ❘❛♥❞♦♠ ❙❡❛r❝❤✳

❚❤❡♦r❡♠ ✸✳✶✳ ❖♥ t❤❡ ✏◆❡❛r❡r ✐s ❇❡tt❡r✑ ❝❧❛ss F+ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❛❧❣♦r✐t❤♠
❜❡tt❡r t❤❛♥ ❘❛♥❞♦♠ ❙❡❛r❝❤
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▲❡t f ❜❡ ❛ ♣r♦❜❧❡♠ ✭❢✉♥❝t✐♦♥✮ ❜❡❧♦♥❣✐♥❣ t♦ F+✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✭♥♦♥ r❡♣❡❛t✐♥❣✮
r❛♥❞♦♠ ❛❧❣♦r✐t❤♠ R✳ ❖♥ ❛ ❣✐✈❡♥ r✉♥ ✐t s❛♠♣❧❡s xα1

, xα2
, xα3

, ...✳ ▲❡t R+❜❡ ❛♥♦t❤❡r
❛❧❣♦r✐t❤♠ t❤❛t ♦♥ ❛ ❣✐✈❡♥ r✉♥ s❛♠♣❧❡s xβ1

, xβ2
, xβ3

, ...✳ ❲❡ ❞❡✜♥❡ ✐t ❛s s✐♠✐❧❛r t♦
R✱ ❡①❝❡♣t s♦♠❡t✐♠❡s ❢♦r t❤❡ ❝❤♦✐❝❡ ♦❢ ♦♥❡ ♣♦✐♥t✿

• xβ1
✐s ❝❤♦s❡♥ ❛t r❛♥❞♦♠ ✭✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✮ ✐♥ X

• xβ2
✐s ❝❤♦s❡♥ ❛t r❛♥❞♦♠ ✭✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✮ ✐♥ X − {xβ1

}
• ✐❢ xβ1

♦r xβ2
✐s ❛ s♦❧✉t✐♦♥ ♣♦✐♥t ✭♦r ❜♦t❤✮✱ ❢♦r t❤✐s ♣r❡❝✐s❡ r✉♥ R+✐s s✐♠♣❧② R

• ❡❧s❡ ❧❡t xb❜❡ t❤❡ ❜❡st ♦❢ t❤❡ t✇♦ ♣♦s✐t✐♦♥s (xβ1
, xβ2

)✱ ❛♥❞ xw t❤❡ ✇♦rst ♦❢
t❤❡s❡ t✇♦ ♣♦s✐t✐♦♥s✳ ❲❡ ❝❤♦♦s❡ xβ3

✐♥ Nb,w✳
• ❆❢t❡r t❤❛t✱ ❢♦r k = 4 t♦ X✱ xβk

✐s ❛❣❛✐♥ ❝❤♦s❡♥ ❛t r❛♥❞♦♠ ✭✉♥✐❢♦r♠ ❞✐str✐✲
❜✉t✐♦♥✮ ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣♦s✐t✐♦♥s

❚❤❡ ✐❞❡❛ ✐s t♦ ♣r♦✈❡ t❤❛t R+✐s ❜❡tt❡r t❤❛♥ R✱ ♥♦t ♦♥ ❛ ❣✐✈❡♥ r✉♥✱ ❜✉t ❛✈❡r❛❣❡❞ ♦✈❡r
❛❧❧ ♣♦ss✐❜❧❡ ♦♥❡s✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ s✉♣♣♦s❡ ❤❡r❡ t❤❡r❡ ✐s ❥✉st ♦♥❡ s♦❧✉t✐♦♥ ♣♦✐♥t✳
◆♦t❡ t❤❛t ❛t ❛♥② t✐♠❡ t ✇❡ ❤❛✈❡✳

{

p (f, t, R) =
(

1 − 1
|X|

)(

1 − 1
|X|−1

)

...
(

1 − 1
|X|−t+1

)

1
|X|−t

= 1
|X|

◆♦✇✱ ✇❤❡♥ ♦♥❡ ♦❢ t❤❡ t✇♦ ✜rst ♣♦✐♥ts ✐s ❛ s♦❧✉t✐♦♥ ♣♦✐♥t✱ R ❛♥❞ R+ ❛r❡ ❡q✉✐✈❛❧❡♥t✱
❜② ❞❡✜♥✐t✐♦♥✳ ❊❧s❡✱ ❛t t✐♠❡ ✸✱ p (f,R+, 3) ✐s ♥♦t ❛♥②♠♦r❡ ❡q✉❛❧ t♦ 1/ |X|✳ ■t ❝❛♥ ❜❡
✇r✐tt❡♥✳

✭✸✳✼✮

{

p (f, 3, R+) = |X|−1
|X|

|X|−2
|X|−1

(

1
|X|−2 + ε

)

= 1+ε(|X|−2)
|X|

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ε > 0 ✳ ❆t t✐♠❡ t > 3✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ❞r❛✇ ❛ s♦❧✉t✐♦♥
✐s ❛❣❛✐♥ ❝♦♥st❛♥t✱ ❜✉t ❡q✉❛❧ t♦✳

✭✸✳✽✮
1

|X|

(

1 − ε
|X| − 2

|X| − 3

)

❙♦ t♦ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ❡✈❛❧✉❛t❡✳
✭✸✳✾✮

r (f,R) − r (f,R+) = 3
(

1
|X| − p (f, 3, R+)

)

+

|X|
∑

t=4

(

1
|X| − 1

|X|

(

1 − ε |X|−2
|X|−3

))

t

= −3ε(|X|−2)
|X| + ε(|X|−2)

|X|(|X|−3)

|X|
∑

t=4

t

= ε |X|−2
|X|

(

|X|+4
2 − 3

)

> 0

■t ♠❡❛♥s t❤❛t R+✐s ❜❡tt❡r t❤❛♥ R ❢♦r t❤✐s ♣r❡❝✐s❡ r✉♥✳ ◆♦✇ ❢♦r ❛♥♦t❤❡r r✉♥ ✐t ♠❛②
❤❛♣♣❡♥ t❤❛t ε ≤ 0✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ ♦❢ ✐♥❡q✉❛❧✐t② ✸✳✻✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤✐s ❡✈❡♥t
✐s s♠❛❧❧❡r t❤❛♥ ✵✳✺✳ ❙♦✱ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ❞✐✛❡r❡♥t r✉♥s✱ R+✐s ❜❡tt❡r t❤❛♥ R ✇✐t❤ ❛
♣r♦❜❛❜✐❧✐t② ❣r❡❛t❡r t❤❛♥ ✵✳✺✳ ❖❢ ❝♦✉rs❡✱ ✐t ✐s st✐❧❧ ❛ q✉✐t❡ ❜❛❞ ❛❧❣♦r✐t❤♠✱ ❜✉t ♥♦✇
✇❡ ❦♥♦✇ t❤❛t ♥♦t ❛❧❧ ❛❧❣♦r✐t❤♠s ❛r❡ ❡q✉✐✈❛❧❡♥t✱ ✐t ✐s ✇♦rt❤ ❧♦♦❦✐♥❣ ❢♦r t❤❡ ❜❡st ♦♥❡✳
■♥ ♦r❞❡r t♦ ❞♦ t❤❛t✱ ✇❡ ❛r❡ ♥♦✇ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s♦❧✉t✐♦♥s ♣♦✐♥ts ❢♦r
❢✉♥❝t✐♦♥s ♦❢ F+✳

✸✳✹✳ ❈❤❛r❛❝t❡r✐st✐❝ ❞✐str✐❜✉t✐♦♥✳

✸✳✹✳✶✳ ❉❡✜♥✐t✐♦♥ ❛♥❞ ❡①❛♠♣❧❡s✳
❋♦r ❡❛❝❤ ♣♦s✐t✐♦♥ xi ✐♥ X ✇❡ ❝❛♥ ❝♦✉♥t ❤♦✇ ♠❛♥② t✐♠❡s ✐t ✐s ❛ s♦❧✉t✐♦♥ ♣♦✐♥t ✇❤❡♥
❝♦♥s✐❞❡r✐♥❣ ❛❧❧ ❢✉♥❝t✐♦♥s ♦❢ F+✳ ▲❡t n (xi) ❜❡ t❤✐s ♥✉♠❜❡r ❛♥❞ ❧❡t ✉s ❞❡✜♥❡✳

✭✸✳✶✵✮ s (xi) =
1

∣

∣F+
∣

∣

n (xi)
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i ✶ ✷ ✸ ✹
n (xi) ✶✺ ✷✶ ✷✶ ✶✺

S+ ✵✳✸✽ ✵✳✺✸ ✵✳✺✸ ✵✳✸✽
❚❛❜❧❡ ✸✳ ❉✐str✐❜✉t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ♣♦s✐t✐♦♥s ❢♦r ❊①❛♠♣❧❡ ✸✳✸

❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ❤❛✈❡ ❛ s♦❧✉t✐♦♥ ♣♦✐♥t ✐♥ xi ✇❤❡♥ ❝❤♦♦s✐♥❣
❛t r❛♥❞♦♠ ✭✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✮ ❛ ❢✉♥❝t✐♦♥ f ✐♥ F+✳ ❙♦ ✇❡ ❞❡✜♥❡ ❛ ❝❤❛r❛❝t❡r✐st✐❝
❞✐str✐❜✉t✐♦♥ S+ =

(

s (x1) , ..., s
(

x|X|
))

✳ ◆♦t❡ t❤❛t ✐t ✐s ♥♦t ❛ ♥♦r♠❛❧✐s❡❞ ♣r♦❜❛✲
❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✱ ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥s ❤❛✈❡ s❡✈❡r❛❧ s♦❧✉t✐♦♥s ♣♦✐♥ts✱ ❛♥❞ t❤❡r❡❢♦r❡
∑

i s (xi) > 1 ✳ ❲❡ s✉❣❣❡st t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ✐s tr✉❡✳

❈♦♥❥❡❝t✉r❡ ✸✳✷✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ F+ ❝❧❛ss ✐s ✉♥✐♠♦❞❛❧ ✭♣♦s✲
s✐❜❧② ✇✐t❤ ❛ ♣❧❛t❡❛✉✮ ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ♦♥ t❤❡ ❜♦✉♥❞

◆♦t❡ t❤❛t ✐❢ t❤❡ s❡❛r❝❤ s♣❛❝❡ ✐s s②♠♠❡tr✐❝❛❧✱ ❛♥❞ ❤❛s ✏❝❡♥tr❡✑✱ ❧✐❦❡ ✐♥ t❤❡ ❡①❛♠♣❧❡s
❜❡❧♦✇✱ t❤❡♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐str✐❜✉t✐♦♥ ✐s ♦❜✈✐♦✉s❧② ❛❧s♦ s②♠♠❡tr✐❝❛❧ ❛r♦✉♥❞ t❤✐s
❝❡♥tr❡✳
❚❤✐s ❝♦♥❥❡❝t✉r❡ ✐s ✇❡❧❧ s✉♣♣♦rt❡❞ ❜② ❡①♣❡r✐♠❡♥ts✳ ▲❡t ✉s ❣✐✈❡ s♦♠❡ ❡①❛♠♣❧❡s ♦♥
❞✐♠❡♥s✐♦♥ ✶ ❛♥❞ ✷✳

❊①❛♠♣❧❡ ✸✳✸✳

X = (1, 2, 3, 4)✱ Y = (1, 2, 3, 4)✳ |F| = 256✱ |F+| = 40

❊①❛♠♣❧❡ ✸✳✹✳

X = (1, 2, 3, 4, 5)✱ Y = (1, 2, 3, 4, 5)✳ |F| = 3125✱ |F+| = 1090

i ✶ ✷ ✸ ✹ ✺
n (xi) ✷✵✺ ✹✶✶ ✹✼✽ ✹✶✶ ✷✵✺

S+ ✵✳✶✾ ✵✳✸✽ ✵✳✹✹ ✵✳✸✽ ✵✳✶✾

❊①❛♠♣❧❡ ✸✳✺✳

X = ((1, 1) , (2, 1) , (3, 1) , (1, 2) , (2, 2) , (3, 2))✱ Y = (1, 2, 3, 4, 5, 6)✳ |F| = 46656✱
|F+| = 18620

i ✶ ✷ ✸
✹ ✺ ✻

n (xi) ✸✾✻✸ ✻✺✽✵ ✸✾✻✸
✸✾✻✸ ✻✺✽✵ ✸✾✻✸

S+ ✵✳✷✶✷ ✵✳✸✺✷ ✵✳✷✶✷
✵✳✷✶✷ ✵✳✸✺✷ ✵✳✷✶✷

❲❤❡♥ ✉s✐♥❣ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡✱ ✐♥st❡❛❞ ♦❢ t❤❡ ♦♥❡ ❞❡✜♥❡❞ ❜② ✸✳✺✱ ✇❡ ❤❛✈❡✳ |F+| =
21772
i ✶ ✷ ✸

✹ ✺ ✻
n (xi) ✹✼✸✾ ✼✻✸✻ ✹✼✸✾

✹✼✸✾ ✼✻✸✻ ✹✼✸✾

S+ ✵✳✷✶✸ ✵✳✸✹✹ ✵✳✷✶✸
✵✳✷✶✸ ✵✳✸✹✹ ✵✳✷✶✸

✸✳✹✳✷✳ Pr❛❝t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥✳
❈♦♠♣✉t✐♥❣ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐str✐❜✉t✐♦♥ ✐s q✉✐t❡ t✐♠❡ ❝♦♥s✉♠✐♥❣✱ ❛s s♦♦♥ ❛s t❤❡
s❡❛r❝❤ s♣❛❝❡ ✐s ♥♦t ✈❡r② s♠❛❧❧✳ ❍♦✇❡✈❡r✱ F ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✱
♦♥ ✇❤✐❝❤ ♠♦st ♦❢ ❛❧❣♦r✐t❤♠s ❤❛✈❡ t❤❡ s❛♠❡ ❜❡❤❛✈✐♦✉r ✭s❡❡ ❆♥♥❡①❡ ✽✳✷ ❢♦r ❞❡t❛✐❧s✮✳
❆❧❧ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ ❛ ❝❧❛ss ❤❛✈❡ t❤❡ s❛♠❡ ◆✐s❇ tr✉t❤ ✈❛❧✉❡ ✱ ❛♥❞ t❤❡ s❛♠❡ ✏♣r♦✜❧❡✑✳
❆❝t✉❛❧❧② ✐t ✇♦✉❧❞ ❜❡ ❡✈❡♥ ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❢✉③③② ❝❧❛ss❡s✱ ❜✉t ✐t ✐s ♦✉ts✐❞❡ t❤❡ s❝♦♣❡
♦❢ t❤✐s ♣❛♣❡r✳
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❚❤❡ ♣♦✐♥t ✐s t❤❛t ❛s s♦♦♥ ❛s ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ t❤❡s❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✱ ✇❡ ❝❛♥ ✇♦r❦
♦♥ t❤❡♠ t♦ ❝♦♠♣✉t❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐str✐❜✉t✐♦♥✳ ❖♥ t❤❡ ✇❤♦❧❡ t❤❡ ♣r♦❝❡ss ✐s ❢❛r
❝❤❡❛♣❡r t❤❛♥ ❛ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✳ ❚❤❛t ✐s ✇❤② ❡✈❡♥ t❤❡ s♠❛❧❧ t❛❜❧❡s ❢♦r ❊①❛♠♣❧❡
✸✳✹ ❛♥❞ ❊①❛♠♣❧❡ ✸✳✺ ❤❛✈❡ ❜❡❡♥ ❜✉✐❧t ❜② ✉s✐♥❣ t❤✐s ♠❡t❤♦❞✳

✹✳ ❚❤❡ ❜❡st ❛❧❣♦r✐t❤♠❄

✹✳✶✳ P❡r♠✉t❛t✐♦♥❛❧ ❛❧❣♦r✐t❤♠s✳

✹✳✶✳✶✳ ❉❡✜♥✐t✐♦♥✳
❆s ✇❡ ❤❛✈❡ s❡❡♥ ❛♥② r✉♥ ♦❢ ❛ ♥♦♥ r❡♣❡❛t✐♥❣ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ t♦ ❛ ♣❡r✲
♠✉t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ X ✱ s❛②

(

xα1
, xα2

, ..., xα|X|

)

✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ❝❛❧❧❡❞
♣❡r♠✉t❛t✐♦♥❛❧ ✐❢ t❤✐s ♣❡r♠✉t❛t✐♦♥ ✐s ❛❧✇❛②s t❤❡ s❛♠❡✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ❛♥❞ ❢♦r ❛♥②
r✉♥ ✭♥♦ r❛♥❞♦♠♥❡ss✱ ✐♥ ♣❛rt✐❝✉❧❛r✮✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥ X = (1, 2, 3, 4) t❤❡ ❛❧❣♦r✐t❤♠
A ≡ (4, 3, 2, 1) ✐s ✏❞r❛✇ x4t❤❡♥ x3t❤❡♥ x2t❤❡♥ x1✑✳

✹✳✶✳✷✳ P❡r❢♦r♠❛♥❝❡ ❝♦♥❥❡❝t✉r❡s✳
❖♥ F+ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ ❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡ ❢♦r ❡❛❝❤ ♣❡r♠✉t❛t✐♦♥❛❧ ❛❧❣♦r✐t❤♠✱ ❛♥❞
❝❛❧❧ rb (F+) t❤❡ ❜❡st ♦♥❡ ✭t❤❡ ♠✐♥✐♠✉♠ ♦♥❡✮✳ ❲❡ s✉❣❣❡st t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ✐s
tr✉❡✳

❈♦♥❥❡❝t✉r❡ ✹✳✶✳ ❖♥ F+ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ♣❡r♠✉t❛t✐♦♥❛❧ ❛❧❣♦r✐t❤♠ A s♦
t❤❛t r (F+, A) > rb (F+)

■t ♠❡❛♥s t❤❛t ♥♦t ❛❧❧ ♣❡r♠✉t❛t✐♦♥❛❧ ❛❧❣♦r✐t❤♠s ❛r❡ ❡q✉✐✈❛❧❡♥t✿ ❛t ❧❡❛st ♦♥❡ ✐s str✐❝t❧②
✇♦rs❡ t❤❛♥ t❤❡ ❜❡st ♦♥❡✳ ❋♦r ❊①❛♠♣❧❡ ✸✳✸✱ ✇❡ ❤❛✈❡ |F| = 256, |F+| = 40, ❛♥❞ t❤❡r❡
❛r❡ 4! = 24 ♣❡r♠✉t❛t✐♦♥❛❧ ❛❧❣♦r✐t❤♠s✳ ❚❤❡✐r ❜❡st ❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦♥ F+ ✐s
rb (F+) = 1.85 ✭❜② r✉♥♥✐♥❣ ❢♦r ❡①❛♠♣❧❡ A ≡ (2, 3, 1, 4)✮✳ ◆♦t s✉r♣r✐s✐♥❣❧②✱ t❤✐s
✐s s♠❛❧❧❡r ✭❜❡tt❡r✮ t❤❛♥ t❤❛t ♦♥ t❤❡ ✇❤♦❧❡ F ✭❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡ 2.5✮✳ ❍♦✇❡✈❡r
t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♣❡r♠✉t❛t✐♦♥❛❧ ❛❧❣♦r✐t❤♠s ✇✐t❤ ❛ str✐❝t❧② ✇♦rs❡ ♣❡r❢♦r♠❛♥❝❡ t❤❛♥
t❤❡ ❜❡st ♦♥❡✳ ❋♦r ❡①❛♠♣❧❡ ✇✐t❤ A ≡ (1, 2, 3, 4) ✇❡ ❤❛✈❡ r (F+, A) = 2.1✳ ❚❤❡
❝♦♥❥❡❝t✉r❡ s❛②s t❤❛t t❤✐s ✐s tr✉❡ ❢♦r ❛♥② F ✳ ◆♦t❡ t❤❛t ✐t ✐s ✇❡❛❦❡r t❤❛♥ ✭❛♥❞ ✐♠♣❧✐❡❞
❜②✮ ❈♦♥❥❡❝t✉r❡ ✸✳✷ s♦ ✇❡ ♠❛② q✉✐t❡ s❛❢❡❧② s✉❣❣❡st ❛ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ♦♥❡✳

❈♦♥❥❡❝t✉r❡ ✹✳✷✳ ❖♥ F+ t❤❡r❡ ❡①✐sts ♥♦ ❜❡tt❡r ❛❧❣♦r✐t❤♠ t❤❛♥ t❤❡ ❜❡st ♣❡r♠✉t❛✲
t✐♦♥❛❧ ♦♥❡

❚❤✐s ❝♦♥❥❡❝t✉r❡ s❛②s ♥♦t❤✐♥❣ ❛❜♦✉t ❤♦✇ t♦ ✜♥❞ ❛ ❜❡st ❛❧❣♦r✐t❤♠ ✇✐t❤♦✉t ❤❛✈✐♥❣
t♦ tr② ❛❧❧ ♦❢ t❤❡ ♣❡r♠✉t❛t✐♦♥❛❧ ♦♥❡s✳ ❍♦✇❡✈❡r ✉♥❞❡r ❈♦♥❥❡❝t✉r❡ ✸✳✷ ✐t ✐s ✐♥❞❡❡❞
♣♦ss✐❜❧❡✳

✹✳✷✳ ❆ ❝❛♥❞✐❞❛t❡✳

❲❡ ❡①♣❧❛✐♥ ❤❡r❡ ❤♦✇ t♦ ❞❡s✐❣♥ t❤❡ ❜❡st ♣❡r♠✉t❛t✐♦♥❛❧ ❛❧❣♦r✐t❤♠ ✭♦r ♠♦r❡ ♣r❡❝✐s❡❧②
♦♥❡ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ♦♥❡s ❢♦r t❤❡r❡ ✉s✉❛❧❧② ❛r❡ s❡✈❡r❛❧ ❡q✉✐✈❛❧❡♥t ♦♥❡s✮✳ ❚❤❡ ✐❞❡❛ ✐s
✈❡r② s✐♠♣❧❡✿ ✇❡ ❜✉✐❧❞ ❛ ♣❡r♠✉t❛t✐♦♥ ❜② ❝❤♦♦s✐♥❣ ❛t ❡❛❝❤ st❡♣ t❤❡ ♠♦st ♣r♦❜❛❜❧❡
s♦❧✉t✐♦♥ ♣♦s✐t✐♦♥ ♥♦t ❛❧r❡❛❞② ❝❤♦s❡♥✳ ❆❧t❤♦✉❣❤ ✐t ♦❜✈✐♦✉s❧② ✜♥❛❧❧② ✐♥❞❡❡❞ ❣✐✈❡s
t❤❡ ❜❡st ❛❧❣♦r✐t❤♠✱ t❤✐s ♠❡t❤♦❞ ✐s ✐♠♣r❛❝t✐❝❛❜❧❡ ❛s ✉s✉❛❧❧② ✇❡ ❞♦ ♥♦t ❦♥♦✇ t❤❡
❝❤❛r❛❝t❡r✐st✐❝ ❞✐str✐❜✉t✐♦♥✳ ❍♦✇❡✈❡r✱ ✉♥❞❡r ❈♦♥❥❡❝t✉r❡ ✸✳✷ t❤✐s ♠❡t❤♦❞ ❝❛♥ ❜❡
r❡♣❧❛❝❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡ ❢♦r ❛ s②♠♠❡tr✐❝ s❡❛r❝❤ s♣❛❝❡ ♦❢ ✏❣r❛✈✐t② ❝❡♥tr❡✑ G✿

❆❧❣♦r✐t❤♠ ✹✳✸✳ R++ ✲ ❋✐♥❞✐♥❣ t❤❡ ❜❡st ♣❡r♠✉t❛t✐♦♥

❆t ❡❛❝❤ st❡♣✱ ❝❤♦♦s❡ t❤❡ ♣♦s✐t✐♦♥ ✭♥♦t ❛❧r❡❛❞② ❝❤♦s❡♥✮ ✇❤✐❝❤ ✐s t❤❡ ♥❡❛r❡st ♦♥❡
t♦ G ✭t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ s❡❛r❝❤ s♣❛❝❡✮✳ ■♥ ❝❛s❡ ♦❢ ❡q✉✐✈❛❧❡♥❝❡✱ ❝❤♦♦s❡ ❛t r❛♥❞♦♠

✹✳✷✳✶✳ ❊①❛♠♣❧❡s✳
❋♦r ❊①❛♠♣❧❡ ✸✳✸ t❤✐s ♠❡t❤♦❞ ❜✉✐❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦ss✐❜❧❡ ♣❡r♠✉t❛t✐♦♥s✿ (2, 3, 1, 4)✱
(2, 3, 4, 1)✱ (3, 2, 1, 4)✱ (3, 2, 4, 1)
❆❧❧ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❡r♠✉t❛t✐♦♥❛❧ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❛ ❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦♥ F+

❡q✉❛❧ t♦ ✶✳✽✺✱ t❤❡ ❜❡st ♣♦ss✐❜❧❡ ♦♥❡✳



❜r✐t✐s❤❲❍❊◆ ◆❊❆❘❊❘ ■❙ ❇❊❚❚❊❘ ✾

❋♦r ❊①❛♠♣❧❡ ✸✳✺✱ ♦♥❡ ♦❢ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ✐s (2, 5, 1, 6, 3, 4)✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♣❡r♠✉t❛t✐♦♥❛❧ ❛❧❣♦r✐t❤♠ ❤❛s ❛ ❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦♥ F+ ❡q✉❛❧ t♦ ✷✳✺✺✱ ✇❤✐❝❤ ✐s
❛❧s♦ t❤❡ ❜❡st ♦♥❡✳

✺✳ ❙♦♠❡ ♣r❛❝t✐❝❛❧ ❝♦♥s❡q✉❡♥❝❡s

❆❧t❤♦✉❣❤ ♦✉r ❛♥❛❧②s✐s ✐s ♠❛✐♥❧② ❛ t❤❡♦r❡t✐❝❛❧ ♦♥❡ ✐t ❣✐✈❡s s♦♠❡ ✐♥t❡r❡st✐♥❣ ❡♥❧✐❣❤t✲
♠❡♥ts ❛♥❞ s✉❣❣❡sts s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❍❡r❡ ❛r❡ s♦♠❡ ♦❢ t❤❡♠✳

✺✳✶✳ ❆❜♦✉t ❝❡♥tr❡ ❜✐❛s✳

❚❤❡ ❜✐❣❣❡r X t❤❡ ❜✐❣❣❡r F+✳ ■t ♠❡❛♥s t❤❛t R++ t❡♥❞s t♦ ❜✉✐❧❞ ❛♥ ❛❧❣♦r✐t❤♠
t❤❛t ✐s s✐♠♣❧② ✏❆t ❡❛❝❤ st❡♣ ❝❤♦♦s❡ ❛ ♣♦✐♥t ♥❡❛r t♦ t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ s❡❛r❝❤ s♣❛❝❡✑✳
❆❧t❤♦✉❣❤ st✐❧❧ t❤❡ ❜❡st ❛❧❣♦r✐t❤♠ ❛✈❡r❛❣❡❞ ♦♥ t❤❡ ✇❤♦❧❡ F+✱ ✐t ✐s ♦❢ ❝♦✉rs❡ q✉✐t❡
❜❛❞ ♦♥ ❛♥② ❝❧❛ss✐❝❛❧ ❜❡♥❝❤♠❛r❦ s❡t✱ ✇❤✐❝❤ ✐s ❛❧✇❛②s ❢❛r s♠❛❧❧❡r t❤❛♥ F+✱ ❛♥❞
✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ ♠♦r❡ s♣❡❝✐✜❝ ❛❧❣♦r✐t❤♠s✳ ❍♦✇❡✈❡r ✐t ♥❡✈❡rt❤❡❧❡ss s❤♦✇s t❤❛t
❢♦r s✉❝❤ ❛❧❣♦r✐t❤♠s ❤❛✈✐♥❣ ❛ ❜✐❛s ✐♥ ❢❛✈♦✉r ♦❢ t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ s❡❛r❝❤ s♣❛❝❡ ✐s ♥♦t
♥❡❝❡ss❛r✐❧② ❛ ✇❡❛❦♥❡ss✱ ♦♥ t❤❡ ❝♦♥tr❛r②✳ ■t ♠❛② ❡①♣❧❛✐♥ ❢♦r ❡①❛♠♣❧❡ ✇❤② P❛rt✐❝❧❡
❙✇❛r♠ ❖♣t✐♠✐s❛t✐♦♥ ✭P❙❖✮✱ ✇❤✐❝❤ ✐s ✐♥❞❡❡❞ ❜✐❛s❡❞ ❬✽❪✱ ✐s s♦ r♦❜✉st✳ ❍♦✇ ✐♠♣♦rt❛♥t
s❤♦✉❧❞ ❜❡ t❤✐s ❜✐❛s ❤❛s ♥❡✈❡rt❤❡❧❡ss st✐❧❧ t♦ ❜❡ ❢♦✉♥❞✳

✺✳✷✳ ❉✐✈✐❞❡ ❛♥❞ ❝♦♥q✉❡r✳

❆❝❝♦r❞✐♥❣ t♦ ✹✳✷ t❤❡r❡ ❡①✐sts ❛ ❜❡st ❛❧❣♦r✐t❤♠ A ♦♥ F+✱ ❛♥❞ ❛t ❧❡❛st ❛♥♦t❤❡r ♦♥❡
B t❤❛t ✐s str✐❝t❧② ✇♦rs❡✳ ◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✏◆❡❛r❡r ✐s ✇♦rs❡ ✑ s✉❜s❡t F−✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ◆❋▲❚ A ❛♥❞ B ❛r❡ ❡q✉✐✈❛❧❡♥t ♦♥ F ✳ ❙♦ B ✐s ♥❡❝❡ss❛r✐❧② ❜❡tt❡r
t❤❛♥ A ♦♥ F−✳ ■t ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ ❜❡st ❛❧❣♦r✐t❤♠ ♦♥ F−✳ ■♥ ♦t❤❡r ✇♦r❞s
F ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ t✇♦ ❝❧❛ss❡s✱ ❡❛❝❤ ♦♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ✐♥t❡r✈❛❧ ♦❢ t❤❡
◆✐s❇ tr✉t❤ ✈❛❧✉❡ ν✱ ❛♥❞ ❢♦r ❡❛❝❤ ♦♥❡ t❤❡r❡ ❡①✐sts ❛ ❜❡st ❛❧❣♦r✐t❤♠✳ ❲❤❡t❤❡r ✐t ✐s
tr✉❡ ♦r ♥♦t ❢♦r ❛♥② ✐♥t❡r✈❛❧✱ ❛♥❞✱ ♠♦r❡ ✐♠♣♦rt❛♥t✱ ✐❢ ✐t ✐s st✐❧❧ ♣♦ss✐❜❧❡ t♦ ❡①♣❧✐❝✐t❧②
❞❡✜♥❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❡st ❛❧❣♦r✐t❤♠✱ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ♦♣❡♥ q✉❡st✐♦♥✳ ◆♦t❡ t❤❛t
t❤❡ ❛♥s✇❡r ✐s ♣♦s✐t✐✈❡ ❢♦r s♦♠❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s✱ ❢♦r ❡①❛♠♣❧❡ ❢♦r ν = 1✳

✺✳✸✳ ❇❡♥❝❤♠❛r❦s✳

❋♦r ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ♠❛❦❡s ✉s❡ ♦❢ t❤❡ ◆✐s❇ ♣r♦♣❡rt②✱ ✐t ♠❛② ❜❡ ❛ ❣♦♦❞ ✐❞❡❛ t♦
❞❡s✐❣♥ ❛ ❜❡♥❝❤♠❛r❦ ❛s ❞✐✈❡rs✐✜❡❞ ❛s ♣♦ss✐❜❧❡ ❢r♦♠ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐✳❡✳ ✇❤♦s❡
◆✐s❇ tr✉t❤ ✈❛❧✉❡s ❝♦✈❡r ❛ ❧❛r❣❡ ✐♥t❡r✈❛❧✳ ■♥❞❡❡❞✱ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ ◆✐s❇ tr✉t❤
✈❛❧✉❡s ❢♦r ❡①✐st✐♥❣ ❜❡♥❝❤♠❛r❦s ✐t ❛♣♣❡❛rs t❤❡② ♥♦t ✏❝♦✈❡r✑ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s✳
■♥ ♣❛rt✐❝✉❧❛r t❤❡② ❛r❡ ❛❧♠♦st ♥❡✈❡r ♥❡❣❛t✐✈❡✳
▼♦r❡♦✈❡r ❢♦r ♠♦st ♦❢ ✉s✉❛❧ ❢✉♥❝t✐♦♥s ✇❡ ❝❛♥ ❥✉st ❡st✐♠❛t❡ t❤❡ ◆✐s❇ tr✉t❤ ✈❛❧✉❡
❛♥❞ ♥♦t ❡①❛❝t❧② ❝♦♠♣✉t❡ ✐t✱ ❛s ❦♥♦✇✐♥❣ t❤❡ ❡①❛❝t ✈❛❧✉❡s ✇♦✉❧❞ ✉s❡❢✉❧ ❢♦r ❛ ❜❡tt❡r
❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❛❧❣♦r✐t❤♠s✳ ❋♦rt✉♥❛t❡❧② t❤❡r❡ ✐s ❛ s✐♠♣❧❡ ✇❛② ✐s t♦ ❞❡s✐❣♥ ✏♦♥
❞❡♠❛♥❞❡✑ ❢✉♥❝t✐♦♥s ❜② st❛rt✐♥❣ ❢r♦♠ s♠❛❧❧ ❞✐s❝r❡t❡ ♦♥❡s ❛♥❞ ❜② tr❛♥s❢♦r♠✐♥❣ t❤❡♠
✐♥t♦ ♣✐❡❝❡✲✇✐s❡ ♦♥❡s ✭s❡❡ ❆♥♥❡①❡✽✳✺✮✳

✺✳✹✳ ❆❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠s✳

❲❡ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st❡❞ ❤❡r❡ ♦♥ ✐t❡r❛t✐✈❡ ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠s t❤❛t ❝❛♥ ♠♦❞✲
✐❢② t❤❡✐r s❡❛r❝❤ str❛t❡❣② ❛❝❝♦r❞✐♥❣ t♦ ✇❤❛t t❤❡② ❧❡❛r♥ ❛❜♦✉t t❤❡ ✜t♥❡ss ❢✉♥❝t✐♦♥
❞✉r✐♥❣ t❤❡ s❛♠♣❧✐♥❣ ♣r♦❝❡ss✳ ◆♦t❡ t❤❛t ❛❧❣♦r✐t❤♠s t❤❛t ♣❡r❢♦r♠ ♦♥❧② ♣❛rt✐❛❧ ❛❞❛♣✲
t❛t✐♦♥s ♠❛② ❢❛✐❧ ❜❛❞❧②✱ ❛s ♣r♦✈❡❞ ✐♥ ❬✹❪✱ s♦ ✐t ✇♦✉❧❞ ❜❡ ❜❡tt❡r t♦ ❝❤♦♦s❡ ❛ ❝♦♠♣❧❡t❡❧②
♣❛r❛♠❡t❡r✲❢r❡❡ ♠❡t❤♦❞✱ ❧✐❦❡ ❚r✐❜❡s✱ ❛ P❙❖ ✈❛r✐❛t✐♦♥ ❬✷✱ ✸✱ ✾❪✳
❚❤❡ ✐❞❡❛ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❢r♦♠ t✐♠❡ t♦ t✐♠❡✱ ♦r ❡✈❡♥ ❛t ❡❛❝❤ t✐♠❡ st❡♣✱ t❤❡ ❛❧❣♦r✐t❤♠
❝♦♠♣✉t❡s t❤❡ ◆✐s❇ tr✉t❤ ✈❛❧✉❡ ν (f) ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ✱ ❛s ✐t ✏s❡❡s✑ ✐t t❤❛♥❦s t♦ t❤❡
s❛♠♣❧❡❞ ♣♦✐♥ts✱ ❛♥❞ ❛♥❞ ✐t ♠♦❞✐✜❡s ✐ts s❡❛r❝❤ str❛t❡❣② ❛❝❝♦r❞✐♥❣ t♦ t❤✐s ✈❛❧✉❡✳ ■♥
❚r✐❜❡s✱ ❢♦r ❡①❛♠♣❧❡✱ ❡❛❝❤ ♣❛rt✐❝❧❡ ❤❛s t♦ ❝❤♦♦s❡ ❜❡t✇❡❡♥ t❤r❡❡ ♦r ❢♦✉r str❛t❡❣✐❡s✱
❛♥❞ t❤❡ ❝❤♦✐❝❡ ✐s ❞❡♣❡♥❞✐♥❣ ♦♥❡ s❡✈❡r❛❧ ❝r✐t❡r✐❛ ✭st❛t✉s ♦❢ t❤❡ ♣❛rt✐❝❧❡✱ st❛t✉s ♦❢ t❤❡
tr✐❜❡s ✐t ❜❡❧♦♥❣s t♦✱ ❡t❝✳✮✳ ❙♦ ν (f) ❝♦✉❧❞ ❜❡ ❛♥♦t❤❡r ❝r✐t❡r✐♦♥✳
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❙♦♠❡ str❛t❡❣✐❡s ❛r❡ ❜❡tt❡r ❢♦r ✏❡①♣❧♦r❛t✐♦♥✑✱ s♦♠❡ ♦t❤❡rs ❜❡tt❡r ❢♦r ✏❡①♣❧♦✐t❛t✐♦♥✑✳
❚②♣✐❝❛❧❧②✱ ❛ ❤✐❣❤ ν (f) ✈❛❧✉❡ s❤♦✉❧❞ ❢❛✈♦✉rs ❡①♣❧♦✐t❛t✐♦♥✱ ❛♥❞ ✈✐❝❡✲✈❡rs❛✳ ■♥ ♦t❤❡r
✇♦r❞s ❛♥ ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠ ♠❛② ♣❡r❢❡❝t❧② s✇✐t❝❤ ❢r♦♠ ❛ ✏♥❡❛r❡r ✐s ❜❡tt❡r✑ ❛ss✉♠♣✲
t✐♦♥ t♦ ❛ ✏♥❡❛r❡r ✐s ✇♦rs❡✑ ♦♥❡✱ ❛♥❞ ✈✐❝❡✲✈❡rs❛✳ ◆♦t❡ t❤❛t t❤✐s ❛♣♣r♦❛❝❤ ✐s ❛❧r❡❛❞②
❡♠♣✐r✐❝❛❧❧② ✉s❡❞ ❜② s♦♠❡ ❛❧❣♦r✐t❤♠s t❤❛t tr② t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✉♥s✉❝❝❡ss❢✉❧ s❛♠✲
♣❧❡❞ ♣♦s✐t✐♦♥s ❡✐t❤❡r ❜② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ♦r t❤❛♥❦s t♦ ❛ r❡♣✉❧s✐✈❡ ✏❢♦r❝❡✑ ❬✼✱ ✶❪✳
❇❡❝❛✉s❡ ♦❢ ◆❋▲❚ s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ❝❛♥ ♥♦t ❜❡ ❣♦♦❞ ❢♦r ❛❧❧ ❢✉♥❝t✐♦♥s ♦❢ F ❜✉t ✐t
❝♦✉❧❞ ❜❡ ❡✛❡❝t✐✈❡ ❢♦r ❛ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s t❤❛t ❝♦♥t❛✐♥s s♦♠❡ ❢✉♥❝t✐♦♥s ♦❢ F+ ❛♥❞
s♦♠❡ ❢✉♥❝t✐♦♥s ♦❢ F−✳

✻✳ ●❡♥❡r❛❧✐s❛t✐♦♥s

❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t ❜♦t❤ X ❛♥❞ Y ❛r❡ ✜♥✐t❡✳ ❊①t❡♥❞✐♥❣ ♦✉r
❞❡✜♥✐t✐♦♥s t♦ ✐♥✜♥✐t❡ ♦r ✉♥❜♦✉♥❞❡❞ ♦♥❡s ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❆❝t✉❛❧❧② s♦♠❡ ❢♦r♠✉❧❛❡
♠❛② ❡✈❡♥ ❜❡ s✐♠♣❧✐✜❡❞ ❢♦r✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ♠❡❛s✉r❡ ♦❢ ❛♥ ✐♥✜♥✐t❡ s♣❛❝❡ ✐s t❤❡ s❛♠❡
✇❤❡♥ ②♦✉ r❡♠♦✈❡ ❥✉st t✇♦ ♣♦✐♥ts✳

✻✳✶✳ ■♥✜♥✐t❡ ❜♦✉♥❞❡❞ s❡❛r❝❤ s♣❛❝❡✳

❍❡r❡ ✏✐♥✜♥✐t❡✑ ♠❡❛♥s ✏❝♦♥t❛✐♥s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts✑✳ ❆ t②♣✐❝❛❧ ❝❛s❡ ✐s
X = [xmin, xmax]

D✳ ❋♦r♠✉❧❛❡ ✸✳✶ ❛♥❞ ✸✳✷ t❤❛t ❞❡✜♥❡ Nb,w✱ Bw,b (f) ❛♥❞ Ω ❛r❡ st✐❧❧
✈❛❧✐❞✳ ❲❡ ❞♦ ❛ss✉♠❡ t❤❛t t❤❡ ♠❡❛s✉r❡s ❧✐❦❡ |X| ❤❛✈❡ ❛ ♠❡❛♥✐♥❣✳ ❋♦r ❡①❛♠♣❧❡✱ ✇✐t❤
t❤❡ ❛❜♦✈❡ X ✇❡ ❤❛✈❡ |X| = |xmax − xmin|D✳ ❚❤❡♥ ❢♦r♠✉❧❛❡ ✸✳✸ t❤❛t ❞❡✜♥❡ ξ ❛♥❞
ρ ❝♦✉❧❞ ❡❛s✐❧② ❜❡ r❡♣❧❛❝❡❞ ❜② t✇♦ ✐♥t❡❣r❛❧s✳ ❍♦✇❡✈❡r ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ s♦♠❡ ✐♥✜♥✐t❡
q✉❛♥t✐t✐❡s✱ ✐t ✐s ❜❡tt❡r t♦ ❞✐r❡❝t❧② ❝♦♠♣✉t❡ t❤❡ ◆✐s❇ tr✉t❤ ✈❛❧✉❡ ν ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠✉❧❛❡✿















r (f) =
∫

Ω

(

|Nb,w

T

Bw,b|
|Nb,w| − |Bw,b|

|X|

)

ν (f) = r(f)

R

Ω

 

1− |Bw,b|
|X|

!

❆r❡ t❤❡ ♣r♦♣❡rt✐❡s ✇❡ ❤❛✈❡ ❢♦✉♥❞ st✐❧❧ tr✉❡❄ Pr♦❜❛❜❧② ②❡s✱ ❛❧t❤♦✉❣❤ ♦❢ ❝♦✉rs❡ ✐t
❤❛s t♦ ❜❡ ♣r♦✈❡❞✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ✇❤❛t ✐s ✐♠♣♦rt❛♥t ✐s t❤❡ ✉♥✐♠♦❞❛❧✐t② ♦❢ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥s ♣♦✐♥ts✱ ❛♥❞ ✐t ✐s ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡
s❡❛r❝❤ s♣❛❝❡✱ ❛♥❞ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ F+ ✱ ✇❤✐❝❤ ✐s st✐❧❧ t❤❡ s❛♠❡ ✭s❡t ♦❢ ❢✉♥❝t✐♦♥s
f s♦ t❤❛t ν (f) > 0✮✱ ♥♦ ♠❛tt❡r X ❛♥❞ Y ❛r❡ ✜♥✐t❡ ♦r ♥♦t✱ ❜♦✉♥❞❡❞ ♦r ♥♦t✳
▲❡t θ (x, r) = {z, z ∈ X, δ (x, z) < r} ❜❡ t❤❡ s❡t ♦❢ ♣♦✐♥ts ✐♥ X t❤❛t ❛r❡ ❛❧s♦ ✐♥ t❤❡
✏s♣❤❡r❡✑ ♦❢ ❝❡♥tr❡ x ❛♥❞ r❛❞✐✉s r✱ ❛♥❞ G t❤❡ ✏❣r❛✈✐t② ❝❡♥tr❡✑ ♦❢ X✳ ❚❤❡♥✱ ♠♦r❡
♣r❡❝✐s❡❧②✱ t❤✐s ✉♥✐♠♦❞❛❧✐t② ✐s ♣r♦❜❛❜❧② tr✉❡ ❛s s♦♦♥ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✿

❈♦♥❞✐t✐♦♥ ✻✳✶✳ ❋♦r ❛♥② ♣❛✐r ♦❢ ♣♦✐♥ts (x, x′)✱ ❢♦r ❛♥② ✏r❛❞✐✉s✑ r✱ ✇❡ ❤❛✈❡

{

δ (x,G) > δ (x′, G) ⇒ |θ (x, r)| ≤ |θ (x′, r)|
∃δmax, δmax > δ (x,G) > δ (x′, G) ⇒ |θ (x, r)| < |θ (x′, r)|

❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ✐t ♠❡❛♥s t❤❛t ❛ ♣♦✐♥t ✏♥❡❛r✑ t❤❡ ❜♦✉♥❞ ❤❛s ❧❡ss ✏♥❡✐❣❤❜♦✉rs✑ t❤❛♥
❛ ♣♦✐♥t ♥❡❛r t❤❡ ❝❡♥tr❡✳ ■♥ ♣❛rt✐❝✉❧❛r t❤✐s ❝♦♥❞✐t✐♦♥ ✐s tr✉❡ ❢♦r ❛ ❜♦✉♥❞❡❞ ❝♦♥✈❡①
s♣❛❝❡✳ ❚❤✐s ❣❡♥❡r❛❧✐s❛t✐♦♥ ✐s ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ t♦ ❞❡s✐❣♥ ❞❡❝❡♣t✐✈❡ ❢✉♥❝t✐♦♥s
♦♥ ❛ ❝♦♥t✐♥✉♦✉s s❡❛r❝❤ s♣❛❝❡ ✭s❡❡ ❆♥♥❡①❡ ✽✳✺✮✿ ❛♥② ❛❧❣♦r✐t❤♠ t❤❛t ❛ss✉♠❡s t❤❛t
✏♥❡❛r❡r ✐s ❜❡tt❡r✑ ✐s ♠♦r❡ ♦r ❧❡ss tr✉❡ ✇✐❧❧ ❜❡ ✇♦rs❡ t❤❛♥ ❘❛♥❞♦♠ ❙❡❛r❝❤ ♦♥ ❛♥②
❢✉♥❝t✐♦♥ ♦❢ F−✳

✻✳✷✳ ❯♥❜♦✉♥❞❡❞ s❡❛r❝❤ s♣❛❝❡✳

❙♦♠❡ ✐t❡r❛t✐✈❡ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❛r❡ ❛❧❧♦✇❡❞ t♦ s❛♠♣❧❡ t❤❡ ❞❡✜♥✐t✐♦♥ s♣❛❝❡
♦❢ t❤❡ ❢✉♥❝t✐♦♥ ♦✉ts✐❞❡ ❛♥ ✐♥✐t✐❛❧❧② ❣✐✈❡♥ s❡❛r❝❤ s♣❛❝❡ X✳ ■t ✐s t②♣✐❝❛❧❧② t❤❡ ❝❛s❡
❢♦r s♦♠❡ P❙❖ ✈❛r✐❛t✐♦♥s✳ ❍♦✇❡✈❡r ✐♥ s✉❝❤ ❛ ❝❛s❡ t❤❡ s❛♠♣❧❡❞ ♣♦s✐t✐♦♥ ✐s ✉s✉❛❧❧②
s✐♠♣❧② ♥♦t ❡✈❛❧✉❛t❡❞✳ ■t ♠❡❛♥s t❤❛t t❤❡ ✉s❡r ✐s s✉r❡ t❤❡r❡ ✐s ♥♦ s♦❧✉t✐♦♥ ♦✉ts✐❞❡ X✱
♦r✱ ❛t ❧❡❛st✱ ✐s ♥♦t ✐♥t❡r❡st❡❞ ♦♥ ❛♥② s♦❧✉t✐♦♥ t❤❛t ❝♦✉❧❞ ❜❡ ♦✉ts✐❞❡ X✳
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❚❤❡♥ t❤❡ ❛❜♦✈❡ r❡♠❛r❦ ❛❜♦✉t ❈♦♥❞✐t✐♦♥ ✻✳✶ ✐s st✐❧❧ ✈❛❧✐❞✱ ❢♦r ❛♥②✇❛② ❛❧❧ ♣♦✐♥ts t❤❛t
❛r❡ r❡❛❧❧② t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛r❡ st✐❧❧ ✐♥s✐❞❡ X✳

✻✳✸✳ ❆ ♠♦r❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛t✐♦♥✳

❋✐♥❛❧❧② ❛ r❡❛s♦♥❛❜❧❡ ❛✐♠ ❢♦r ❛ ❢✉t✉r❡ ✇♦r❦ ♠❛② ❜❡ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❈♦♥❥❡❝t✉r❡ ✻✳✷✳ ❲❤❡♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧② s♦❧✉t✐♦♥s ♣♦✐♥ts t❤❛t ❛r❡ ✐♥s✐❞❡ ❛
❝♦♥✈❡① s♣❛❝❡ X✱ t❤❡✐r ❞✐str✐❜✉t✐♦♥ ❢♦r ❢✉♥❝t✐♦♥s ✐♥ F+✐s ✉♥✐♠♦❞❛❧✱ ✇✐t❤ ✐ts ♠✐♥✐♠✉♠
♦♥ t❤❡ ❜♦✉♥❞✳

✼✳ ❈♦♥❝❧✉s✐♦♥

❋♦r ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠s t❤❛t ✉s❡ t❤❡ ✏◆❡❛r❡r ✐s ❇❡tt❡r✑ ♣r♦♣❡rt② t❤❛t ✐s ❞❡✜♥❡❞
❤❡r❡✱ ✐✳❡✳ ❢♦r ♠♦st ♦❢ t❤❡♠✱ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ♦♥ ✇❤✐❝❤ t❤❡r❡
❛r❡ ❛❧❣♦r✐t❤♠s ❜❡tt❡r t❤❛♥ ❘❛♥❞♦♠ ❙❡❛r❝❤✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s ✇♦rt❤ ❧♦♦❦✐♥❣ ❢♦r
t❤❡ ❜❡st ♦♥❡✳ ❲❡ s✉❣❣❡st ❛ ❝❛♥❞✐❞❛t❡✳ ❖❢ ❝♦✉rs❡✱ ❜❡✐♥❣ t❤❡ ❜❡st r❡❧❛t✐✈❡❧② t♦ t❤❡
✇❤♦❧❡ ✏◆❡❛r❡r ✐s ❇❡tt❡r✑ ❝❧❛ss ✉s✉❛❧❧② ♠❡❛♥s ❜❡✐♥❣ q✉✐t❡ ❜❛❞ ♦♥ ❛ s♣❡❝✐✜❝ s✉❜✲❝❧❛ss
✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ ❝❧❛ss✐❝❛❧ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ■♥ ♣❛rt✐❝✉❧❛r ❛❧❧ ❝♦♠♠♦♥❧②
✉s❡❞ ❜❡♥❝❤♠❛r❦s ❛r❡ s✉❝❤ s✉❜✲❝❧❛ss❡s✳ ❍♦✇❡✈❡r ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts s❡❡♠ t♦ s❤♦✇
t❤❛t ❡❛❝❤ ♦❢ t❤❡s❡ ❜❡♥❝❤♠❛r❦ ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ❛ s✉❜✲❝❧❛ss t❤❛t ✐s ❝❤❛r❛❝t❡r✐s❡❞
❜② ❛ ♣♦s✐t✐✈❡ t❤r❡s❤♦❧❞ ❢♦r t❤❡ ✏◆❡❛r❡r ✐s ❇❡tt❡r✑ tr✉t❤ ✈❛❧✉❡✳ ■t ♠❛② ❜❡ ❛ ❤✐♥t t♦
❡①♣❧✐❝✐t❧② ❞❡s✐❣♥ t❤❡ ❜❡st ❛❧❣♦r✐t❤♠ ❢♦r ❡❛❝❤ ❜❡♥❝❤♠❛r❦ s❡t✳ ❖r✱ ❝♦♥✈❡rs❡❧②✱ t❤❡
◆✐s❇ tr✉t❤ ✈❛❧✉❡ ♠❛② ❜❡ ❛ t♦♦❧ t♦ ❞❡s✐❣♥ ❜❡♥❝❤♠❛r❦s t❤❛t ❝♦♥t❛✐♥s ❢✉♥❝t✐♦♥s t❤❛t
❛r❡ ❞❡❝❡♣t✐✈❡ ❢♦r ♠♦st ♦❢ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳

✽✳ ❆♥♥❡①❡

✽✳✶✳ P❡r❢❡❝t ❘❛♥❞♦♠ ▲❛♥❞s❝❛♣❡✳

✽✳✶✳✶✳ ❉❡✜♥✐t✐♦♥✳
▲❡t ✉s ❞❡✜♥❡ ❛ ♣❡r❢❡❝t r❛♥❞♦♠ ❞✐str✐❜✉t✐♦♥ f ❢r♦♠ X t♦ Y ❛s ❢♦❧❧♦✇s✿

• f ✐s s✉r❥❡❝t✐✈❡
• t❤❡ ❞❡♥s✐t② ♣r♦❜❛❜✐❧✐t② ♦❢ f ✐s 1✱ ✐✳❡✳ ❢♦r ❛♥② u ✐♥ Y ✱ probability (f (x) < u) =

u

✽✳✶✳✷✳ Pr♦♣❡rt✐❡s✳
▲❡t X ′ ❜❡ ❛ s✉❜s❡t ♦❢ X✱ fmin,X′❛♥❞ fmax,X′t❤❡ ♠✐♥✐♠✉♠ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡s
♦❢ f♦♥ X ′✳ ❚❤❡♥ ✇❡ ❤❛✈❡✳

❋❛❝t ✽✳✶✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②

✭✽✳✶✮
∫

X′

xf (x) dx = |X ′| fmin,X′ + fmax,X′

2

✇❤❡r❡ |X ′| ✐s t❤❡ ♠❡❛s✉r❡ ♦❢ X ′ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐♥t❡❣r❛t✐♦♥✱ ✐✳❡✳ |X ′| =
∫

X′ dx✳
■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ f ✐s✳

E (f) =
1

2

❋❛❝t ✽✳✷✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦❢ f−1✐s ❡q✉❛❧ t♦ ✶✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ♠❡❛♥s t❤❛t ❢♦r ❛♥② ❣✐✈❡♥ a ✐♥ [0, 1] t❤❡ ♠❡❛s✉r❡ ♦❢ t❤❡ s❡t ♦❢ ♣♦✐♥ts
x ❢♦r ✇❤✐❝❤ f (a) ≤ f (x)✐s ❣✐✈❡♥ ❜②✿

|{x, f (a) < f (x)}| = 1 − f (a)

❛♥❞ s✐♠✐❧❛r❧② ✇❡ ❤❛✈❡✳
|{x, f (x) ≤ f (a)}| = f (a)

✽✳✶✳✸✳ ❊①❛♠♣❧❡✳
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∆x E (g)

✵✳✺ ✶
✵✳✹ ✵✳✽
✵✳✸ ✵✳✻✼✺
✵✳✷ ✵✳✻✼✸
✵✳✶ ✵✳✻✸✹
✵✳✵✺ ✵✳✻✽✵
✵✳✵✶ ✵✳✻✻✾

❚❛❜❧❡ ✹✳ ▼❡❛♥ ♣r♦❜❛❜✐❧✐t② ♦❢ ✐♠♣r♦✈❡♠❡♥t r❡❧❛t✐✈❡❧② t♦ f (xw)✱
❦♥♦✇✐♥❣ t❤❛t f (xw) ≥ f (xb)✱ ✇✐t❤ (xb, xw)❞r❛✇♥ ❛t r❛♥❞♦♠✱ ❢♦r
♥♦♥ r❡♣❡❛t✐♥❣ r❛♥❞♦♠ s❡❛r❝❤ ♦♥ [0, 1]✱ ❢♦r ❛ ♣❡r❢❡❝t r❛♥❞♦♠ ❧❛♥❞✲
s❝❛♣❡ ❛♥❞ ❢♦r ❞✐✛❡r❡♥t ❣r❛♥✉❧❛r✐t✐❡s ∆x

❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❝❤♦♦s❡ X = [0, 1]✱ Y = [0, 1]✱ ❜✉t t❤❡ ✜♥❛❧ r❡s✉❧t ♦❢ t❤✐s ❡①❛♠♣❧❡
✐s ✈❛❧✐❞ ❢♦r ❛♥② ♦t❤❡r ✐♥t❡r✈❛❧s✳ ❋♦r ❛ ❣✐✈❡♥ ♣❛✐r (x1, x2) ♦❢ ❡❧❡♠❡♥ts ♦❢ X✱ ✇❡ ❞❡✜♥❡✳

{

X ′ (x1) = {x, x ∈, f (x) ≤ f (x1)}
X ′ (x2) = {x, x ∈, f (x) ≤ f (x2)}

✐✳❡✳ X ′ (xi)✐s t❤❡ s❡t ♦❢ ♣♦✐♥ts t❤❛t ❛r❡ ✏❜❡tt❡r t❤❛♥✑ xi ❢r♦♠ ❛ ♠✐♥✐♠✐s❛t✐♦♥ ♣♦✐♥t
♦❢ ✈✐❡✇✳ ■❢ ✇❡ ❞r❛✇ ❛ ♣♦✐♥t ❛t r❛♥❞♦♠ ✐♥ X✱ ❛❝❝♦r❞✐♥❣ t♦ ❛♥ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✱
t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✐♠♣r♦✈❡♠❡♥t✱ r❡❧❛t✐✈❡❧② t♦ f (xi)✱ ✐s t❤❡♥ |X ′ (xi)| = f (xi)✳ ◆♦✇
❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥ g (x1, x2)✱ ❞❡✜♥❡❞ ♦♥ X × X✿

• ✐❢ f (x1) ≤ f (x2)✱ g (x1, x2) = |X ′ (x2)|
• ✐❢ f (x2) ≤ f (x1)✱ g (x1, x2) = |X ′ (x1)|

■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ ♣♦✐♥ts✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✐♠♣r♦✈❡♠❡♥t
r❡❧❛t✐✈❡❧② t♦ t❤❡ ✇♦rst ♦♥❡✱ ✐❢ ✇❡ ❞r❛✇ ❛t r❛♥❞♦♠ ❛ t❤✐r❞ ♣♦✐♥t✳ ❲❡ ❝❛♥ ❝♦♠♣✉t❡
t❤❡ ♠❡❛♥ ✈❛❧✉❡ ✭t❤❡ ❡①♣❡❝t❛t✐♦♥✮ ♦❢ t❤✐s ♣r♦❜❛❜✐❧✐t②✱ ♦✈❡r ❛❧❧ ♣❛✐rs✳ ❋♦r s②♠♠❡tr②
r❡❛s♦♥ ✇❡ ❤❛✈❡✳























E (g) = 2
∫ 1

0
x1

(

∫

{x2,f(x1)≤f(x2)} f (x2) x2dx2

)

dx
1

= 2
∫ 1

0
x1 (1 − f (x1))

1+f(x1)
2 dx

1

=
∫ 1

0
x1

(

1 − f (x1)
2
)

dx
1

= E
(

1 − f2
)

❲❡ ❝❛♥ ❞✐r❡❝t❧② ❝♦♠♣✉t❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ 1−f2 ❜② ♥♦t✐♥❣ t❤❛t probability
(

1 − f2 (x) < u
)

=

1 − probability
(

f (x) <
√

1 − u
)

✳ ❙♦ t❤❡ ❞❡♥s✐t② ✐s 1/
(

2
√

1 − u
)

✳ ❲❡ ❤❛✈❡ t❤❡♥✳










E
(

1 − f2
)

= 1
2

∫ 1

0
u√
1−u

du

= − 1
3

[

(u + 2)
√

1 − u
]1

0
= 2

3

❙♦✱ ✜♥❛❧❧②✳

✭✽✳✷✮ E (g) =
2

3
≃ 0.667

✽✳✶✳✹✳ ❉✐s❝r❡t❡ ✜♥✐t❡ ❝❛s❡✳
❖♥ ❛ ❞✐s❝r❡t❡ ✜♥✐t❡ s♣❛❝❡✱ ❢♦r♠✉❧❛ ✽✳✶ ✐s ♥♦t ❡①❛❝t❧② ✈❛❧✐❞✱ ❛♥❞ ❣✐✈❡s ❥✉st ❛♥ ❡st✐✲
♠❛t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛ ❢♦r♠✉❧❛ ❧✐❦❡ ❄❄ ✐s ❛❧s♦ ❥✉st ❛♥ ❡st✐♠❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r ✐❢
t❤❡ ❞❡✜♥✐t✐♦♥ s♣❛❝❡ ✐s ❣✐✈❡♥ ❜② ❛♥ ✐♥t❡r✈❛❧ ✭s❛② st✐❧❧ [0, 1]✮ ❛♥❞ ❛ ✏❣r❛♥✉❧❛r✐t②✑ ∆x✱
✇❡ ♦❜t❛✐♥ ❞✐✛❡r❡♥t ✈❛❧✉❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ∆x✱ ❛s ✇❡ ❝❛♥ s❡❡ ♦♥ t❛❜❧❡ ✹✳

✽✳✷✳ ❊q✉✐✈❛❧❡♥❝❡s ❛♥❞ s✐♠♣❧✐✜❝❛t✐♦♥s✳

✽✳✷✳✶✳ ❊q✉✐✈❛❧❡♥t ❢✉♥❝t✐♦♥s✳
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▲❡t ✉s ❝♦♥s✐❞❡r t✇♦ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ t❤❡ s❛♠❡ s❡❛r❝❤ s♣❛❝❡ X = (1, 2, 3, 4)❜②✳
{

f = (3, 4, 2, 1)
g = (2, 10, 1, 0)

❚❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ✏♣r♦✜❧❡✑✱ ❛♥❞ t❤✐s ❝❛♥ ❜❡ ❢♦r♠❛❧✐s❡❞✳ ❚✇♦ ❢✉♥❝t✐♦♥s f ❛♥❞ g ♦♥
X ❛r❡ ❡q✉✐✈❛❧❡♥t ✐❢ ❢♦r ❛♥② ♣❛✐r ♦❢ ♣♦✐♥ts (x, x′) ♦❢ X ×X ✇❡ ❤❛✈❡ f (x) < f (x′) ⇔
g (x) < g (x′)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ f (x) = f (x′) ✇❡ ❛❧s♦ ❤❛✈❡ g (x) = g (x′)✳
❲❡ ❛r❡ ♠❛✐♥❧② ✐♥t❡r❡st❡❞ ❤❡r❡ ♦♥ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠s t❤❛t ♠❛❦❡ ✉s❡ ♦♥❧② ♦❢
r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ❢✉♥❝t✐♦♥ ✈❛❧✉❡s ✐♥ ♦r❞❡r t♦ ❝❤♦♦s❡ t❤❡ ♥❡①t ♣♦✐♥t t♦ ❞r❛✇✳
❚②♣✐❝❛❧❧② s♦♠❡t❤✐♥❣ ❧✐❦❡ ✏✐❢ f (x) < f (x′) t❤❡♥ ❞r❛✇ ❛ ♥❡✇ ♣♦✐♥t ❛❝❝♦r❞✐♥❣ t♦ ❘✉❧❡
✶✑✱ ✇❤❡r❡ ❘✉❧❡ ✶ ✐s ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ❛❧r❡❛❞② ❞r❛✇♥ ♣♦s✐t✐♦♥s✱ ❛♥❞ ♥♦t ♦♥ s♦♠❡
✈❛❧✉❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❆ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡ ✐s P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐s❛t✐♦♥✳ ❘✉♥♥✐♥❣
s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ♦♥ t✇♦ ❡q✉✐✈❛❧❡♥t ❢✉♥❝t✐♦♥s ♣r♦❞✉❝❡s t✇♦ ✐❞❡♥t✐❝❛❧ s❡q✉❡♥❝❡s ♦❢
♣♦s✐t✐♦♥s ✭❛ss✉♠✐♥❣ t❤❡ s❛♠❡ ♣s❡✉❞♦✲r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r ✐s ✉s❡❞✮✳
◆♦✇✱ ✐♥st❡❛❞ ♦❢ ❝♦♥s✐❞❡r✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ X✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❥✉st ♦♥❡
r❡♣r❡s❡♥t❛t✐✈❡ ❢♦r ❡❛❝❤ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ✇♦r❦ ♦♥ s✉❝❤ ❛ s❡t
♦❢ ❢✉♥❝t✐♦♥s✱ ❛♥❞ ✇❡ ❝❛❧❧ ✐t F̃ ✳ ❲❤❡♥ s♣❡❛❦✐♥❣ ♦❢ ❛ ❢✉♥❝t✐♦♥✱ ✇❡ ✐♥ ❢❛❝t s♣❡❛❦ ♦❢ ❛♥②
r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✳

✽✳✷✳✷✳ ❊q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ❝♦❞✐♥❣✳
▲❡t ✉s ❛ss✐❣♥ ❛ r❛♥❦ t♦ ❡❛❝❤ ♣♦s✐t✐♦♥✿

X = (x1, ..., xi, ...xm)

❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ f ♦♥ X✳ ❚♦ ❡❛❝❤ ♣❛✐r (xi, xj) ✇❤❡r❡ i > j ✇❡ ❛ss✐❣♥
t❤❡ ♥✉♠❜❡r j + (i − 1)m✳ ❚❤❡r❡ ❛r❡ K = m (m − 1) /2 s✉❝❤ ♣❛✐rs✳ ❚❤❡ ♣r♦✜❧❡ ♦❢
t❤❡ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❜② ❛ ❑✲✈❡❝t♦r r ❛s ❢♦❧❧♦✇s✳

• ♣❛✐rs ❛r❡ s♦rt❡❞ ❜② ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r
• ❢♦r t❤❡ ♣❛✐r(xi, xj) ♦❢ r❛♥❦ k✱ ✇❡ ❞❡✜♥❡







r (k) = 0 ✐❢ f (xi) = f (xj)
= 1 ✐❢ f (xi) < f (xj)
= 2 ✐❢ f (xi) > f (xj)

❚❤❡♥ t❤❡ ♣r♦✜❧❡ r ❝❛♥ ❜❡ ✏s✉♠♠❛r✐s❡❞✑ ❜② ❛♥ ✉♥✐q✉❡ ♥✉♠❜❡r Π✿

Π (f) =

K
∑

k=1

r (k) 3k−1

✽✳✷✳✸✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❝❧❛ss❡s ♦❢ ❛ ✏◆❡❛r❡r ✐s ❇❡tt❡r✑ s✉❜s❡t✳
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❢✉♥❝t✐♦♥s ♦♥ X ✇✐t❤ ✈❛❧✉❡s ✐♥
Y ✱ ✇✐t❤✳

{

X = (1, 2, 3, 4, 5)
Y = {1, 2, 3, 4, 5}

❚❤❡r❡ ❛r❡ |Y ||X|
= 3125 s✉❝❤ ❢✉♥❝t✐♦♥s✳❚❤❡② ❝❛♥ ❜❡ ❡❛s✐❧② ❣❡♥❡r❛t❡❞ ✐♥ ❛ ♣r♦❣r❛♠

❜② ✉s✐♥❣ ✺ ❡♠❜❡❞❞❡❞ ❧♦♦♣s✱ ❛♥❞ ✇❡ ❤❛✈❡ ♥✉♠❜❡r❡❞ t❤❡♠ ❢r♦♠ ❋✶ t♦ ❋✸✶✷✺✳ ◆♦t❡
t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥✱ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ✭✐✳❡✳ t❤❡ ♣r♦✜❧❡s ❛♥❞ t❤❡ tr✉t❤ ✈❛❧✉❡s✮
❛r❡ ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ |Y | ❛s s♦♦♥ ❛s ✐t ✐s ❛t ❧❡❛st ❡q✉❛❧ t♦ |X|✳ ❖❢ ❝♦✉rs❡✱ ❤♦✇❡✈❡r✱
t❤❡ ♥✉♠❜❡r ♦❢ r❡♣r❡s❡♥t❛t✐✈❡s ✐♥ ❡❛❝❤ ❝❧❛ss ✐s ❞❡♣❡♥❞✐♥❣ ♦♥ |Y |✳ ■♥ ❚❛❜❧❡ ✺ ✇❡ ❛❧❧
t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✳

✽✳✷✳✹✳ ❈♦♥s✐st❡♥❝② t❤❡♦r❡♠s✳

❚❤❡♦r❡♠ ✽✳✸✳ ❚✇♦ ❡q✉✐✈❛❧❡♥t ❢✉♥❝t✐♦♥s ❤❛✈❡ t❤❡ s❛♠❡ ◆✐s❇ tr✉t❤ ✈❛❧✉❡



✶✹ ❜r✐t✐s❤❲❍❊◆ ◆❊❆❘❊❘ ■❙ ❇❊❚❚❊❘

ν (f) ❊①❛♠♣❧❡ ✪ ν (f) ❊①❛♠♣❧❡ ✪

✶ ❋✸✸✿ (1, 1, 2, 2, 3) ✸✳✾✼✪ ✵ ❋✷✷✸✼✿ (4, 3, 5, 3, 2) ✶✾✳✹✻✪
✵✳✽ ❋✶✹✵✷✿ (3, 2, 2, 1, 2) ✵✳✻✹✪ ✲✵✳✵✺ ❋✷✶✾✽✿ (4, 3, 3, 5, 3) ✵✳✻✹✪
✵✳✼✺ ❋✶✸✼✼✿ (3, 2, 1, 1, 2) ✷✳✷✹✪ ✲✵✳✵✻ ❋✶✻✾✵✿ (3, 4, 3, 3, 5) ✵✳✾✽✪
✵✳✻✸ ❋✼✿ (1, 1, 1, 2, 2) ✷✳✻✾✪ ✲✵✳✵✽ ❋✷✽✹✾✿ (5, 3, 4, 5, 4) ✵✳✼✼✪
✵✳✺✽ ❋✻✷✻✿ (2, 1, 1, 1, 1) ✵✳✻✹✪ ✲✵✳✶ ❋✷✶✶✷✿ (4, 2, 5, 3, 2) ✷✳✽✽✪
✵✳✺ ❋✶✸✽✷✿ (3, 2, 1, 2, 2) ✵✳✻✹✪ ✲✵✳✶✶ ❋✷✸✷✸✿ (4, 4, 3, 5, 3) ✵✳✻✹✪
✵✳✹ ❋✺✾✿ (1, 1, 3, 2, 4) ✵✳✺✽✪ ✲✵✳✶✸ ❋✶✼✹✽✿ (3, 4, 5, 5, 3) ✹✳✶✻✪
✵✳✸✽ ❋✷✸✹✵✿ (4, 4, 4, 3, 5) ✷✳✶✽✪ ✲✵✳✶✹ ❋✷✹✹✷✿ (4, 5, 3, 4, 2) ✸✳✷✻✪
✵✳✸✸ ❋✷✷✶✵✿ (4, 3, 4, 2, 5) ✶✳✻✵✪ ✲✵✳✶✺ ❋✷✵✼✷✿ (4, 2, 3, 5, 2) ✵✳✾✻✪
✵✳✸ ❋✷✹✸✼✿ (4, 5, 3, 3, 2) ✵✳✼✼✪ ✲✵✳✶✼ ❋✷✸✻✹✿ (4, 4, 5, 3, 4) ✹✳✹✷✪
✵✱✷✾ ❋✷✽✸✸✿ (5, 3, 4, 2, 3) ✶✳✷✽✪ ✲✵✱✶✾ ❋✶✼✾✶✿ (3, 5, 2, 4, 1) ✵✳✷✻✪
✵✳✷✺ ❋✷✾✻✺✿ (5, 4, 4, 3, 5) ✻✳✼✷✪ ✲✵✳✷✵ ❋✶✼✹✼✿ (3, 4, 5, 5, 2) ✻✳✵✽✪
✵✳✷✷ ❋✻✺✸✿ (2, 1, 2, 1, 3) ✵✳✻✹✪ ✲✵✳✷✶ ❋✶✽✸✹✿ (3, 5, 4, 2, 4) ✵✳✼✼✪
✵✳✷✵ ❋✷✻✼✾✿(5, 2, 3, 1, 4) ✵✳✶✸✪ ✲✵✳✷✸ ❋✶✶✾✷✿ (2, 5, 3, 4, 2) ✵✳✸✷✪
✵✳✶✼ ❋✷✸✶✺✿ (4, 4, 3, 3, 5) ✸✳✼✽✪ ✲✵✳✷✺ ❋✷✸✷✹✿ (4, 4, 3, 5, 4) ✺✳✷✺✪
✵✳✶✹ ❋✷✽✸✼✿ (5, 3, 4, 3, 2) ✵✳✸✷✪ ✲✵✳✷✽ ❋✶✼✾✸✿ (3, 5, 2, 4, 3) ✵✳✸✷✪
✵✳✶✸ ❋✷✷✸✸✿ (4, 3, 5, 2, 3) ✶✳✾✷✪ ✲✵✳✷✾ ❋✷✹✻✹✿ (4, 5, 4, 3, 4) ✶✳✺✹✪
✵✳✶✶ ❋✶✹✻✵✿ (3, 2, 4, 2, 5) ✵✳✾✻✪ ✲✵✳✸✵ ❋✷✹✻✸✿ (4, 5, 4, 3, 3) ✶✳✷✽✪
✵✳✶✵ ❋✷✽✹✷✿ (5, 3, 4, 4, 2) ✶✳✷✽✪ ✲✵✳✸✶ ❋✷✹✻✾✿(4, 5, 4, 4, 4) ✵✳✼✼✪
✵✳✵✼ ❋✷✼✾✸✿ (5, 3, 2, 4, 3) ✵✳✸✷✪ ✲✵✳✸✸ ❋✶✼✷✹✿(3, 4, 4, 5, 4) ✷✳✷✹✪
✵✳✵✻ ❋✷✾✹✽✿ (5, 4, 3, 5, 3) ✶✳✻✵✪ ✲✵✳✸✺ ❋✶✽✶✽✿(3, 5, 3, 4, 3) ✵✳✻✹✪

✲✵✳✸✽ ❋✷✹✼✸✿(4, 5, 4, 5, 3) ✵✳✻✹✪
✲✵✳✸✾ ❋✶✽✶✼✿(3, 5, 3, 4, 2) ✵✳✻✹✪
✲✵✳✹✵ ❋✷✽✷✿(1, 3, 2, 2, 2) ✵✳✻✹✪

ξ (f) = ρ (f) = 1 ❋✶✺✺✻✿(3, 3, 3, 2, 1) ✺✳✻✵✪

❚♦t❛❧ ✸✺✪ ✻✺✪
❚❛❜❧❡ ✺✳ ✏◆❡❛r❡r ✐s ❇❡tt❡r✑ tr✉t❤ ✈❛❧✉❡s ❢♦r ❋✶ t♦ ❋✸✶✷✺

❆❝t✉❛❧❧② t❤✐s ✐s ❛❧♠♦st ♦❜✈✐♦✉s✳ ❚♦ ❡✈❛❧✉❛t❡ t❤❡ ◆✐s❇ tr✉t❤ ✈❛❧✉❡✱ ✇❡ ♥❡❡❞ t♦ ❜✉✐❧❞
s♦♠❡ Nb,w ❛♥❞ Bw,b s❡ts✱ ❛s ❞❡✜♥❡❞ ❜② ✸✳✶✳ ▲❡t ✉s ❝♦♥s✐❞❡r t✇♦ ❡q✉✐✈❛❧❡♥t ❢✉♥❝t✐♦♥s
f ❛♥❞ g✳ ❆ Nb,w s❡t ✐s ❞❡♣❡♥❞✐♥❣ ♦♥ ♣♦s✐t✐♦♥s✱ ♥♦t ♦♥ ❢✉♥❝t✐♦♥s ✈❛❧✉❡s✳ ❆ Bw,b s❡t ✐s
❞❡♣❡♥❞✐♥❣ ♦♥ ❛ r❡❧❛t✐♦♥s❤✐♣ ❧✐❦❡ f (x) ≤ f (x′)✳ ❆s ✇❡ ❤❛✈❡ f (x) ≤ f (x′) ⇔ g (x) ≤
g (x′)✱ t❤❡ s❡t ✐s t❤❡ s❛♠❡ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ f ♦r g✳ ■♥ ♣❛rt✐❝✉❧❛r ❛❧❧ ❢✉♥❝t✐♦♥s ♦❢ ❛
❣✐✈❡♥ ❝❧❛ss ❤❛✈❡ t❤❡ s❛♠❡ ◆✐s❇ st❛t✉s✱ ❡✐t❤❡r ❚r✉❡ ♦r ❲r♦♥❣✳

❚❤❡♦r❡♠ ✽✳✹✳ ❋♦r ❛ ❣✐✈❡♥ ♣r♦✜❧❡ ✭✐✳❡✳ ❛ ❣✐✈❡♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✮ t❤❡r❡ ✐s ❥✉st ♦♥❡
♣♦ss✐❜❧❡ s❡t ♦❢ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ♠✐♥✐♠❛

❖r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ ♥♦ ♠❛tt❡r ✇❤✐❝❤ r❡♣r❡s❡♥t❛t✐✈❡ ✐s ❝❤♦s❡♥ ✐♥ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✱
t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ♠✐♥✐♠❛ ❛r❡ ❛❧✇❛②s t❤❡ s❛♠❡✳ ❆❣❛✐♥✱ ✐t ✐s ❛❧♠♦st ♦❜✈✐♦✉s✳ ▲❡t
✉s ❝♦♥s✐❞❡r ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ f ✳ ▲❡t Xmin ❜❡ t❤❡ s❡t ♦❢ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ♠✐♥✐♠❛ ♦❢
t❤✐s ❢✉♥❝t✐♦♥✳ ■t ♠❡❛♥s t❤❛t ❢♦r ❛❧❧ ♣❛✐rs ♦❢ ♣♦✐♥ts (xi, xj) ♦❢ Xmin t❤❡ r❡❧❛t✐♦♥s❤✐♣
✐s f (xi) = f (xj)✱ ❛♥❞ ❢♦r ❛❧❧ ♣❛✐rs ♦❢ ♣♦✐♥ts (xi, xj)✇✐t❤ xi ✐♥ X − Xmin ❛♥❞ xj ✐♥
Xmin ✇❡ ❤❛✈❡ f (xi) > f (xj)✳ ❋♦r ❛♥ ❡q✉✐✈❛❧❡♥t ❢✉♥❝t✐♦♥ g t❤❡ r❡❧❛t✐♦♥s❤✐♣s ❛r❡
❡①❛❝t❧② t❤❡ s❛♠❡✱ ❛♥❞ ✐t ♣r♦✈❡s t❤❛t ❛♥② ♠✐♥✐♠✉♠ ♦❢ f ✐s ❛ ♠✐♥✐♠✉♠ ♦❢ g✳ ❚❤❡
s❛♠❡ r❡❛s♦♥✐♥❣ s❤♦✇s t❤❛t ❛♥② ♠✐♥✐♠✉♠ ♦❢ g ✐s ❛ ♠✐♥✐♠✉♠ ♦❢ f ✳
❚❤❛♥❦s t♦ t❤❡s❡ ❝♦♥s✐st❡♥❝② t❤❡♦r❡♠s✱ ✐t ✐s ❡❛s✐❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
❞✐str✐❜✉t✐♦♥✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛❣❛✐♥ ❊①❛♠♣❧❡ ✸✳✸✱ ✇✐t❤ X = (1, 2, 3, 4)✱ ❛♥❞ Y =
(1, 2, 3, 4)✳ ❚❤❡r❡ ❛r❡ ✼✺ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✱ ❛♥❞ ✶✷ ♦❢ t❤❡♠ ❤❛✈❡ t❤❡ ◆✐s❇ ♣r♦♣❡rt②✳
❚❤❡ ❧✐st ✐s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✻ ✳ ◆♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐str✐❜✉t✐♦♥✱ ✇❡
❝❛♥ ❞♦ ✐t ❜② ❝♦♥s✐❞❡r✐♥❣ ❥✉st ♦♥❡ r❡♣r❡s❡♥t❛t✐✈❡ ❜② ❝❧❛ss✱ ✐✳❡✳ ✶✷ ❢✉♥❝t✐♦♥s✱ ❛♥❞ ❜②
✏✇❡✐❣❤t✐♥❣✑ ❡❛❝❤ s♦❧✉t✐♦♥ ♣♦s✐t✐♦♥ ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❧❛ss s✐③❡✳ ❖❢ ❝♦✉rs❡ ✇❡
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❋✐❣✉r❡ ✽✳✶✳ ❘❡❧❛t✐✈❡ ❝❧❛ss s✐③❡s ❢♦r ❊①❛♠♣❧❡ ✸✳✹✳ ❚❤❡ ✏✉♥❞❡t❡r✲
♠✐♥❡❞✑ ❝❧❛ss (ξ (f) = ρ (f) = 1) ✐s ♥♦t r❡♣r❡s❡♥t❡❞✳

❤❛✈❡ ✜rst t♦ ❝♦♠♣✉t❡ t❤❡ ❝❧❛ss❡s✱ ❜✉t ✐t ✐s ✇♦rt❤ ❞♦✐♥❣ ✐t✱ ❢♦r ✐♥ t❤❡ ✇❤♦❧❡ ♣r♦❝❡ss
t❤❡ ♠♦st t✐♠❡ ❝♦♥s✉♠✐♥❣ ♦♣❡r❛t✐♦♥ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ◆✐s❇ tr✉t❤ ✈❛❧✉❡ ❢♦r ❡❛❝❤
❢✉♥❝t✐♦♥✳
❋r♦♠ ❚❛❜❧❡ ✸✱ ✇❤✐❝❤ s❤♦✇s t❤❡ ♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥ ♣♦✐♥ts ♦♥ ❡❛❝❤ ♣♦s✐t✐♦♥✱ ✇❡ ❝❛♥
❞❡r✐✈❡ t❤❡ ❞✐str✐❜✉t✐♦♥ D+ = (0.33, 0.42, 0.42, 0.33)✳

✽✳✸✳ ❆❜♦✉t ❞✐st❛♥❝❡s✳

❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ◆❡❛r❡r ✐s ❇❡tt❡r ❝❧❛ss F+ ✐s ❞❡♣❡♥❞✐♥❣ ♦❢ t❤❡ ❦✐♥❞ ♦❢ ❞✐st❛♥❝❡
✭❛t ❧❡❛st ❛s s♦♦♥ ❛s ❞✐♠❡♥s✐♦♥ ✐s ❣r❡❛t❡r t❤❛♥ ✶✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛
♦❢ t❤❡ ▼✐♥❦♦✇s❦② ❞✐st❛♥❝❡ ♦❢ ♦r❞❡r ♣ ✭♣✲♥♦r♠ ❞✐st❛♥❝❡✮✿

Lp (x, x′) =

(

∑

i

|xi − x′
i|

p

)1/p

❲❤❡♥ p t❡♥❞s t♦ ✐♥✜♥✐t②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❈❤❡❜②s❤❡✈ ✭✏♠❛①✑✮ ❞✐st❛♥❝❡ ❞❡✜♥❡❞ ✐♥ ✸✳✺✳
L1✐s t❤❡ t❛①✐❝❛❜ ♦r ▼❛♥❤❛tt❛♥ ❞✐st❛♥❝❡✱ ❛♥❞ L2 t❤❡ ❝❧❛ss✐❝❛❧ ❊✉❝❧✐❞❡❛♥ ♦♥❡✳ ■♥ ❛♥②
❝❛s❡ t❤❡r❡ ✐s ❛ p ✈❛❧✉❡ ✭♥♦t ♥❡❝❡ss❛r② ❛♥ ✐♥t❡❣❡r✱ ❜✉t ❣r❡❛t❡r t❤❛♥ ✶✮ ❢♦r ✇❤✐❝❤ |F+|
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Pr♦✜❧❡ ❈❧❛ss s✐③❡ ❈❧❛ss ❝♦❞❡Π ❘❡♣r❡s❡♥t❛t✐✈❡ n (1) n (2) n (3) n (4)
✷ ✷ ✷ ✵ ✵ ✵ ✻ ✷✻ ✭✸✱✷✱✷✱✷✮ ✻ ✻ ✻
✷ ✷ ✷ ✷ ✷ ✵ ✹ ✷✹✷ ✭✹✱✷✱✶✱✶✮ ✹ ✹
✷ ✷ ✷ ✷ ✵ ✶ ✹ ✸✷✸ ✭✹✱✷✱✶✱✷✮ ✹
✵ ✵ ✶ ✵ ✶ ✶ ✻ ✸✸✸ ✭✶✱✶✱✶✱✹✮ ✻ ✻ ✻
✶ ✶ ✶ ✵ ✶ ✶ ✹ ✸✸✼ ✭✷✱✸✱✸✱✹✮ ✹
✷ ✵ ✶ ✶ ✶ ✶ ✹ ✸✻✷ ✭✸✱✶✱✸✱✹✮ ✹
✵ ✶ ✶ ✶ ✶ ✶ ✹ ✸✻✸ ✭✷✱✷✱✸✱✹✮ ✹ ✹
✶ ✶ ✶ ✶ ✶ ✶ ✶ ✸✻✹ ✭✶✱✷✱✸✱✹✮ ✶
✷ ✶ ✶ ✶ ✶ ✶ ✶ ✸✻✺ ✭✷✱✶✱✸✱✹✮ ✶
✷ ✷ ✷ ✷ ✷ ✶ ✶ ✹✽✺ ✭✹✱✸✱✶✱✷✮ ✶
✷ ✷ ✷ ✵ ✷ ✷ ✹ ✻✼✹ ✭✹✱✷✱✷✱✶✮ ✹
✷ ✷ ✷ ✷ ✷ ✷ ✶ ✼✷✽ ✭✹✱✸✱✷✱✶✮ ✶

❚♦t❛❧ ✶✺ ✷✶ ✷✶ ✶✺

❚❛❜❧❡ ✻✳ F̃+ ❧✐st ❢♦r ❊①❛♠♣❧❡ ✸✳✸✳ ❋♦r ❡❛❝❤ ❝❧❛ss t❤❡ s✐③❡ ✐s ❣✐✈❡♥✱
t❤❡ Π ❝♦❞❡✱ ❛♥❞ ❛❧s♦ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ❢✉♥❝t✐♦♥✳ ❍♦✇ t♦ ❝♦♠♣✉t❡
t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐str✐❜✉t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦✉r ❧❛st ❝♦❧✉♠♥s

p |F+|
1 ✷✵✼✽✽
✶✳✺ ✷✶✼✼✷
2 ✷✶✼✼✷
✷✳✺ ✷✶✼✼✷
✶✵ ✷✶✼✼✷
∞ ✶✽✻✷✵

❚❛❜❧❡ ✼✳ ◆❡❛r❡r ✐s ❇❡tt❡r ❝❧❛ss s✐③❡ ❢♦r ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ❞✐st❛♥❝❡✱
❛♥❞ ❢♦r ❊①❛♠♣❧❡ ✸✳✺

✐s ♠❛①✐♠✉♠✱ s❛② pM (D)✱ ❛♥❞ ♦♥❡ ❢♦r ✇❤✐❝❤ ✐t ✐s ♠✐♥✐♠✉♠✱ s❛② pm (D)✳ ■♥ ❚❛❜❧❡ ✼
✇❡ ❝❛♥ s❡❡ t❤❛t ❢♦r ❊①❛♠♣❧❡ ✸✳✺✳
◆♦✇ ❧❡t ✉s s✉♣♣♦s❡ ✇❡ ❤❛✈❡ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ♣r❡❝✐s❡❧② ♠❛❦❡s ✉s❡ ♦❢ t❤❡ ◆✐s❇
♣r♦♣❡rt②✱ ❜② ✉s✐♥❣ ❞✐st❛♥❝❡ Lp✳ ❙♦ ✐ts ♠♦st r♦❜✉st ✈❛r✐❛t✐♦♥✱ ✐✳❡✳ t❤❡ ♦♥❡ ✇❤✐❝❤ ✐s
✈❛❧✐❞ ❢♦r t❤❡ ❤✐❣❤❡st ♥✉♠❜❡r ♦❢ ❢✉♥❝t✐♦♥s✱ ✐s ❢♦r p = pM (D)✱ ❛♥❞ ✐ts ♠♦st s♣❡❝✐✜❝
♦♥❡ ❢♦r p = pm (D)✳

✽✳✹✳ F+s✐③❡✳

❯♥❢♦rt✉♥❛t❡❧② ✇❡ ❞♦ ♥♦t ❤❛✈❡ ②❡t ❛ ❢♦r♠✉❧❛ t❤❛t ✇♦✉❧❞ ❞✐r❡❝t❧② ❣✐✈❡ t❤❡ s✐③❡ ♦❢ t❤❡
s✉❜s❡t F+✳ ❍♦✇❡✈❡r t❤❡r❡ ✐s ❛❧r❡❛❞② ♣♦ss✐❜❧❡ t♦ s❛② ❛ ❢❡✇ t❤✐♥❣s✳ ❋♦r ❛ ❣✐✈❡♥ |X|
❧❡t ✉s s✉♣♣♦s❡ t❤❛t ❢♦r |Y | = 2✱ |Y | = 3✱ ✳✳✳✱ |Y | = |X|✱ ✇❡ ❞♦ ❦♥♦✇ t❤❡ ♥✉♠❜❡r ♦❢
❢✉♥❝t✐♦♥s ✐♥ F+ t❤❛t ♠❛❦❡ ✉s❡ ♦❢ ❡①❛❝t❧② |Y | ✈❛❧✉❡s✱ ❛♥❞ ❧❡t ✉s ❝❛❧❧ ✐t a (|X| , |Y |)✳
◆♦t❡ t❤❛t ❜② ❞❡✜♥✐t✐♦♥ a (|X| , j) = 0 ❛s s♦♦♥ ❛s |Y | ✐s ❣r❡❛t❡r t❤❛♥ |X|✳❚❤❡♥ ✐t ✐s
♣♦ss✐❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ F+s✐③❡ ❢♦r ❛♥② Y ❜② ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿

✭✽✳✸✮
∣

∣F+
∣

∣ =

min(|X|,|Y |)
∑

j=2

a (|X| , j) Cj
|Y |

▲❡t ✉s ❣✐✈❡ ✐♠♠❡❞✐❛t❡❧② ❛♥ ❡①❛♠♣❧❡ ❢♦r |X| = 5 ❛♥❞ ❞✐♠❡♥s✐♦♥ ✶ ✭t❛❜❧❡ ✽✮✳ ❘❡♠❡♠✲
❜❡r t❤❛t t❤❡ a (|X| , |Y |) ✈❛❧✉❡s ❛r❡ ❢♦r t❤❡ ♠♦♠❡♥t ❦♥♦✇♥ ❥✉st ❡①♣❡r✐♠❡♥t❛❧❧②✳ ❋♦r
|Y | = 2 ✇❡ ❤❛✈❡ ✺ ❢✉♥❝t✐♦♥s t❤❛t ❛r❡ ✐♥ F+✱ ❧✐❦❡ s❛② (1, 1, 1, 2, 2) ✳ ❋♦r |Y | = 3✱ ✇❡
❤❛✈❡ C2

3 = 3 ♣♦ss✐❜✐❧✐t✐❡s t♦ ♠❛❦❡ ✉s❡ ♦❢ ❡①❛❝t❧② t✇♦ ✈❛❧✉❡s✳ ❊❛❝❤ ♦❢ t❤❡♠ ✏❣❡♥❡r✲
❛t❡s✑ t❤❡♥ ✺ ❢✉♥❝t✐♦♥s ❢♦r✱ ❜❡❝❛✉s❡ ♦❢ ❡q✉✐✈❛❧❡♥❝❡✱ ✐❢ ❛ ❢✉♥❝t✐♦♥ ❧✐❦❡ (1, 1, 1, 2, 2) ✐s ✐♥
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|Y | a (|X| , |Y |) j = 2 j = 3 j = 4 j = 5 |F+| |F| r❛t❡

✷ ✺ ✺ ✺ ✸✷ ✵✳✶✻
✸ ✺✸ ✶✺ ✻✽ ✷✹✸ ✵✳✷✽
✹ ✾✹ ✸✵ ✷✶✷ ✸✸✻ ✶✵✷✹ ✵✳✸✸
✺ ✹✵ ✺✵ ✺✸✵ ✹✼✵ ✶✵✾✵ ✸✶✷✺ ✵✳✸✺
✻ ✵ ✼✺ ✶✵✻✵ ✶✹✶✵ ✷✹✵ ✷✼✽✺ ✼✼✼✻ ✵✳✸✻
✶✵✵ ✵ ✷✹✼✺✵ ✽✺✼✵✶✵✵ ✸✻✽✺✾✺✶✺✵ ✸✵✶✶✺✵✵✽✵✵ ✸✸✽✽✻✾✵✽✵✵ 1010 ✵✳✸✹

❚❛❜❧❡ ✽✳ ❍♦✇ t♦ ❝♦♠♣✉t❡ |F+| ✇❤❡♥ ❦♥♦✇✐♥❣ a (|X| , |Y |)✳ ❚❤❡
❧✐♠✐t r❛t❡ ✐s ❤❡r❡ 40/5! = 0.33

F+✱ t❤❡♥ (1, 1, 1, 3, 3)❛♥❞ (2, 2, 2, 3, 3)❛❧s♦ ❛r❡ ✐♥ F+✳ ❇② ❛❞❞✐♥❣ t❤❡s❡ ✶✺ ❢✉♥❝t✐♦♥s
t♦ t❤❡ ✺✸ ♦♥❡s ✭✐✳❡✳ a (5, 3) C3

3 = a (5, 3) ✐♥ ❢♦r♠✉❧❛ ✽✳✸✮✱ ✇❡ ✜♥❞ t❤❛t t❤❡ s✐③❡ ♦❢ F+

✐s ✻✽✳ ❙❛♠❡ r❡❛s♦♥✐♥❣ ❢♦r t❤❡ ♥❡①t ❧✐♥❡s ♦❢ t❤❡ t❛❜❧❡✳
❲❤❛t ✐s ✐♥t❡r❡st✐♥❣ ✐s t❤❡ r❛t❡ |F+| / |F|✱ ❢♦r ❛s s♦♦♥ ❛s |Y | ✐s s✐♠✐❧❛r t♦ |X|✱ ♦r
❣r❡❛t❡r✱ ✐t ❞❡♣❡♥❞s ❛❧♠♦st ♦♥❧② ♦♥ a (|X| , |X|)✳ ■t ✐s ❡❛s② t♦ ❞❡r✐✈❡ ✐ts ❧✐♠✐t ✈❛❧✉❡
❢r♦♠ ❢♦r♠✉❧❛ ✽✳✸✳

lim

( |F+|
|F|

)

|Y |/|X|→∞
=

a (|X| , |X|)
|X|!

❚❤✐s ✈❛❧✉❡ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ r❛t❡ ✇❤❡♥ |Y | = |X|✳ ❆s a (|X| , |Y |)
✐s ❛❝t✉❛❧❧② ❛❧s♦ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ D ♦❢ t❤❡ s❡❛r❝❤ s♣❛❝❡ X✱ ❛♥❞ ♦♥ t❤❡
❦✐♥❞ ♦❢ ❞✐st❛♥❝❡ L t❤❛t ✐s ✉s❡❞✱ ✇❡ ❝❛♥ ♥❛♠❡ ✐t a∗ (|X| , D, L)✳ ■t ♠❛② ❜❡ ✇♦rt❤
r❡✲❡①♣❧❛✐♥✐♥❣ ✐ts ♠❡❛♥✐♥❣✳ ❲❤❡♥ t❤❡ s❡❛r❝❤ s♣❛❝❡ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ s♣❛❝❡ ❤❛✈❡
t❤❡ s❛♠❡ s✐③❡ m✱ t❤✐s ✐s t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ❜✐❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s t❤❛t ❛❧s♦ ❤❛✈❡ t❤❡ ◆✐s❇
♣r♦♣❡rt②✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ ✇❡ ❝♦✉❧❞ s❛② ✏❢♦r x✪ ♦❢ t❤❡ ❜✐❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s t❤❡ ◆✐s❇
tr✉t❤ ✈❛❧✉❡ ✐s ♣♦s✐t✐✈❡✑✱ t❤❡♥ ✇❡ ❝♦✉❧❞ ❡st✐♠❛t❡ ✏♦♥ t❤❡ ✇❤♦❧❡✱ t❤❡ s✐③❡ ♦❢ F+ ✐s
x |X||X|✑✳

✽✳✺✳ ❋r♦♠ ❞✐s❝r❡t❡ t♦ ❝♦♥t✐♥✉♦✉s s❡❛r❝❤ s♣❛❝❡✳

❆s ❞✐s❝r❡t❡ ❢✉♥❝t✐♦♥s ❛r❡ ❡❛s✐❡r t♦ st✉❞② ❢r♦♠ ❛ ◆✐s❇ ♣♦✐♥t ♦❢ ✈✐❡✇✱ s♦♠❡ ❛❧❣♦r✐t❤♠s
❧✐❦❡ P❙❖ ❞♦ ♣r❡❢❡r ✏♠♦✈✐♥❣✑ ✐♥ ❛ ❝♦♥t✐♥✉♦✉s s❡❛r❝❤ s♣❛❝❡✳ ❲❡ ❛r❡ ✐♥t❡r❡st✐♥❣ ❤❡r❡
♦♥ ❤♦✇ t♦ ❞❡s✐❣♥ ❛ ❜❡♥❝❤♠❛r❦ ♦❢ ❢✉♥❝t✐♦♥s ♦♥ s✉❝❤ ❛ s♣❛❝❡✳ ❆❝t✉❛❧❧② t❤❡r❡ ✐s ❛
q✉✐t❡ ❡❛s② ✇❛②✿ ♣✐❡❝❡✲✇✐s❡ ❢✉♥❝t✐♦♥s✳ ▲❡t ✉s ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡✳
❲❡ ✇❛♥t t♦ ❞❡s✐❣♥ ❛ ❞❡❝❡♣t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ❲❡ ❝❛♥ st❛rt ❢r♦♠ ❛♥② ❞✐s❝r❡t❡
♦♥❡ t❤❛t ❜❡❧♦♥❣s t♦ F−✱ s❛② f = (0, 3, 2, 4, 2) ♦♥ X = (1, 2, 3, 4, 5)✳ ❍❡r❡ ✇❡ ❤❛✈❡
ν (f) = −0.39✳ ❚❤❡♥ ✇❡ ❝❛♥ ❞❡r✐✈❡ ❛ ♣✐❡❝❡✲✇✐s❡ ❢✉♥❝t✐♦♥ g ♦♥ s❛② [0, 5[ ❜②✿

x ∈ [i − 1, i[ ⇒ g (x) = f (i)

✇❤❡r❡ i ✐s ✐♥ X✳ ❖♥ t❤✐s ❢✉♥❝t✐♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss ♦❢ ❘❛♥❞♦♠ ❙❡❛r❝❤ R
❛❢t❡r ❛t ♠♦st n ❛tt❡♠♣ts ✐s ❣✐✈❡♥ ❜② p (n) = 1 − (1 − 1/5)

n✳ ❲❡ ❝❛♥ ❝♦♠♣❛r❡ ✇✐t❤
t❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ❜② ❛ ❝❧❛ss✐❝❛❧ P❙❖ ✇✐t❤ s❛② ✜✈❡ ♣❛rt✐❝❧❡s✱ ❛s s❤♦✇♥ ♦♥ ❚❛❜❧❡ ✾✳
❖❢ ❝♦✉rs❡ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛tt❡♠♣ts ✐s ♣r❡❝✐s❡❧② ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✱
P❙❖ ✐s ❡q✉✐✈❛❧❡♥t t♦ R ❜❡❝❛✉s❡ ♦♥❧② t❤❡ r❛♥❞♦♠ ✐♥✐t✐❛❧✐s❛t✐♦♥ ♣❤❛s❡ ✐s ♣❡r❢♦r♠❡❞✳
❍♦✇❡✈❡r ✐❢ P❙❖ ❞♦❡s ♥♦t ✜♥❞ ❛ s♦❧✉t✐♦♥ ❞✉r✐♥❣ t❤✐s r❛♥❞♦♠ ♣❤❛s❡ ✐t ✐s ❛❧♠♦st ♥❡✈❡r

◆✉♠❜❡r ♦❢ ❛tt❡♠♣ts ❘❛♥❞♦♠ s❡❛r❝❤ P❙❖ ✺ ♣❛rt✐❝❧❡s

✺ ✵✳✻✼ ✵✳✻✼
✷✵ ✵✳✾✾ ✵✳✼✸

❚❛❜❧❡ ✾✳ ❈♦♠♣❛r✐s♦♥ ♦❢ ❘❛♥❞♦♠ ❙❡❛r❝❤ ❛♥❞ P❙❖ ♦♥ ❛ ♣✐❡❝❡✲✇✐s❡
❞❡❝❡♣t✐✈❡ ❢✉♥❝t✐♦♥✳ ❋♦r P❙❖ t❤❡ s✉❝❝❡ss r❛t❡ ✐s ❡st✐♠❛t❡❞ ♦✈❡r ✺✵✵✵
r✉♥s
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❛❜❧❡ t♦ ✜♥❞ ♦♥❡ ❜② ♠♦✈✐♥❣ t❤❡ ♣❛rt✐❝❧❡s✱ ♣r❡❝✐s❡❧② ❢♦r ✐ts ✉♥❞❡r❧②✐♥❣ ❛ss✉♠♣t✐♦♥ ✐s
✏♥❡❛r❡r ✐s ❜❡tt❡r✑✱ ✇❤✐❝❤ ✐s ✇r♦♥❣ ❢♦r t❤✐s ❞❡❝❡♣t✐✈❡ ❢✉♥❝t✐♦♥✳

✽✳✻✳ ◆❡❛r❡r ✐s ❇❡tt❡r t❤❛♥ t❤❡ ❜❡st✳

■t ✐s ♣❡r❢❡❝t❧② ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ✏◆❡❛r❡r ✐s ❇❡tt❡r✑ ✐♥ ❛ ❛♣♣❛r❡♥t❧② ♠♦r❡ r❡str✐❝t✐✈❡
✇❛②✳ ■♥ ❊q✉❛t✐♦♥ ✸✳✶ ✇❡ ❝❛♥ r❡♣❧❛❝❡ Bw,b ❜②✳

Bw,b = {x, x 6= xb, x 6= xw, f (x) ≤ f (xb)}
✐✳❡✳ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ♥♦t ❛♥②♠♦r❡ t❤❡ ♣♦s✐t✐♦♥s t❤❛t ❛r❡ ❜❡tt❡r t❤❛♥ xw ❜✉t ❜❡tt❡r
t❤❛♥ xb✱ ✐✳❡✳ ✏❜❡tt❡r t❤❛♥ t❤❡ ❜❡st✑ ♦❢ t❤❡ ♣❛✐r✳
❍♦✇❡✈❡r✱ ❝♦♥tr❛r✐❧② t♦ t❤❡ ✐♥t✉✐t✐♦♥✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s✱ t❤❛t ✇❡
❝❛♥ ❞❡♥♦t❡ F+b ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥t♦ F+✳ ❚❤❡✐r ✐♥t❡rs❡❝t✐♦♥ ✐s ♥♦t ❡♠♣t②✱ t❤❛t ✐s
❛❧❧✳ ❆♥❞ ❛❧s♦✱ ❡✈❡♥ ❛♥ ✏♦❜✈✐♦✉s❧② ❣♦♦❞✑ ❢✉♥❝t✐♦♥ ❧✐❦❡ (1, 2, 3, 4)✱ ✇❤✐❝❤ ✐s ✐♥ F+✱ ✐s
♥♦t ✐♥ F+b✳ ❚❤❛t ✐s ✇❤② st✉❞②✐♥❣ F+ s❡❡♠s ♠♦r❡ ✐♥t❡r❡st✐♥❣✳

✽✳✼✳ ❖♣❡♥ ◗✉❡st✐♦♥s✳

✽✳✼✳✶✳ P❡r❢❡❝t ❞❡❝❡♣t✐✈❡ ❢✉♥❝t✐♦♥✳
❊①♣❡r✐♠❡♥t❛❧❧② ✇❡ ❤❛✈❡ ♥♦t ❜❡❡♥ ❛❜❧❡ t♦ ✜♥❞ ❛ ◆✐s❇ tr✉t❤ ✈❛❧✉❡ ν (f) s♠❛❧❧❡r t❤❛♥
✵✳✺✳ ❙♦ t❤❡ q✉❡st✐♦♥ ✐s ✏❲❤❛t ✐s t❤❡ s♠❛❧❧❡st ♣♦ss✐❜❧❡ ✈❛❧✉❡❄✑✳

✽✳✼✳✷✳ ❊①t❡♥❞✐♥❣ ❛ ♥♦♥✲◆✐s❇ ❢✉♥❝t✐♦♥✳
▲❡t f ❜❡ ❛ ♥♦♥✲◆✐s❇ ❢✉♥❝t✐♦♥ ✭✐✳❡✳ ✇❤♦s❡ ◆✐s❇ tr✉t❤ ✈❛❧✉❡ ✐s ♥❡❣❛t✐✈❡✮ ❞❡✜♥❡❞
♦♥ X✱ ❛♥❞ f ′ ❛ ♥♦♥✲◆✐s❇ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ X ′✳ ❲❡ ❞❡✜♥❡ ❛ ♥❡✇ ❢✉♥❝t✐♦♥ g ♦♥
X
⋃

X ′ ❜②✳
{

g (x) = f (x) ✐❢ x ∈ X
= f ′ (x) ✐❢ x ∈ X ′

■s g ❛❧s♦ ❛ ♥♦♥✲◆✐s❇ ❢✉♥❝t✐♦♥❄ ◆♦t❡ t❤❛t t❤❡ ❝♦♥tr❛r② ✐s ♦❜✈✐♦✉s❧② ✇r♦♥❣✱ ✐✳❡✳ ✐❢ f
❛♥❞ f ′ ❛r❡ t✇♦ ◆✐s❇ ❢✉♥❝t✐♦♥s✱ t❤❡♥ g ✐s ♥♦t ❛❧✇❛②s ❛❧s♦ ❛ ◆✐s❇ ♦♥❡✳
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