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CLUSTER CHARACTERS FOR TRIANGULATED
2-CALABI-YAU CATEGORIES

YANN PALU

ABSTRACT. Starting from an arbitrary cluster-tilting object 7" in a 2-Calabi—
Yau category over an algebraically closed field, as in the setting of Keller
and Reiten, we define, for each object L, a fraction X (7, L) using a formula
proposed by Caldero and Keller. We show that the map taking L to X (7, L)
is a cluster character, i.e. that it satisfies a certain multiplication formula. We
deduce that it induces a bijection, in the finite and the acyclic case, between the
indecomposable rigid objects of the cluster category and the cluster variables,
which confirms a conjecture of Caldero and Keller.

INTRODUCTION

Cluster algebras were invented and studied by S. Fomin and A. Zelevinsky in
[, [, L) and in collaboration with A. Berenstein in [fl]. They are commutative
algebras endowed with a distinguished set of generators called the cluster variables.
These generators are gathered into overlapping sets of fixed finite cardinality, called
clusters, which are defined recursively from an initial one via an operation called
mutation. A cluster algebra is said to be of finite type if it only has a finite number
of cluster variables. The finite type cluster algebras were classified in [Ld].

It was recognized in [R6] that the combinatorics of cluster mutation are closely
related to those of tilting theory in the representation theory of quivers and finite
dimensional algebras. This discovery was the main motivation for the invention of
cluster categories (in [ﬂ] for the A, -case and in [@] for the general case). These are
certain triangulated categories [@] which, in many cases, allow one to ‘categorify’
cluster algebras: In the categorical setting, the cluster-tilting objects play the role
of the clusters, and their indecomposable direct summands the one of the cluster
variables.

In [i7), [i§], [1g], the authors study another setting for the categorification of
cluster algebras: The module categories of preprojective algebras of Dynkin type.
They succeed in categorifying a different class of cluster algebras, which also con-
tains many cluster algebras of infinite type.

Both cluster categories and module categories of preprojective algebras of Dynkin
type are 2-Calabi—Yau categories in the sense that we have bifunctorial isomor-
phisms

Ext'(X,Y) ~ DExt'(Y, X),
which are highly relevant in establishing the link with cluster algebras. This mo-
tivates the study of more general 2-Calabi-Yau categories in [@], [, [@], [@],
[g, [I9), Bl- In order to show that a given 2-Calabi-Yau category ‘categorifies’ a
given cluster algebra, a crucial point is

a) to construct an explicit map from the set of indecomposable factors of
cluster-tilting objects to the set of cluster variables, and
b) to show that it is bijective.

Such a map was constructed for module categories of preprojective algebras of

Dynkin type in [@] using Lusztig’s work [@ For cluster categories, it was defined
1
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by P. Caldero and F. Chapoton in [E} More generally, for each object M of the
cluster category, they defined a fraction Xp; in Q(z1,...,2,). The bijectivity
property of the Caldero—Chapoton map was proved in [E] for finite type and in [E],
cf. also [E], for acyclic type.

A crucial property of the Caldero—Chapoton map is the following. For any pair
of indecomposable objects L and M of C whose extension space C(L,XM) is one-
dimensional, we have

XpXu=Xp+ Xp,
where ¥ denotes the suspension in C and where B and B’ are the middle terms of
‘the’ two non-split triangles with outer terms L and M. We define, in defintion E a
cluster character to be a map satisfying this multiplication formula.

This property has been proved in [g] in the finite case, in ] for the analogue
of the Caldero—Chapoton map in the preprojective case, and in [[L0] in the acyclic
case.

The main result of this article is a generalisation of this multiplication formula.
Starting from an arbitrary cluster-tilting object 7" and an arbitrary 2-Calabi—Yau
category C over an algebraically closed field (as in the setting of [RJ]), we define,
for each object L of C, a fraction XI using a formula proposed in [0}, 6.1]. We show
that the map L — X7 is a cluster character. We deduce that it has the bijectivity
property in the finite and the acyclic case, which confirms conjecture 2 of [E]
Here, it yields a new way of expressing cluster variables as Laurent polynomials in
the variables of a fixed cluster. Our theorem also applies to stable categories of
preprojective algebras of Dynkin type and their Calabi—Yau reductions studied in
() and

Let k be an algebraically closed field, and let C be a 2-Calabi-Yau Hom-finite
triangulated k-category with a cluster-tilting object 7' (see section [).

The article is organised as follows: In the first section, the notations are given
and the main result is stated. In the next two sections, we investigate the exponents
appearing in the definition of X7 . In section E, we define the index and the coindex
of an object of C and show how they are related to the exponents. Section B is
devoted to the study of the antisymmetric bilinear form

(M, L), = dimC(M, L) — dim C(M, SL) — dim C(L, M) + dim C(L, SM)

on mod Endc7T. We show that this form descends to the Grothendieck group
Ko(mod EndeT), confirming conjecture 1 of [ff, 6.1]. In section |, we prove that
the same phenomenon of dichotomy as in [JL0, section 3] (see also [E]) still holds
in our setting. The results of the first sections are used in section [ to prove the
multiplication formula. We draw some consequences in section @ Two examples
are given in section E
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1. MAIN RESULT

Let k be an algebraically closed field, and let C be a k-linear triangulated category
with split idempotents. Denote by ¥ its suspension functor. Assume moreover that
the category C

a) is Hom-finite: For any two objects X and Y in C, the space of morphisms
C(X,Y) is finite-dimensional,
b) is 2-Calabi-Yau: There exist bifunctorial isomorphisms

C(X,XY) ~ DC(Y,EX),

where D denotes the duality functor Homy(?, k), and
c¢) admits a cluster-tilting object T, which means that
i) C(T,XT) =0 and
ii) for any X in C, if C(X, XT') = 0, then X belongs to the full subcategory
add T formed by the direct summands of sums of copies of T'.

For two objects X and Y of C, we often write (X,Y") for the space of morphisms
C(X,Y) and we denote its dimension by [X,Y]. Similarly, we write !(X,Y") for
C(X,XY) and '[X,Y] for its dimension. Let B be the endomorphism algebra of
T in C, and let mod B be the category of finite-dimensional right B-modules. As
shown in [ff], cf. also [J], the functor

F:C— modB , X — C(T,X),

induces an equivalence of categories

C/(XT) = mod B,
where (X7') denotes the ideal of morphisms of C which factor through a direct sum
of copies of XT.
The following useful proposition is proved in [RJ] and [R4]:

Proposition 1. Let X Ly %7 29X bea triangle in C. Then

. The morphism g induces a monomorphism in mod B if and only if f € (XT).
. The morphism f induces an epimorphism in mod B if and only if g € (XT)

Moreover, if X has no direct summands in add¥T, then FX is projective (resp.
injective) if and only if X lies in add (T) (resp. in add (X2T) ).

Definition 2. A cluster character on C with values in a commutative ring A is a
map

x: obj(C) — A
such that
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. for all objects L and M of C, we have x(L & M) = x(L)x(M),
. for all objects L and M of C such that dim Extg (L, M) = 1, we have

X(L)x(M) = x(B) + x(B"),
where B and B’ are the middle terms of ‘the’ non-split triangles
L—-B—-M-—-YLandM —-B —-—L—-XM
with end terms L and M.

Let N be a finite-dimensional B-module and e an element of Kg(mod B). We
write Gre(IN) for the variety of submodules N’ of N whose class in Ko(mod B)
is e. It is a closed, hence projective, subvariety of the classical Grassmannian
of subspaces of N. Let x(Gr. N) denote its Euler-Poincaré characteristic with
respect to the étale cohomology with proper support. Let K (mod B) denote the
‘split’ Grothendieck group of mod B, i.e. the quotient of the free abelian group on
the set of isomorphism classes [N] of finite-dimensional B-modules N, modulo the
subgroup generated by all elements

[N1 ® Na| — [N1] — [Na].
We define a bilinear form
(,):K{(mod B) x K¢’ (mod B) — Z
by setting
<N5N/> = [NvN/] - 1[N7N/]

for all finite-dimensional B-modules N and N’'. We define an antisymmetric bilinear
form on K’ (mod B) by setting

<NaN/>a = (NvNI>_<N/aN>

for all finite-dimensional B-modules N and N’. Let T3, ..., T}, be the pairwise non-
isomorphic indecomposable direct summands of 7" and, for ¢ = 1,...,n, let .S; be
the top of the projective B-module P; = FT;. The set {S;,i =1,...,n} is a set of
representatives for the isoclasses of simple B-modules.

We need a lemma, the proof of which will be given in part 2.

Lemma 3. For any i = 1,...,n, the linear form (S;,?), : K{’'(modB) — Z
induces a well-defined form

<Sia?>a : Ko(mOdB) — 7.

Let ind C be a set of representatives for the isoclasses of indecomposable objects
of C. Define, as in [f], 6.1], a Caldero-Chapoton map, X7 :indC — Q(1,...,,)
by

T x; if M ~ 3T;
Xar = { > x(Gre FM) [T, $§Si7e>a_(si’FM> else.
Extend it to a map X7 : C — Q(1,...,2y,) by requiring that X7, v = X, X%.
When there are no possible confusions, we often denote Xz{[ by Xps. The main
result of this article is the following

Theorem 4. The map Xr_,T :C — Q(z1,...,2,) is a cluster character.

We will prove the theorem in section p.1; illustrate it by examples in section E
and draw some consequences in section p.J.
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2. INDEX, COINDEX AND EULER FORM

In the next two sections, our aim is to understand the exponents appearing in
the definition of Xj;. More precisely, for two objects L and M of C, we want to
know how the exponents in Xp depend on the choice of the middle term B of a
triangle with outer terms L and M.

2.1. Index and coindex. Let X be an object of C. Define its index
ind X € Ko(proj B) as follows. There exists a triangle (see [KR1])

¥ - T - X - 27

with 75% and 77 in add7. Define ind X to be the class [FT5%] — [FT{] in
Ko(proj B). Similarly, define the coindex of X, denoted by coind X, to be the
class [FTY] — [FT%] in Ko(proj B), where

X — 227% - 221y - ¥X
is a triangle in C with T, T% € addT.

Lemma 5. We have the following properties:

(1) The index and coindex are well defined.

(2) ind X = — coind X

(3) indT; = [P;] and ind XT; = —[P;] where P, = FT;.
(4) ind X — coind X only depends on FX € modB.

Proof. An add T-right approximation of an object X of C is a morphism 7"’ T x
with 77 € add T such that any morphism T — X with 7" € add T factors through
f. Tt is called minimal if, moreover, any morphism X — X such that gf = f is
an isomorphism. A minimal approximation is unique up to isomorphism.
Assertions (2) and (3) are left to the reader.

(1) In any triangle of the form
¥ - 1X L x - e,

the morphism f is an add T-right approximation. Therefore, any such triangle is
obtained from one where f is minimal by adding a trivial triangle

T =T —0— T
with 77 € add T. The index is thus well-defined. Dually, one can define left approx-
imations and show that the coindex is well-defined.
(4) Let T" be an object in addT'. Take two triangles
¥ - T;¥ — X — ST and
X - ¥°T% — 22Ty - ©X
with Tg¥, T7X, T% and T% in addT. Then, we have two triangles
el - T - XoXT' — S(TF¥ ©T’) and
XoXT — ¥2TYy —» YTy & T') —» X ¢ ¥°T".
We thus have the equality:
ind(X & XT") — coind(X & X7") = ind X — coind X.
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Proposition 6. Let X L 7%y 59X bea triangle in C. Take C € C (resp.
K €C) to be any lift of Coker Fg (resp. Ker Ff). Then

indZ = indX+indY —indC —ind 2~'C and
coindZ = coindX + coindY — coind K — coind X K.

Proof. Let us begin with the equality for the indices. First, consider the case where
FC = 0. This means that the morphism & belongs to the ideal (7). Take two
triangles

7 — T —- X — 3% and TV —T) —Y — T

in C, where the objects T;*, T{X, Ty, TY belong to the subcategory addT'. Since
the morphism e belongs to the ideal (XT'), the morphism Ty — Y factors through
g. This gives a commutative square

¥ o Ty —=1Ty

L

Z ——=Y.

Fit it into a nine-diagram

X z Ty ST
T ——=Tf e TY 7Y —2> 27X
X Z Y X
ST VA 7Y,

whose rows and columns are triangles. Since the morphism T} — XT7¥ vanishes,
the triangle in the first row splits, so that we have

7' ~T¥ @TY and indZ =ind X +indY.

Now, let us prove the formula in the general case. There exists a lift C' of Coker F'g
in C such that the following diagram is commutative

Y

YX.

N

C

The octahedral axiom yields a commutative diagram
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U U
X A Yy ——=¥%X
| ﬁ |
X 1% C X
vy (e}
EU fr— EU’

whose two central rows and columns are triangles. Due to the choice of C, the
morphisms «, 3, hence v belong to the ideal (XT'). We thus have the equalities:

indY = indC+indU,
indX = indV+ind¥2"'C,
indZ = indV +indU,

giving the desired formula. Moreover, as seen in lemma E (4), the sum ind C' +
indX~!C = ind C — coind C' does not depend on the particular choice of C. Apply
this formula to the triangle

27X —2lY —¥'Z — X
and use lemma [J(2) to obtain the formula for the coindices. O

2.2. Exponents. We now compute the index and coindex in terms of the Euler
form.

Lemma 7. Let X € C be indecomposable. Then

—[P] if X ~ XT;
ind X =
Yo (FX,S)[P] else,
—[P] if X ~XT;
coind X =

S (Si, FX)[P] else.
Proof. Let X be an indecomposable object in C, non-isomorphic to any of the ¥7;’s.
Take a triangle
& Lo 4 x =onrY
with the morphism ¢ being a minimal right add T-approximation, as defined in the
proof of lemma ﬂ We thus get a minimal projective presentation
P — P —FX —0
where PX = FTX i =0,1. For any i, the differential in the complex
0—’(P0Xa5i) — (P, 8) — -
vanishes. Therefore, we have
[FX,8] = [P, 8] =[P : P,
FX,S) = [P, 8] =[PPl
(FX,S;) = [indX:PB).
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The proof for the coindex is analogous: We use a minimal injective copresentation
of FX induced by a triangle

X — 2T) — 22Ty — ¥X.
0

Let us write ¢ for [}, xgetp"] where e € Ko (proj B) and [e : P;] is the ith coefficient
of e in the basis [P1],...,[Py]. Then, by lemma ﬂ, for any indecomposable object
M in C, we have

n

XM — E_ coind M ZX(GI‘@ FM) Hl_fsi,e>a-

i=1

3. THE ANTISYMMETRIC BILINEAR FORM

In this part, we give a positive answer to the first conjecture of [E, 6.1] and
prove that the exponents in Xj; are well defined. The first lemma is sufficient
for this latter purpose, but is not very enlightening, whereas the second proof
of theorem EI gives us a better understanding of the antisymetric bilinear form.
When the category C is algebraic, this form is, in fact, the usual Euler form on the
Grothendieck group of a triangulated category together with a t-structure whose
heart is the abelian category mod B itself.

3.1. The map X7 is well defined. Let us first show that any short exact sequence
in mod B can be lifted to a triangle in C.

Lemma 8. Let 0 — x — y — 2z — 0 be a short exact sequence in mod B. Then
there exists a triangle in C

X—Y —7—3%¥X
whose image under F' is isomorphic to the given short exact sequence.

Proof. Let

0—>x—i>yi>z—>0

be a short exact sequence in mod B. Let X . ¥ be alift of the monomorphism
r — y in C. Fix a triangle
¥ — Ty — X — 5T}
and form a triangle
X —Yorr¥ —7Z-53%X.

The commutative left square extends to a morphism of triangles

X —=Yaxr¥ 7 ——=3X
|
Y

X »T¥ ST —— $X.

so that the morphism ¢ lies in the ideal (XT'). Therefore, the sequence
0—z - y— FZ — 0

is exact, and the modules F'Z and z are isomorphic. O



CLUSTER CHARACTERS 9

Proof of lemma E
Let X be an object of the category C. Using section @ we have

coind X — ind X = (S;, FX)q[P)] .
i=1
Therefore, it is sufficient to show that the form
Ko(modB) — Z
[FX] +— coind X —ind X
is well defined. Thanks to lemma [J(4), we already know that coind X — ind X only

depends on F'X. Take 0 — z — y — z — 0 to be a short exact sequence in mod B.
Lift it, as in lemma E, to a triangle

X—Y —Z7—%¥XinC.
By proposition E, we have
indY — coindY = (ind X + ind Z) — (coind X + coind Z)
which is the required equality. (I
Corollary 9. The map
XF:C— Qx1,...,xn)
is well defined.

3.2. The antisymmetric bilinear form descends to the Grothendieck group.
In this subsection, we prove a stronger result than in the previous one. This gives
a positive answer to the first conjecture in [ff, 6.1].

Lemma 10. Let T’ be any cluster-tilting object in C. We have bifunctorial isomor-
phisms
C/irm(E71X,Y) ~ (T)(27Y, X).

Proof. Let X and Y be two objects of C, and let T} — T) — X L BT be a
triangle in C, with 7§ and 77 in add 7”. Consider the morphism

a: (T],Y) — (Z7'X,Y)
f — fox 7y

We have

(T (27'X,Y) ~Ima ~ Im Da.
Since the category C is 2-Calabi—Yau, the dual of «, Da, is isomorphic to

o (BTVX) — (37T

g =~ 1nNo°g.
We thus have isomorphisms
(TH(E7'X,Y) ~ Imd

(7Y, X)/ Kero/
C/rn (7Y, X).

R

12

O

Theorem 11. The antisymmetric bilinear form (, ), descends to the Grothendieck
group Ko(mod B).
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Proof. Let X and Y be two objects in the category C. In order to compute
(FX,FY) = [FX,FY] — Y[FX,FY], let us construct a projective presentation
in the following way. Let

sIx LrX LrX L x

be a triangle in C with T;¥ and 75X being two objects in the subcategory add T
This triangle induces an exact sequence in mod B

Fyix B9 ppX HoppX L px o,

where FTgX and FT;¥ are finite-dimensional projective B-modules. Form the com-
plex

(*) 0 — Homp(FT;*,FY) — Homp(FT;*,FY) — Homp(FY ' X, FY).

Since the object T is cluster-tilting in C, there are no morphisms from any object in
add T to any object in add X7". The complex () is thus isomorphic to the following
one :

0 — C(T3",Y) 15 C(TY,Y) 5 C ) (ST X, V),
where f* (resp. g*) denotes the composition by f (resp. g). Therefore, we have

Homp(FX,FY) ~ Kerf*

Extp(FX,FY) =~ Kerg*/Im f*.
We can now express the bilinear form as
(FX,FY) = dimKer f*—dimKerg*+rgf*

=[5 Y] - [I, Y] +rgg",

with the image of the morphism ¢g* being the quotient by the ideal (X7T) of the
space of morphisms from ¥~ X to Y, in C, which belong to the ideal (T'):

Img* = (T)/zr)(Z7'X,Y).
Similarily, using an injective copresentation given by a triangle of the form

X — 279 oyl Py

we obtain
(FY,FX) = [Y,5*T%] - [V, X*T}] + rg f.,
and Im 3, = (X°T)/(s1)(Y, £X). By lemma [Ld, we have bifunctorial isomorphisms
(T)/ =) (57" X,Y) ~ D(ET)/ (1) (57'Y, X) ~ D(3°T) /(w7 (Y, £X).
Therefore, we have the equality
(FX,FY)o = [I5,Y]=[I7,Y] - [V, 2°TR] + [Y, 2°T%]
= [FT, FY] — [FT{*, FY] — [FY, FS?TY] + [FY, FXTx].

Since FT is projective and FX2T in injective, this formula shows that ( , ), de-
scends to a bilinear form on the Grothendieck group Ko(mod B). O
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3.3. The antisymmetric bilinear form and the Euler form. In this subsec-
tion, assume moreover that the category C is algebraic, as in [@, section 4]: There
exists a k-linear Frobenius category with split idempotents £ whose stable cate-
gory is C. Denote by M the preimage, in £, of add T via the canonical projection
functor. The category M thus contains the full subcategory P of £ whose ob-
jects are the projective objects in &£, and we have M = addT. Let Mod M be
the category of M-modules, i.e. of k-linear contravariant functors from M to the
category of k-vector spaces. The category mod M of finitely presented M-modules
is identified with the full subcategory of Mod M of finitely presented M-modules
vanishing on P. This last category is equivalent to the abelian category mod B of
finitely generated B-modules. Recall that the perfect derived category per M is
the full triangulated subcategory of the derived category of D Mod M generated
by the finitely generated projective M-modules. Define per,, M to be the full
subcategory of per M whose objects X satisfy the following conditions:

. for each integer n, the finitely presented M-module H" X belongs to mod M,
. the module H" X vanishes for all but finitely many n € Z.

It can easily be shown that per ,, M is a triangulated subcategory of per M. More-
over, as shown in [@], the canonical t-structure on D Mod M induces a t-structure
on per ,, M, whose heart is the abelian category mod M.

The following lemma shows that the Euler form

Ko (pery M) x Ko (peryy M) — Z

(X],[Y]) +— (X],[Y]) =) (~1)"dimpery M (X,5'Y)
€L

is well defined.

Lemma 12. Let X andY belong to per g M. Then the vector spaces per r M (X, EiY)
are finite dimensional and only finitely many of them are non-zero.

Proof. Since X belongs to per M, we may assume that it is representable: There
exists M in M such that X = M". Moreover, the module H"Y vanishes for all
but finitely many n € Z. We thus may assume Y to be concentrated in degree
0. Therefore, the space per, M (X, X'Y) = per, M(M", X'H’Y) vanishes for all
non-zero ¢. For ¢ = 0, it equals

Homy (M, HY) = HY(M)
= Homyg (M(?,M),H’Y).

this last space being finite dimensional.

This enables us to give another proof of theorem EI This proof is less general
than the previous one, but is nevertheless much more enlightening.
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Proof of theorem Iﬁ Let X and Y be two finitely presented M-modules, lying in
the heart of the t-structure on per, M. We have:

(X,[Y]) = > (~1)'dimpery M (X,2Y)
i€Z
3 . .
(1) = ) (~1)*dimpery M (X,%'Y)
i=0
= dimper M(X,Y) — dim per , M(X, XY
+ dim per , M(X, *Y) — dim per ,, M(X, %Y
(2) = dimper, M(X,Y) —dimper,, M(X,%Y)
+dim per \, M(Y, X) — dim per, M(Y,XX)
= dimHompum(X,Y) — dimHom (X, 3Y)
+ dim Hompam (Y, X) — dim Homay (Y, 3X)
= (XL, [Y]a
where the classes are now taken in Ko(mod B). Equalities (1) and (2) are conse-
quences of the 3-Calabi-Yau property of the category per,, M, cf. . (I

4. DICHOTOMY

Our aim in this part is to study the coefficients appearing in the definition of
X In particular, we will prove that the phenomenon of dichotomy proved in [IE]
(see also [[1F]) remains true in this more general setting.

Recall that we write z¢ for []_, xgetp"] where e € Ko(proj B) and [e : P;] is the
1th coefficient of e in the basis [Py], ..., [Py].

Lemma 13. For any M € C, we have

XM -z coind M Z X(Gre FM) H ZCgSi#e)a.
e i=1
Proof. We already know that this formula holds for indecomposable objects of C, cf.
section . Let us prove that it still holds for decomposable objects, by recursion
on the number of indecomposable direct summands.
Let M and N be two objects in C. As shown in [E], we have

X (Gry F(M @ N)) = Z X (Gre FM) x (Gry FN).
et+f=g
Therefore, we have Xpygny = Xy Xy =

(E_ coind M Z X(Gfe FM) ﬁwai,6>a> z” coind N ZX(Gre FN) ﬁfoiqf>a

i=1 f i=1

n

_ l—(coind]bf—i—coindN) Z Z X(Gl"e FM)X(GI‘f FN) Hzi<5i76+f>a

g e+f=g =1
=gz coind(M@N) ZX (GI'g F(M ® N)) Hxi<3¢,g>a
g i=1

O
Lemma 14. Let M -~ B 25 L -5 M be a triangle in C, and let U UM

and V Y L be two morphisms whose images under F' are monomorphisms. Then
the following conditions are equivalent:
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i) There exists a submodule E C F'B such that
FV = (Fp)E and FU = (Fi)~'E,
ii) There exist two morphisms e : X~V — U and f : X~'L — U such that
a) (2716)(27%\/) =iye
b) e (T)
c) ivf—X"te € (XT).
iii) Condition ii) where, moreover, e = fX~Liy .

The following diagrams will help the reader parse the conditions:

., Z_ -
ry- =S vy 2> 2> FL
Fu ) fai%s 0,
s 2
ElivT \ TZ‘U
v ——U.

Proof. Assume condition ii) holds. Then, by a), there exists a morphism of triangles

e 7 p

oy Ay B L

A
TE%‘V Tiu | J Tiv
|

Y ——=U-->W-->V

Take E to be the image of the morphism F'j. The morphism e factors through
add T, so that we have F'¥e = 0 and the functor F' induces a commutative diagram

B Z. .

s s gt pr S pym
iU

N

N

U

F Fw

(A%

F
AN
N
FvV

0

whose rows are exact sequences. It remains to show that FU = (Fi)"'E.

We have FU C (Fi)~'FE since (Fi)(Fiy) factors through the monomorphism
E — FB. The existence of the morphism Ff shows, via diagram chasing, the
converse inclusion.

Conversely, let E C FB be such that FV = (Fp)E and FU = (Fi)"'E. In
particular, FU contains Ker F'i = Im FYX !¢ so that FX !¢ factors through Fiy.
This gives us the morphism f, satisfying condition ¢). Define the morphism e as
follows. There exists a triangle

711—>710—>‘/7—>27117

where 77,7y belong to addT. Applying the functor F' to this triangle, we get
an epimorphism FTy — FV with FTy projective. This epimorphism thus fac-
tors through the surjection £ — FV, and composing it with £ — F'B gives a
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commutative square
Fly ——FV

L

FB——FL.

Since C(T,XT) = 0, this commutative square lifts to a morphism of triangles

>y Ty To \%
»-1r M B L.

The morphism 77 — M thus induced, factors through the morphism U — M.
Indeed, we have FU = (Fi)~'E and the following diagram commutes :

M B

FT1/ FTO/
\ E

The morphism e is then given by the composition X~V — T} — U.

Fu

Let us show that condition ii) implies condition iii). By hypothesis, we have
ive = (X7"e) (X7 iy)
and
iv Yty = (27 ) (27 Yy) mod (2T).
Therefore, the morphism iy (fEfliv — e) belongs to the ideal (XT"). The mor-
phism Figy is a monomorphism, so that the morphism h := fX~liy — e lies in
(XT). There exists a morphism 1L —L, U such that h = IS4y

e(T) =1 c
yl0—= -y —=% y-1],

Ve
Ve
xhle(zjyl
A
U

Since the morphism X 71C — ¥~V lies in the ideal (T'), there exists a morphism
of triangles

C

le oY ElLC_)T
Ty ——=x-1y ST ST

The composition X "4y belongs to the ideal (XT'), so that the composition I(X iy )u
vanishes. We thus have a morphism of triangles

T} N1y T ST

T

Yoo ——371L U C'.
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Therefore, we have (X7 1iy)(I — wv) = 0, and there exists a morphism C Ly
such that | — wv = l'c. The morphism Iy = [ — I’c thus factors through X73. Put
fo=f —1lo. We have

foXliy = iy — 12Ny + Ve iy =
and
ivfo = ivf—ivlo
= iyf mod (X7)
= Y '¢ mod (27).

Proposition 15. Let L, M € C be such that diimC(L,XM) = 1. Let
A:M-“B2L SvM
amd A L= B2 M <Ly

be non-split triangles. Then conditions i) to i) hold for the triangle A if and only
if they do not for the triangle A’.

Proof. Define maps

L) e (8L M) S /(T (BT U) e (2T, M) e C/(ST) (7L, M)
(fim) — (5 Ny, io SNy =S v, o f =)
and

v De ML) & (TYETUV)e (TIM, V) e (ST (2 M, L)

(ive' + ¢S iy +iv S iy, —g —ivf) = (¢, 9.

Since the morphism space C(L, ¥ M) is one-dimensional, the morphism e satisfies
condition iii) if and only if the composition

B:Kerao —— (X71L,U)s (XL, M) — (X7'L, M)

does not vanish. Assume condition iii) to be false for the triangle A. This happens
if and only if the morphism [ vanishes, if and only if its dual D3 vanishes. Since the
category C is 2-Calabi—Yau, lemma [L(} implies that the morphism Dg is isomorphic
to the morphism:

B (X7IM, L) “—— (27U, L) ® (X"'M, L) — Cokera/.

Therefore, 3 (3~1e) = 0 is equivalent to ¥~ !¢ being in Im o/, which is equivalent
to the existence of three mophisms €', f/, ¢’ as in the diagram

’

sy L —1p,

such that

We have thus shown that condition iii) does not hold for the triangle A if and only
if condition ii) holds for the triangle A’. (]
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5. THE MULTIPLICATION FORMULA

We use sections E and @ to prove the multiplication formula, and apply it to
prove conjecture 2 in [E]

5.1. Proof of theorem E We use the same notations as in the statement of
theorem E

Define, for any classes e, f, g in the Grothendieck group Ko(mod B), the following
varieties

X.r = {ECFBst. [(Fi)"'E]=eand [(Fp)E] = f}

Yeiif {EC FB' st. [(Fi')"'E] = e and [(Fp')E] = f}

Xep = Xeypn Gry(FB)

Yeg,f = Y.y NGry(FB).

We thus have

Gry(FB) = [[ X7, and Gry(FB') = [[YZ,.
e, f e f
Moreover, we have

X (Gre(FM) x Grp(FL)) = x(XesUYey)
= X (Xep) +x(Yer)

- S(e) ()

where the first equality is a consequence of the dichotomy phenomenon as follows:
Consider the map
Xe,f (] Yv&f — GI‘E(FM) X GI‘f(FL)

which sends a submodule E of FB to the pair of submodules ((Fi)™'E, (Fp)E).
By proposition E, it is surjective, and, as shown in [B], its fibers are affine spaces.

Lemma 16. Let e, f and g be classes in Ko(mod B). Assume that Xegﬁf 5 non-
empty. Then, we have

> (Si,9)alPs] = coind B = (Si,e+ f)a — coind M — coind L.

Proof. Let E be a submodule of F'B in Xgﬁf. Let U “5 M and V % L be two
morphisms in the category C such that FU =~ (Fi)™'E, FV ~ (Fp)E and the
images of iy and iy in mod B are isomorphic to the inclusions of FU in FM and
FV in FL respectively. Let K € C be a lift of the kernel of Fi. By proposition E,
the following equality holds:

(1)  coind B = coind M + coind L — coind K — coind(2XK).

By diagram chasing, the kernel of Fi is also a kernel of the induced morphism from
FU to E. Therefore, in Ko(mod B), we have

(2) g=c+f—[FK].
We have the following equalities:
Z<Si’ FK),[P;] = coind K —ind K (by lemma [f)
= coind K + coind(XK) (by lemma [).
Equality (2) thus yields
(3) Y (S, 9)alP] =D (Si;e+ f)a[P] - coind K — coind(SK).
It only remains to sum equalities (1) and (3) to finish the proof. O
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Proof of theorem |{.
Using lemma [LJ, we have

XyX;, = z= coind M —coind L ZX(Gre FM)X(GI‘f FL) H l(S et fha ,
e f i=1
X = g_COi“dBZX(GrgFB Hm
g =1
Xp = wfcomdB ZX GI'g B H:L,§ i:9)a
g =1
Therefore

XuX. z coind M —coind L Z X GI’e FM)) (GI‘f (FL)) H xESi,GJrf)a

g~ coind M—coind L Z ( ( ) (Yegf)) H$§Si76+f>a

e.f.9

z” coind B Z X (ngf) HwiShg a

e, f.g

T coind B’ Z Y (Xg,f) H$§Si79>a

e,f.g

= 2 coind B Z Y (GI'g(FB)) H $§5i19>a
g
Tz coind B’ Z X (GI‘g(FB/)) H xi&',é])a

g

X+ Xp.

O

5.2. Consequences. Let ) be an acyclic connected quiver, and let C be the cluster
category associated to Q.

An object of C without self-extensions is called rigid. An object of C is called
basic if its indecomposable direct summands are pairwise non-isomorphic. For a
basic cluster-tilting object T' of C, let Q7 denote the quiver of End (T), and Ag,
the associated cluster algebra.

Proposition 17. A cluster character x on C with values in Q(x1,...,x,) which
sends a basic cluster-tilting object T' of C to a cluster of Ag, sends any cluster-
tilting object T” of C to a cluster of Ag,, and any rigid indecomposable object to a
cluster variable.

Proof. Since the tilting graph of C is connected, cf. [E, proposition 3.5], we can prove
the first part of the proposition by recursion on the minimal number of mutations
linking 7" to T. Let T" = T{'®- - -®T,/ be a basic cluster-tilting object, whose image
under x is a cluster of Ag, . Assume that T/ =T & Ty & --- ® T} is the mutation
in direction 1 of T”. Since y is a cluster character, it satisfies the multiplication
formula, and theorem 6.1 of @ shows that the mutation, in direction 1, of the
cluster (x(17),...,x(T))) is the cluster (x(17),x(T4),...,x(TY)). We have thus
proved that the image under x of any cluster-tilting object is a cluster. It is
proved in [E, proposition 3.2] that any rigid indecomposable object of C is a direct
summand of a basic cluster-tilting object. Therefore, the image under y of any
rigid indecomposable object is a cluster variable of Ag,.. (I
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Remark: As a corollary of the proof of proposition @, a cluster character is char-
acterised by the image of each direct summand of any given cluster-tilting object.

The following corollary was conjectured for the finite case in [E]

Corollary 18. Let T be any basic cluster-tilting object in C, and let QT denote
the quiver of End(T). Denote by T a set of representatives for the isoclasses of
indecomposable rigid objects of C. Then XT induces a bijection from the set T
to the set of cluster variables of the associated cluster algebra Aq,., sending basic
cluster-tilting objects to clusters.

Proof. In view of theorem H, proposition shows that the map X7 sends rigid
indecomposable objects to cluster variables and cluster-tilting objects to clusters.
It remains to show that it induces a bijection. This follows from [E, theorem 4],
where it is proved for the Caldero-Chapoton map X*<.

As in the proof of proposition IE, we proceed by induction on the minimal
number of mutations linking 7" to Q.

Let T’ be a basic cluster-tilting object such that the map X 7" induces a bijection
from the set 7 to the set of cluster variables. Assume that T is the mutation in
direction 1 of T”. Denote by f the canonical isomorphism from Aq_, to Ag,.
Theorem 6.1 of [[]] shows that the two cluster characters X7 and fo X7 coincide
on the indecomposable direct summands of X7T. Therefore, they coincide on all
objects and the map X7 also induces a bijection. (I

Remark: We have shown that, for any basic cluster-tilting object T, we have a
commutative diagram

Ag

where the arrow on the left side is the Caldero—Chapoton map.

6. EXAMPLES

6.1. The cluster category C4,. The Auslander—Reiten quiver of C4, is

_@M/ j
\@/\/\/ﬂ
@ NS j/ @/\-

The object T := T & To ® T3 ® Ty is cluster-tilting. Indeed, it is obtained from the
image of the kQ-projective module k@ in C4, by the mutation of the third vertex.
The quiver of B =Endc,, (T) is

1<—2<74
3 .

Fori=1,...,n, let P; be the image of T; in mod B, let I; be the image of ¥2T; and
let S; be the simple top of P;. Let M be the finite-dimensional B-module given by:
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M=k=—k=—0

7

0

The shape and the relations of the AR—quiver of B are obtained from the ones of
Ca, by deleting the vertices corresponding to the objects ¥7; and all arrows ending
to or starting from these vertices.

Ss Py=1
l
S1=P P, M Py =1
L
I3 So I
!
Sy

Let Mc be an indecomposable lift of M in C4,. The triangles
T3 — Ty — Me — ¥T5 and Ty — Ty — XMe — X1
allows us to compute the index and coindex of Me:
indMe = [P] - [P1]
coind Mg = [P1] — [P4].

Up to isomorphism, the submodules of M are 0, the simple S;, and M itself. We
thus have

T4X2 + T4 + X371
Xy, = .

12

6.2. The cluster category Cp,. The Auslander—Reiten quiver of Cp, is

SN NN R

Loy L@ L o3 SE)

Ny NN N

The object T :="1T) & T & T3 & T} is cluster-tilting.
The quiver of B =Endc,, (T) is

OQ?)
%

with the following relations: Any composition with the middle arrow vanishes, and
the square is commutative.
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For ¢« = 1,...,n, let P; be the image of T; in mod B, let I; be the image of
T; and let S; be the simple top of P;. Let M and N be the finite-dimensional

B-modules given by:

/ N :
As in the previous example, one can easily compute the AR—quiver of B.

Py =1,

/\/\/\

N—F=135—— M

\/\/\/

The submodules of M are, up to 1somorphlsm, 0, 51, S2, S1 & SQ and M. Let M

be

an indecomposable lift of M in Cp,. Either by using add T-approximations and

add XT-approximations or by [@, section 5.2], one can compute the triangles
Ts —Top— Me — XT3 and Th Ty, — Ty — S 'M — ST, @ XT5.
We thus have

ind Mc = [Po] - [P3], coind M = [Pt] + [Ps] — [P

and

1+ 2x9+ .T% + X1T2%3
ToX1L2 -

Xyve =
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