
HAL Id: hal-00136127
https://hal.science/hal-00136127

Submitted on 12 Mar 2007

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

On the stability of colocated clustered finite volume
simplicial discretizations for the 2D Stokes problem

Robert Eymard, Raphaele Herbin, Jean-Claude Latché, Bruno Piar

To cite this version:
Robert Eymard, Raphaele Herbin, Jean-Claude Latché, Bruno Piar. On the stability of colocated
clustered finite volume simplicial discretizations for the 2D Stokes problem. Calcolo, 2007, 44 (4),
pp.219-234. �10.1007/s10092-007-0138-8�. �hal-00136127�

https://hal.science/hal-00136127
https://hal.archives-ouvertes.fr


Calcolo manuscript No.
(will be inserted by the editor)

On the stability of colocated clustered finite

volume simplicial discretizations for the 2D

Stokes problem

R. Eymard1, R. Herbin2, J.C. Latché3, B. Piar3
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Abstract. We study in this paper a novel cell-centered colocated fi-
nite volume scheme for the two-dimensional Stokes problem. Its def-
inition involves two grids. The coarsest one is a triangulation of the
computational domain in acute angles simplices; these triangles are
called clusters. The control volumes grid is a finer one, built by cut-
ting each cluster along the lines joining the mid-edge points to obtain
four sub-triangles. By building explicitly a Fortin projection opera-
tor, we prove that the pair of discrete spaces associating the classical
cell-centered approximation for the velocities and cluster-wide con-
stant pressures is inf-sup stable. In a second step, we prove that a
stabilization involving pressure jumps only across the internal edges
of the clusters yields a stable scheme with the usual colocated dis-
cretization (i.e. with the cell-centered approximation for the velocity
and the pressure). We finally give an interpretation of this stabiliza-
tion as a ”minimal stabilization procedure”, as introduced by Brezzi
and Fortin.

1. Introduction

The use of colocated cell-centered finite volumes is widespread in
Computational Fluid Dynamics, as well in commercial ones (FLU-
ENT, CFX, . . . ) as in proprietary ones, as developped for instance
for nuclear safety problems, which is part of the context of this study.
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Without any regularization procedure, these schemes are known
to be unstable when applied to incompressible Navier-Stokes equa-
tions; in most developments presented in the literature, this problem
is cured by a technique originally proposed by Rhie and Chow [16],
the analysis of which, to our knowledge, is still an open problem.
Recently, we proposed another stabilization procedure, which can be
seen as an extension to finite volumes of the Brezzi-Pitkäranta reg-
ularization [4], by now classical in the finite element context. The
convergence of this scheme is proven for the steady and unsteady
Stokes and Navier-Stokes equations in [8]; for meshes satisfying a
particular geometrical assumption, let us say ”hypothesis (HG)” (see
the conclusion for the statement of this assumption), optimal error
estimates for the Stokes problem (i.e. first order convergence rate in
natural energy norms) are given in [9]. However, for high Reynolds
number flows and for meshes reasonable from a computational cost
point of view, the amount of stabilization necessary to avoid pres-
sure oscillations was found to severely degrade the accuracy. This led
to propose a more local stabilization term, involving pressure jumps
only across the internal edges of each cluster of elements. Although
being much more general, this approach follows a path similar to the
ideas implemented for the Q1-Q0 finite element in [18,13] when going
from the so-called ”global jump” regularization to the ”local jump”
one. Some applications of this new scheme are presented in [5], and an
analysis for the steady Stokes and Navier-Stokes equations is given in
[10]; under the same assumption (HG) for the mesh, we again obtain
convergence for the steady Stokes and Navier-Stokes equations and
optimal error bounds for the Stokes problem, provided some simple
geometrical condition is satisfied by the clusters.

However, this analysis based on a direct proof of inf-sup stabil-
ity estimates is rather intricate and, for particular meshes, a simpler
technique based on the classical Fortin lemma [11] is possible; we
present in this paper the application of this latter approach to two-
dimensional simplicial meshes. Clusters are provided by an acute an-
gles triangulation of the computational domain and control volumes
are built in a second step by cutting, along the lines joining the mid-
edge points, each triangle of the mesh in four similar triangles. We
first prove the stability of the discretization combining the usual cell-
centered discretization for the velocity and a cluster-wide constant
(i.e. constant by cluster) discretization for the pressure; then we ex-
tend this result to a scheme which uses the standard cell-centered
discretization also for the pressure and involves a stabilization term
involving pressure jumps across the edges internal to the clusters.
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It then follows from the analysis presented in [10] that this scheme
is convergent for the Stokes and Navier-Stokes equations, and that
first-order error bounds are statisfied for the Stokes problem; as proofs
given in [10] apply without modification, these points are not treated
here.

The paper is organized as follows. In section 2, we state the con-
tinuous problem under consideration. Finite volume approximation
spaces are described in section 3. Then the proposed numerical schemes
are presented and their stability is proven in section 4.

2. The continuous problem

The problem under consideration in this paper is the Stokes problem,
with homogeneous Dirichlet boundary conditions, which reads:

Find (ū, p̄) ∈ H1
0(Ω)2 × L2(Ω) with

∫

Ω
p̄ = 0 and such that:

∣

∣

∣

∣

∣

∣

∣

∣

∫

Ω
∇ū : ∇v̄ −

∫

Ω
p̄ div v̄ =

∫

Ω
f · v̄ ∀v̄ ∈ H1

0(Ω)2

∫

Ω
q̄ div ū = 0 ∀q̄ ∈ L2(Ω)

(1)

where Ω is a polygonal open bounded connected subset of R
2 and

the left hand side f ∈ L2(Ω)2.
The existence and uniqueness of the solution of (1) is a classical

result (see e.g. [2], [12] or [1]).

3. Spatial discretization and discrete functional analysis

3.1. Meshing of Ω

We suppose given a partition of Ω in triangles having all their inner
angles acute; each triangle will be called a cluster, and the set of
clusters will be denoted by G. The control volumes are obtained by
cutting along the lines joining the mid-edge points each cluster in four
similar triangles (see figure 1); the set of control volumes is denoted
by M, and, for each control volume K, GK stands for the unique
element of G such that K ⊂ GK .

For each K of M, we denote by xK the intersection point of the
perpendicular bisector of the edges of K, and, for each edge σ of
K, by dK,σ the distance between xK and σ. The set of edges of the
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mesh is denoted by E ; it is the union of the set of internal edges Eint

(included in Ω) and external ones Eext (included in ∂Ω). For each
control volume K, E(K) stands for the set of the three edges of K,
NK for the set of the neighbouring control volumes of K, mK for
the (2-dimensional) measure of K, and hK for its diameter. For each
internal edge σ ∈ Eint, separating the control volumes K and L, we
denote by dσ the distance between xK and xL (so dσ = dK,σ + dL,σ);
such an edge is written σ = K|L. The (one-dimensional) measure of
any edge σ ∈ E is denoted by mσ. For all K ∈ M and σ ∈ E(K), we
denote by nK,σ the unit vector normal to σ outward to K. Finally, the
set of edges σ of Eint which are internal to a cluster (i.e. not included
in the boundary of a cluster) is denoted by Eint,c.

We shall measure the regularity of the mesh by the parameter θM
defined by:

θM = inf

{

mσ

hK
,
dK,σ

hK
, K ∈ M, σ ∈ E(K)

}

∪

{

hK

hL
, K ∈ M, L ∈ NK

} (2)

Such a mesh is depicted on figure 1.

GK

K

xK
GL

L

xL

Fig. 1. Exemple of clustered simplicial mesh.
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Finally, we denote by hM the maximum diameter of the control
volumes.

3.2. Discretization spaces

Let HM(Ω) ⊂ L2(Ω) be the space of functions which are piecewise
constant over each control volume K ∈ M. For all w ∈ HM(Ω) and
for all K ∈ M, we denote by wK the constant value of w in K. For
(v,w) ∈ HM(Ω)2, we define an inner product, which is the discrete
analogue of the canonical H1

0(Ω) bilinear form:

[v,w]M =
∑

σ∈Eint,
σ=K|L

mσ

dσ
(vL − vK)(wL − wK) +

∑

σ∈Eext,
σ∈σ(K)

mσ

dK,σ
vKwK (3)

Next, we define a norm in HM(Ω) (thanks to the discrete Poincaré
inequality (4) given below) by:

‖w‖M = ([w,w]M)1/2 .

These definitions naturally extend to vector-valued functions as fol-
lows. For u = (u(i))i=1,2 ∈ HM(Ω)2 and v = (v(i))i=1,2 ∈ HM(Ω)2,
we define:

‖u‖M =

(

2
∑

i=1

[u(i), u(i)]M

)1/2

[u, v]M =

2
∑

i=1

[u(i), v(i)]M

The discrete Poincaré inequality [6, Lemma 9.1 p. 765] reads:

‖w‖L2(Ω) ≤ diam(Ω) ‖w‖M, ∀w ∈ HM(Ω) (4)

Finally, we denote by HG(Ω) ⊂ L2(Ω) the space of functions which
are piecewise constant over each cluster.

4. Numerical schemes

4.1. General formulation

Finite volume schemes are classically presented as discrete balance
equations with a suitable approximation of the fluxes, see e.g. [6].
However, in recent works dealing with cell centered finite volume
methods for elliptic problems [7–9], an equivalent variational formu-
lation in adequate functional spaces is introduced, and this presenta-
tion is probably more convenient for the analysis of the schemes, as
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the involved variational identities are on the natural path to derive
stability estimates. Here we follow this latter approach.

We begin by defining a discrete divergence operator divM, the
expression of which is the same as in [9], and which maps HM(Ω)2

onto HM(Ω) and reads:

divM u (x) =
1

mK

∑

σ∈Eint,
σ=K|L

mσ
dL,σuK + dK,σuL

dσ
· nK,σ,

for a.e. x ∈ K, ∀K ∈ M

(5)

The adjoint of this discrete divergence defines a discrete gradient ∇M,
mapping HM(Ω) onto HM(Ω)2, which takes the expression:

∇M p (x) =
1

mK

∑

σ∈Eint,
σ=K|L

mσ
dL,σ

dσ
(pL − pK) nK,σ,

for a.e. x ∈ K,∀K ∈ M

(6)

We define the discrete solution as the pair of functions (u, p) solution
to the following discrete variational problem:

Find (u, p) ∈ HM(Ω)2 × M with

∫

Ω
p = 0 and such that:

∣

∣

∣

∣

∣

∣

∣

∣

[u, v]M −

∫

Ω
p divMv =

∫

Ω
f · v ∀v ∈ HM(Ω)2

∫

Ω
q divMu + 〈p, q〉λ,M = 0 ∀q ∈ M

(7)

where the bilinear form 〈·, ·〉λ,M defined on HM(Ω) × HM(Ω) corre-
sponds to a ”cluster-wide” stabilization, defined as follows:

〈p, q〉λ,M = λ
∑

σ∈Eint,c,
σ=K|L

mσ (hK + hL) (pL − pK) (qL − qK) (8)

λ being a strictly positive parameter (λ > 0). This bilinear form is
associated to the following semi-norm:

|p|λ,M = 〈p, p〉
1/2
λ,M

We will study two choices for the approximation space for the pres-
sure: first, M = HG(Ω) and, second, M = HM(Ω), the first one
being analysed in section 4.2, the second one in section 4.3. Note
that, with the first choice, the stabilization bilinear form vanishes,
and we recover the classical (i.e. without stabilization term) setting
of a discrete saddle-point problem.
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Choosing v = (1K , 1K)t (respectively q = 1K) in the first (resp.
second) relation of (7), where 1K is the characteristic function of the
control-volume K, yields a discrete momentum (resp. mass) balance
equation over the control volume K, of the classical finite volume
form.

4.2. Cluster-wide constant pressures

Our aim in this section is to prove that the discretization combining
the usual cell-centered discretization for the velocity and a cluster-
wide constant discretization for the pressure is stable. To this pur-
pose, we begin by stating a ”non-conforming version” of the so-called
Fortin lemma, then we build the associated projection operator. The
stability of the discretization is an easy consequence of the existence
of such an operator.

Lemma 1. We suppose that there exists a continuous projection op-
erator ΠM from H1

0(Ω)2 into HM(Ω)2 with a continuity constant only
depending on Ω and θM and such that, for any function u ∈ H1

0(Ω)2

and any cluster G ∈ G, we have:

∫

G
divM(ΠMu) =

∫

G
divu (9)

Then the so-called discrete inf-sup condition holds:

∃β > 0 depending only on Ω and θM such that,

∀p ∈ HG(Ω), sup
v∈HM(Ω)2

∫

Ω
p divMv

‖v‖M
≥ β ‖p‖L2(Ω)

(10)

Proof. Let p ∈ HG(Ω) be given. The fact that the inf-sup condition
holds for continuous spaces is wellknown (see e.g. [14,12,2,1]) and so
there exists βc independent of p and v̄ ∈ H1

0(Ω)2 such that:

∫

Ω
p divv̄

‖v̄‖H1(Ω)2
≥ βc ‖p‖L2(Ω)

Since p is constant over each cluster, we get from (9):

∫

Ω
p divM(ΠMv̄) =

∫

Ω
p divv̄
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On the other hand, by the continuity of the projection operator ΠM,
the function ΠMv̄ satisfies:

‖ΠMv̄‖M ≤ cΠM
‖v̄‖H1(Ω)2

From the three previous relations, we thus obtain:
∫

Ω
p divM(ΠMv̄)

‖ΠMv̄‖M
≥

βc

cΠM

‖p‖L2(Ω)

ut

We are now going to explicitly build a projection operator suitable
for the discretization at hand. To this purpose, for a given cluster
G ∈ G, we will use the local notations defined in figure 2.

Theorem 1. Let G be a cluster of G and σi, i = 1, 2, 3 its three
edges. Let ū be a function of H1

0(Ω). We denote by ūσi
the following

quantity:

ūσi
=

1

mσi

∫

σi

ū

Then the four following equations define a discrete field u in G ( i.e.
the restriction to G of a function of HM(Ω)):

∣

∣

∣

∣

∣

∣

∣

∣

∣

uK1
+ uK2

= 2 ūσ3

uK2
+ uK3

= 2 ūσ1

uK3
+ uK1

= 2 ūσ2

uK4
=

1

3
(uK1

+ uK2
+ uK3

)

(11)

Repeating this operation for each cluster G ∈ G and for each compo-
nent, we obtain a projection operator mapping H1

0(Ω)2 onto HM(Ω)2

which satisfies the assumptions of lemma 1.

Proof. First, we begin by checking that the system (11) admits an
unique solution, which reads:

∣

∣

∣

∣

∣

∣

∣

∣

∣

uK1
= ūσ2

+ ūσ3
− ūσ1

uK2
= ūσ1

+ ūσ3
− ūσ2

uK3
= ūσ1

+ ūσ2
− ūσ3

uK4
=

1

3
(ūσ1

+ ūσ2
+ ūσ3

)

(12)

Second, we need to prove that relation (9) holds, for any function
(u(1), u(2)) ∈ H1

0(Ω)2. To this purpose, we check a stronger property,
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G

K3 K1

K2

K4

σ3σ1

σ2

σ3,1

σ3,2

G′

K
′
1

K
′
2

Fig. 2. Local numbering, relative to a given cluster, used in the definition of the
Fortin projection operator.

namely that the integral of each component across an edge of a clus-
ter is the same as the integral of the ”edge-value” of its projection,
evaluated by the interpolation formula of the discrete divergence op-
erator.
Let us consider for instance σ3 in figure 2. It is easy to observe that
the two pairs of triangles sharing respectively σ3,1 and σ3,2 are similar.
Consequently, the interpolation relations giving in divM the velocity
on σ3,1 and σ3,2, noted uσ3,1

and uσ3,2
, share the same coefficients,

say α and 1 − α, and we get, with the notations of figure 2:

mσ3,1
uσ3,1

+ mσ3,2
uσ3,2

=
mσ3

2

[

uσ3,1
+ uσ3,2

]

=
mσ3

2

[

αuK1
+ (1 − α)u′

K1
+ αuK2

+ (1 − α)uK ′
2

]

=
mσ3

2

[

α(uK1
+ uK2

) + (1 − α)(uK ′
1
+ uK ′

2
)
]

= mσ3
ūσ3

=

∫

σ3

ū

Finally, we have to check the continuity of the projection, i.e. that
there exists a positive real number ccont depending only on θM such
that, for each function ū ∈ H1

0(Ω):

‖u‖M ≤ ccont |ū|H1

0
(Ω) (13)
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and the continuity of the projection operator for an abitrary velocity
field in H1

0(Ω)2 will follow by summation over the two components.
From the expression of the ui, i = 1, . . . , 4 given by (12), we see

that each difference uK − uL, where K and L are two neighbouring
control volumes of the mesh, can be expressed as a sum of a bounded
number of differences between the quantities ūσ1

, i = 1, . . . , 3 and
their counterparts associated to the neighbouring clusters of G. Notic-
ing that, whenever the cluster edge σ is included in ∂Ω, we have
ūσ = 0, this property extends to the quantities uK − 0 appearing in
the ‖ · ‖M norm when one edge of K is included in ∂Ω.

Let us denote by ϕi, i = 1, 2, 3 the basis functions of the finite
element P1 discretization over the central triangle K4, ϕi being equal
to 1 at the vertice located on σi and 0 at the other vertices. We
define a projection operator Π from H1(K4) onto the space of linear
polynomials by:

Πū(x) = ũ(x) =
∑

i=1,3

ūσi
ϕi(x)

The projection Π is nothing more than a particular Scott and Zhang
interpolant [17], the H1 stability of which is known. However, in order
to make the presentation self-contained and as the arguments in the
case under consideration are simpler than in the general case, we are
going to prove the following result:

‖∇ũ‖L2(K4) ≤ csz ‖∇ū‖L2(G) (14)

where csz is a constant depending only on θM.
First, we notice that the gradient of each basis function ϕi is a

constant vector and it is easy to check that:

‖∇ϕi‖ ≤
1

ρK4

i = 1, 2, 3

where ρK4
stands for the diameter of the largest ball included in K4.

Consequently, we have:

‖∇ũ‖L2(K4) ≤
m

1/2
K4

ρK4

∑

i=1,3

|ūσi
| (15)

One then observes that the Scott and Zhang interpolant leaves the
constant functions unchanged; we thus have:

‖∇ũ‖L2(K4) = ‖∇(ũ −
1

mG

∫

G
ū)‖L2(K4)

= ‖∇Π(ū −
1

mG

∫

G
ū)‖L2(K4)
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Without loss of generality, we may thus suppose that the function ū
has a zero mean value over G. By the Cauchy-Schwarz inequality, we
have:

|ūσi
| ≤

1

m
1/2
σi

‖ū‖L2(σi)

and thus, by a trace inequality which can be found in [19]:

|ūσi
| ≤

1

m
1/2
σi

[

2
mσi

mG

]1/2
[

‖ū‖L2(G) + hG‖∇ū‖L2(G)

]

The Poincaré inequality (see [15] for a value of the Poincaré constant
for zero mean valued functions valid for any convex domain) thus
yields:

|ūσi
| ≤ c

[

1

mG

]1/2

hG‖∇ū‖L2(G) (16)

where c is a constant real number and, finally, gathering inequalities
(15) and (16):

‖∇ũ‖L2(K4) ≤ 3c

[

mK4

mG

]1/2 hG

ρK4

‖∇ū‖L2(G)

which implies the bound (14).

We now return to the stability of ΠM. Let ai be the middle of
the σi of G. Each groupment (ūσi

− ūσj
)2 can then be estimated as

follows:

(ūσi
− ūσj

)2 ≤ (m[ai,aj ])
2 ‖∇Πū‖2 =

(m[ai,aj ])
2

mK4

‖∇ũ‖2
L2(K4)

and thus:

(ūσi
− ūσj

)2 = c
(m[ai,aj ])

2

mK4

‖∇ū‖2
L2(G)

Remarking that the quantity ‖∇ū‖2
L2(G) will appear a bounded num-

ber of times in the summation giving ‖u‖M, this estimates implies
that the bound (13) holds, which concludes the proof.
ut

We are now in position to state the stability of the scheme. To
this purpose, we define the bilinear form BM(·, · ; ·, ·) by:

BM(u, p ; v, q) = [u, v]M −

∫

Ω
p divMv +

∫

Ω
q divMu
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where u, v and p, q stand for respectively two elements of HM(Ω)2

and two elements of HG(Ω). The numerical scheme under considera-
tion (7) with cluster-wide constant pressures can be written equiva-
lently:

Find (u, p) ∈ HM(Ω)2 × HG(Ω) such that:

BM(u, p ; v, q) =

∫

Ω
f · v ∀(v, q) ∈ HM(Ω)2 × HG(Ω)

Theorem 2 (Stability of the scheme). For each pair u ∈ HM(Ω)2

and p ∈ HG(Ω) ( i.e. such that the pressure p is constant over each
cluster), there exists ũ ∈ HM(Ω)2 and p̃ ∈ HG(Ω) such that:

‖ũ‖M + ‖p̃‖L2(Ω) ≤ c1

[

‖u‖M + ‖p‖L2(Ω)

]

(17)

and:

‖u‖2
M + ‖p‖2

L2(Ω) ≤ c2 BM(u, p ; ũ, p̃) (18)

where c1 and c2 are two positive real numbers depending only on Ω
and θM.

Proof. Let u ∈ HM(Ω)2 and p ∈ HG(Ω) be given. First, we note that:

BM(u, p ;u, p) = ‖u‖2
M

Then, by (10), we know that there exists v ∈ HM(Ω)2 such that:

∣

∣

∣

∣

∣

∣

‖v‖M = ‖p‖L2(Ω)

−

∫

Ω
p divMv ≥ β ‖p‖2

L2(Ω)

where β > 0 only depends on Ω and θM. We thus have, by the
Cauchy-Schwarz and Young inequalities:

BM(u, p ; v, 0) = −

∫

Ω
p divMv + [u, v]M

≥ β ‖p‖2
L2(Ω) −

[

β

2
‖p‖2

L2(Ω) +
1

2β
‖u‖2

M

]

=
β

2
‖p‖2

L2(Ω) −
1

2β
‖u‖2

M

Then, by bilinearity of BM(·, · ; ·, ·), we see that both (17) and (18)
hold with ũ = u + β v and p̃ = p.
ut
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4.3. Clustered triangles discretizations

We now turn to the analysis of the scheme with an approximation
for the pressure which is constant over each control volume rather
than constant over each cluster. Consequently, the stabilization terms
involving the pressure jump through the interior edges of the clusters
do not vanish anymore.

We begin by a technical lemma, which can be seen as a very spe-
cific formulation of a discrete ”cluster by cluster” Poincaré inequality.

Lemma 2. Let p ∈ HM(Ω) a function which vanishes over the inner
triangle ( i.e. the triangle denoted K4 on figure 2) of each cluster.
Then the following bound holds:

‖p‖2
L2(Ω) ≤

1

2λ
|p|2M,λ

Proof. Let G be a cluster of G. Using a local numbering of the un-
knowns, we have by assumption p4 = 0 and:

‖p‖2
L2(G) =

3
∑

i=1

mKi
p2

i =

3
∑

i=1

mKi
(pi − p4)

2

≤ max
i=1,2,3

[

mKi

mKi|K4
(hKi

+ hK4
)

] 3
∑

i=1

mKi|K4
(hKi

+ hK4
) (pi − p4)

2

Thanks to geometrical considerations, the first factor of the above
right–hand–side is smaller than 1/2. The result then follows by sum-
mation over the clusters.
ut

As in the previous section, we define a bilinear form BM(·, · ; ·, ·)
which is now given by:

BM(u, p ; v, q) = [u, v]M −

∫

Ω
p divMv +

∫

Ω
q divMu + 〈p, q〉λ,M

where u, v and p, q stand respectively for two elements of HM(Ω)2

and two elements of HM(Ω). Once again, the scheme under consid-
eration reads:

Find (u, p) ∈ HM(Ω)2 × HM(Ω) such that:

BM(u, p ; v, q) =

∫

Ω
f · v ∀(v, p) ∈ HM(Ω)2 × HM(Ω)

We then have the following stability result.
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Theorem 3 (Stability of the stabilized scheme). For each pair
u ∈ HM(Ω)2 and p ∈ HM(Ω), there exists ũ ∈ HM(Ω)2 and p̃ ∈
HM(Ω) such that:

‖ũ‖M + ‖p̃‖L2(Ω) ≤ c1

[

‖u‖M + ‖p‖L2(Ω)

]

(19)

and:
‖u‖2

M + ‖p‖2
L2(Ω) ≤ c2 BM(u, p ; ũ, p̃) (20)

where c1 and c2 are two positive real numbers depending only on λ,
Ω and θM.

Proof. The proof follows basically the same lines as for cluster-wide
constant pressures. Let u ∈ HM(Ω)2 and p ∈ HM(Ω) be given. First,
we note that:

BM(u, p ;u, p) = ‖u‖2
M + |p|2M,λ

Then, we define p̂ the function of HG(O) (i.e. constant over each
cluster) which is equal to p over the inner triangle of each cluster. By
(10), we know that there exists v ∈ HM(Ω)2 such that:

∣

∣

∣

∣

∣

∣

‖v‖M = ‖p̂‖L2(Ω)

−

∫

Ω
p̂ divMv ≥ β ‖p̂‖2

L2(Ω)

where β > 0 only depends on Ω and θM. We thus have, by Young’s
inequality, lemma 2 applied to the difference p − p̂ and the stability
in HM(Ω)2 of the discrete divergence operator:

BM(u, p ; v, 0) = [u, v]M −

∫

Ω
(p − p̂) divMv −

∫

Ω
p̂ divMv

≥ β ‖p̂‖2
L2(Ω) −

[

β

4
‖p̂‖2

L2(Ω) +
1

β
‖u‖2

M

]

−

[

β

4
‖p̂‖2

L2(Ω) +
c2
div

β
‖p − p̂‖2

L2(Ω)

]

=
β

2
‖p̂‖2

L2(Ω) −
1

β
‖u‖2

M −
c2
div

2βλ
|p|2M,λ

where cdiv is the continuity constant of divM and, to obtain the last
term, we remark that |p̂|M,λ = 0. Let α be given by:

α = β min(
1

2
,

λ

c2
div

)

Then, by bilinearity of BM(·, · ; ·, ·), we get:

BM(u, p ;u + αv, p) ≥
1

2
‖u‖2

M +
1

2
|p|2M,λ +

αβ

2
‖p̂‖2

L2(Ω)



Stability of simplicial colocated clustered finite volume schemes 15

To conclude, we remark that:

|p|M,λ = |p − p̂|M,λ ≥ λ ‖p − p̂‖L2(Ω)

and, by the triangular inequality, we see that both (17) and (18) hold
with ũ = u + α v and p̃ = p.
ut

Remark 1. The concept of ”minimal stabilization procedure” was in-
troduced for mixed finite element methods by Brezzi and Fortin in
[3]. Applied to the two dimensional Stokes problem, a particular con-
sequence of the abstract result proven in their paper reads as follows.
Let M ⊂ L2(Ω) be an approximation space for the pressure such
that the pair (V,M) is inf-sup stable, where V ⊂ H1

0(Ω)2 stands for
a discretisation space for the velocity. Let P ⊂ L2(Ω) be another
approximation space such that M ⊂ P . Then the Stokes problem
approximated with the pair (V, P ) may be stabilized by the term:

λ

∫

Ω
[p − Πp] [q − Πq]

where Π is a projection operator from P onto M .
Let us evaluate this stabilization term, choosing HM(Ω) for P ,

HG(Ω) for M and, for Π, the projection from HM(Ω) onto HG(Ω)
defined, for p ∈ HM(Ω), by setting the value of Πp over the cluster
to the value of p in the central control volume (i.e. the control volume
denoted by K4 on figure 2). Then we have, for any cluster G:

λ

∫

G
[p − Πp] [q − Πq]

= λ
∑

σ=Ki|K4,i=1,2,3

mKi
(pKi

− pK4
) (qKi

− qK4
)

which is similar to the stabilization used here, with mK|L(hK + hL)
replaced by the equivalent quantity mK . The scheme presented in
this paper can thus be seen as resulting from an extension to the
finite volume context of the minimal stabilization procedure.

5. Conclusion

We proved in this paper the stability of two finite volume schemes
for the two-dimensional Stokes problem based on simplicial meshes.
They may be shown to imply the existence and uniqueness of the
discrete solution, and to lead to error bounds which, for instance,
take the following form for the stabilized scheme [10].
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Theorem 4 (Error estimate). Let λ ∈ (0,+∞) be given. We sup-
pose that the solution of the continuous problem (1), (ū, p̄), lies in
H2(Ω)2 ∩ H1

0(Ω)2 × H1(Ω). Let (u, p) ∈ HM(Ω)2 × HM(Ω) be the
solution to (7). Then there exists a positive real number c depending
only on Ω, θM and λ such that the following inequality holds:

‖u − ūM‖M + ‖p − p̄M‖L2(Ω) ≤ c hM

[

‖ū‖H2(Ω)2 + |p̄|H1(Ω)

]

(21)

where ūM is the function of HM(Ω)2 defined by (ūM)K = ū(xK) and
p̄ is the function of HM the value of which on each control volume K
is the mean value of p̄ over K.

For a cluster-wide constant pressure, the result would be the same,
relacing the average of p̄ on the control volumes by the average on
the clusters. The proof of this result can be found in [10] and is
not repeated here. It makes use of consistency estimates also given
in [10]. For the divergence term, this bound relies on the fact that,
for each pair of neighbouring control volumes, the segment [xK , xL]
crosses the edge K|L at its mass center; this is the assumption called
(HG) in the introduction of this paper. This hypothesis holds for
the construction of the point xK used here; note that this geomet-
rical property, unfortunately, is not verified anymore for tetrahedra
in the three-dimensional case, which should make an extension of
the stability analysis presented here to 3D problems of little inter-
est in practice. However, a similar theory holds for rectangular and
orthogonal parallelepipeds.
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Mathématiques et Applications. Springer-Verlag, 2006.

2. F. Brezzi and M. Fortin. Mixed and Hybrid Finite Element Methods. Springer
series in Computational Mathematics. Springer-Verlag, 1991.

3. F. Brezzi and M. Fortin. A minimal stabilisation procedure for mixed finite
element methods. Numerische Mathematik, 89:457–491, 2001.
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