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Modélisation Mathématique et Analyse Numérique

ON COLOCATED CLUSTERED FINITE VOLUME SCHEMES FOR
INCOMPRESSIBLE FLOW PROBLEMS

R. EymMAarD!, R. HErRBIN?, J.C. LATCHE® AND B. P1ar?

Abstract. We present and analyse in this paper a novel cell-centered colocated finite volume scheme
for incompressible flows. Its definition involves a partition of the set of control volumes; each element
of this partition is called a cluster and consists in a few neighbouring control volumes. Under a simple
geometrical assumption for the clusters, we obtain that the pair of discrete spaces associating the
classical cell-centered approximation for the velocities and cluster-wide constant pressures is inf-sup
stable; in addition, we prove that a stabilization involving pressure jumps only across the internal edges
of the clusters yields a stable scheme with the usual colocated discretization (i.e., in particular, with
control-volume-wide constant pressures), for the Stokes and the Navier-Stokes problem. An analysis
of this stabilized scheme yields the existence of the discrete solution (and uniqueness for the Stokes
problem). The convergence of the approximate solution to the solution of the continuous problem as
the mesh size tends to zero is proven, provided, in particular, that the approximation of the mass
balance flux is second order accurate; this condition imposes some geometrical conditions on the mesh.
Under the same assumption, an error analysis is provided for the Stokes problem: it yields first-order
estimates in energy norms. Numerical experiments confirm the theory and show, in addition, a second
order convergence for the velocity in a discrete L? norm.

1991 Mathematics Subject Classification. 65N12,65N15,65N30,76D07,76M12.

October 2006.

1. INTRODUCTION

The use of Colocated Finite Volumes (CFV) for fluid flow problems is appealing for several reasons. Among
them, let us mention a very cheap assembling step (in particular compared to finite elements, because there is no
numerical integration to perform), the possibility to use, at least to some extent, general unstructured meshes
with a low complexity of the data structure (compared with staggered schemes) suitable for the implementation
of adaptative mesh refinement strategies and, finally, an easy coupling with additional conservation laws solvers,
when these latters are developped within the finite volume framework. These features make CFV attractive
for industrial problems, and they are widely used in Computational Fluid Dynamics, either in commercial
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(FLUENT, CFX, ...) or in proprietary codes, as encountered for instance in nuclear safety [1], which is a part
of the context of this study.

When applied to incompressible flow problems, cell-centered colocated finite volumes suffer from a lack of
coercivity, which was shown in [13,14] to be cured by a stabilization similar to the Brezzi-Pitkaranta technique,
wellknown in the finite element context. When this stabilization is used, the existence of a solution to the
discrete problem (unique in the linear case, i.e. the Stokes problem) is ensured, together with its convergence to
the solution of the continuous problem, in both the steady and unsteady cases; for the steady Stokes problem
and particular meshes, first order error estimates in natural (energy) norms are given in [14].

However, at high Reynolds numbers, numerical experiments show that the Brezzi-Pitkaranta stabilization
term necessary to avoid pressure oscillations severely injures the accuracy of the solution. To overcome this
problem, the Colocated Clustered Finite Volume scheme was introduced [5]. The idea of this scheme is to
introduce a stabilization designed to prevent the short wavelengths oscillations of the pressure within a given
cluster (i.e. a small group of control volumes), since the original equations are indeed sufficient to prevent from
the long wavelength ones. In fact, one could even imagine to consider pressures which are constant on the
clusters, but this turns out to be (numerically) not so favorable in terms of accuracy; moreover, the principle of
one pressure per control volume is easier to implement, as the pressure then shares the discretization (and thus
the same computer data structures) as other variables. Following these ideas, the cluster stabilization which
was implemented in [5] consists in using a penalization of the pressure jumps only across the edges located
within each cluster. This scheme gives very high quality results both for the Boussinesq approximation at high
Reynolds numbers and the low Mach number approximation.

The goal of the present paper is to study the mathematical properties of this so—called ” Colocated Clustered
Finite Volume” scheme. Concerning the stability issue, our results are two-folds: first, we prove that a simple
geometrical property for the clusters is equivalent to the inf-sup stability (e.g. [18]) of the pair of approximation
spaces obtained by combining the standard cell-centered approximation for the velocity and an approximation
of the pressure piecewise constant over each cluster; then this property is shown to yield the stability of the
scheme. Under the same additional regularity property of the mesh as in [14], which seems in practice rather
restrictive, we prove, with the analysis tools of [9], the convergence of the velocity and of the pressure towards
the exact solution as the mesh size tends to 0, for both the steady Stokes and Navier-Stokes equations. In
addition, we also obtain a first order error estimate in natural norms for the Stokes problem.

The paper is organized as follows: in section 2, we present the considered continuous problems and the weak
formulations which are used in the subsequent analysis. In section 3, we define the discretization spaces and
recall some fundamental results on the finite volume schemes. The Colocated Clustered Finite Volume scheme is
then presented and analysed for the Stokes problem in section 4, and for the Navier-Stokes equations in section
5. Some numerical results are presented in section 6.

2. THE CONTINUOUS PROBLEM

We are interested in this paper in finding an approximation of the fields u = (ﬂ(i))izl,...,d Q= Rd, and
p: Q2 — R, weak solution to the generalized incompressible steady Navier-Stokes equations which read:

d
ni +3 " aD9;a" —vATD + 95 = fD in Q, fori=1,....d,

o (1)
divi = 0;a" = 01in Q x (0,T)
i=1
with a homogeneous Dirichlet boundary condition for @. In the above equations, @, i = 1,...,d denote the

components of the velocity of a fluid which flows in a domain 2, 9; stands for the partial derivative with respect
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to the i" variable, p denotes the pressure, v > 0 stands for the viscosity of the fluid. In tensorial form, the first
equation of (1) equivalently reads:

ni+ (a-V)i —vAu+Vp= f

We make the following assumptions:

Q) is a polygonal open bounded connected subset of R?, d = 2 or 3 (2)
v € (0,+00), 1 € [0,+00), (3)
f el (4)

We denote by x = (#(),—; 4 any point of Q, by | - | the Euclidean norm in R?, and by dz the d-dimensional
Lebesgue measure dz = dz(?) ... dz(®D.
The weak sense that we consider for the Navier-Stokes equations is the following.

Definition 2.1 (Weak solution to the steady Navier-Stokes equations). Under hypotheses (2)-(4), let the
function space E () be defined by:

4 € H5(Q)?%, divo = 0 a.e. in Q} (5)

=1,...,

Then 4 is called a weak solution of (1) with a homogeneous Dirichlet boundary condition if @ € E() and:

Vo € E(Q) NCZ ()%,

u(x) - olx)dr + v u(x) : x)dx u, U = ) - o(z)dz (6)
nQ()sﬂ()d+ /QV().W()d +b(a, U, ¢) /Qf()sa()d

where, for all @, € H}(Q)? and for a.e. x € Q, we use the following notation:
d ' |
V() : Vo(z) = Z va®(z) - Vol (z)
i=1

and where the trilinear form b(., ., .) is defined, for all @, v, w € (H}(2)), by:

We shall first analyze a scheme for the related linear problem, namely the generalized Stokes equations, which
read:
nu —vAuU+Vp = fin Q
(8)

divi = g in Q

where g is a source term supposed to belong to L2(€).
We then consider the following weak sense for this problem.
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Definition 2.2 (Weak solution for the steady Stokes equations). Under hypotheses (2)-(4), (@,p) is called a
weak solution of (8) if:

u € Hy(Q)?, p € L?(Q) with / p(z)dz = 0 and:
Q

77/ a(z) - v(z)de +v [ Va(z): Vo(z)dx — / p(x) divo(z)de = | f(z)-o(x)dz Vo e H{ Q)T (9)
Q Q Q Q

/ q(z) diva(z)dz = / g(x) q(x) dz Vg e L2(Q)
Q

Q

The existence and uniqueness of the weak solution of (8) in the sense of the above definition is a classical

result (again, see e.g. [23] or [3]).

3. SPATIAL DISCRETIZATION AND DISCRETE FUNCTIONAL ANALYSIS

3.1. Admissible discretization of the computational domain

We first enrich the definition of admissible discretization for a finite volume method given in [9] by introducing

the notion of cluster. The first three items of the following definition are thus classical, and only the last one is
new.

Definition 3.1 (édmissible discretization). Let Q be an open bounded polygonal (polyhedral if d = 3) subset
of R?, and 99 = Q\ Q its boundary. An admissible finite volume discretization of €2, denoted by D, is given by

D

= (M,E&,P,G), where:

- M is a finite family of non empty open polygonal convex disjoint subsets of Q (the “control volumes”)
such that Q = Ugepm K. For any K € M, let K = K \ K be the boundary of K and mg > 0 denote
the area of K.

- & is a finite family of disjoint subsets of  (the “edges” of the mesh), such that, for all o € &, there
exists a hyperplane E of R? and K € M with & = 0K N E and o is a non empty open subset of F.
We then denote by m, > 0 the (d-1)-dimensional measure of . We assume that, for all K € M, there
exists a subset £(K) of £ such that 0K = U,cg (k0. It then results from the previous hypotheses that,
for all o € £, either o C 9 or there exists (K, L) € M? with K # L such that K N L = @; we denote
in the latter case o = K|L.

- P is a family of points of Q indexed by M, denoted by P = (2x)kem. The coordinates of xx are
denoted by acg?, i=1,...,d. The family P is such that, for all K € M, xx € K. Furthermore, for all
o € & such that there exists (K, L) € M? with ¢ = K|L, it is assumed that the straight line (zx,xr,)
going through zx and zj, is orthogonal to K|L.

- G is a partition of M (the elements of G are disjoint subsets of M, the union of which is equal to M).

In addition, we shall say that the mesh is “super-admissible”, if, as in [14], for any internal o = K|L, the

line (xk,xr) meets K|L at its center of gravity.

An example of two cells of an admissible mesh is given in Figure 1, along with some of the notations which

we now introduce.

For all G € G, we note Cg = J req K. We define two parameters to characterize the size of the discretization,

ha and hg, as, respectively the maximal diameter of the control volumes and clusters:

hapm = sup hg hg = sup hcg
KeM Geg

where hx and hc,, stands respectively for the diameter of the control volume K and of the cluster Cg.



TITLE WILL BE SET BY THE PUBLISHER )

FI1GURE 1. Notations for two neighbouring control volumes

For all K € M and ¢ € £(K), we denote by ng , the unit vector normal to o outward to K. We denote by
dk - the Euclidean distance between zx and o. The set of interior (resp. boundary) edges is denoted by Eint
(resp. Eoxt), that is Eing = {0 € &; 0 & IN} (resp. Eoxt = {0 € &; 0 C IN}). For all K € M, we denote by N
the subset of M of the neighbouring control volumes to K. For all K € M and L € Nk, we set NK|L = NKK|L,
we denote by dg |, the Euclidean distance between xx and xr; the notation is extended to any external edge
o of a control volume K, for which we set d, = di . For each edge o of any control volume K, we denote by
Dy » the volume defined by:

Dio={tz+(1—t)zg, €0, te(0,1)}

The so—called diamond-cell associated the edge o is defined by D, = Dk U Dy, , when o € Eing, 0 = K|L and
D, = Dk, when o € Eexi, 0 € E(K).

For all K € M, we denote by G the unique element of G such that K € Gi. Let us note that we cannot
have: VK € M, N C Gk, since (Gi)kem is a partition of M while (NMx)xen is not. But indeed, for any
K € M, on has Nx NG # (), and we shall assume that the clusters satisfy the following geometrical property:

VK € M such that Nx ¢ G, > arngr=0 = VLENk\Gk, ap=0 (10)
LeNk\Gk

In figure 2 below, we show examples of clusters which satisfy (top line of the picture) this property (for triangles
and rectangles), and which do not satisfy this property (bottom line). Roughly speaking, assumption (10)
implies that there should not be too many edges of a cell which are “outside” of the cluster to which this cell
belongs. We will prove hereafter that this very simple geometrical relation is equivalent to the inf-sup stability
of the pair of approximation spaces composed of the classical cell-centered finite volume approximation for the
velocity and an approximation of the pressure piecewise constant over each cluster. We then set:

(D = inf I ith
regul(D, G) wem Lo 1K wit
: 5 2 (11)
I =inf{ | Z arng|n]”, V (ar)Leni\cx C R such that Z aj, = 1}.
LEN}(\GK LENK\GK
We shall measure the regularity of the mesh through the function regul(D) defined by:
. Mg dKO’
regul(D) = inf {regul(D,G)} U {F, T’ KeM, oecé&(K)}
e K
{dK’—K‘L KeM, LeNgt U {h—K KeM, LeNe} U [— 1 KeM) -
dxiL ’ K hy' ’ K card(E(K))’
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L |l

Admissible clusters: ajni +asng =0= a1 = a2 =0

Non admissible cluster: n; +ns =0

FIGURE 2. Admissible and non admissible clusters. For a given cell K, the set of cells defining
the cluster G is outlined with a solid bold line, and the set N of neighbouring cells to K is
outlined with a dashed bold line

Super—admissible discretizations D such that regul(D) > 0 are easily encountered: for example, one can
consider in 2D (resp. 3D) a rectangular (resp. parallelepipedic) mesh, each cluster being defined by the
rectangles (resp. parallelepipeds) sharing a same vertex. Another example is a mesh of triangles with all angles
acute, in order that the circumcenter of each triangle be located inside the triangle, and the clusters are pairs
of triangles. Both examples are depicted in the first line of Figure 2. In 3D however, the assumption of ”super—
admissibility” is unfortunately known to be satisfied only by parallelelipedic meshes. Note that the scheme is
shown to be stable without this assumption; indeed the super—admissibility is only required in our convergence
proof in order to obtain enough consistency on the divergence operator (estimate (42) of theorem 4.7).

3.2. Discrete functional properties

The space Hp ()

Let © be an open bounded polygonal subset of R?, with d € N\ {0}. Let D = (M, &, P) be an admissible
finite volume discretization of 2 in the sense of definition 3.1. We denote by Hp(Q) C L?(Q2) the space of
functions which are piecewise constant on each control volume K € M. For all w € Hp(f2) and for all K € M,
we denote by wg the constant value of w in K.
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Bilinear forms, norms and semi-norms associated to Hp ()

For (v, w) € (Hp(£2))?, we define the following inner product, which is the discrete analogue of the canonical
H{(Q) bilinear form:

Mg

poulo= Y T -u)wr—wk)+ Y

0€Ems, o=K|L ¢ 0€Eexs, 0CE(K)

dKJ VKWK (13)

We then obtain a norm in Hp(€2) (thanks to the discrete Poincaré inequality (14) given below) by:

|wlp = (w,w]p)"/?

These definitions naturally extend to vector valued functions as follows. For u = (u(i))i:17,,,7d S (HD(Q))d,
v= (D)2 _4€ Hp(Q) and w = (W)= 4 € (Hp(Q))?, we define:

d 1/2 d
|lullp = (Z[U(i),u(i)]p> , [v, w]p = Z[U(z‘)’w(i)]p
i=1 =
The discrete Poincaré inequality (see [9]) reads:
w2y < diam(Q) [Jw]|p, Yw € Hp(2) (14)

We define a discrete H~1(02)? norm, which reads, for any function f of L2(Q)%:

[fll-1p=" sup

/ f(z) - v(z) dx
Q
veHp(@)? |

vl

By the discrete Poincaré inequality, we obtain that || f||—1,p < diam(Q) || f[|r2(q)-
Finally, we define the three following bilinear forms over Hp(Q2) x Hp(2) by the following relations:

(v, WY pm = % Z Z mg(hx +hr)(vp — vk )(wp — wk)
) KeM LeNk

<’U,w>g = 5 Z Z mK‘L(hK + hL)(UL - ’UK)(’LUL — ’LUK) (15)
1Ke/v( LeNkNGk

(vwirmg = B Z Z miL(hx +he)(ve —vk)(wr — wk)

KeM LeNk\Ggk
Note that (v, w) s = (v,w)g + (v, w)p\g- Each of these three bilinear forms defines a semi-norm over Hp(Q):

1/2 1/2 1/2
wlv = (w,w)yf |wlg = (ww)gd?  wlag = (ww)lg (16)

Interpolation operators

We define the interpolation operator Pp, mapping C(€2) onto Hp(f2), by setting (Ppy)x = ¢(xk), for all
K € M, for all ¢ € C(Q). Its natural extension to vector valued functions, also noted Pp, maps C(€2)¢ onto
Hp(Q)4, by (Ppp)rx = ¢(2x), for all K € M, for all ¢ € C(Q)%.
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For possibly discontinuous functions, we define two additional interpolation operators, Prs and Pg. The first
one maps L2(2) onto Hp(2), the second one maps L?(£2) onto the sub-space of functions of Hp(£2) which are
constant over each cluster:

1 1
(Prapc = - [ pla) s (Popl = oo [ olo)da a7)

mg G

where meas(Cg ) stands fo the measure of the cluster Cg,, .

The operator Py, satisfies the following continuity result, the proof of which easily follows from estimates
(73) and (74).

Lemma 3.2. Let assumption (2) hold, let D be an admissible discretization of Q) in the sense of definition 3.1
and 0 > 0 be such that regul(D) > 6. Let v € H(Q)9. Then the following bound holds:

[Pr(v)llp < ¢ Jvlur

where ¢ only depends on Q and 0 and | - |H1(Q)d stands for the H' seminorm on Q.

4. APPROXIMATION OF THE GENERALIZED STOKES PROBLEM

4.1. The finite volume scheme

Finite volume schemes are classically presented as discrete balance equations with a suitable approximation
of the fluxes, see e.g. [9]. However, in recent works dealing with cell centered finite volume methods for
elliptic problems [11], an equivalent variational formulation in adequate functional spaces is introduced, and
this presentation is probably more convenient for the analysis of the schemes, as it is a natural starting point
to derive stability estimates. We follow here this latter path.

We begin by defining a discrete divergence operator divp, the expression of which is the same as in [14], and
which maps Hp(£2))? onto Hp(£2) and reads:

1 dr.o dK,o
divp(u)(z) = e Z ME|L NK|L - L, ui;—’—l X, UL, fora.e. x € K, VK e M (18)
LeENK KL

The discrete analogue of the space of divergence-free vector fields consequently reads:
Ep(Q) = {u € (Hp(Q))", divp(u) = 0}

The adjoint of this discrete divergence defines a discrete gradient Vp, mapping Hp () onto (Hp(£2))¢, which
takes the expression:

1 dr.c
(Vpp)k(z) = — Z MK|L NK|L L, (pr —pk), forae xzeK, VK e M (19)
mi e di|L

As Z me N, = 0, this discrete gradient equivalently reads:

c€e&(K)
1 .
(VDp)K = m— Z Fgrad,K\L + Z Fgrad,a with
K| Leng T E€E(K)NEext (20)
dr oprL + dK oPK
Fgrad,K|L = MK|L NK|L, Fgrad,a = Mg PK NK,o

dy |1
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in which we recognize a classical ”flux-based” finite volume formulation, with, however, a rather unnatural (and
only first order consistent) interpolation of the pressure on the edge.

The discrete solution is then defined as the pair of functions (u,p) such that:

(u,p) € Hp(Q)? x Hp(Q) with /Qp(z) dz =0

n/glu(x) ~o(z) da + viu,v]p — /Qp(ac) divp(v)(z) dz = /Qf(x) ~v(x) dz Yo € Hp(Q)? (21)

[ divn()@) aa) o+ (p.g)ar = [ 9(o) ala) da Vg € Hp(9)

where the bilinear form (-, -)4,x corresponds to a ”cluster-wide” stabilization, defined as follows:

A
(p:d)ar = 5 > > miqr (hie +hi)* (v — v (wr, — wi) (22)
KeM LeNkNGk

A and o being two parameters, respectively positive (A > 0) and lower than one o < 1. Note that (p,¢)1x =
A (p,¢)g - The bilinear form (-, -)o,x is associated to the following semi-norm:

1/2
Iplax = (p,p>a/,A

which satisfies the following inequality, provided that the diameter of each control volume is smaller than 1/2:
P @ax =X (p,a)g, Va<l (23)

We will see in the following that a = 1 corresponds to the maximal value for o beyond which the stability of
the scheme can no more be ensured.

System (21) is equivalent to searching for the family of vectors (ux ) ke of R%, and scalars (px ) g e solution
of the system of equations (written under flux form) obtained by writing for each control volume K of M:

me Me
N MK UK — V Z d—(uquK)—l/ Z (0 —ug)

cEEmnE(K), 0 vetone ) T
oc=K|L
dr,opr + di,oPK
+ Z Mg : : Ng + Z Mo PK NK,0 = f(SC) dx
dU K 24
0CEMmNE(K), 0EE e NE(K) (24)
oc=K]|L

d sU +d cu a
> om, Kd S g =AY mgqr(hi +he)*(pr — ) = / g(z) dz
cEEMNE(K), o LENKNG K K
oc=K]|L

supplemented by the relation:

Z mg px =0 (25)

KeM
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4.2. Stability of the scheme

This section is aimed at proving the stability of the scheme; it is worth stressing that, to this purpose, the
mesh is not required to be “super—admissible”, but only admissible in the sense of definition 3.1.

We first begin by a (partial) stability result for the discrete gradient operator, which is not specific to a
clustered approximation, and may be seen as the ”finite volume analogue” to a lemma alread known in the
finite element context [16,24].

Lemma 4.1. Under hypotheses (2)-(4), let D be an admissible discretization of Q in the sense of definition 3.1.
Let 6 > 0 be such that regul(D) > 0. Then there exists two strictly positive real numbers $1 and P2 depending
only on d, Q0 and 0 such that the following holds:

Vp € Hp(Q) with / p(z) dz =0, Jv € Hp(Q)?
Q
vl < BillpllLz(e) (26)

such that ) 5 5
Ammmmwm¢mwmmmfmmm

Proof. Let p € Hp(Q2) be given. We apply a result by Necas [20]. Because p(z) is a zero mean-valued function,
there exists cqr, which only depends on d and , and © € H{(Q)¢ such that divo(z) = p(z) for a.e. € Q and:

ol (@) < car [IPllL2(0) (27)

We then set: )
vl(j):—/ﬁ(i)(z) dvy(z), VYoe& Vi=1,...,d

Mo

(note that o) =0forall o € g andi=1,.. ., d) and we define v € Hp(Q)? by:

; 1 . .
v§(>:_/@<l>(z)dx, VK e M, Yi=1,....d
K

mk

As proved in the appendix (relation (73)), we know that there exists ¢; depending on d,  and 6 such that:
(v —v5)? <1 — [ (Vo(x))? do (28)

In addition, by the continuity of the interpolation operator P (lemma 3.2), there exists another real ¢y once
again depending on d, €2 and 6 such that:

vllp < ca (|9l ()e < c2 car lIPllL2(0) (29)

We then have:

dr.« dK o
/ p(z) divpu(x) dz = Z DK Z P — UK T OK,oVL _ T+ T
Q

dy
KeM c€€&mNE(K),
o=K|L

where:

Tl = Z PK Z Mg Ng * Vg = Z PK Z /’L_)(SC) iz d")/(SC)

KeM c€EmNE(K), KeM ceEmNE(K), V7
o=K|L o=K|L

=mewﬂmm=w%@
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and:

T2 = Z PK Z Mg (dL,O"UK; dK’G’UL - 'Ua) *No

KeM c€€&mNE(K),
o=K|L

dr,ovKx + dK,ovr
= Z ma(pK 7pL) — Vg | " No

do
0€E&ins, 0=K|L

We then have, thanks to the Cauchy-Schwarz inequality:

Mg dr oVK + di ov 2
Ty < Z mo (hi +he) (px —pr)? Z hK+hL< L. Kd LS Lva)

0€Eint, U:K‘L 0€Eint, o':K|L

Hence, remarking that, as, for any internal edge 0 = K|L, dx o < do, dr,c < dy and dy = di,o + dp o

(dL,aUK +dri,ovr,

y —00)2 <2 (’UK—’UU)Q—I—Q (UL—’UG)Q

we get by inequality (28) and (27), as the maximal number of edges for a control volume is bounded by
assumption on 6:

T3 < c3 [plam 191y < s car [pla [Pll2 (o)

where c3 only depends on d, 2 and 6. Collecting terms, we obtain by Young’s inequality:

. 1 C3 Cdr 2
[ ) divo(e) o> 3 ol — S,
Q
which, together with relation (29), concludes the proof. O

The following result is an essential stability feature of the scheme. It proves, in particular, that the simple
geometrical regularity of the mesh enforced by relation (11), is equivalent to the inf-sup stability of the cluster-
wide constant pressure spaces (see remark below).

Lemma 4.2. Under hypotheses (2)-(4), let D be an admissible discretization of Q in the sense of definition
3.1. Let 0 > 0 be such that regul(D) > 0. Then there exist two positive real numbers, again denoted by (1 and
B2, depending only on d, Q@ and 0 such that the following holds:

Vp € Hp(Q) with / p(z) dz =0, Jv € Hp(Q)?
Q
lollo < Bl (30)

such that ) 5 5
Ammmmwwmzwm@—mmw

Proof. Let p € Hp(f2) be given. We define v € Hp(2)? by:

1 dr x|
VK = a2 Z MK|L d
K LeNg\Gx K|L

(L — pPK) nK|L
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As the discrete divergence is the transposed of the discrete gradient, we have:

Q
dp K|L dr K|L
Z UK - [ Z MK|L d l (L — pK) ng|r + Z MK|L d | (L — pK) TLK\L]
KeM LEN}(\GK KlL LeENKkNGk KlL
TLK T2,K

1
Remarking that vg = iz T1,k, we have by Young’s inequality:
K

. 1 1
) o) drz 5 3 dy (T~ T
2 KeM

Thanks to the regularity assumption on the mesh (in particular definition (11)), the first part of this summation
satisfies the following estimate:

1 1 1 1 dr k|1
9 Z pd—2 T127K 95 Z d Z MK|L d (rL — rK) NK|L
KeM 'K eM K LENK\GK KlL
2 dL,K\L 2 2
= Z hd 3 Z ML (pr — pK)
emM LENK\Gx K|L
mMK|L dL,K|L 2 9
- Z Z d—2 d mg|r (hx +h) (pL — PK)
EM LENK\Gk hK (hK + hL) K|L

and thus, by regularity assumptions on the mesh, there exists ¢;(6) > 0 depending only on 6 such that:

1 1
3 > pi=2 T? i > e1(0) [pliag
KeM

By a similar computation, we get:

1 1 MEK|L dr. i\’
P ni? Lo —_ 22 g | h (d | ) mr (hx +he) (pr — px)*
2 e 2 i LeENKkNGr VK (hx +hi) K|L

< ca(0) Iplg

where, once again, c3(f) only depends on the regularity of the mesh. Thus, collecting the bounds, we get:

/Q p(z) divo(—v)() dz > e1(8) [plag — €2(0) Il (31)
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On the other hand, because, by assumption, the number of edges of the control volumes is bounded, we have:

m m
Wip <2 Y Tmekaas Y Do
0€Eint, 0=K|L 4 c€ExtNE(K) 4

Mg (miar)? (mrar)?
<c Z - Z m(ﬁ(‘ﬂﬁw)*‘ Z W(P?W‘FP%)
0€Ems, o=K|L ° LMeNk b Men, N

2
Mg ms
te Y o5 D). sy Wk tpi)

d
0EENE(K) 7 MENK Wi

Reordering the summations, the above relation takes the following form:

b < > px vk
KeM

and the regularity of the mesh implies that each coefficient ux < ¢ mg where ¢ only depends on 6 and d; note
that we use here the assumption that the ratio of the measure of two neighbouring volumes is bounded. We
thus get:

[0]lB < e3(0) [Iplleze) (32)
Estimates (31) and (32) prove the existence of v; € Hp(2)¢ such that:

/Qp(w) divp(v1)(z) dz > B [pligg — ca(0) plg,  llvillp < es(0) Iplliace)

Let v2 € Hp(2)? be such that the estimate of lemma 4.1 holds; then the desired result is obtained with
v = U1 + Ua. O

Remark 4.3. We easily note that |p|g vanishes for pressure fields which are constant over each cluster. The
previous result thus shows that combining an approximation of the velocity by the space Hp(€2)¢ and an
approximation of the pressure by the functions in Hp(£2) which are constant on each cluster yields an inf-sup
stable discretization, which should be quite usable in practice. However, letting the pressure vary within the
clusters and adding a stabilization term is both easier to implement and, from numerical experiments, more
accurate.

This result suggests that the scheme under consideration may be in some particular cases obtained via a minimal
stabilization procedure as defined in [4]; an example of such a derivation is given in [15].

We are now in position to prove stability estimates for the velocity and the pressure.

Theorem 4.4 (Estimates on the velocity and the pressure). We suppose that hypotheses (2)-(4) hold. Let D
be an admissible discretization of Q in the sense of definition 3.1 and let 6 > 0 be such that regul(D) > 6. Let
A € (0,+00) and a < 1 be given. Let (u,p) € Hp(Q)? x Hp(Q) be a solution to (21). Then, for any fi and fo
in L2(Q)¢ such that f = fi + fa, there exist two constants ca and c3 together with two positive real numbers c;
and c4 depending only on d, Q) and 0 such that the following inequality holds:

C1

77||“||i?(9)d +vfulp + Pl 200y + [PI2 A <

max [, v, 1/X] (33)

Co C3
gllflllizm)d + =N f2l2 10 + camax [, v, 1/A] 192 0

Remark 4.5 (Dependance of the stability estimate on the stabilization parameter). We note that the bound
for the L? estimate for the pressure blows up when A tends to zero, as | - |4,x is a very weak seminorm which
vanishes for any constant-by-cluster pressure field: the stabilization of the scheme is thus necessary to control
the pressure.
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Proof. First, we chose w € Hp ()¢ such that both estimates of (30) holds. Taking w as a test function in the
first relation of (21) yields:

161220 — Balpl2 < 1 / (2) da] + v|[w wlp| + | / fi(@) - w(z) da| + | / fo(@) - w(x) dal

Using the discrete Poincaré inequality (14) and Young’s inequality, we obtain:

1 , 1
IPlIE2) = Belple < SlPIIEz() + 20°diam(Q)*62 [ulltz (o) + g lplEai) + 20782 [ulln

(34)
1 . 1
+ §||p||iZ(Q) + 267 diam(Q)?|| fi[[72 (e + §||p||iZ(Q) + 267 2l 210
Let & and & be the positive parameters given by:
1 1 1 11 1
T D ~min |2 .
§1= min 8 diam(2)23? ’ 86 " 20, f2 = min {n’y’ }51 max [, v, 1/} &

Note that & only depends on 8 and Q. From these definitions, we get by multiplying (34) by &a:

&2 A n v 1 1

ey - 51913 < Lhuliaays + Shulls + 51 s + 3162010 (35)

Then, taking v = w in the first relation of (21) and ¢ = p in the second one and summing, we obtain, because
the discrete gradient is the transposed of the discrete divergence:

sy + vl + oo = [ fi@)-u@) dot [ o) u(e) dot [ o(o) pla) da

Q

By Young’s inequality, we then have:
nIIUIIiz(md +l|ullp + [pla <
1 &
Hf1||L2(Q at HUHLzm at = Hlel2 10t 7 IIUII% + €—2Hg|iz<sz> + 2 IpllEz o)

Summing (35) and (36) and using (23) yields the desired result. O

We can now state the existence and the uniqueness of a discrete solution to (21).

Corollary 4.6 (Existence and uniqueness of a solution to the finite volume scheme). Under hypotheses (2)-
(4), let D be an admissible discretization of Q in the sense of Definition 3.1. Let A € (0,+00) and o < 1 be
given. We suppose that the following compatibility condition holds (which is nothing more than the compatibility
condition associated to the continuous problem):

/Qg(:n) dz =0

Then there exists a unique solution to (21).
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Proof. We define the following finite dimensional vector space:
V = {(u,p) € Hp(Q)? x Hp(Q) such that / pdz = 0}
Q

Let F be the linear mapping which associates to (u,p) € V the pair (4, p) defined by the following discrete
variational identity:

77/(2“(96) -v(z) do + v|u,v]p —/

p(z) divp(v)(z) dz = / (z) - v(z) de Vo € Hp(Q)?
Q

Q

| divp(u)@) a(e) do -+ (.o = [ 5(o) gla) da g € Hp(@)
It is easy to check that this system has a unique solution (choosing as test function the characteristic function
of each control volume yields a linear system the matrix of which is the identity). Taking for ¢ the constant
function equal to 1 (which lies in Hp(2)) in the last relation, we check by conservativity that the integral of p
over § is zero, which means that (@, p) € V. theorem 4.4 then implies that the kernel of F' is reduced to (0,0),
which proves that the mapping F' is one to one from V onto V. As by assumption the integral of g over €2 is
zero, the pair of functions defined by the right hand side of (24) belongs to V', and this concludes the proof. O

4.3. Estimates of consistency residuals

We define in this section the consistency residuals appearing in the convergence and error analysis of the
scheme and establish the corresponding estimates.
Let v be a function from ) onto R, the regularity of which will be precised hereafter. For the moment,

we only suppose that v is regular enough so that the following definitions make sense. For an internal edge
o= K|L, we set:

1 1

Raxs) = g [Bo(@)s— ol = o [ 90 iy date)
_dr KL P dr k|1 P 1

Rgrad,M,K\L(/U) - dK\L M(U)K + dK‘L M(U)L - ML K\LU(:E) d’Y(‘r)
_dr KL P dr x| P 1

Rgrad,g,K|L(U) = dK\L 6 (V) K + dKlL 6 (V)L — ML K‘Lv(w) dvy(z)

dr k|L di K|L 1
Rgiv,x|2(v) = m Pp(v)Kk + m Pp(v)L mris v(z) dy(z)
K|L

Rstab,M,K|L(U) = (hK + hL)a (PM(U)L - PM (U)K)

and, for an external edge o, o € £(K):

Ra 0 (v) = *d;a Pp(v)g — mia / Vou(z) - ne dy(x)
Rgrad,M,U(U) = PM(U)K - mia / ’U(‘T) d/)/(‘r)
Renaga®) =Pl — - [ vla) dr(a)

Rdiv,a =0

Rstab,/\/l,a =0
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In addition, we define:
1
Ry x(v) = Pp(v)k — —/ v(x) dz
mg K
The consistency residuals of the scheme are now defined as follows:

Yo € HX(Q)4, Ro(v) € Hp(Q)?, (Ro(v)“))K = Roxc(v®), i=1,....d
Vo € H2(Q)4, Ra(v) € Hp(Q), (RA(U)< ) =— Y meRa,?), i=1,...d
GEE(K)
1
Vv € LQ(Q)a Rgrad,/\/l(v) S HD(Q)da (Rgrdd M( = — Z meRR grad, M O'( ) NK,o
MK c€E(K)
Vv € L2(Q)’ Rgrad,g(v) € HD(Q)da (Rgrdd Q( Z me R grad,G, U( ) Ko
0€$(K)
1 d .
Yo € H2(Q)d, Raiv(v) € Hp(Q), (Raiv(v)) g = — Z My ZRdiV,a(U(Z)) ei] ‘Mg
mK 665( ) i=1
Yv S LQ(Q>5 Rstab,/\/( (U) S HD(Q)7 (Rstab,M( Z ma stab, M 0( )
UES(K)

The following theorem gathers the estimates of the residuals which will be useful in the error analysis.

Theorem 4.7 (Estimates of the consistency residuals). Let assumption (2) hold, let D be an admissible dis-
cretization of Q0 in the sense of definition 3.1 and 6 > 0 be such that regul(D) > 6. Let (u,p) € H2(Q) N
HY(Q)4 x HY(Q2). Then the following bounds hold:

[Ra(u)l-1p < ca b |ulnz(o) (37)
HRgrad,M(p)Hfl,D S Cgrad, M hM |p|H1(Q) (38)
[Rgraa,g(P)l-1,0 < Cgraa,g hg [Plar(a) (39)
[Ro(u)ll2@ye < o b ||ulluz()a (40)
| Rstabm(P)|l2) < Cstab Ay [Pl () (41)
where cA, Cgrad, M Cerad,gs Co N Cstab, 0Nly depend on d, Q) and 6.
If in addition the mesh is super—admissible in the sense of definition 3.1, then:
[ Raiv(u)llL2(0) < caiv hm [ulpz(0)e (42)

where cqivy only depends on d, 2 and 6.
Proof.

Step 1: Proof of the Hy' estimates (37)~(39). The proof of the three discrete H™! estimates (37), (38) and
(39) being similar, we shall give the general idea and then apply it only to obtain (39). Counsider a consistency
residual R € Hp(Q2) under the general form:

Z ma'RK o
065 K)
with, for any internal edge 0 = K|L, Rk » = —RL -, and we define R, = |Rk ,|. Let v be a function of Hp.

Then we have:
/R(Jj) ) dox = Z mgRxvk = Z Z Mo Ri o
Q

KeM KeMoe&(K
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Reordering the sums, we get:
/ R(z) v(z) dz = Z meRi.o(Vk —vr) + Z Mo RK,ocVK
@ 0E€Em, o=K|L 7E€Eoxt, TEE(K)
and, by the (discrete) Cauchy-Schwarz inequality:
1/2 1/2

O I D

o o

| /Q R(z) v(z) dz| < [ngngg

o€ 0€Eint, o=K|L 0€Eext, 0EE(K)
1/2
2
< lz domoR2|  |v|lp-
o€l
In order to obtain an estimate in the || - | —1,» norm of R, there only remains to bound the sum Y __. dymqR2,

which can be done thanks to the elementary residual bounds stated in lemma A.2 or corollary A.4. As already
mentioned, we only give here an exemple of application of this technique to the estimate of Rgraq,g. Let p be a
function of H!(Q) and v a function of Hp(2)4. By definition, we have:

1
/QRgrad,g(p)(x) ’ ’U(-T) dz = Z me—K Z maRgrad,g,U(p) NKo VK
KeM c€E(K)

By the computation described above, we thus get:

1/2
|/QRgrad,g(p)($) -v(z) dzf < [ Z damaRgrad,g,a(p)2‘|

0€EintUEext
Mg

> ek P 3T ok o)

0€Eint, 0=K|L 0E€Eext, 0€E(K) 7

Now, by the Cauchy-Schwarz inequality, Va € R?, a-n < (a2)1/2, so that:

1/2
|/QRgrad,g(p)($) -v(z) dzf < [ Z damaRgrad,g,a(p)2‘| [vllp

0E€Eint Uext

Using the elementary residual estimate (77) of Corollary A.4 in the Appendix yields:

L 1/2
D 2
>t 2 |

0EEint UEext

| [ Rerna.(0)(@) - v(z) da] < ¢ [[o]lp

where Cy = Cg, UCq, if 0 € Eing,0 = K|L and C, = Cg, if 0 € &ipt, 0 € E(K). Thanks to the regularity
assumption on the mesh, for a given control volume K, the number of domains C, including K is bounded by
a constant c,, the |p|f{1( K) also appears in the above summation only ¢, times and we obtain:

I/ Rgrad,g(p)(2) - v(z) dz| < ¢ |vllp cr ( max_ dy hp)*? |plui(a)
Q o

E&intUEext

which yields the desired estimate for Rgraq,g and concludes step 1.
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Step 2: Proof of (40)—(41). Estimates of the consistency residuals in L? are obtained in a straightforward
way from the bounds of the elementary consistency residuals estimates of lemma A.2 or Corollary A.4 in the
Appendix. As an exemple, we detail here the bound (42); the bounds (40) and (41) are obtained in a similar
way.

Let v(.) be a function of H%(Q)?, and assume the mesh to be super-admissible. By definition, we have:

| Raiv (u ||L2(Q) Z mg m— Z Mo

KeM K see(r)

d
ZRdiv,a(v(i)) ei‘| ‘MK,
i=1

Developping the sum, we have:

S e

ce&(K)

d
ZRdiv,a(v(i)) ei‘| ‘MK, S & Z miRdiV70(v(i))2
i=1

ce&(K)

where ¢ depends only on the number of edges of a control volume and on the space dimension d. Since, by
definition, Rqiv, vanishes on external boundaries, we then get:

1
IRaw(@)llfaoy e D (== + ) m; ZRdw o(v1)?

mg
0€&nt, 0=K|L

The bound (69) thus yields:

[Z hi !

1 UES(K) i
|Rasv(@)[Fao) < D (m—K +—) mg Z 0@ B2,

0€&int, 0=K|L

The estimate of Rqiy(v) is then completed using the regularity assumptions for the mesh.

4.4. Convergence of the scheme

The aim of this section is to prove the convergence of the scheme (21) to the unique solution of the generalized
Stokes problem without any regularity assumption for this latter. This result is stated in the following theorem.

Theorem 4.8 (Convergence for the generalized Stokes problem). Under hypotheses (2)-(4), let (u,p) be the
unique weak solution of the Stokes problem (8) in the sense of definition 2.2. Let > 0 be given and let
(DU™),en be a sequence of admissible discretizations of Q in the sense of definition 8.1 such that, for allm € N,
regul(D"™)) > 0 and such that lim,, o hgn) = 0. We denote by (u(™,p(™) € Hp ) (Q) xHpm (Q) the unique
solution to (21) with the discretization D) | with two given parameters X € R% and o < 1 independent of m.
Then the following holds:

(1) the sequence (u(™)en converges to @ in (L2(Q))% and (p™))men weakly converges to p in L2(Q),

(2) (™) pen and (p\"))men satisfies the following additional convergence results:

fim [u0™, w0y = /Q Va(z) : Va(z) da (43)

m—00

and:
lim |p™|p=0 (44)

m—00
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Remark 4.9. Thanks to item 2 of the above proposition, we get that the discrete gradient, defined from u by
the definitions given in [10] or [12], converges in (L2(Q)9)¢ to Va.
Proof.

Proof of item(1). We first prove, under the hypotheses and with the notations of the above theorem, the
2

existence of a subsequence of (D(™),,cx such that the corresponding sequence (u("™),,cn converges in (L?(Q))
to 4 and the sequence (p{™),,cn weakly converges in (L?(€))? to f, as m — oo; then this convergence property
will hold for the whole sequence thanks to the uniqueness of (@, p), weak solution to the generalized Stokes
problem, in the sense of definition 2.2.

By the fact that ||u(™||p is bounded independently of m by the stability estimate (33), we obtain (see [9,
lemma 9.3, p. 770]) the following estimate on the translates of u("™. For all m € N, there exists ¢, only
depending on d, €2, v, f, g and 6 such that:

/ [u“"»k)(x &) — u(m’k)(x)rdx <cle] {|g| + 4h(’")} , fork=1,....d, VéecR? (45)
Q

where u("*) denotes the k-th component of u(™ and h(™ stands for the size of the discretization D). We
then apply Kolmogorov’s theorem, and obtain the existence of a subsequence of (D(m))meN and of u € Hé(Q)d
such that (u(™),,en converges to @ in L2(Q)%.

In addition, thanks to the fact that Hp(m)”LZ(Q) is bounded independently of m by the same bound (33), we

extract from this subsequence another one (still denoted (DU™),,cn) such that (p("™),,en weakly converges to
some function p in L?(1).

In order prove item (1), i.e. the convergence of the scheme, we now must show that (@,p) is the solution of
(9). By density, it is sufficient to prove that this variational problem is satisfied for any test fuction in C°(Q)<.
This will be proved by passing to the limit in the scheme. We thus take ¢ € C°(Q)%, and suppose that m

is large enough and thus hg") is small enough to ensure that, for all K € M such that KN support(p) # 0,
OK NoQ = 0. Let us take v = Ppmyp in (21), which yields:

77/ u™ () - Ppow p(z) dz + v[ul™, Pp ¢lp /
Q

WW@®WWM%W@@MU:/fW*%WW@d$
Q Q

We write this latter relation as follows:
77/ u™(z) - p(x) do — l// uw™ Ap dx — / p™ () dive(z) do+ Ry = / f(z) - o(z) de + Ry (46)
Q Q Q Q

where R; is the sum of three terms R; = 11 + 15 + T3 which are defined hereafter, together with Ry. We first
have:

Ty =1 [ (@) (oo pla) = pla) da
and thus, by the Cauchy-Schwarz inequality and by theorem 4.7:

T3] < ™z | Ro(@)llz@ye < eilp) B ul™ 20y

Using as in equation (24) the classical finite volume expression of the diffusion term, T5 reads:

mO' m m m
Y =v Z (Ppem ) K Z e (g™ —u{™") + Z ulg ’k)/ ApM(z) da
KeM c€&(K), o=K|L ° KeM K
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Reordering the sums, we get:

T =0 3 mgud™® Y Ravxn(e®)
KeM o€E(K), o=K|L

and thus, by the definition of the || - ||—1,p norm then theorem 4.7:
T2 < v ™ llpe [ Raiv (@)l -1 pem < e2(0) ™ Jul™ o

The third term is defined and bounded as follows:
T = | [ 57)(a) Ral)(a) da] < cale) B [0 iz

and, finally:
Ro| = | / F(2) Ro(9)(x) dal < ea(w) ™ || e

We thus obtain that both Ry and R tend to zero when m tends to oo, and passing to the limit in (46) yields that
the first equation of the generalized Stokes problem is satisfied. The last step to prove that (@, p) is the weak
solution of the Stokes problem is to show that div(a)(z) = g(x) for a.e. € Q. Let us take now ¢ € C°()
and ¢ = Pgm ¢ in the second equation of (21), to obtain:

/(diVDU(m))(iE) (Pgom @) (@) dz + (p™), Pgamy @)an = / 9(z) (Pgomp)(x) dz
Q Q

As Py is constant over each cluster, the stabilization term vanishes. Using the fact that the discrete
divergence is the transposed of the discrete gradient, we get:

[ @ivpu™)(@) (Poro)(o) do = = [ 1) (@) (Vo Powp)la) do = = [ u™ (@) (Vo)) + R

where R reads:

R= Z uy(n) ' Z Mo Rgrad,g,o () No = / “y(n) * Rgraa,g(p) () dv
KeM o€E(K), o=K|L Q2

By the Cauchy-Schwarz inequality and the estimate of theorem 4.7, we thus have:

IR| < () h™ JJu™]12(q)

As the convergence of /
Q
(1) of the above theorem.

9(z) (Pgom ¢)(x) dz to / g(x)p)(z) dx is easily seen, this concludes the proof of item
Q

Proof of item (2). Setting v = u("™ in the first relation of (21) and ¢ = p{™) in the second one gives:

0 [ W@ o A s+ 15 B = [ @)™ @) dot [ (o) p(a) da

Passing to the limit m — oo in the above equation yields:

[ @)? o+ timsup [ o + 0™ o o] < [ 700w do+ [ gla) ple) da

m—00
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Since we have, from the corresponding choice for the test functions in the continuous problem (9):

77/911(:0)2 dz + I//QVTL(:C) :Vi(z) doe = /Qf(:c) -t(x) dr + /Qg(:c) p(z) de
and from the results of [19, lemma 2.2]:

/ Vi(z) : Vi(r) de < liminf [[u™ .,
Q m—00

we get:
lim sup [V||u(m)|\%(m) + |p(m)|2p<m))} < I//Q Vi(x) : Vu(z) de < 17iv£11>i£of Hu(m)H%(m)
which yields (43) and (44). O

4.5. Error analysis

Theorem 4.10 (Error estimate). We suppose that hypotheses (2)-(4) hold. Let D be an admissible discretization
of Q in the sense of definition 8.1 and let 6 > 0 be such that regul(D) > 0. Let A € (0,+00) and a < 1 be
given. We suppose that the solution of the continuous problem (8),(i,p), lies in (H2(Q)?NH(Q2)4) x HL (). Let
(u,p) € Hp(Q)? x Hp(Q) be a solution to (21). Then, if a = 1, there exists a positive real number ¢ depending
only on Q0 and 0 such that the following inequality holds:

C1

nllw— Po(@)[[F2q)e + vlu—Po(@)p + jllp = Pm (D)0

max [n,v, 1/\ (47)

_ 1 _
<chly [(14max[n,v,1/A) [|t]lnz@)e + (; + Amax [n,v,1/]) |P|H1((z)]

If a < 1, the same estimate holds with haq replaced by hg, i.e. there exists ¢ only depending on d, 2 and 0 such
that:

C1

nllu = Po(@)[|f2q)e + vllu— Po(@)p + 7l - Pg(p)liz(q)

max [n,v, 1/\ (48)

_ 1
<t (U max v /) [l + 5 o
Proof. Case a=1
We define e € Hp(2)¢ and € € Hp(Q) by ex = ux — Pp(i)x and ex = px — Pym(p)x Substracting the

same terms at the left and right hand side of the discrete momentum balance equation, we get, for each control
volume K of M:

mo- ma’ d a
N MmKex — V Z d—(eL—eK)—u Z (—ek) + Z Mo L, (e, — €x) Ny =

LeNk ¢ o €E(K)NEext dK’g LENK do
ur: _ _ MmMe _
n miPp(i)r +v E — (Pp(u)L — Pp(u)K) +v E (—pp(@)K)
da’ dK o
LEN® o€E(K)NEexs

di & B dr, & _

=Y m, B2 Pru@) i + 22 Pud)r| no+ [ f(z) dz
dy do

LeNk
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The regularity of 4 and p assumed in the statement of the theorem allows to integrate the continuous partial
derivative equation (8) over each element K:

n/}(a(ac) dz + V/BK —Va(x) -n dy(z) + /aKﬁ(x) n dy(z) = /Kf(ac) dz

Substracting this relation to the previous one, we get, for each control volume K of M:

m m dr,
N Mmgex — v Z d_: (e, —ex)—v Z dKGU (—ex) + Z My d; (e — €x) Ny =
LeNk 0 €E(K)NEext ’ LeNk

n/KRO(ﬁ)(:E) dz+1//K R (a)(x) der/KRgrad,M(ﬁ)(SC) dx

Repeating the same process with the mass balance equation yields, once again for each control volume K of M:

dr, & dr.o
Z mo(dL’ ex + g er) Mg — A Z (hg +hr) my (e, —€x) =

LeNk LeNxGx
/ Rdiv(ﬂ)(x) dx + A/ Rstab,/\/( (ﬁ)(x) dz
K K

The result then follows by combining the estimate of the consistency residuals (theorem 4.7) with the stability
result of theorem 4.4, with the following choice:

J1=nRs(a), J2 = v RA(t) + Rgraa,m(D), g = Raiv (@) + A Rstab, (D)

Case o < 1

The proof for the case a < 1 follows strictly the same line, replacing Pu(p) by Pg(p), so that the definition
of the pressure error becomes ex = px — Pg(p)x, VK € M. We remark that the stabilization terms vanish
when applied to Pg(p). The system of equations governing the errors is thus formally the same as in the case
a = 1, excepting for the stabilization residual which disappears, and the conclusion once again follows from
theorems 4.4 and 4.7. O

5. THE FINITE VOLUME SCHEME FOR THE NAVIER-STOKES EQUATIONS

We first present here the scheme used to solve Navier-Stokes equations (section 5.1), then the remaining of the
section is devoted to its analysis. Compared to the Stokes problem considered in the previous section, Navier-
Stokes equations introduce additional difficulties: indeed, because of the nonlinear term in the momentum
balance equation, we no longer get a uniform estimate on the pressure with respect to the mesh size as in the
linear case. However, a first rough bound for the nonlinear term allows to get a weak estimate on the pressure,
i.e. a bound which may blow up as the mesh size tends to 0; this is sufficient to prove the existence of the
discrete solution to the scheme (section 5.2). Next, the convergence study is rather tricky because the same lack
of estimate on the pressure prevents to control the pressure gradient term when tested against the standard
interpolation of a divergence-free regular function; the idea of the proof of convergence is then to use the discrete
Stokes problem to perform this interpolation. This technique yields the strong convergence (in L2(Q)%) of the
velocity (section 5.3).
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5.1. The finite volume scheme

As in the section devoted to the generalized Stokes problem, we first write the finite volume scheme under
consideration in a variational-like setting. Under hypotheses (2)-(4) and D being an admissible discretization
of Q in the sense of definition 3.1, we look for (u,p) such that:

(u,p) € Hp(Q)? x Hp(2) with /Qp(z) dz =0,

77/ u(z) - v(x)dx + bp (u, u,v) + vu, v]jp — / p(x)divp(v)(z)de = | f(z) -v(z)dx Vv e HD(Q)d (49)
Q Q Q

/Q divp(u)(z) q(z) dz + (p,¢)pr =0 Vg € Hp(2)

where ) is a positive real and, for u,v,w € Hp(2)¢, we define the following approximation for b(u, v, w):

2 d 7
KeM  oe&mnE(K), 7
o=K|L

1 A + dic
bo(u,v,w) =5 > > ma{ Lot | o -] (50)

Using the discrete mass balance to transform the expression of the convective term, system (49) is equivalent
to finding the family of vectors (ux)xerm C R?, and scalars (px)xem C R solution of the system of equations
obtained by writing for each control volume K of M:

My Mg
N MK UK — V Z E(“L—UK)_V Z dKG(O_uK)
c€ENE(K), T€Eext NE(K) 1
o=K|L
d ol +d o U + U « “
4 Z m0|: L, Kd K, L,ng]%)\l Z MK|L (hK+hL) (prK)‘|7K
c€ENE(K), 7 LeNwnGi
oc=K]|L
dr.opr +di .«
N Z me L, pLd K,0PK nK|L + Z Mo PK NK,o :/ f(-T) dzx
c€€&nNE(K), KIL 7€LexsNE(K) "
oc=K|L
d JUK T+ d ol @
>ooome & Kd L g =AY mgr (hie +he)*(pr — pr) =0
c€ENE(K), 7 LeNKNGx
a':K|L

supplemented by the relation:
> mi px =0
Kem
The above scheme is written in a conservative form except for the second term in the discretisation of the

trilinear form, i.e.:

u
MoODT mgr (hi + ) (oL — px) |

2
LeNkNG K

which stems from the stabilization term.
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5.2. Stability and existence of discrete solutions
Let us first remark that bp(-,-,-) is such that, for all u,v € Hp(Q)%:
bp (u,v,v) = 0. (51)

Let us also remark that, in a similar way as in [13], we have the existence of ¢, only depending on d and €,
such that:
o (u, v, w)| < ¢ [ullpllvlplwlp, Yu,v,w e Hp(Q)7. (52)

Lemma 5.1 (Discrete H}(£2) estimate on the velocities). Under hypotheses (2)-(4), let D be an admissible

discretization of Q in the sense of definition 3.1, A € (0,400) and o < 1 be given. For p € [0,1], we assume that
(u,p) is a solution to the following system of equations (which reduces to (49) as p=1 and to (21) as p=10):

(u,p) € Hp(Q)? x Hp () with /Qp(:c) dz =0,

n/ﬂu(z) cv(z)dz + p bp(u,u,v) + viu,v|p

(53)
- / p(z) divp (v)(x)dz = / f(z) - v(z)de Yo € Hp(Q)?
Q Q
[ divo((@) g(a) do + (gl =0 g € Hp(0)
Q
Then u and p satisfy the following estimates:

V|ullp < diam() |[f]lr2) (54)

viplpy < diam(Q)? || fl[F2qa (55)

Moreover, there exist cpp only depending on d, Q, n, v, A\, f and D and not on p € [0,1], such that the following
inequality holds:

[pllz) < cp,p (56)
Proof. The proof of (54) and (55) is first obtained by setting (v, q) = (u,p) in (53) and using the property (51)
on the discrete form bp (-, -,-). We then consider the function f € Hp(€2)¢ defined by:

A f(@) v(z) de = A f(z)-v(z) dz — p bp(u, u,v) Vv € Hp(Q)? (57)

the expression of which can easily be seen to read:

~ 1 P dL,auK + dK,auL
frx = o /Kf(:c) dx — 5 Z My < i ~ng> ur, (58)

c€&€inNE(K),
oc=K]|L

Taking v = f in (57), using the a priori bound (54), inequality (52) and the fact that, as Hp(Q) is a finite
dimensional space, the norms ||-||p and ||-[|12() are equivalent over Hp(€2) (with an equivalence ratio depending
on the mesh), one obtains that there exists Cip only depending on d, Q, v, f and D and not on p € [0, 1], such
that the following inequality holds:

I fllLz) < Cip
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Note that this bound may also be derived directly from the expression (58) by a discrete Cauchy-Schwarz
inequality. It is clear, however, that there is no bound for Cjp as hp tends to zero.

It is then sufficient to remark that (u,p) is solution to (21) with finstead of f, to conclude (56), applying
theorem 4.4. |

We are now in position to prove the existence of at least one solution to scheme (49).

Theorem 5.2 (Existence of a discrete solution). Under hypotheses (2)-(4), let D be an admissible discretization
of Q0 in the sense of definition 3.1, and A € (0,+00) and o < 1 be given. Then there exists at least one
(u,p) € (Hp(Q))? x Hp(RQ), solution to (49).

Proof. Let us define V = {(u,p) € (Hp(Q))* x Hp(Q) s.t. [, p(z)dz = 0}. Consider the continuous mapping
F : V x[0,1] — V such that, for a given (u,p) € V and p € [0,1], (@, p) = F(u,p, p) is defined by:

/Qﬁ(z) cv(z)dx = 77/9“(50) ~v(z) dz + viu,v]p — /Qp(:c) divp(v)(x) da
+p bp(u,u,v) — /Q f(z) - v(z)dx Vv € Hp ()4
[ 5@)- atw)de = [ divou)(e) a(o)ds + (p.q). ¥y € Hp(8).
Q Q

It is easily checked that the two above relations define a one to one function F'(.,.,.). Indeed, the value of ﬂg?
and pg for a given K € M and i = 1,...,d are readily obtained by setting v(9) = 1, v = 0 for j # i, and
q = lK.

The mapping F'(.,.,.) is continuous, and, for a given (u, p) such that F(u,p, p) = (0,0), we can apply lemma
5.1, which proves that (u, p) is bounded independently on p. Since F(u, p,0) is a bijective affine function of (u, p)
(by corollary 4.6), the existence of at least one solution (u,p) to (49) follows by a topological degree argument
(see [7] for the theory and [13, theorem 4.3] for a precise formulation of the abstract theorem used here). O

5.3. Convergence analysis
We first begin with two lemmas which are used in the proof of convergence of the scheme.

Lemma 5.3. Under hypothesis (2), let 6 > 0 be given and let (D(m))meN be a sequence of admissible discretiza-
tions of Q) in the sense of definition 3.1, such that lim,,_ h(Dm) = 0 and such that regul(D™) > 0, for all
m e N. Let (u™)men and (V™) nen be two sequences sastisfying the following assumptions:
(1) Vm € N, u(™ € Hpm) (Q)9, there exists u € HE(Q)? such that u'™) converges to @ in (L2(Q))* as m
tends to oo, ||ul™||p remains bounded and:

fim [u(™), w0y = /Q V() : Va(z) da (59)

m—00

(2) Ym € N, v(™ € Hpm) (Q)9, there exists © € HY(Q)? such that v™ converges to v in (L2(Q))? as m
tends to oo, and |[v(™ ||p remains bounded.

Then we have:

lim [u(™), 0(™]p = /QV&(:C) 1 Vi(r) de (60)

m—0o0
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Proof. Let ¢ € (C>(Q))? be given. Thanks to assumptions on the sequence (u(™),,en, the following classical

result holds:

lim [u™), Ppm@lp = / Vi(z) : Vo(z) dx (61)
Q

m— 00

For the sake of completeness, let us recall the proof of this result with the tools introduced in Section 4.3.
By a standard reordering of the summations:

m Me me
™ Poeogls = D ug” | D S (Poew@)k — (Ppew@)il + D = (Poem¢)k
KeM cEEMNE(K), © CEENE(K) 7
o=K|L
=l [ sl dot Yl (Ra(en
KeM K KeM
= / u™ . Ap(x) dx—l—/ u™ . Ra(p)(z) dz
Q Q

On one hand, because u(™ tends to @ in L*(), the first term tends to [, % - Aw(z) dx; on the second hand,

because ||[u{™||p remains bounded as m — oo and || Ra(¢)|-1,p tends to zero by theorem 4.7, the second one
tends to zero, which proves (61).

Then developping [u(™ — Ppmy @, u™ — Ppmyp]pem and using (59) yields:

lim ||U(m) - Pz)(m)(PH%m) = [|V(z - <P)Hi2((z)d (62)

m—00

Let the sequence (v(m))meN satisfy the assumptions of the lemma; we denote by ¢, a constant such that
[0 pemy < ¢y. We then have:

[u™ 0™ by —/ Va(z) : Vo(z) dz
Q

= [u™ — Ppmy 0, 0™ ] pmy + [Ppom @, 0™ ] pimy */ Va(z) : Vo(z) dz
Q

The first term of the right hand side of the above equation is bounded by ¢y ||u("™ — Ppm) || pom) and the second
one converges to [, V() : Vo(x)dz. Hence, thanks to (62), passing to the limit yields:

lim sup

m—00

< (ev + IVOll2@ye) IV (@ — @) |ln2 (o)

[u™ 0™ ) —/ Va(z) : Vo(z) dz
Q

Since the above inequality holds for all ¢ € (C2°(Q))?, we let p — @ in H}(Q)¢ to get:

lim sup
m— 00

™, 0™ ) — / Va(z) : Vo(z)dz| = 0
Q

which concludes the proof. O

Lemma 5.4. Under hypothesis (2), let 6 > 0 be given and let (’D(m))meN be a sequence of admissible discretiza-
tions of Q) in the sense of definition 3.1, such that lim,,_ h(Dm) = 0 and such that regul(D(m)) > 0, for all
m € N. Let (u(m))meN be a sequence sastisfying the following assumptions: Ym € N, u(™) € Hpm) (Q), there
exists u € H(Q) such that u'™ converges to @ in L2() as m tends to co and ||u™)||p remains bounded.
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(1) For each edge o of the mesh and m € N, we define:

_ 1 m m
If o € &g, 0= K|L (VDU(m)>U =d d_ [U(L )711‘([( )] No
_ 1 m
Ifo €&ty 0 € EK) (Vpul™), =d T [0— Ug( )] No

and we denote by Vpu™ the piecewise constant function equal to (@Du(m))g on the diamond cell D,
associated to o.
Then the sequence Vpu™ weakly converges to Vi in L2(9).

(2) For each edge o of the mesh and m € N, we define:

d g m d (o8 m
Ifo €&, o=KL u™ = dL ug()—i- g u(L)

If 0 € Eext, ul™ =0
and we denote by '™ the piecewise constant function equal to uﬁ,’") on the diamond cell D, associated
to o.

Then the sequence u\™ tends to @ in LP(Q), where 2 <p < oo ifd =2 and 2 < p <6 if d = 3.

Proof. The proof of item (1) is given in [8, lemma 2]. For the proof of item (2), we first remark that, thanks to
the discrete Sobolev inequalities |Jul| 1) < c[|ul|pwm) for 2 <7 < oo if d =2 and for 2 <r <6 if d = 3 (see [6]
or [9, p. 790]). We thus have:

~(m) T dL,U m dK,a m " r— m)r m)|r
Tl = Y mo, [+ Bea| <ot Y, [ + 1]
0€EEint, 7 7 o€€int,
o=K|L o=K|L

<2 N 1S g, | W) < ™ g
KeM |oce&(K)

where ¢ € R} only depends on the regularity of the mesh, and mp_ denotes the measure of the subset D,; the
sequence (7("™),,ex is therefore bounded in L"(£2). On the other hand, we also have:

[u™ = @™ 2y <Y mp, (W —uf™)? < chpe [0

0€Eint,
o=K|L

and so the sequence (%(™),,cn tends to @ in L2(2), which implies the result. O

We can now state the convergence result for the scheme (49).

Theorem 5.5 (Convergence of the scheme). Under hypotheses (2)-(4), let (DU™),en be a sequence of admis-
sible discretizations of € in the sense of definition 3.1, such that h(Dm) tends to 0 as m — oo and such that there
exists 0 > 0 with regul(D™)) > 0, for all m € N. Let A € (0,+00) and o < 1 be given. Let, for all m € N,
(u™) p™)) € Hpm) (2)4 x Hpm) (Q), be a solution to (49) with D = D™, Then there exists a weak solution
@ of (6) and a subsequence of (D) en, again denoted (DU™),,en, such that the corresponding subsequence
of solutions (u'™),,en converges to @ in L2(Q)%.
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Proof. Thanks to the fact that the sequence |[u("||pum is bounded independently of m (estimate (54)), we
obtain the existence of a subsequence of (D("™),,cn and of @ € H}(2)? such that (u(™),,cn converges to @ in
L2(Q)%. We then again denote (D™)),,en this subsequence. Note that, in contrast with the Stokes problem,
because of the lack of L?(Q) estimate for the pressure, we may no longer prove the weak convergence of the
discrete pressure.

With exactly the same arguments as for the Stokes problem, we get diva(xz) = 0 for a.e. z in Q.

Let ¢ € (C°(2))? be such that divp(z) =0, Yo € Q ; our aim is to prove that @ satifies the identity (6):
n/ﬁ(x)~<p(x)+1//Vﬁ(x):Vgp()d:c + b(a /f
Q Q

To this purpose, we need to write the analogue of this relation for each discretization D), for a projection
of ¢ onto the space Hp(2)?. Because we have only a very weak control on the pressure (from estimate (55)),
this projection must be carefully designed to obtain that the discrete gradient term tends to zero. A suitable

candidate to this purpose is obtained by making use of the discrete Stokes problem; we thus define, for all

m € N, the pair (u&m),p&m)) as the solution of (21), with the right hand side f equal to —vAp + ne. The

solution of the corresponding continuous problem is ¢ for the velocity and 0 for the pressure, so the conclusions

of theorem 4.8 read:

(1) the sequence (ul™)men converges to ¢ in L2(Q)4,

(2) the sequence (||ufpm)||p<m))m€N is bounded and:

m—00

lim [ufpm),ugpm)]p(m = / Vo : Ve dz
)

(3) the following convergence result holds:

lim |p§0m)|D(m)7)\ =0 (63)

m—00

We then introduce ufom) as a test function in (49) with D = D(™):
n/glu(m) () - ul™ () do + vful™, ul™)pm — /Qp(’")( ) divpen (ug™)(z) dz
Hopn (W™ ) = [ f(@) - ul(a) da
Thanks to the definition of ufpm), we get that:

*/Qp(m)( ) leD<m>( (m )( ) dz = (p (m),pfp’")bwu < |p(m)|D<m>,,\ |p§am)|D(m),/\7
and so, by (55) and (63), this term tends to zero. By lemma 5.3, we get that:

lim [u(™, uga Npom = / Vau(z (x) dz

m—00

We also have, because of the convergence in L?(2)? of both sequences (u(™),,en and (ufpm))meN:

lim [ o™ (z) -ug")(x) dz = /Qa(:n) ~p(x) dz

m—00 Q

fim_ [ #(e)- 0 @) do = [ fia)

m—00
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To conclude the proof, it is now sufficient to prove that:

Hm by (™, ul™, ulM) = b(a, 4, @)
m—0Q0
We remark that:
i _ dL,UuK + dK,O'UL
ur vk —ug v = (ur —ug) UL + (VK —vp) - U with: KL A1
L VK K -vp = (ug K) VKL K —UL) UKL : N LoV + di.ovL
VKL = —

dg|r

Hence bp (ul™), (™) uggm)) reads:

bp(u™, u™, (M) =

> X ma [ ene] [ul™ -l (@)

d
1 ~(m m,i m,i ~(m,i
=3 g g My {ug ) ~ng} [u(L ) ug( )} (ufp D)y

=1 o0€&n, o=K|L

T
1< . . .
+§ lzzl Z My |:’U,((’_m) . n<71| [(ufpm,l))K _ (ufpm71))Li| ugm,l)

o€Eint, a’:K|L

5"
The term Tl(i) equivalenty reads:
0 N u(m) _, (md) o N B ]
" = Z mp, (ufpm’z))g ugm) g K y K p.| = / ug””)(z) u(m)(z) . VD(mu(m’z) dz
0€&int, o=K|L 7 Q2

and so, by lemma 5.4, we can pass to the limit in the above equation to obtain:

lim Tl(i) = / 0D - Vu dx
Q

m— 00
By the same arguments, we get:
lim TQ(i) = —/ Vi - Ve dx
m— 00 QO

Since diva = 0, both limits are equal and the proof of convergence is complete. ([

6. NUMERICAL TESTS

The aim of this section is to check the validity of the theoretical analysis against a practical test case for
which an analytical solution can be exhibited. This solution is built as follows. We choose a streamfunction
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and a geometrical domain such that homogeneous Dirichlet conditions hold:

©=1000 [z(1—2)y(1—9)]> ., Q=]0,1[x]0,1] , @

we pick an arbitrary pressure in L2(Q):

2
=100 (2 +y° - 3)

and the right hand side f is computed so u and p are solutions to the stationary Navier-Stokes equations,
written in dimensional form:

p(aV)a — uAu+Vp=f

To obtain the numerical results displayed here, the practical implementation has been performed using the
software object-oriented component library PELICANS, developed at IRSN [22].

The velocity and pressure errors are defined respectively as:
o =uy —aO@x) . ex =px —plax)

This pressure error definition is not the same as in the analysis; however it is easy to see from theorem 4.7 that,
for a regular pressure field (for instance, in H?(Q2)), this definition equivalently leads to a first order convergence.

0.5

FI1GURE 3. Coarsest mesh of the computational domain in clusters

The partition of the computational domain in clusters is built by first splitting the domain into sub-squares
and then cutting each sub-square into 26 triangles, all having angles of at most 80° (corresponding to figure 5
— bbbb in [2]). The coarsest one is displayed on figure 3. Control volumes are then obtained by cutting each
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cluster into four similar triangles, the vertices of which are located on the mid-points of each edge, as shown in
figure 4.

TK

Gk

FI1GURE 4. Exemple of clustered simplicial mesh, as used in numerical experiments.

We first begin by the Stokes problem, obtained by setting the density p to zero and the viscosity p to 1.
The norms of the errors between the numerical and the exact solution are displayed on figure 5; we observe a
first order convergence for the velocity and the pressure in respectively discrete H' and L2 norms, and a second
order convergence for the velocity in the discrete L2 norm.

We then turn to Navier-Stokes equations, setting p = 100 and g = 1 which, in view of the value of the
velocity, leads to a Reynolds number Re in the range of Rex~ 1000. We observe a noticeable loss of accuracy
for the pressure, the convergence of which is, as a counterpart, faster than 1 at high value of the mesh size
hp. For coarse grids, pressure oscillations are observed, which does not affect the velocity field; these pressure
oscillations does not appear for the Stokes problem, neither when using a mesh based on rectangles (to construct
such meshes, clusters are built first by a structured gridding of the domain, then control volumes are obtained
by cutting each (rectangular) cluster in four, along the lines joining the mid-edge points). Once again, a first
and second order convergence is obtained for the velocity in respectively discrete H' and L2 norms.

Finally, numerical experiments show that the accuracy of the results is almost insensitive to the stabilization
parameter A, as soon as A > 0.1: indeed, for the studied Navier-Stokes case and an intermediate mesh (hp =
0.02), only a difference of less than 20% on the magnitude of the errors is obtained when varying A up to 10. For
lower values of A, the accuracy of the pressure is degradated first, then the velocity is affected; for A = 0.001,
the error is multiplied by 2 for the velocity and by 7 for the pressure.

7. CONCLUSION

We have presented and analysed in this paper a novel cell-centered colocated finite volume scheme for
incompressible flow problems. This scheme is shown to be stable and convergent for the Navier-Stokes equations;
moreover, we prove that it is first-order accurate in natural energy norms for the Stokes problem. Numerical
experiments confirm the analysis and show, in addition, that the scheme is still first order accurate for a high
Reynolds number problem; in addition, a second order convergence for the velocity in a discrete L? norm is
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FiGURE 5. Errors for the velocity and the pressure obtained for the Stokes problem, as a
function of the mesh parameter hp.

observed in any case. Unfortunately, these properties only hold for a particular class of meshes, the so—called
super—admissible meshes, see definition 3.1, which is rather restrictive in practice; getting rid of these limitations
is clearly a topic of interest for future work.

One underlying argument of this analysis that the pair of discrete spaces associating the classical cell-centered
approximation for the velocities and cluster-wide constant pressures is inf-sup stable; to our knowledge, this is
the first result of this type for finite volume discretizations.

The present work is already extended in practical applications to unsteady problems, also involving heat
transfer, either within the framework of the Boussinesq approximation or using the more general asymptotic
model for low Mach-number flows. These problems should deserve more attention in the future, both from a
theoretical point of view as for the design of efficient numerical solvers.

APPENDIX A. PROOF OF THE CONSISTENCY RESULTS

We begin this section by stating a trace lemma which will be used in the following developments.

Lemma A.1 (A trace inequality). Assume that d = 3, and let M be an admissible mesh in the sense of
Definition 3.1. Let o be a given edge of the mesh and K be a control volume the boundary of which contains o.
We denote by D 51/2 the volume defined by:

1
DK,U,l/Q = {t$+ (1 7t)zK7 T € o, te (55

D}

Let v be a function of H! (Dk,0,1/2)- Then there exists a constant ci, < v/10 such that the following bound holds:

1
Ivlleo) < g [0 o)+ hel Vo0 (64)
K,o
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FIGURE 6. Errors for the velocity and the pressure obtained in the Navier-Stokes case (Re
~21000), as a function of the mesh parameter hp.

where h, = diam(o) + di ». Note, in particular, that he < 2hg.

edge o

Dk o1/2

DK,G’

dKG’

FI1GURE 7. Sketch of the geometrical configuration used for lemma A.1

Proof. Let an edge of the mesh o be given, K be an adjacent element and v be a function of Hl(DKJ,l/Q).
Without loss of generality, we suppose that o is a part of the plane () = 0 and that xx is located at
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(—dk,5,0,0)" (see figure 7). Let us define the following mapping:

[0,1]XO’ - DK,U
(t,y) = or=(C-1)zkx +ty

F

This mapping is regular and we have: doe = t?dk , dt dy(y). In addition, the following elementary geometrical
relation holds:

:C(l) + dK,a

dK,U

dK,a

t = R
(@) + di.0)?

, and dtdy(y) = dz

For any y on o, we have:

v = [ gl e ) a
:2/ v2(F(t,y))dt+2/ 2t 1) [Vo(F(t,y)) (v —2x)] v(F(t,y))dt
1/2 1/2

Integrating on o, we thus get:

/Uv(y)Q dy(y) 2/0/1;2 v*(F(t,y))dt dy(y)

T
i 2/0./1/2(% ~1) [Vo(F(t.)) - (y - ax)] 0(F(ty)) dtdy(y)

T

On one hand, the first term of this relation can be estimated as follows:

dK o
T, =2 29 (
' /DK,a,l/z v(x) (1.(1) =+ dK70)2 v

AsVz € Di 5.1/2, M) > —dg /2, the following inequality holds:

dr .o 4
(x(l) + dK,U)Q - dK,a

Vr € DK,U,1/27

and thus:
|Ty| <

2
dr o ||’UHL2(DK’U’1/2)
,

On the second hand, as Vo € D ,.1/2, ||z —2k| < diam(o) + dk,o = he, the term Ty can be bounded by:

T, <2h, / / VECI )] didr)

dK,U

@@ +dgo)? dz

=2h, IVo()]| |v(z)]

Dk 5,172

<

heo HVUHLQ(DK,G,1/2) ||UHL2(DK,0,1/2)

e
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Collecting the bounds of 771 and T, we get:

8
1ol2t0) < g {0000+ ho 1900200100 [0l D)

and thus, thanks to Young’s inequality, we obtain Va > 0:

8
dK,a

[0][F2(0) <

0 0l + 1 5 1900

Choosing oo = 1/2 yields the result. (I

In two dimensions, the following similar estimate is proven in [25]:

mey
ol < V3 (
m

K,o

1/2
) [lollizon. + kol Voliom o] (65)

We recall the following Poincaré inequality, proved by Payne and Weinberger [21] and valid for any convex
domain w:

V¢ c Hl(w) such that / ¢($) dx = 0, H¢||L2(w) < dlaL() |¢|H1(w) (66)

We are now in position to give a bound of elementary (i.e. related to a single edge or control volume)
consistency residuals; this is the aim of the following two lemmas.

Lemma A.2. We suppose that the assumption (2) holds. Let D be an admissible discretization of Q in the
sense of definition 3.1 and let 6 > 0 be such that regul(D) > 0. Throughout the statement of this lemma, ¢
stands for a positive real number only depending on d, ) and 6.

Let v be a function of H2(2) NH{(Q). Then the following bounds hold:

[ > P

ce&(K)

Vo € (Eint Ulext), [Rao(v)<c (mad )17 d, [v[az2(p,) (67)
VK €M, [Ro.sc ()] < ¢ e mi " olls i) (68)
If the mesh is super—admissible in the sense of definition 3.1, we have:
[ > k)
Vo € Eim, R0 (v)] < ¢ % ol (b, (69)

Proof. By definition of Ra »(v), the bound (67) is equivalent to:

(Y P
ce&(K)

( od, )1/2 d, |U|H2(Dg) (70)

2 [Po(o)L— Po( /w e dy()] <

(where 0 = K|L if 0 € & and 0 € Eg and Pp(v), = 0 if 0 € Eext) which is proven in [9, pp. 786-789].
The bound (68) is equivalent to:

Po(0)x = 7 [ ola) de] < ¢ b i ol ()
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A stronger version of the estimate (71) is given in [17, lemma 3.3, equation 3.26].

We now turn to the proof of (69). By definition of Rgiy,e, this bound is equivalent to:

[hK +hr]?

dL,o’ dKa
| 4, Pp(v)k + 0 Pp(v )L*—/ ) dy(z)| < W V|12 (D,) (72)

Let v be now a function of C2(D,). The two following Taylor expansions hold for any z of o = K|L:
1
v(zg) =v(z) + Vou(z) - (zx — ) —|—/ [Hw)(tz+ (1 —t)ak) - (xx — )] - (xx — x) tdt
0

v(zr) =v(x) + Vo(z) - (x, — 2) +/O [H(v)(tx + (1 —t)z) - (xr — )] - (zp — x) tdt

where H(v)(x) is the Hessian matrix of v at point z.
Multiplying the first relation by ds,1,/ds, the second one by dk »/d,, summing and integrating over o yields:

1 dy di .o 1 d, dK o
m—a/av(:c) dy(z) = d,;L v(zk) + cll(g v(xr) + ;/UVU(:E)(SCG —x) dy(z) + d;L Rk.o + cll(g Rk o
Ty
dG' [ed . .
where xg = d’L T + cll( xr, is the mass center of o, thanks to the fact that the mesh is assumed to be

super—admissible, and:
Rio=— // itz + (1 —t)rk) - (g — 7)) - (zx — ) tdt dy(z),
Rio=— // Ytx+ (1 —t)zr) - (xp — )] - (xp — ) tdt dvy(z)

The following bound of these quantities is given in [9, pp. 786-789]:

h? h2

|Ri,0| < Cm V|12 (D, )5 |RLo| < Cm |v]H2(Dy L)

where ¢ only depends on the space dimension d. On the other hand, we have:

7= 2 [ V@) ea o) drte) = 5 [ Viot) = pe)eo —2) o)

g g

for any linear polynomial p(-). Using the Cauchy-Schwarz inequality then the convenient trace lemma (i.e.
choosing either K or L and applying (65) for d = 2 and (64) for d = 3), we obtain:

max(hK, hL)

Th] < T2 IV((@) = @)L o)
me
max(hK,hL) 1
S T man(dng dig) 2 UV @) = p@)lhawa) +max(hic, bl o,

where ¢ only depends on the regularity of the mesh. Choosing for p the function defined by:

(2)
Z$ mp, / Gac(z

i=1
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and applying the Poincaré inequality (66) yields (73) and concludes the proof.
O

Lemma A.3. We suppose that hypotheses (2) holds. Let D be an admissible discretization of Q0 in the sense
of definition 8.1 and 6 > 0 be such that regul(D) > 0. Throughout the statement of this lemma, ¢ stands for a
positive real number only depending on d, 2 and 0. Let v € HY(Q). Then, for each edge o of the mesh and each
control volume K such that o C K, we have:

|L/UU($) dy(z) = Pm(v)k| < c {h—K]l/Q [vlm1 (k) (73)

me Mg

Consequently, for each pair of neighbouring control volumes K and L of the mesh, the following estimate holds:

hx + hy,

1/2
1 74
et (71

[Prm(v)r = Pr(v)k| < ¢ [
Proof. The results (73)-(74) are proven for d = 2 in [9, pp. 777-779]. We provide here a proof of this latter

estimate valid for d = 2 and d = 3. Let o be an edge of the mesh, K one control volume such that ¢ C K and
v a function of H!(K). We have:

1 1
R=Pulo)x = = [ v(@)do = — [ (Pue)c = o(a)) do
By the Cauchy-Schwarz inequality then the estimates (65) (for d=2) or (64) (for d=3), as either Dk , or
Dk o,1/2 are included in K, we get:

1
|R| < vll2o) < c o )i [lv = Pr(0) & llLzcry + hieIVllL2 ()]

(Mmodr,

1/2
mg/

and thus, by the Poincaré inequality (66):

hk
|R| < CW Vvl|Lz k)

and the estimate (73) follows using regularity assumptions for the mesh; the inequality (74) is then an easy
consequence of this result and the triangular inequality.
O

Corollary A.4. We suppose that hypotheses (2) holds. Let D be an admissible discretization of 0 in the sense
of definition 8.1 and 6 > 0 be such that regul(D) > 0. Throughout the statement of this lemma, ¢ stands for a
positive real number only depending on d, Q and 0. Let v € H(2). Then the following bounds hold:

[ Z hK]l/Q

ce&(K)
Yo € (gint U gext); |Rgrad,/\/l,a| <c 1/2 |U|H1(U065(K)K) (75)
meg
[ Y he]ot?
ce&(K)
V(T S ginta |Rstab,/\/l,a| S & 1/2 |U|H1(UUE€(K)K) (76)
me

17172
Vo € (Eint Ufext), |Rgradg,ol <c [Klg(agi)(hl() m—J [vlm1(c,) (77)
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where G, and Cy are defined as follows: if o € Eing, 0 = K|L, then G, = Gk UGy, and C, = Cg, UCq, and,
if 0 € Eext, 0 € E(K), Go =Gk and C, = Cg,.; note that, if o is an internal edge of a cluster, Gx = Gy,.

Proof. The estimate (75) is the same relation as (73) for an external edge or (74) for an internal one. The
bound (76) follows directly from (74).

Let us prove the estimate (77). Let o be an edge of the mesh and K a control volume such that o € £(K); we
denote by mc¢,  the measure of C¢,. We suppose first that o is an external edge of the mesh. By definition,
we have:

Ryngo] = |— /C o(z) dz — — / o(z) dr(@)

mCGK Gk me

Decomposing the measure of Cg, and the integral over Cg,. , we get:

= LL v\T :C*i v\T X
ool =1 3 5 [ e o) o)

LeGk
m 1 1
= |LEZGK : ZLmL) m—L/Lv(;p) dz—m—K/Kv(:c) dz
Letx Tk,
o [ @) do- oo [ o) dy))
mg Jk Mo Jo
T

The latter difference T3 is bounded by (73), and, if K can be chosen such as, for each L in Gg, K and L are
two neighbouring control volumes, each difference Tk, 1, in the sum is bounded by (74); otherwise, this difference
may be decomposed in a sum of differences of the mean value of v(-) over two neighbouring control volumes,
the number of terms of this sum being bounded by the number of control volumes in the cluster Gg. This
completes the proof of (77), in the case where o € Ecxt. When o is an internal edge of a cluster, the quantities
Pg(v)k and Pg(v)r, are identical, and the definition of Rgrad,g,s is the same as in the previous case. Finally,
when o is at the boundary of two clusters, the bound (77) follows from the same argument, using the triangular
inequality. (]
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