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Rational p-biset functors

Serge Bouc

Abstract : In this paper, I give several characterizations of rational biset functors
over p-groups, which are independent of the knowledge of genetic bases for p-groups. I also
introduce a construction of new biset functors from known ones, which is similar to the
Yoneda construction for representable functors, and to the Dress construction for Mackey
functors, and I show that this construction preserves the class of rational p-biset functors.

This leads to a characterization of rational p-biset functors as additive functors from
a specific quotient category of the biset category to abelian groups. Finally, I give a
description of the largest rational quotient of the Burnside p-biset functor : when p is odd,
this is simply the functor Rg of rational representations, but when p = 2, it is a non split
extension of Rg by a specific uniserial functor, which happens to be closely related to the
functor of units of the Burnside ring.

AMS Subject Classification (2000): 20J15, 19A22. Keywords : biset functor,

rational, Burnside, p-group.

1. Introduction

The formalism of biset functors for finite groups yields a unified frame-
work for operations of induction, restriction, inflation, deflation and trans-
port by group isomorphism, which appear in various areas of group repre-
sentation theory. It was used recently as an essential tool to the solution of
some open problems,; such as the classification of endo-permutation modules
for an arbitrary finite p-group ([]), or the structure of the group of units of
the Burnside ring of such a p-group ([6]).

This formalism seems indeed particularly well suited for studying p-groups
(where p is a fixed prime number), the main reason for this being that p-
groups have many normal subgroups, so for these groups, the operations of
inflation and deflation play a prominent role. Also, some important biset
functors are only defined on p-groups, and cannot be seen in a natural way
as the restriction to p-groups of a functor defined on arbitrary finite groups :
an example of this situation is the Dade functor for p-groups. Such biset
functors are called p-biset functors.



Among p-biset functors, the subclass of rational functors was introduced
in [5] (see Z9), the name rational being chosen because these functors behave
like the functor of rational representations, in regard to the decomposition
of their evaluations at a given p-group with respect to faithful elements.
These rational biset functors are generally easy to describe, since they are
determined by their knowledge at p-groups of normal p-rank 1 : this was in
particular the key argument to the structure of the group of units of Burnside
rings of p-groups. Another important property of rational p-biset functors is
that they form a Serre subclass of all p-biset functors.

This paper originates in stimulating and fruitful conversations I had with
Laurence Barker and Ergiin Yalcin, during my visit at Bilkent University in
April 2006. The original question arose when L. Barker and I understood
that we had two a priori different definitions of what a rational p-biset functor
should be : L. Barker ([I], see also B6) used a definition akin to the notion of
functor on the category RG-Morita introduced by I. Hambleton, L. R. Taylor,
and E. B. Williams in [T0]. This definition is much more natural that mine,
since in particular it applies to arbitrary finite groups, and not only to p-
groups.

So the question was to know whether the two notions could be equivalent.
My very first feeling was that the answer should be negative. Also, it seemed
clear to me that rational functors in the sense of L. Barker should be rational
in mine, but the converse was not obvious. Shortly afterwards, independently
of each other, and using different methods, E. Yal¢in, L. Barker and I gave
a proof of this fact.

This paper gives a complete answer to the question of the equivalence of
these definitions (Theorem B3), showing that my first intuition was almost
always wrong : the two definitions of rational p-biset functors are equivalent
if p is an odd prime number. But for p = 2, the two definitions are not
equivalent, the typical example being the largest rational quotient (in my
sense) of the Burnside functor, which is not rational for the second definition.
In particular, this definition does not lead to a Serre subclass for p = 2.

This paper is organized as follows : in Section B, I recall the basic defi-
nitions and results on biset functors. In Section B, I state a necessary and
sufficient condition (Theorem B]) for a biset functor to be rational (in my
sense), along the lines of Proposition 8.1 of [7]. In Section H I introduce
a construction for biset functors ([E3), which is similar both to the Dress
construction for Mackey functors, and to Yoneda construction for arbitrary
functors. This leads, in Section Bl to a characterization (Theorem B3) of the
category of rational biset functors as a subcategory of all biset functors over



p-groups. In particular, Corollary is a kind of geometric characterization
of rational p-biset functors. In Section B, I describe the largest rational quo-
tient of the Burnside functor : if p is odd, this functor is equal to Rg, but if
p = 2, this functor is a non-split extension of Rg by a 2-torsion functor which
happens to be isomorphic to a subfunctor of the functor of units of the Burn-
side ring, more precisely the cokernel of the exponential map. At the time,
this is just a coincidence, and I could find no natural a prior: isomorphism
between those two objects.

2. Biset functors

2.1. Definition : The biset category C on finite groups is defined as
follows :

e The objects of C are finite groups.
o [fG and H are finite groups, then

Hom¢(G, H) = B(H x G)

is the Burnside group of (G, H)-bisets.
e If G, H, and K are finite groups, then the composition

Home (G, H) x Home(H, K) — Home (G, K)

is the bilinear extension of the product (V,U) — V xg U, where V
is a (K, H)-biset, and U is an (H,G)-biset. Moreover, the identity
morphism of the group G in C is the class of the (G,G)-biset G, for
left and right multiplication.

A biset functoris an additive functor from C to the category Ab of abelian
groups. A morphism of biset functors is a natural transformation of functors.
The category of biset functors is denoted by F.

When p is a prime number, the p-biset category C, is the full subcategory
whose objects are finite p-groups. A p-biset functor is an additive functor
from C, to Ab. The category of p-biset functors is denoted by F,.



2.2. Elementary morphisms. This formalism of bisets gives a single
framework for the usual operations of induction, restriction, inflation, de-
flation, and transport by isomorphism via the following correspondences :

e If H is a subgroup of G, then let Ind§, € Home(H, G) denote the set G,
with left action of G and right action of H by multiplication.

e If H is a subgroup of G, then let Res$, € Home (G, H) denote the set G,
with left action of H and right action of G by multiplication.

e If NaG, and H = G/N, then let Inf$, € Home(H, G) denote the set H,
with left action of G' by projection and multiplication, and right action
of H by multiplication.

e If NaG, and H = G/N, then let Def$ € Home(G, H) denote the
set H, with left action of H by multiplication, and right action of G by
projection and multiplication.

e If ¢ : G — H is a group isomorphism, then let Isof = IsoZ(p) €
Hom¢ (G, H) denote the set H, with left action of H by multiplication,
and right action of G by taking image by ¢, and then multiplying in H.

o If (T',S) is a section of the group G, i.e. a pair of subgroups of G with
S<aT C @G, set

Indinf%s =Ind% o Infg/s Defres%s = Def:f/s o Res$ .

Then Indinf?/s is isomorphic to the (G, T/S)-biset G/S, and Defres%s
is isomorphic to the (7'/S, G)-biset S\G.

2.3. Notation : When F is a biset functor, and ¢ € Home(G, H), the
image of the element u of F(G) by the map F(p) will be also be denoted by
o(u) or even pu.

Similarly, the maps F(Ind$), F(Res%),..., will be denoted by Ind,
Resg,. .., and they will be called induction, restriction,. . .

2.4. Factorization of morphisms. Any morphism form G to H in C is
a linear combination with integer coefficients of classes of transitive (H, G)-
bisets, and isomorphism classes of transitive (H, G)-bisets are in one to one
correspondence with conjugacy classes of subgroups of the direct product
H x G : the (H, G)-biset corresponding to the subgroup L of H x G is the
set of cosets (H x G)/L, for biset action defined by

Y(g,2) € G?, ¥(h,y) € H?, g.(x,y)L.h = (gz,h 'y)L .
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Denote by p;i(L) the projection of L on H, and by py(L) its projection on G.
Set moreover

k(D) ={heH|(h1) €L} k(L) ={geG|(l,g) €L} .

Then k;(L) <ap;(L), for i = 1,2, the group k1 (L) x k2(L) is a normal subgroup
of L, and there are canonical group isomorphisms

p1(L)/ki(L) = L/ (ki(L) x ka(L)) = pa(L)/ka(L) .
Now (see Lemma 7.4 of [§]) the biset (H x G)/L can be factored as

H (L) (L) G
Ind, 10 Infg;i(L)/kl(L) o Iso(p) o Defzz(L)/k2(L) oRes,, 1)

where ¢ : po(L)/ko(L) — p1(L)/ki(L) is the above isomorphism, sending
gka(L), for g € G, to hky(L), where h € H is chosen such that (h,g) € L.
Note that if G and H are p-groups, then this factorization holds within the
category C,, since the groups p;(L) and p;(L)/k;(L) are p-groups in this case,
fori=1,2.

2.5. Faithful elements. (see Lemma 2.7 of [3]) Let N be a normal sub-
group of G. Set

/5= Z tac(N, M) Infg/MoDefg/M g

M<«G
NCM

where pq¢ is the Mobius function of the poset of normal subgroups of G.
This is an element of End¢(G). It is an idempotent, and the elements f§,
for N <G, are mutually orthogonal idempotents, whose sum is equal to the
identity of End¢(G).

If F'is a biset functor, set

OF (G) = F(f{)F(G) .

It is a direct summand of F(G), called the set of faithful elements of F(G).
It is equal to the intersection of the kernel of all deflation maps Defg M
where M is a non trivial normal subgroup of G.

2.6. Remark : If P is a p-group, then

fr= Z w(l,7) Infg/ZoDef]P;/Z ,
ZC01 Z(P)



where €, Z(P) is the largest elementary abelian subgroup of the center of P,
and p is the Mobius function of the poset of its subgroups.

2.7. Simple functors : Recall some notation and basic results on simple
p-biset functors : the category of p-biset functors is an abelian category.
Its simple objects are parametrized by pairs (H,V), where H is a finite
p-group, and V' is a simple ZOut(H )-module, where Out(H) is the group
of outer automorphisms of H (see e.g. [2], Proposition 2, page 678, or [§]
Proposition 7.10 for details). All the simple functors appearing in the present
paper (in Section [) correspond to the case where V is the quotient Z/27Z
(with obviously trivial Out(H )-action). The corresponding simple functor
will be denoted by Sp,.

2.8. Genetic subgroups of p-groups : Let P be a p-group. A subgroup
Q of P is called genetic if the two following conditions are fulfilled :

e The group Np(Q)/Q has normal p-rank 1, i.e. it is cyclic, generalized
quaternion, or dihedral or semi-dihedral of order at least 16.

o [fx € P, then Q°* N Zp(Q) C Q if and only if Q° = Q, where Zp(Q)
is the subgroup of Np(Q) defined by Zp(Q)/Q = Z(NP(Q)/Q).

Two genetic subgroups ) and R of P are said to be linked modulo P if
there exist x and y in P such that

Q*NZp(R)CR  and  R'NZpQ)CQ .

This is an equivalence relation on the set of genetic subgroups of P. A genetic
basis of P is a set of representatives of equivalence classes for this relation.

2.9. Rational p-biset functors. (see Section 7 of [B]) Let P be a p group,
and G be a genetic basis of P. It was shown in Theorem 3.2. of [3] that the
map

Zc : @ Indinft . @ OF(N — F(P
G oue ndinly, )@ ocg ( P(Q)/Q) (P)

is split injective (with explicit left inverse). The functor F' is called rational
if for any p-group P and any genetic basis G of P, the map Zg is an isomor-
phism. Equivalently, for any p-group P, there exists a genetic basis with this
property.



3. A characterization of rational p-biset functors

3.1. Theorem : Let F be a p-biset functor. Then F' is rational if and
only if the following two conditions are satisfied :

(i) If P is a p-group with non cyclic center, then OF (P) = {0}.

(i1) If P is any p-group, if E<P is a normal elementary abelian subgroup
of rank 2, if Z is a central subgroup of order p of P contained in E,
then the map

Resé, gy ® Def}y , : F(P) — F(Cp(E)) ® F(P/Z)
1S 1njective.

Proof: Suppose first that F' is rational. Let P be a p-group, and G be a
genetic basis of P. Since F' is rational, the map

Dy F(P) 28 & OF(NH(Q)/Q)

is injective. Recall that the component bg of the map Dg indexed by the

genetic subgroup Q € G — {P} is equal to DefresﬁP(Q)/Q — Defres;P(Q)/Q,
where @ is the subgroup defined by Q/G = le(NP(Q)/Q). If Q = P, then
the corresponding component b% is equal to Defb /p-

Suppose that the center Z(P) of P is not cyclic. Then for any @) € G, the
group Z = QN Z(P) is non trivial : indeed, the group Z(P)/Z is isomorphic
to a subgroup of the center of Np(Q)/Q, which is cyclic since Np(Q)/Q has
normal p-rank 1. Now for () # P, the maps Defresﬁp ©)/o and Defres”

Np(Q)/Q
factor as
P P P
Defresy, )0 = DefresNﬁ(@/QDefP/Z
P _ P DafP
Defres]\[P(Q)/é2 = DefresNﬁ(@/QDefp/Z

where P = P/Z, where Q = Q/Z, and CTQ = Q/Z Moreover if ) = P,

then Defp, p = Deff sDefp, . It follows that if u € OF(P), then Dg(u) = 0,

since u is mapped to 0 by the proper deflation Defg/z. Thus v = 0, and
OF (P) = {0} when the center of P is non cyclic. So if F is rational, then it

satisfies condition (i) of the theorem.



For condition (i), there is nothing to check if E is central in P, since in
that case the map Resgp (p) 1s the identity map, hence it is injective. Andif £
is not central in P, then Z = E'N Z(P). In this situation, by Corollary 5.3
of [7], there exists a genetic basis G which admits a decomposition G = G; UG
as a disjoint union, where

e G={Qeg|Q D7}, and
(3.2) o the set Hy = {"Q | Q € G1, x € [P/Cp(E)]} is the subset of a

genetic basis of Cp(FE) consisting of subgroups not containing Z.

Let uw € F(P) be an element such that ResgP(E)u = 0 and Defg/zu = 0.
If @ € Go, then bf = b5 o Defp,, where P = P/Z and Q = Q/Z. 1t
follows that b5(u) = 0. Similarly if @ € Gy, then Np(Q) C Cp(E), and
by = bgP(E) o Res(, gy, 0 bh(u) = 0 again. Hence Dg(u) = 0, and u = 0
since Dy is injective when F' is rational. Thus F' satisfies (7).

Conversely, suppose that F' is a p-biset functor satisfying (i) and (7).
Showing that F'is rational amounts to showing that the map Dg is injective,
for any p-group P and any genetic basis G of P. Actually, by Lemma 7.3
of [5], it is enough to show that Dg is injective, for any p-group P and for one
particular genetic basis G of P. I will prove this by induction on the order
of P.

If P is the trivial group, then the map Dy is the identity map, so there
is nothing to prove in this case, and this starts induction. Suppose that
P is a p-group, such that the map Dy is injective for any p-group P’ with
|P'| < |P| and any genetic basis H of P’. Let G be a genetic basis of P, and
u € KerDg. Let N be a non-trivial normal subgroup of P. Then the set
H={Q/N|Qe€gG, O N}isa genetic basis of P/N. Moreover one checks

easily that bg o Defg/N = bg for Q © N, where overlines denote quotients
by N, as above. Hence DH(DefIIi /Nu) = 0, and by induction hypothesis, it
follows that Defg/Nu =0, and u € OF (P). In other words Ker Dg C 0F (P).

Hence if the center of P is not cyclic, then condition (7) implies that
KerDg = {0}, and I can suppose that the center of P is cyclic.

If P has normal p-rank 1, then the trivial subgroup is a genetic normal
subgroup of P, hence is belongs to every genetic basis of P. The correspond-
ing map by : F(P) — OF(P) is equal to F(fT). Hence it is equal to the
identity map on OF(P). Thus u = F(ff)(u) = b¥'(u) = 0, and the map Dg
is injective in this case.

Finally I can suppose that P admits a normal and non central subgroup F
which is elementary abelian of rank 2. In this case the group Z = EN Z(P)

8



has order p, and by Corollary 5.3 of [7], there exists a genetic basis G of P
with the two properties (B2) above. With the same notation, let H be a
genetic basis of Cp(FE) containing H;. Set v = ResgP(E)u. Then for any
Q € Gy and any = € [P/Cp(FE)], one has Np(Q)) C Cp(E) by Lemma 5.2
of [, and it follows that

Cp(E Cp(E
P P
= DefreSNp(xQ)/xQu — DefreSNP(xQ)/xQ‘u
T P P
= "(Defresy,q)/qu = Defresy, ) 5u)

= xbgu:O ,

since *u = u for x € P and u € F(P). Thus bgP(E)(v) =0 for any R € H;.
And if R € H — H;, then R D Z, and

Cp(E Cp(E)/Zy. P2
bRP( )(v) = bRI/DZ( % ResC}/D(E)/ZDefg/Zu =0 .

It follows that Dy(v) = 0, hence v = 0 by induction hypothesis. Now
ResgP(E)u = 0 and Def]P;/Zu = 0. Condition (i7) implies that u = 0, so the
map Dg is injective. O
3.3. Remark : The argument in the last part of the proof is essentially the
same as the one used in the proof of Theorem 8.2 of [7].

Recall some notation from [7] :
3.4. Notation :

o Let E be an elementary abelian p-group of rank 2. Define an element eg

of B(E) by
e=ep=E/1— Y E/F+pE/E .

FCE
|F|=p

Denote by B. the subfunctor of B generated by e, i.e. the smallest
subfunctor F' of B such that F(E) > . Equivalently, for any p-group P

B.(P) = Home, (E, P)(¢) .
o Let X be either an extraspecial group of order p® and exponent p if p is
odd, or a dihedral group of order 8 if p = 2. Let Z denote the center

of X. Let I and J be two subgroups of order p in X, different from Z,
and not conjugate in X. Define an element 6 of B(X) by

§=0bxry=(X/I-X/1Z)—(X)J]—X]JZ) .

9



Denote by Bs the subfunctor of B generated by 6. Thus, for any p-
group P
Bs(P) = Home, (X, P)(9) .

o Let K denote the kernel of the natural transformation B — Rg. Thus K
is a biset subfunctor of B.

3.5. Remark : These elements ¢ and 6 have been introduced in Corollary 6.5
and Notation 6.9 of [7]. In the case p = 2, the element § was denoted by
03 there. It is easy to check that ey € K(FE) and that 6 € K(X). So B,
and Bjs are also the subfunctors of K generated by € and § respectively,
that is B. = K. and Bs = K;. Moreover Lemma 6.11 of [7] shows that
Res’,6 = 7, so in particular B, C Bs.

3.6. Remark : If F and £’ are elementary abelian p-groups of rank 2, and
if ¢ is any group isomorphism from E to E’, then ¢(cg) = eg/. This shows
that the subfunctor B. does not depend on the choice of a particular group F.
Similarly, if X’ is another extraspecial group of order p® and exponent p,
when p is odd, or another dihedral group of order 8, when p = 2, and if I’
and J' are two non conjugate non central subgroups of order p of X', then
there exists a group isomorphism ¢ : X — X'’ such that ¢(/) = I’ and
o(J)=J'". Thus ¢(dx,1.s) = 0x 1.y, and it follows that Bs does not depend
on the choice of the groups X, I and J.

It was shown in Theorem 6.12 of [7] that if p is odd, then K = Bs. The
following provides an alternative proof for this theorem :

3.7. Theorem : The functor B/Bs is rational.

Proof: Let A be any injective cogenerator for the category of Z-modules

(e.g. A= Q/Z). Recall that the A-dual F" of a biset functor F is defined by
F°(P) = Homz(F(P),A)  F'(¢) ="F (™)

for any p-group P and any morphism ¢ in the category C,. Since A is an
injective cogenerator, the canonical map F — (F°)? is injective. Taking
F = B/B;, I will show that FV is rational. By Proposition 7.4 of [5], it will
follow that (£°)° and any subfunctor of it are rational, so I’ will be rational.

Suppose first that P is a p-group with non cyclic center. Then Lemma 6.8
of [7] shows that 0B(P) C B.(P) C Bs(P). Hence 0B/Bs(P) = {0}. Since
OF°(P) = Homgz(OF(P), A), it follows that OF°(P) = {0}, so condition (7)
of Theorem Bl is satisfied by F©.
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Now let P be any p-group, and let F be a normal subgroup of P, which
is elementary abelian of rank 2. Let moreover Z be a central subgroup of
order p of P, contained in E. Let f € F°(P), such that ResgP(E)(f) =0 and

Defg/z f = 0. Checking condition (ii) of Theorem Bl amounts to showing
that f = 0.

If F is central in P, there is nothing to do, since Cp(E) = P and
ResgP(E)(f) = f. So I can assume that Cp(E) has index p in P. Let

f : B(P) — I be the homomorphism obtained by composing f with the
projection B(P) — B/Bs(P). The hypothesis on f means that f(P/Q) =0
if @ C Cp(E)orif @ 2 Z. Let Q be any subgroup of P with @ Z Cp(F)
and Q 2 Z. Then Q 2 E. Moreover QCp(E) = P. If the intersection Q N E
has order p, it is normalized, hence centralized by @, and also by Cp(E),
hence Q N E C Z(P). Since QN E # Z, it follows that £ = Z-(Q N E) is
central in P, a contradiction. Hence QQ N E = 1.

Now the group Cg(E) = Q@ N Cp(E) is a normal subgroup of QE. The
factor group R = QF/Cq(E) has order p*, and is the semidirect product
of the group Q = Q/Cq(E), of order p, by the normal elementary abelian
subgroup group E = ECo(E)/Cq(E) = E. Moreover R is not abelian, since
otherwise [Q,E] C Co(E)NE =1,s0 Q C Cp(E). It follows that R is
extraspecial of order p* and exponent p if p is odd, or dihedral of order 8
if p=2.

The center of R is the group Z = ZCq(E)/Cqo(E). The group Q is a
non central subgroup of order p of R. If F'is any subgroup of order p of F,
different from Z, then F' = FCg(E)/Cg(E) is another non central subgroup

of order p of R, not conjugate to ) in R. So in the group R, the element
d=(R/Q~-R/QZ) — (R/F — R/E)

is in Bs(R), since it is the image of § by a suitable group isomorphism. Taking
induction-inflation from the section (QE, Cg(E)) of P gives the element

d = Indinfl ¢, myd = (P/Q — P/QZ) — (P/FCq(E) — P/ECq(E)) ,
of Bs(P). Now f vanishes on Bs(P), thus f(d) = 0, and
F(P/Q) = [(P/QZ) + [(P/FCqo(E)) — f(P/ECq(E)) =0 ,

since QZ 2 Z and since FCy(E) C ECo(E) C Cp(E).

This shows that f = 0, hence f = 0, and the functor F° satisfies both
conditions of Theorem Bl Hence FY is rational, and F is rational as well,
since it is a subfunctor of the A-dual of F°. 0

11



3.8. Corollary : [[7], Theorem 6.12-1] If p is odd, then K = Bs.

Proof: Indeed, since B/ By is rational, its subfunctor K /Bjs is also rational.
Then for any p-group P, and for any genetic basis G of P, the map

Q%g IndinfﬁP(Q)/Q : Q%g d(K/Bs)(Np(Q)/Q) — (K/Bs)(P)

is an isomorphism. But the groups Np(Q)/Q have normal p-rank 1, hence
they are cyclic since p is odd. Now if R is cyclic, then K(R) = {0}. It follows
that K/Bs(P) = {0}, hence K = By. 0

3.9. Remark : The structure of the functor K/Bs in the case p = 2 will
be described in Section

3.10. Remark : The key point in the proof of Theorem B is the construc-
tion of a section (T,S) of P such that T/S is extraspecial of order p* and
exponent p, or dihedral of order 8. The same idea was used in Lemma 6.15
of [7].

4. Yoneda-Dress constructions and rational functors

In this section I will introduce a construction which is connected both to
the Yoneda functors in the case of the biset category C,, and to the Dress
construction for Mackey functors (see [9], or [3] 1.2).

4.1. Notation : Let H be a finite p-group. Let my : C, — C, denote the
correspondence sending a p-group P to the direct product Px H. If P and Q
are p-groups, and if U is a (Q), P)-biset, denote by U x H the (Qx H, P x H)-
biset equal to the cartesian product of U and H as a set, with double action
defined by

Yy € Q,Yx € PY(h,k,1) € H?, (y,1)(u,h)(x, k) = (yuz,lhk) .
This correspondence extends linearly to an additive map

B(Q x P?) — B((Q x H) x (P x H)?)

also denoted by f — my(f).

12



4.2. Lemma : The correspondence wg 1s an endofunctor of C,, which is
additive on morphisms.

Proof: This is straightforward. 0

4.3. Notation : [If H is a p-group, and F' is a p-biset functor, I denote
by Fy the p-biset functor obtained by precomposition with mg.

In other words, for any p-group P, one has Fy(P)=F(P x H). If U is
a (Q, P)-biset, then 7y (U) = F(U x H).

4.4. Lemma : Let P, Q and H be p-groups. If U is a (P, P)-biset and V
is a (P x H,Q) biset, then there is an isomorphism of (P x H,Q)-bisets

(Ux H)X(pxmy V=2UxpV
where the double action on U xp V is induced by
(@, h)(u,v)q = (zu, hvg)

foree P,he H yeQ,uelU, andveV.
In particular, if for any v € V, the intersection of the stabilizer of v
in P x H with Z(P) x {1} is non trivial, then

(flp X H) X(PxH) V=0.

Proof: The first assertion is straightforward. The second one follows from
the fact that V' is a union of P-sets which are inflated from proper quotients
of P. 0

4.5. Proposition : Let H be a p-group, and let F' be a rational p-biset
functor. Then Fy 1is rational.

Proof: To prove the proposition, I will check that Fy fulfills the conditions
(1) and (7i) of Theorem Bl

Let P be a p-group with non cyclic center. Let () be a genetic subgroup
of Px H. Since Z(P) x {1} C Z(P x H), the group Z(P) x {1} is contained
in the center of Npyu(Q), hence it maps to the center of Npyy(Q)/Q, which
is cyclic. Thus if the center of P is not cyclic, then Z(P) x {1} intersects @
non trivially. In other words Z(P) Nk (Q) # 1.

Now, setting R = P x H, there are two cases : either () = R. In this
case 7q is just and (R, R) biset of cardinality 1. Thus

(fi x H) xpvo=fi xp(P/P)=0,

13



since P is non trivial. And if Q) # R, then
Yo = (R X R)/Any@).q — (R X R)/ANR(Q),Q )

where Q is defined by the condition that Q /@ is the only subgroup of order p
in the center of Nz(Q)/Q. The left stabilizer in R of the point Ay, qg)q of
(RXx R)/Ang@),0 is equal to ), which intersects Z(P) x {1} non trivially by
the previous remarks. Similarly, the left stabilizer in R of the point A NR(Q),0

of (R X R)/Ay, 0o 1s equal to Q. which also intersects Z(P) x {1} non
trivially. By Lemma B4 it follows that

(fi x H) X(pxmy79 =0,

for any genetic subgroup @) of R. But since F' is rational, the sum of idempo-
tents v, for @ in a genetic basis of P x H, is the identity map of F(P x H).
Thus ff x H acts by 0 on F(P x H). In other words, the idempotent fi
acts by 0 on Fy(P). Hence 0Fy(P) = 0, and Fy fulfills condition (i) of
Theorem BTl

For condition (i), suppose that E is a normal subgroup of P, and that £
is elementary abelian of rank 2. Let Z be a central subgroup of order p
in P, contained in E. It is easy to see that the restriction map from
Fy(P) to Fy(Cp(E)) is equal to the restriction map Resg:gj)xH, after
the identifications Fiy(P) = F(P x H) and Fy(Cp(E)) = F(Cp(E) x H).
Similarly, the deflation map from Fy(P) to Fy(P/Z) is equal to the map
DeffijfZ)/(zX{m from F(P x H) to F((P/Z) x H), after the identification
(Px H)/(Z x{1})=(P/Z) x H. Now E' = FE x {1} is a normal subgroup
of P x H, which is elementary abelian of rank 2. Its centralizer in P x H
is Cp(E) x H. Moreover E’ contains the subgroup Z’ = Z x {1}, which is
central of order p in P x H. Condition (i) for the functor F' implies that

Ker Resg:gg)xH N Ker Deffpx/g)xH ={0} .

Thus Fy fulfills condition (i7) of Theorem Bl and F is rational. 0

5. The category of rational p-biset functors

In this section, I will show that the rational p-biset functors are exactly
the additive functors C, — Z-Mod which factor through the quotient category
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C,/6 obtained by factoring out every morphism f : P — @ in C, which lies
in Bs(Q x P°). The first thing to check for doing this is that this class of
morphisms is a two sided ideal in C,, :

5.1. Lemma : Let P, Q, R, S be p-groups. Then

B(S x Q%) xg Bs(Q x P?) xp B(P x R?) C Bs(S x R?) .

Proof: Since B;(Q x P°?) = Home, (P, Q)(0), an element in Bs(Q x P) is
linear combination of isomorphism classes of (@), P)-bisets of the form U x x4,
where U is some (Q x PP, X)-biset, i.e. a (@, P x X)-biset. Now if V' is an
(S, Q)-biset, and W is a (P, R) biset, then

VXQ(UXXd)XPWQ(VXQUXPW)X)((S

in B(S x R), where the (S, R x X)-biset structure on V' xgo U xp W is
induced by
s(v,u,w)(r,z) = (sv,u(l,z),wr) ,

forseS,reRveV, uelU,weW,and x € X. The lemma follows. DO
5.2. Definition : Let C,/0 denote the following category :

e The objects are finite p-groups.

o [f P and Q) are finite p-groups, then

Homcp/(;(P,Q) = B(Q X POp)/Bg(Q X POp) .

o Composition in C,/ is induced by the product
—Xg— B(Rx Q%) x B(Q x P?)— B(R x P?)

defining the composition in C,.

Let ps denote the natural functor from C, to C,/6 : so ps is equal to the
identity on objects, and to the natural projection on morphisms.

5.3. Theorem : Let F' be a p-biset functor. The following conditions are
equivalent :

(i) The functor F' is rational.

(ii) The functor I factors through ps. In other words, if f € Home, (P, Q)
lies in Bs(Q x PP), then F(f) = 0.
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Proof: Suppose first that (i7) holds. Let S be a set of representatives of
isomorphism classes of finite p-groups. For any P € §, choose a set I'p of
generators of F'(P) as an abelian group. By Yoneda lemma, the set of natural
transformations from Bp to F' is in one to one correspondence with F(P),
and this correspondence is as follows : if s € F'(P), then for any p-group @,
define a map
opsq : Bp(Q) = B(Q x P") — F(Q)

by opsq(f) = f(s). Then the maps ops ¢ define a morphism of functors
ops : Bp — F. If condition (i) holds, this morphism of functors factors
through the quotient functor (B/Bjs)p, which is rational by Theorem B7 and
Proposition 3l This gives a morphism

S D (B/B(S)P_)F P

PES SEFP

which is obviously surjective. Now any direct sum of rational p-biset functors
is a rational p-biset functor, and any quotient of a rational p-biset functor is
rational. So F' is rational, and (i) holds.

Conversely, suppose now that F'is rational. Let P and @) be p-groups.
Any morphism in Bs(Q, P) is a linear combination of morphisms of the form
U xx §, where U is a (Q x P, X)-biset, i.e. a (Q, P x X)-biset. So proving
that (i) holds is equivalent to proving that F(U x x §) = 0 for any P and @
and any such biset U. This will be a consequence of the next two lemmas,
the first of which uses the following notation : let U be the (X x @, P)-biset
equal to U as a set, with double action defined by

(z,h)wg = hu(z™, g)
—
in U in U
forre X, he@,uelUandgée P. Then :
5.4. Lemma : With this notation, let T € B(X) = B(1 x X°). So
7o(T) € B(Q x (Q x X)), and T € B(X). Then
U Xx TP = WQ(T) X(XXQ) U

in B(Q x PP).

Proof: I can suppose that T"is a right X-set. Then it is easily checked that
the maps

(u7t) ceUxxT? ((t, 1),U) € WQ(T) X(XxQ) U
((taQ)au) € ﬂ-Q(T) ><(X><Q) U = (qu,t) el X x TeP

are well defined mutual inverse isomorphisms of (@, P)-bisets. O
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5.5. Lemma : If F' is a rational p-biset functor, then the map
F(6?) : F(X) — F(1)

15 equal to 0.

Proof: Recall that 6 = (X/I — X/1Z) — (X/J - X/JZ), ie.
5 = (I\NX — IZ\X) — (J\X — JZ\X) |

where Z is the center of X, and where I and J are non central subgroups of
order p in X, not conjugate in X.
Let G the set of subgroups of X defined by

G={Y CX||X:Y|<ptu{l} .

Then G is a genetic basis of X : indeed the set {Y C X | | X : Y| < p} is
obtained by inflation from the unique genetic basis of the elementary abelian
group X/Z. This set contains p + 2 subgroups. Moreover, there is a unique
faithful irreducible rational representation of X (because there are p + 3
conjugacy classes of cyclic subgroups in X ), and it is easy to check that [
is a genetic subgroup of X corresponding to this representation : clearly
INZ =1, and Nx(I)/I = 1Z/I is cyclic of order p. Moreover I = IZ,
and if x € X is such that I*NI1Z C I, then I” C I because IZ is a normal
subgroup of X. So I* = I, and I is a genetic subgroup of X, and G is a
genetic basis of X.

Let Y € G. If Y = P, then vy is an (X, X)-biset with one element. So
T\ X x~yp is a set of cardinality 1, for any subgroup 7" of X. Hence in B(XP)

0P xxvp=0 .
Now if ¥ has index p in X, then vy = X/Y — X/X thus
0% Xx’}/yzéop XXx/Y .

But T\ X xx X/Y 2TY\X, so T\X xx X/Y 2TZ\X xx X/Y, for any
subgroup T of X, since Y <X and Y O Z. Thus again

0" xXx vy =0

in B(X°P), in this case .
Finally if Y = I, then

vy = (X/I x172 I\NX) — (X/1Z %17 1Z2\X) = (X/I x15 I\X) — X/1Z
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since [Z < X. By the previous argument, it follows that
0P Xx Yy = 0P X x (X/I X1z ]\X) .

Now X/I x;7 I\X = (X x X)/Azz, and by the Mackey formula for the
product of bisets (Proposition 1 of [2]), for any subgroup T of X

T\X xx (X x X)[Arzz= Y T\X

2€T\X/1Z
where

T;z: = {CL e X | dt € T, (tz,CL> € AIZ,I}
laceX|HeT, t*clZ ta €I}
= I(T"NI1Z) .

Moreover T\X /17 = TIZ\X since I1Z <X . Hence :

INX xx (X x X)/Arzy = DX +12\X
IZ\X xx (X x X)/Arzz = 2I2\X

INX xx (X xX)/A1z7, = I\X
JI\X xx (X x X)/Arzzs = 12\X

Thus
0P xxvy =(I\X+12\X)—-212\X —I\X+1Z2\X =0

again, in this case.
But since F' is rational, the sum ) F(vy) is equal to the identity map

Yeg
of F(X). Hence

F(0%)=F(@%) oY Fly)=>_ F(”xxyy)=0

Yeg Yeg

as was to be shown. 0
End of the proof of Theorem : it follows from Lemma B4 that

F(U xx 8) = F(nq(6)) o F(U) .
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Now F(mg(0°)) = Fq(d6°), and Fg is rational by Theorem Thus
Fg(0°?) = 0 by Lemma B4, and F(U xx ) = 0, completing the proof
of Theorem B3l 0

5.6. Remark : Consider the quotient category Cllf" of C,, whose objects are
finite p-groups, and morphisms are defined by

HOITIQZQiu(P, Q) = RQ(Q X POp) .

Then a rational biset functor for L. Barker’s definition is just an additive
functor from CL™ to Ab.

When p is odd, it follows from Corollary that the category C,/d
and Cllf” coincide. So in this case, this definition of a rational biset func-
tor is equivalent to Definition 29 However if p = 2, those two definitions
are not equivalent, as will be shown in Section @l

5.7. Remark : If I is rational, then Fy is also rational for any @), thus
Fg(0°?) = 0. Conversely, if Fip(6°?) = 0 for any (), then the previous proof
shows that F'is rational. This leads to the following :

5.8. Corollary : Let S denote a Sylow p-subgroup of PGL(3,F,). Then S
acts on the set P of points and on the set I of lines of the projective plane
over IFy,.

Let F' be a p-biset functor. Then F s rational if and only if for any
p-group Q,

FP?x Q) =F(L” x Q)

as maps from F(SxQ) to F(Q), images by F of the (Q, S x Q)-bisets PP x Q
and IL°P x @) respectively.
Proof: Indeed S is isomorphic to the group X, so I can suppose S = X.
Now it is easy to check that S has exactly one fixed point on P and on IL, and
that for suitable choices of I and J, the permutation representations of S on
P and IL are respectively

P=S/SuS/IZusS/J L=S/Sus/JZzusS/I |
so that P — L = ¢ in B(S). D

5.9. Remark : Let A be an injective Z-module. If I’ is a rational p-
biset functor, then F° = Hom(F, A) is rational by Proposition 7.4 of [5].
Conversely, if FY is rational, then (F°)° is rational, and since the canonical
map F — (F%)° is injective (because A is an injective Z-module), it follows
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that F is rational. This duality argument shows that a p-biset functor F' is
rational if and only if for any p-group @), one has that

FPxQ)=FLxQ),
as maps from F'(Q) to F/(S x @), images by F' of the (S x @, Q)-bisets P x @
and IL x @ respectively. Equivalently Fg(d) = 0.
5.10. Proposition : Let F' be a p-biset functor.

1. The correspondence sending a p-group P to the image of the map
Fp(0°?) : F(X x P) — F(P) defines a biset subfunctor of F, and
the quotient functor F™ is the largest rational quotient of F. Thus

F™(P) = F(P)/Im Fp(6) .
2. The correspondence sending a p-group P to the kernel of the map

Fp(d): F(P) — F(X x P) defines a biset subfunctor F,. of F, which
s the largest rational subfunctor of F'. Thus

F,at(P) = Ker Fp(6) .

Proof: Let P and @ be finite p-groups, and let U be a finite (Q), P)-biset.
It is easy to check that the following diagram

F@xp)ﬁﬁﬁ F(P)
F(X xU) JF(U)
FXxQ) —— F(Q

XxQ) s FQ

is commutative. It shows that the correspondence P +— Im Fp(d°) defines
a subfunctor of F. Now if N is a subfunctor of F', then F/N is rational
if and only if for any p-group P, the map (F/N)p(0°) is equal to 0. This
is equivalent to Im Fp(0%?) C N(P), so F" is the largest rational quotient
of F.

Similarly, for Assertion 2, the diagram

F@)fﬂﬁ F(X x P)
F(U) JHXXU)

F(Q) —— F(X

(Q) o0 (X x Q)



is commutative, showing that F},; is a subfunctor of F. And if M is a
subfunctor of F', then M is rational if and only if for any p-group P, the
map Mp(6) is equal to 0, i.e. if M(P) C F,u(P). O

5.11. Corollary : The functor B/Bs is the largest rational quotient of B.
If p is odd, it is equal to Ry.

Proof: Indeed B/Bjs is rational by Theorem Bl Conversely, the image of
B1(0) : B(1) — B(X) contains §, so if B’ is a subfunctor of B such that B/ B’
is rational, then B’ O Bjy. Finally B/Bs = Ry if p is odd, by Corollary B8 D

6. The functor K/B;

Since B/K = Ry, there is an exact sequence of p-biset functors
0— K/Bs — B/Bs — Rg — 0 .

Moreover, the functor B/B; is rational by Theorem B It follows that its
subfunctor K/Bj is also rational, and Corollary shows that this functor
is equal to zero if p is odd. This section describes the structure of K/Bjs for
p = 2, but the methods and results exposed here also hold for p odd, and for
this reason p still denotes an arbitrary prime number here.

Since K /Bjs is rational, then for any p-group P and any genetic basis G
of P, the map

Q%g IndinfﬁP(Q)/Q . Q%g 8(K/B(s)(NP(Q)/Q) — (K/Bs)(P)

is an isomorphism. Hence the evaluation of K/Bjs at P is known if the
groups 0(K/Bs) (NP(Q)/Q) are known, when @ is a genetic subgroup of P.
Since Np(Q)/Q has normal p-rank 1 in this case, this relies on the following
lemma :

6.1. Lemma : Let R be a p-group of normal p-rank 1. If R is non trivial,
denote by Z the unique subgroup of order p in the center of R. Then :

1. If R is cyclic or generalized quaternion, then OK(R) = {0}, hence
9(K/Bs)(R) = {0}.
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2. If R is semidihedral, then 0K (R) is free of rank one, generated by the
element

—2(R/W — R/WZ)+ (R/1 — R/Z) = Ind}}, sew s

where W is a non central subgroup of order 2 in R. In particular
O(K/Bs)(R) = {0}.

3. If R is dihedral, then OK(R) is free of rank two, generated by the ele-
ments

—2(R/W — R/WZ)+ R/1 — R/Z = Ind¥ ,ewy , and

5p = (R/W — R/WZ)— (RIW' — R/W'Z) |

where W and W' are non central subgroups of order 2 in R, which are
not conjugate in R. In this case O(K/Bs)(R) = Z/27Z, generated by
the image of og.

Proof: If R is trivial, then K(R) = {0}, so the result holds. And if R is non
trivial, then the idempotent fJ* is equal to R — R/Z, so for any subgroup S
of R

ffR/S=R/S—R/SZ |

and this is zero if S D Z.

Now if R is cyclic or generalized quaternion, and if S 2 Z, then S = 1.
Thus 0B(R) is free of rank one in this case, generated by R/1 — R/Z. Since
|R/1 — R/Z| = |R|/p, and since |Y| =0 for any Y € K(R), it follows that
OK(R) = {0} in this case, proving Assertion 1.

If R is semidihedral, and S 2 Z, then either S =1 or S = W, up to
conjugation in R. So dB(R) is free of rank 2, generated by R/1 — R/Z and
R/W — R/WZ. Since |R/1 — R/Z| = |R|/2 and |R/W — R/WZ| = |R|/4,
any element in 0K (R) is a multiple of

uw=—2(R/W — R/IWZ) + (R/1 - R/Z)

which is equal to Indly ey 2. Since ey € K (W Z), it follows that 0K (R)
is free of rank one, generated by u. Assertion 2 follows, since moreover
u € K.(R) and K.(R) C Ks(R).

Finally if R is dihedral, and S 2 Z, then either S = 1, or S has order 2,
and S # Z. So 0B(R) is free of rank 3, generated by the elements R/1—R/Z,
R/W —R/WZ, and R/W'—R/W'Z, where W and W' are representatives of
the two conjugacy classes of non central subgroups of order 2 in R. Looking
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at cardinalities shows that 0K (R) is contained in the submodule of B(R)
generated by the elements

u=—-2(R/W —-R/WZ)+ (R/1—-R/Z) , and

op = (R/W — R/WZ)— (RIW' — R/W'Z) .

Conversely, since u = Indf}, ;e 2, it follows that u € K(R). But 6z € K(R)
also, by Remark 6.10 of [7], or by direct computation of the character of dg.

Hence 0K (R) is equal to the module generated by u and dg. Since moreover
u € K.(R) C Ks(R) as before, and since

20g = Ind{}. ,ewrz — Indl} Jewz € K.(R) C K5(R) |

it follows that 0K/Bjs(R) is either trivial or of order 2, generated by the
image of 0. The next lemma will show that dr ¢ Bjs(R), completing the
proof of Assertion 3. 0

6.2. Lemma : Suppose p = 2, and let R be a dihedral group of order at
least 16. Then ér ¢ Bs(R).

Proof: Suppose that 0r € B;(R). Then there exists ¢ € Home,(Ds, R) such
that dp = ¢(9). In particular there exists some (R, Dg)-biset U such that
the coefficient of R/W in the expansion of U xp, d in the canonical basis
of B(R) is odd, and I can assume that U is a transitive biset, of the form
U = (R x Dg)/L, for some subgroup L of R x Dg. Such a transitive biset
factors as

Indinfﬁ/slsor‘g//iDefresgj 4

where (7',5) is a section of R and (B, A) is a section of Dg such that the
factor groups T'/S and B/A are isomorphic. Now since § € K (Dg), and since
K(C) = {0} for a cyclic group C, it follows that Defresgi 10 = 0, except if
(B,A) = (Ds,1) or if B/A is elementary abelian of rank 2. Moreover any
proper deflation of ¢ is equal to 0, hence in the latter case B cannot be equal
to Dg. So B is one of the two elementary abelian subgroups of index 2 in
Dg, and A = 1. In this case Defresngé is equal to the restriction of § to B,
i.e. to ep.

Thus there is a section (7',S) of R, such that 7'/S is isomorphic to Dg
or (Cy)?, such that U xp, 6 = Indinfg/su, where u = 07/g if T/S = Dg, and
u=eps if T/S = (C5)%. The coefficient of R/W in Indinfg/su is equal to 0,
except if S C W" C T for some r € R. Thus either S =1 or S is conjugate
to W. But Ng(W)/W has order 2, so it cannot contain a group isomorphic

23



to T/S. It follows that S = 1. In other words U xp, 6 = Ind¥u, where T
is a subgroup of R which is isomorphic to Dg, and in this case u = dp, or
isomorphic to (Cy)?, and u = e7. In the first case

Ind%6 = (R/I — R/IZ) — (R)J — R/JZ) ,

where I and J are non central subgroups of order 2 of Dg. Since |R| > 16,
the groups I and J are conjugate in R, so Ind?é = 0. In the second case
T D Z, and

Indfer = R/1 - (R/A+ R/B+ R/Z) + 2R)T ,

where A, B and Z are the subgroups of order 2 of T. But A and B are
conjugate in R, so in fact

Indfer = R/1 — (2R/A+ R/Z) +2R)T ,

The coefficient of R/W in this expression is equal to -2 or 0, according to A
being conjugate to W in R or not. In any case, it is even, and this completes
the proof. 0

6.3. Corollary : Let P be a p-group, and let G be a genetic basis of P.
Then K(P)/Bs(P) is a vector space over Fo, with basis the images of the
elements IndinfﬁP(Q)/QcSNP(Q)/Q, where Q) runs through the elements of G for
which Np(Q)/Q is dihedral.

So K(P)/Bs(P) = (Z/27)%, where d is the number of isomorphism classes
of rational irreducible representations of P of dihedral type. This result
suggest a little more, in view of the following result :

6.4. Theorem : If P is a p-group, denote by B*(P) the group of units of
its Burnside ring B(P).

1. [[6] Theorem 7.2 and Corollary 7.3] The correspondence P — B*(P)
is a p-biset functor, which is isomorphic to a subfunctor of FaRg. In
particular, it is a rational p-biset functor.

2. [[6] Theorem 8.4] The functor B* is uniserial, and the poset of its
proper subfunctors

{0}CcLoyCLly...CL,C...

is such that Ly is isomorphic to the simple biset functor Syr,, and

Li/L;_1, fori > 1, is isomorphic to the simple functor SDQHSJFQ.
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3. [[6] Theorem 8.4] There is a map of p-biset functors exp : B — B*,
whose image s equal to the socle Ly of B*. So for any p-group P, the
Fy-dimension of the cokernel of expp : B(P) — B*(P) is equal to the
number of isomorphism classes of rational irreducible representations
of P of dihedral type.

This suggest that the biset functors K/Bs and Coker exp = B* /soc(B*)
might be isomorphic. And this is indeed the case :

6.5. Theorem : The functor K/B;s is isomorphic to the cokernel of the
map exp : B — B*. So K = Bs if p# 2, and if p = 2, the functor K/Bs is
uniserial. Its lattice of proper subfunctors is
{0}=K¢yCcK,CKy,C...CK,C...

where K,,, for n > 1, is generated by the image of 0D,nss € K(Dgnis) in
(K/Bs)(Dgnt3). Moreover K, /K, 1 = Sp forn > 1.
Proof: First recall that if R is a p-group of normal p-rank 1, then R has a
unique faithful rational irreducible representation ®z, up to isomorphism, by
Proposition 3.7 of []. For any p-group P, the group Rg(P) is a free abelian
group with basis the set Irrg(P) of isomorphism classes of irreducible rational
representations of P. So the dual group R (P) has a dual basis (V*),, elrrg(P);
where the value of V* on some QP-module M is equal to the multiplicity
of V as a direct summand of M (with the slight abuse of notation identifying
an irreducible representation V' with its isomorphism class). Denote by V'
the image of V* in FoRy).

Also set K, = K/Bs, and B, = B*/Ly. With this notation, and iden-
tifying moreover the functor B* with its isomorphic image inside Fy Ry, the
subfunctor L, of B* is generated by the element (I_)ZQH?, € FyRG(Danvs), for

n > 1, and the functor L, is generated by the element ®; € FyRG(1). So
if P is a p-group, and if G is a genetic basis of P, then the group B has a

on+3,F2s

basis over Iy consisting of the elements Vg = Indlan /S<I> Np(S)/s» Where
S runs through the set D of elements of G for which N p( )/S is dihedral.
Moreover, if R is a p-group of normal p-rank 1, then 0B*(R) is equal
to {0}, unless R is dihedral or cyclic of order at most 2, and in each of
these cases 0B*(R) = Fy (see Yal¢in [I1] Lemma 4.6 and Lemma 5.2, or
Corollary 5.9 of [6]). But if |R| < 2, then Sp_, ., r,(R) = {0} for n > 1, thus
B*(R) = Lo(R), and it follows that 0B, (R) = {0}, except if R is dihedral.
In this case since OSgr,(R) = Fy # {0}, it follows that 0B (R) = s,
generated by the image of the element CI_D};. It will be useful for further
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computation to notice that & ,(QR/T) is equal to 2 if T =1, to 1 if T is a
non central subgroup of order 2 of R, and to 0 otherwise.

On the other hand, by Corollary B3, the group K,(P) has an Fy-basis
consisting of the images ds in K,(P) of the elements Indinfﬁp(s)/séNP(s)/S,
for S € D. So there is a unique linear map

Ypg : Ky (P) — B(P)

sending dg to V;, for S € D, and this map is an isomorphism. In other
words, the map ¥pg is equal to the composition of isomorphisms

(6.6) K(P) 5 @ 0K, (Np(5)/S) > @ 0B (Np()/5) = B (P) .

where a = ©g B, (ag) and 3 = ©g K, (bg), and where v is the direct sum
of the unique isomorphisms Yy, (s)s : 0K, (Np(S)/S) — 0B} (Np(S5)/S) :
this makes sense because the groups 0K, (Np(S)/S) and B) (Np(S)/S) are
both cyclic of order 2, when S € D, or both trivial if S € G — D.

6.7. Lemma : Let P and ) be p-groups. Let G be a genetic basis of P, and
H be a genetic basis of Q. Then if ¢ € Home, (P, Q), the diagram

K(P) P9 BX(p)

leX(sO)
K(Q) —— BQ)

=
O
(—
QO

15 commutative.

Proof: Using decomposition both for P and @), this diagram gives

K,(P) % © 0K, (Ne(5)/S) > © 0B (Np(5)/S) = B}(P)

K, () l J B ()
B Y o
K OK,(Ng(T)/T OB (Nq(T)/T B
(@2 & oK(No(T)/T) 2 & OB (No(T)/T) B (Q)
where the maps o and (" are the analogues of o and (3 for the group @) and

its genetic basis H. Showing that this diagram is commutative amounts to
showing that

Bbx(go)oozoyoﬁ:O/Ofy’oﬁ’oKb(go) ,
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or equivalently, that
oo B (g)oaoy =y B o K@) o |

Now 37! = Se]eag K,(ag) and o/~ = TEEBH B)X(br). So this equality is equiva-

lent to

(6.8) B, (breas) o Ynp(s)/s = Ino()T © Ky(brpas)
for any S € G and any T' € 'H. Now
broas € 1170 Home, (No(8)/8, No(T)/T) i
so equality (6.8), hence Lemma [67, follow from the next lemma. 0

6.9. Lemma : Let M and N be p-groups of normal p-rank 1, and let
f € fi'Home, (M, N)f, then

By (f) oy = o K (f) -

Proof: Both sides are maps from 0K,(M) to 0B)(N), so if one of the
groups M or N is not dihedral, both sides are equal to zero. So I can
suppose that M and N are dihedral. T can also suppose that f = fNUfT,
for some transitive (N, M)-biset U of the form (N x M)/L, where L is a
subgroup of N x M. If f = 0, there is nothing to prove, and otherwise
ki(L)NZ(N) =1 and ko(L) N Z(M) = 1. It follows that ki(L) and ko(L)
are trivial or non central of order 2. If one of these groups, say ki(L), is
non central of order 2, then its normalizer has order 4, and contains p;(L).
Hence the group C' = ¢(L) = pi(L)/k1(L) has order 1 or 2. But f factors
through C and both K,(C) and B,*(C) are equal to {0}. So again there is
nothing to prove in this case.

Hence I can assume that ki(L) = ko(L) = 1. In this case, the morphism
(N xM)/L is the composition of the restriction from M to pa(L), followed by
a group isomorphism from ps(L) to p;(L), followed by induction from p;(L)
to N. In particular, it factors through H = p;(L). If this group is cyclic, or
contained in a dihedral subgroup of order 8 of M, then K,(H) = B} (H) =
{0} because H, has no genetic subgroup of dihedral type. So I can suppose
that H is dihedral of order at least 16.

Now 0K, (M) is generated by the image of the element

Sur = (M/W = M/WZ) — (MW — M/W'Z) |
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where Z is the center of M, and W and W’ are non central subgroups of
order 2, non conjugate in M. If M’ is a dihedral group of index 2 in M,
containing W, then one checks easily that in B(M')

Res%ﬁM = 5M/ — Ind%;zgwxz .
where z € M — M’, so Res}h oy, = 0y in K,(M'") since
Ind™., sz € B.(M') C Bs(M') .

By induction, it follows that Res} &y = 0y in K,(H). This element is sent
to 0p, (1) by the isomorphism from H = p,y(L) to pi(L), hence finally

Ko (f)(0ar) = f1 Ind) (16, 1)

in K,(N). Now there are two cases : either p;(L) = N and K,(f)(dy) = In,
or pi1(L) is a proper dihedral subgroup of N. In this case, the non central
subgroups of order 2 of p;(L) are conjugate in N, so Ind;,\i(L)cSpl(L) =0 in
K(pi(L)).

So either p1(L) # N, and vy o K,(f)(6p) = 0, or p1(L) = N, and
vn 0 Ky (f)(0ar) is equal to the generator @y of dB)(N).

On the other hand vy (6) is equal to the image of ®,, in B)(M). The
restriction of (f}kw to the dihedral subgroup H = py(L) is easily seen to be
equal to 52, hence it is mapped to 5;1(13) by the isomorphism ps(L) — p1(L).
Finally

By oy (0ar) = Ind) ()@, 1) -

If p1(L) = N, this is equal to $,. Otherwise it is induced from a proper
dihedral subgroup. It is easily checked in this case that the values of the
linear form Ind;,\i(L)CI);I(L) are all even, so Ind;,\i(L)CI_J;l(L) = 0 in this case. This
completes the proof of Lemma 0
End of the proof of Theorem : First apply Lemma in the case
@ = P, and ¢ = Idp : this shows that if G and H are two genetic bases
of P, then ¢¥pg = ¥py. In other words, the map ¢¥pg does not depend on
the choice of the genetic basis G of P, and it can be denoted by ¥p.

Now Lemma shows that these maps ©¥p define a morphism of p-biset
functors from K, to B), and this morphism is an isomorphism. The other
assertions in Theorem follow from the structure of the functor B* (see
Theorem 8.4 of [@]). 0
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6.10. Remark : It follows that for p = 2, the class R of additive functors
Cllf” — Ab defined in Remark B0 is not closed under extensions : indeed, in
the short exact sequence

0—>K/K5—>B/K5—>RQ—>0,

the functors K/Ks and Rg are in R, but the functor Ry = B/K is clearly
the largest quotient of B with this property. So B/Kjs is not in the class R.

On the other hand, one can give the following alternative proof of the
fact that the class of rational biset functors is closed under extensions : in a

short exact sequence
0O—-M—-L—-N-—0,

where M and N are rational p-biset functors, i.e. additive functors C,/§ — Ab,
a straightforward argument shows that the middle term L is a functor from
the quotient category C,/(6 x d) of Cp, to Ab. And it turns out that the
categories C,/(0 x ¢) and C, /¢ coincide : one can indeed find a subgroup Y
of X3 = X x X? such that

(X?)Y) xx2 (0 x8) =6 .
A tedious computation shows that using Notation B4, one can take
Y ={(zy 'p(a),2,y) | (z,y) € X*, 2y " €12},

where ¢ : X — J is any surjective homomorphism with kernel 7.
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