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Abstract. We study in this paper a novel cell-centered colocated fi-
nite volume scheme for the two-dimensional Stokes problem. Its def-
inition involves two grids. The coarsest one is a triangulation of the
computational domain in acute angles simplices; these triangles are
called clusters. The control volumes grid is a finer one, built by cut-
ting each cluster along the lines joining the mid-edge points to obtain
four sub-triangles. By building explicitly a Fortin projection opera-
tor, we prove that the pair of discrete spaces associating the classical
cell-centered approximation for the velocities and cluster-wide con-
stant pressures is inf-sup stable. In a second step, we prove that a
stabilization involving pressure jumps only across the internal edges
of the clusters yields a stable scheme with the usual colocated dis-
cretization (i.e. with the cell-centered approximation for the velocity
and the pressure). We finally give an interpretation of this stabiliza-
tion as a "minimal stabilization procedure”, as introduced by Brezzi
and Fortin.

1. Introduction

The use of colocated cell-centered finite volumes is widespread in
Computational Fluid Dynamics, as well in commercial ones (FLU-
ENT, CFX, ...) as in proprietary ones, as developped for instance
for nuclear safety problems, which is part of the context of this study.
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Without any regularization procedure, these schemes are known
to be unstable when applied to incompressible Navier-Stokes equa-
tions; in most developments presented in the literature, this problem
is cured by a technique originally proposed by Rhie and Chow [16],
the analysis of which, to our knowledge, is still an open problem.
Recently, we proposed another stabilization procedure, which can be
seen as an extension to finite volumes of the Brezzi-Pitkaranta reg-
ularization [4], by now classical in the finite element context. The
convergence of this scheme is proven for the steady and unsteady
Stokes and Navier-Stokes equations in [8]; for meshes satisfying a
particular geometrical assumption, let us say "hypothesis (Hg)” (see
the conclusion for the statement of this assumption), optimal error
estimates for the Stokes problem (i.e. first order convergence rate in
natural energy norms) are given in [9]. However, for high Reynolds
number flows and for meshes reasonable from a computational cost
point of view, the amount of stabilization necessary to avoid pres-
sure oscillations was found to severely degrade the accuracy. This led
to propose a more local stabilization term, involving pressure jumps
only across the internal edges of each cluster of elements. Although
being much more general, this approach follows a path similar to the
ideas implemented for the Q1-QO finite element in [18,13] when going
from the so-called ”global jump” regularization to the ”local jump”
one. Some applications of this new scheme are presented in [5], and an
analysis for the steady Stokes and Navier-Stokes equations is given in
[10]; under the same assumption (Hg) for the mesh, we again obtain
convergence for the steady Stokes and Navier-Stokes equations and
optimal error bounds for the Stokes problem, provided some simple
geometrical condition is satisfied by the clusters.

However, this analysis based on a direct proof of inf-sup stabil-
ity estimates is rather intricate and, for particular meshes, a simpler
technique based on the classical Fortin lemma [11] is possible; we
present in this paper the application of this latter approach to two-
dimensional simplicial meshes. Clusters are provided by an acute an-
gles triangulation of the computational domain and control volumes
are built in a second step by cutting, along the lines joining the mid-
edge points, each triangle of the mesh in four similar triangles. We
first prove the stability of the discretization combining the usual cell-
centered discretization for the velocity and a cluster-wide constant
(i.e. constant by cluster) discretization for the pressure; then we ex-
tend this result to a scheme which uses the standard cell-centered
discretization also for the pressure and involves a stabilization term
involving pressure jumps across the edges internal to the clusters.
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It then follows from the analysis presented in [10] that this scheme
is convergent for the Stokes and Navier-Stokes equations, and that
first-order error bounds are statisfied for the Stokes problem; as proofs
given in [10] apply without modification, these points are not treated
here.

The paper is organized as follows. In section 2, we state the con-
tinuous problem under consideration. Finite volume approximation
spaces are described in section 3. Then the proposed numerical schemes
are presented and their stability is proven in section 4.

2. The continuous problem

The problem under consideration in this paper is the Stokes problem,
with homogeneous Dirichlet boundary conditions, which reads:

Find (@,p) € H}(2)? x L%(2) with = 0 and such that:
/ Vi : Vo —/ pdivo —/ v Vo € Hy(£2)? (1)
/qdivazo Vg € L2(02)
N

where (2 is a polygonal open bounded connected subset of R? and
the left hand side f € L2(£2)%

The existence and uniqueness of the solution of (1) is a classical
result (see e.g. [2], [12] or [1]).

3. Spatial discretization and discrete functional analysis
3.1. Meshing of 2

We suppose given a partition of (2 in triangles having all their inner
angles acute; each triangle will be called a cluster, and the set of
clusters will be denoted by G. The control volumes are obtained by
cutting along the lines joining the mid-edge points each cluster in four
similar triangles (see figure 1); the set of control volumes is denoted
by M, and, for each control volume K, Gk stands for the unique
element of G such that K C Gg.

For each K of M, we denote by z the intersection point of the
perpendicular bisector of the edges of K, and, for each edge o of
K, by dk , the distance between xx and o. The set of edges of the
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mesh is denoted by &; it is the union of the set of internal edges Eint
(included in 2) and external ones &gt (included in 942). For each
control volume K, £(K) stands for the set of the three edges of K,
Nx for the set of the neighbouring control volumes of K, mg for
the (2-dimensional) measure of K, and hg for its diameter. For each
internal edge o € &y, separating the control volumes K and L, we
denote by d, the distance between xx and zr, (so dy = di s +dr 0);
such an edge is written o = K|L. The (one-dimensional) measure of
any edge o € &€ is denoted by m,. For all K € M and o € £(K), we
denote by ny » the unit vector normal to o outward to K. Finally, the
set of edges o of &y which are internal to a cluster (i.e. not included
in the boundary of a cluster) is denoted by Eing.c.

We shall measure the regularity of the mesh by the parameter 6,
defined by:

Mo dKo
hi'’ hi

HM:inf{ ,KGM,UGE(K)} o
2

h
U{—K, K e M, LGNK}
hr,

Such a mesh is depicted on figure 1.

TK
G

Gk

Fig. 1. Exemple of clustered simplicial mesh.
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Finally, we denote by ha the maximum diameter of the control
volumes.

3.2. Discretization spaces

Let Hp(£2) C L2(£2) be the space of functions which are piecewise
constant over each control volume K € M. For all w € Hp(§2) and
for all K € M, we denote by wg the constant value of w in K. For
(v,w) € Haq(92)%, we define an inner product, which is the discrete
analogue of the canonical Hj(£2) bilinear form:

m
[v, wpm = Z d—”(vL—vK)(wL—wK)—i- Z
g€&ns, g 0€Eext,
o=K|L oeo(K)

meg

dK,o' VKWK (3)

Next, we define a norm in Hp(£2) (thanks to the discrete Poincaré
inequality (4) given below) by:

lwllam = ([fw, wlp)'/? .

These definitions naturally extend to vector-valued functions as fol-
lows. For u = (u);—19 € Hpq(2)? and v = (v9);219 € Hpy(2)?,
we define:

2 1/2 ,
lullae = (Z[u(i)’u(i)]/\/‘> [, vlae =D [u®, 0@]a

i=1 =1
The discrete Poincaré inequality [6, Lemma 9.1 p. 765] reads:
[wllrz(o) < diam(82) flwla, Vo € Ha(£2) (4)

Finally, we denote by Hg(£2) C L2(£2) the space of functions which
are piecewise constant over each cluster.

4. Numerical schemes
4.1. General formulation

Finite volume schemes are classically presented as discrete balance
equations with a suitable approximation of the fluxes, see e.g. [6].
However, in recent works dealing with cell centered finite volume
methods for elliptic problems [7-9], an equivalent variational formu-
lation in adequate functional spaces is introduced, and this presenta-
tion is probably more convenient for the analysis of the schemes, as
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the involved variational identities are on the natural path to derive
stability estimates. Here we follow this latter approach.

We begin by defining a discrete divergence operator divag, the
expression of which is the same as in [9], and which maps Haq(£2)?
onto Hp(£2) and reads:

1 dr, - dx &
div g u (z) = —— Z m. 2 ug +dg, UL'nK,oa

mK Oeginty dU (5)
o=K|L for a.e. x € K, VK €¢ M

The adjoint of this discrete divergence defines a discrete gradient V 4,
mapping Hx(£2) onto Hay(£2)2, which takes the expression:

1 dr.o
Vmp (z) = p— > mg 1 (L= PK) NKo, -
Uegint7 i

o=KL for a.e. x € K,VYK ¢ M

We define the discrete solution as the pair of functions (u, p) solution
to the following discrete variational problem:

Find (u,p) € Haq(2)? x M with / p = 0 and such that:
9

[u,v]M—/pdiva:/ fv Yo € Hpy(£2)? (7)
2 (9}

/qdiVMu+<p, OHam =0 Vg e M

(9}

where the bilinear form (-, ) a¢ defined on Hpq(§2) x Hpy(§2) corre-
sponds to a ”cluster-wide” stabilization, defined as follows:

P.aam =X > mg(hx+hr)(pr—px) (@ —ax)  (8)
Uegint,cy
o=K|L
A being a strictly positive parameter (A > 0). This bilinear form is
associated to the following semi-norm:

1/2
Iplam = <pap>)\{/\/[

We will study two choices for the approximation space for the pres-
sure: first, M = Hg(f2) and, second, M = Hpn({2), the first one
being analysed in section 4.2, the second one in section 4.3. Note
that, with the first choice, the stabilization bilinear form vanishes,
and we recover the classical (i.e. without stabilization term) setting
of a discrete saddle-point problem.



Stability of simplicial colocated clustered finite volume schemes 7

Choosing v = (1g, 1x)! (respectively ¢ = 1f) in the first (resp.
second) relation of (7), where 1f is the characteristic function of the
control-volume K, yields a discrete momentum (resp. mass) balance
equation over the control volume K, of the classical finite volume
form.

4.2. Cluster-wide constant pressures

Our aim in this section is to prove that the discretization combining
the usual cell-centered discretization for the velocity and a cluster-
wide constant discretization for the pressure is stable. To this pur-
pose, we begin by stating a ”non-conforming version” of the so-called
Fortin lemma, then we build the associated projection operator. The
stability of the discretization is an easy consequence of the existence
of such an operator.

Lemma 1. We suppose that there exists a continuous projection op-
erator ITag from HY(£2)? into Hpy(£2)% with a continuity constant only
depending on 2 and Opq and such that, for any function u € H}(£2)?
and any cluster G € G, we have:

/G div v (g = / divu )

G

Then the so-called discrete inf-sup condition holds:

36 > 0 depending only on 2 and O such that,

/ pdivapv (10)
2

Vp € Hg($2), sup > B |pllzo)

vt (22 lvllm

Proof. Let p € Hg({2) be given. The fact that the inf-sup condition
holds for continuous spaces is wellknown (see e.g. [14,12,2,1]) and so
there exists (3. independent of p and v € H}(£2)? such that:

/ p divo
Jo

ol > e |Ipllrz(o)

Since p is constant over each cluster, we get from (9):

/pdiVM(UMU)Z/pdiVU
(0} (9}
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On the other hand, by the continuity of the projection operator I1 4,
the function I7T,v satisfies:

HIpmollm < ey [[0]lan (22

From the three previous relations, we thus obtain:

/Qp div pu (ITap0) 3

v > —— IpllL2(e)
[ 1T pq | A1 CIl s

O

We are now going to explicitly build a projection operator suitable
for the discretization at hand. To this purpose, for a given cluster
G € G, we will use the local notations defined in figure 2.

Theorem 1. Let G be a cluster of G and o;, i = 1,2,3 its three
edges. Let i be a function of Hy(£2). We denote by 1, the following

quantity:
_ 1 / _
Uy, = —— U
mUz’ o;

Then the four following equations define a discrete field u in G (i.e.
the restriction to G of a function of Ha(£2)):

UK, + UK, = 2 Ugsy
UK, + UKy = 2 Ugry
Ug; + UK, = 2 Ug, (11)

ury = 3 (ury +urg +uKg)

Repeating this operation for each cluster G € G and for each compo-
nent, we obtain a projection operator mapping H(£2)? onto Hpy(£2)?
which satisfies the assumptions of lemma 1.

Proof. First, we begin by checking that the system (11) admits an
unique solution, which reads:

UK, = ﬁo’g + ’17,0—3 - ﬁo’1
UK, = Ugq + Ugy — Ugy
UKy = Ty + Ty — U (12)

UKy = 3 (Uoy + Ugy + Uogsy)

Second, we need to prove that relation (9) holds, for any function
(u(l),u@)) € H(l)(Q)Q. To this purpose, we check a stronger property,
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o1

Fig. 2. Local numbering, relative to a given cluster, used in the definition of the
Fortin projection operator.

namely that the integral of each component across an edge of a clus-
ter is the same as the integral of the "edge-value” of its projection,
evaluated by the interpolation formula of the discrete divergence op-
erator.

Let us consider for instance o3 in figure 2. It is easy to observe that
the two pairs of triangles sharing respectively 031 and 032 are similar.
Consequently, the interpolation relations giving in divay the velocity
on 031 and o33, noted gy, and ug,,, share the same coefficients,
say « and 1 — a, and we get, with the notations of figure 2:

Mgy

Meg31Uos 1 + Mog o Uos 9 = [u03,1 + u03,2]

2
_ Mgy /
= |:CVUK1 + (1 = a)uy, +aug, + (1 — a)uKé]
Mo
= {Oé(uKl +uk,) + (1 — ) (ugr + qu)}

:m03u0—3:/ U
g3

Finally, we have to check the continuity of the projection, i.e. that
there exists a positive real number c.on; depending only on 64 such
that, for each function u € Hj(£2):

[ullam < ceont |Ulp3 () (13)
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and the continuity of the projection operator for an abitrary velocity
field in H{(£2)? will follow by summation over the two components.

From the expression of the u;, i = 1,...,4 given by (12), we see
that each difference ux — ur, where K and L are two neighbouring
control volumes of the mesh, can be expressed as a sum of a bounded
number of differences between the quantities u,,, ¢ = 1,...,3 and
their counterparts associated to the neighbouring clusters of G. Notic-
ing that, whenever the cluster edge o is included in 0f2, we have
1, = 0, this property extends to the quantities ux — 0 appearing in
the || - || m norm when one edge of K is included in 912.

Let us denote by ¢;, i = 1,2,3 the basis functions of the finite
element P, discretization over the central triangle K4, ¢; being equal
to 1 at the vertice located on o; and 0 at the other vertices. We
define a projection operator IT from H'(K}) onto the space of linear
polynomials by:

Ta(a) = ia) = 3 o, ¢i(a)
i=1,3
The projection II is nothing more than a particular Scott and Zhang
interpolant [17], the H! stability of which is known. However, in order
to make the presentation self-contained and as the arguments in the
case under consideration are simpler than in the general case, we are
going to prove the following result:

IVallizky) < cse IVl (14)

where cg, is a constant depending only on 6 4.
First, we notice that the gradient of each basis function ¢; is a
constant vector and it is easy to check that:

1
Vil < ,0— 1=1,2,3

Ky

where pg, stands for the diameter of the largest ball included in Kjy.
Consequently, we have:

1/2
mK4

> e (15)

i=1,3

V|t 2 <
Vil <

One then observes that the Scott and Zhang interpolant leaves the
constant functions unchanged; we thus have:

. 1 _
Villagcy = 196 = = [ @)loge

_ 1 _
= |VII(u— p /GU)HLQ(KAL)
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Without loss of generality, we may thus suppose that the function @
has a zero mean value over G. By the Cauchy-Schwarz inequality, we
have:
_ r
|uo¢| < WHUHLQ(W)
o

and thus, by a trace inequality which can be found in [19]:

1 Mg, 1/2
il < =5 [2722] " llalhaio) + helValia)

The Poincaré inequality (see [15] for a value of the Poincaré constant
for zero mean valued functions valid for any convex domain) thus
yields:

i IR e
inl <o) helVali, (16)

where c¢ is a constant real number and, finally, gathering inequalities
(15) and (16):

1/2
m h
K] G | Villz

Vi < 3c
Wil < 3| 2| e

which implies the bound (14).

We now return to the stability of I7r. Let a; be the middle of
the o; of G. Each groupment (u,, — ﬂgj)Q can then be estimated as
follows:

(m[%aj])Q

(aai - ﬁaj)2 < (m[ai,aj})2 HVHQ‘P - |’vaH%2(K4)

4
and thus:

_ _ (m a;,a; )2 _
(g, — 11g,)? = |72,
4

Remarking that the quantity HVﬂHiQ @ will appear a bounded num-

ber of times in the summation giving |lu||r¢, this estimates implies
that the bound (13) holds, which concludes the proof.
O

We are now in position to state the stability of the scheme. To
this purpose, we define the bilinear form Ba(-,-;-,-) by:

Ba(upiv,q) = [u, vlas — / p divag + / ¢ divpqu
(9} (P4
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where u, v and p, q stand for respectively two elements of H,(§2)?
and two elements of Hg({2). The numerical scheme under considera-
tion (7) with cluster-wide constant pressures can be written equiva-
lently:

Find (u,p) € Haq(£2)? x Hg(£2) such that:
Bulupiog) = [ oo V(o) € Hu(@) x Ho(@)
Theorem 2 (Stability of the scheme). For each pair u € H,(£2)?

and p € Hg(£2) (i.e. such that the pressure p is constant over each
cluster), there exists @ € Haq(£2)? and p € Hg(2) such that:

il +11Bllz2) < e [lulla+ llplliz(o) (17)

and:
el + 19112y < €2 Baalu,p3ii, ) (18)

where ¢1 and co are two positive real numbers depending only on {2
and Opq.

Proof. Let u € Hpq(£2)? and p € Hg(£2) be given. First, we note that:
B(u,piu,p) = ||ul 34

Then, by (10), we know that there exists v € Hx,(§2)? such that:
[0l = llpllez(o)

_ /Qp divpo > 8 |plf2 ()

where § > 0 only depends on §2 and 0. We thus have, by the
Cauchy-Schwarz and Young inequalities:

BM(u,p;v,O) - _/ p divpo + [U,U]M
2

g 1
> 6 1ol — |5 191y + 55 Dl
_ B e Lo
) HPHL2(Q) 93 [l
Then, by bilinearity of Ba(+,-;-,-), we see that both (17) and (18)

hold with & = u + v and p = p.
O
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4.8. Clustered triangles discretizations

We now turn to the analysis of the scheme with an approximation
for the pressure which is constant over each control volume rather
than constant over each cluster. Consequently, the stabilization terms
involving the pressure jump through the interior edges of the clusters
do not vanish anymore.

We begin by a technical lemma, which can be seen as a very spe-
cific formulation of a discrete ” cluster by cluster” Poincaré inequality.

Lemma 2. Let p € Hyp(£2) a function which vanishes over the inner
triangle (i.e. the triangle denoted K4 on figure 2) of each cluster.
Then the following bound holds:

1
IPlF2(0) < B\ [Pl

Proof. Let G be a cluster of G. Using a local numbering of the un-
knowns, we have by assumption py = 0 and:

3
Ipl1E2(c) = Zpr, > mi, (pi —pa)’
=1

mg.

< i h h 2
=123 [mK ics (P, + hicy) ] ;mK s (hici 4 hica) (pi = p)

Thanks to geometrical considerations, the first factor of the above
right-hand-side is smaller than 1/2. The result then follows by sum-
mation over the clusters.

O

As in the previous section, we define a bilinear form Bu(-,-;-, )
which is now given by:

Bum(u,psv,q) = [u,v]pm — /Qp div v + /Qq divagu + (p, ) aMm

where u, v and p, ¢ stand respectively for two elements of H,(£2)?
and two elements of Ha(£2). Once again, the scheme under consid-
eration reads:

Find (u,p) € Ha((£2)? x Haq(£2) such that:
Bulwpiog) = [ oo Vo) € Hul@) < Ha(®)

We then have the following stability result.
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Theorem 3 (Stability of the stabilized scheme). For each pair
u € Hyp(02)? and p € Ha(£2), there exists & € Hpa(£2)? and p €
H(82) such that:

lallm + 1Plze) < e [llullv + lplliece)] (19)

and:
lull + lpliZ2gy < e Baa(u ps,p) (20)
where ¢1 and co are two positive real numbers depending only on A,

2 and Op.

Proof. The proof follows basically the same lines as for cluster-wide
constant pressures. Let u € Hp(£2)? and p € Hp(£2) be given. First,
we note that:

B(u,piu,p) = [lull3q + 34
Then, we define p the function of Hg(O) (i.e. constant over each
cluster) which is equal to p over the inner triangle of each cluster. By
(10), we know that there exists v € Ha(£2)? such that:

[vllae = 11BllL2(2)
_ /Qp divpo > 8 [1BlF2 (0

where § > 0 only depends on {2 and 0. We thus have, by Young’s
inequality, lemma 2 applied to the difference p — p and the stability
in Hpq(42)? of the discrete divergence operator:

(p —p) divapv — / p divav

BM(UJ);U?O) - [u7U]M _/ o

2

R G .. 1
e A

B A2 ciiv A2
i 1212 (02 + 3 1P = DllT20)

B a2 1 2 C(Zli 2
=5 1PlIT2(02) = 3 llullig — 25;\ Iplvn

where cg;y is the continuity constant of divas and, to obtain the last
term, we remark that [p|,q,x = 0. Let a be given by:

1A
a=0 mln(i, g)
Then, by bilinearity of Ba(+,-;-, "), we get:

1 1 af .
Bm(u,p;u+ av,p) > 5”“”%4 + §\P’3\4,A + 3 HPH%P(Q)
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To conclude, we remark that:

Plmr = Ip = Plvar = A llp = Pliez o)

and, by the triangular inequality, we see that both (17) and (18) hold
with & = v+ av and p = p.
g

Remark 1. The concept of "minimal stabilization procedure” was in-
troduced for mixed finite element methods by Brezzi and Fortin in
[3]. Applied to the two dimensional Stokes problem, a particular con-
sequence of the abstract result proven in their paper reads as follows.
Let M C L2(£2) be an approximation space for the pressure such
that the pair (V, M) is inf-sup stable, where V C H}(£2)? stands for
a discretisation space for the velocity. Let P C L?(£2) be another
approximation space such that M C P. Then the Stokes problem
approximated with the pair (V, P) may be stabilized by the term:

A/Q[p—np] - 1Iq

where I1 is a projection operator from P onto M.

Let us evaluate this stabilization term, choosing Ha(£2) for P,
Hg(£2) for M and, for II, the projection from Ha(£2) onto Hg(£2)
defined, for p € Hpq(£2), by setting the value of ITp over the cluster
to the value of p in the central control volume (i.e. the control volume
denoted by K4 on figure 2). Then we have, for any cluster G:

AL@—UMM—HQ

=A Z mg; (pKi _pK4) (qK¢ - QK4)
o=K;|K4,i=1,2,3

which is similar to the stabilization used here, with m gz (hx + hr)
replaced by the equivalent quantity mpy. The scheme presented in
this paper can thus be seen as resulting from an extension to the
finite volume context of the minimal stabilization procedure.

5. Conclusion

We proved in this paper the stability of two finite volume schemes
for the two-dimensional Stokes problem based on simplicial meshes.
They may be shown to imply the existence and uniqueness of the
discrete solution, and to lead to error bounds which, for instance,
take the following form for the stabilized scheme [10].
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Theorem 4 (Error estimate). Let A € (0,4+00) be given. We sup-
pose that the solution of the continuous problem (1), (u,p), lies in
H2(2)2 N H}(2)? x HY(2). Let (u,p) € Hm(2)? x Hp(02) be the
solution to (7). Then there exists a positive real number ¢ depending
only on £2, Opq and X such that the following inequality holds:

lu =l + llp — Prmllzo) < ¢ b [ltlluz(o)p + 1Pl e)]  (21)

where Uiy is the function of Hay($2)? defined by (i) = (k) and
D is the function of Haq the value of which on each control volume K
is the mean value of p over K.

For a cluster-wide constant pressure, the result would be the same,
relacing the average of p on the control volumes by the average on
the clusters. The proof of this result can be found in [10] and is
not repeated here. It makes use of consistency estimates also given
in [10]. For the divergence term, this bound relies on the fact that,
for each pair of neighbouring control volumes, the segment [zx,x]
crosses the edge K|L at its mass center; this is the assumption called
(Hg) in the introduction of this paper. This hypothesis holds for
the construction of the point xx used here; note that this geomet-
rical property, unfortunately, is not verified anymore for tetrahedra
in the three-dimensional case, which should make an extension of
the stability analysis presented here to 3D problems of little inter-
est in practice. However, a similar theory holds for rectangular and
orthogonal parallelepipeds.
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