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REPRESENTATIONS OF COMPLEX HYPERBOLIC LATTICES
INTO RANK 2 CLASSICAL LIE GROUPS OF HERMITIAN TYPE

VINCENT KOZIARZ AND JULIEN MAUBON

ABSTRACT. Let I" be a torsion-free uniform lattice of SU(m, 1), m > 1. Let G be either
SU(p,2) with p > 2, Sp(2,R) or SO(p,2) with p > 3. The symmetric spaces associated
to these G’s are the classical bounded symmetric domains of rank 2, with the exceptions
of SO*(8)/U(4) and SO*(10)/U(5). Using the correspondence between representations of
fundamental groups of Khler manifolds and Higgs bundles we study representations of the
lattice I' into G. We prove that the Toledo invariant associated to such a representation
satisfies a Milnor-Wood type inequality and that in case of equality necessarily G = SU(p, 2)
with p > 2m and the representation is reductive, faithful, discrete, and stabilizes a copy
of complex hyperbolic space (of maximal possible induced holomorphic sectional curva-
ture) holomorphically and totally geodesically embedded in the Hermitian symmetric space
SU(p,2)/S(U(p) x U(2)), on which it acts cocompactly.

1. INTRODUCTION

Let I' be a (torsion free) uniform lattice in the Lie group SU(m, 1). We are interested here
in representations, i.e. homomorphisms, of I' in a Lie group G of Hermitian type, that is a
connected semisimple Lie group with finite center and no compact factor whose associated
symmetric space X = G/K is Hermitian (K is a maximal compact subgroup of G). We will
always assume that G, hence X, are irreducible. The classical groups of Hermitian type are
SU(p, q), Sp(n,R), SO*(2n) and SOg(n,2) whose associated symmetric spaces’ real ranks are
respectively min(p, q), n, [n/2], and 2.

The Toledo invariant is a number naturally associated to such a representation p : I' —
G, and it has been recognized over the years to play a fundamental role. It is defined as
follows. Let H{ = SU(m,1)/S(U(m) x U(1)) be complex hyperbolic m-space, and let f
be any (smooth) p-equivariant map H¥ — X. The symmetric space X being Hermitian,
it is a Khler manifold, and its Khler form wy may be pulled-back by f to give a 2-form
f*wx on H' which goes down by p-equivariance to a form on the closed complex hyperbolic
manifold M = I'\H. We will make no difference between I'-invariant objects on H{¥ and
the corresponding objects on M. For example, f*wy is either a 2-form on H{¥ or a 2-form
on M, depending on the context. Similarly, we denote by ¢ and w the invariant metric and
Khler form of Hf¥, as well as the induced metric and Khler form on M. Now, the de Rham
cohomology class in H?lR(M ) defined by f*wxy depends only on p, not on f, and will be
denoted by [p*wx]. This class is then evaluated against the Khler class of M to give the
desired number

1 1
T(p) =5 - /M(P*wx,w> vV = — /M prox Aw™ !

m)!

where p*wy is any representative of [p*wx], (.,.) is the scalar product induced by g on 2-forms
and dV = L, w™ is the Riemannian volume form of HY (or M).
The Toledo invariant is of particular interest because
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(1) it is constant on connected components of the space of representations Hom(I", G);

(2) it satisfies a Milnor-Wood type inequality, namely 7(p) is bounded in absolute value
by a quantity depending only on the (real) rank of the symmetric space X and the volume
of M = T'\H{". More precisely, if the Riemannian metrics on H{" and & are normalized so
that the minimum of their holomorphic sectional curvatures is —1 (so that the holomorphic
sectional curvature of X' is pinched between —1 and —1/rk &), the following holds:

|7(p)| < rk X Vol(M).

(3) maximal representations, i.e. representations p for which |7(p)| = rk X Vol(M), are
expected to be of a very special kind, and therefore rigidity results should follow.

The Toledo invariant appeared for the first time in 1979 Toledo’s paper [To79] and more
explicitly in [To89], where the Milnor-Wood inequality (2) was proved for m = 1 and
rkX = 1, namely I' is the fundamental group of a Riemann surface and G = SU(n,1).
Toledo also proved that maximal representations are faithful with discrete image, and stabi-
lize a complex line in the complex hyperbolic n-space X', generalizing Goldman’s results for
G = SL(2,R) [Go80, Gosg]. At approximately the same time, Corlette, using a very similar
invariant, the volume of the representation, established in [C'088] the same kind of result for
m > 2 and G = SU(n,1). An immediate corollary is that a uniform lattice in SU(m, 1) can
not be deformed non-trivially in SU(n,1), n > m > 1, a result first obtained by Goldman
and Millson in [GM&7] using different methods. These results have been extended to the
non-uniform case in [BI05, KMO04] (the definition of the Toledo invariant must be modified).
Therefore the case where the rank of the symmetric space associated to G is 1 is now settled.

Using the work of Domic-Toledo [DT&87] and Clerc-Orsted [C()01], Burger and lozzi ob-
tained in [BI05] the Milnor-Wood inequality (2) in full generality. Since then, much progress
have been made and maximal representations of the fundamental group of a Riemann surface
into such general groups of Hermitian type are well understood [BI'W03, BIW06, BGGO3,
BGGO5].

So far, the problem of representing higher dimensional complex hyperbolic lattices in Lie
groups of Hermitian type of rank at least two seems to have been left aside. This is the
question we (begin to) address in this paper. Since the Milnor-Wood inequality (2) is known,
one would a priori like to focus on point (3) and give a complete description of the maxi-
mal representations. Our strategy will be different, and to explain it we need to say a word
about the available methods to prove the results we mentioned. Essentially, there are two
different ways of attacking the problem. The one used by Burger and lozzi relies on bounded
cohomology theory and allows to prove the bound (2) in great generality but gives relatively
few informations on the maximal representations, so that a separate study has to be made.
The second one, used in [Co88, KMO4] and in [BGGO3, BGGO5], relies on harmonic maps
and/or Higgs bundles machinery and belongs more to the world of complex differential geom-
etry. Following this approach, as we shall, makes it quite difficult to prove the Milnor-Wood
inequality (and in fact no such proof is known in the general case) but once it is proved (in
some special cases), maximal representations are easier to understand.

The Higgs bundle theory was developed by Hitchin [Hi87, Hi92] for Riemann surfaces
and Simpson [5i88, 5192, 5i94a, S194b] in higher dimensions to study fundamental groups of
Khler manifolds and their linear representations. It consists in establishing a correspondence
between representations of the fundamental group I' of a Khler manifold M and purely holo-
morphic objects, called polystable Higgs bundles over M, and then working on these objects
with tools from complex geometry. This is in fact only possible for reductive representations,
since the construction of Higgs bundles requires harmonic maps, but this restriction will not
be a serious issue for our purposes. We will explain this correspondence in some details in
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section 2. For now let us simply say that to a reductive representation of I' is associated a
Higgs bundle on M, that is a holomorphic vector bundle (FE,d) on M together with a holo-
morphic (1,0)-form 6, the Higgs field, which takes values in (a subbundle of) the bundle of
endomorphisms of F and satisfies [0, 6] = 0. We shall often write 6 : E — F ® Q!, where Q!
is the sheaf (of germs) of holomorphic 1-forms on M, which we identify with the holomorphic
cotangent bundle of M. Polystability is a condition that relates the slope of proper #-invariant
saturated subsheaves of E to the slope of F itself (which will be 0 here). Recall that the slope
of a saturated sheaf is defined as the quotient of its degree by its rank.

The Toledo invariant may be defined as before for representations p of the fundamental
group I' of any closed Khler manifold M in a Lie group of Hermitian type G (f is then
simply a p-equivariant map from the universal cover Mof MtoX =G /K), but in the Higgs
bundles setting it is best interpreted as the degree of a complex vector bundle over M as
follows. The Hermitian symmetric space X is Khler-Einstein and therefore wy is up to a
constant the first Chern class of the holomorphic tangent bundle T'X of X. Therefore f*wy
is up to a constant the first Chern class of the induced bundle f*T'X over M so that 7(p)
is, again up to a constant, simply the degree of this bundle. To be more precise, if the Ricci
curvature tensor of X is Ay gx (remember that the Riemannian metric of X is normalized

to have minimal holomorphic sectional curvature —1), we have 7(p) = —mQ!;\TX deg f*TX. We
remark that if M is complex hyperbolic of complex dimension m, Vol(M) = W deg QL.
Hence the Milnor-Wood type bound (2) can be written:
deg f*TX deg Q!
(2)) deg f"TX <rkx S8
2\ X m-+1

an interpretation we will use constantly. If the p-equivariant map f : M — X is chosen to be
harmonic, the bundle f*T"’X — M is constructed from holomorphic subbundles of the Higgs
bundle E — M associated to the representation p. Moreover, the fact that p is not valued in
the full general linear group but in a smaller group G of Hermitian type implies that the Higgs
bundle E has a special structure. The idea is then that Inequality (2’) will follow from this
particular structure and the polystability condition. This implementation of the Higgs bundle
theory has been carried out for Riemann surfaces, for example by Xia [Xi00] in some special
cases, and more generally by Bradlow, Garcia-Prada and Gothen in [BGG03, BGGO5]. The
Khler manifold M being a complex curve in their situation makes it quite easy to deduce (2’)
from the structure of the Higgs bundles and maximal representations can be studied in great
details. It is for example possible to count the number of connected components of the moduli
space of maximal representations. The reader should consult the papers [BGG03, BGGO5] to
see the strength of the method in this case.

When M = I'\H{ is a (closed) complex hyperbolic manifold of dimension m > 2, one
expects maximal representations to be extremely restricted. In fact they should all be induced
by special holomorphic or antiholomorphic totally geodesic embeddings of complex hyperbolic
m-space into the Hermitian symmetric space X associated to G.

Inequality (2) or (2’) for such higher dimensional lattices turns out to be surprisingly
difficult to prove and disappointingly we have been obliged to restrict ourselves to the case
where the rank of the symmetric space X is 2. Our main result is

Theorem 1.1. Let I" be a (torsion-free) uniform lattice in SU(m,1). Let G be either SU(p, 2)
with p > 1, SOg(p, 2) with p > 3 or Sp(2,R). Finally let p: T' — G be a representation.
Then |1(p)| < 2Vol(I\HE). If m > 1 and p is mazximal, namely if |7(p)| = 2Vol(I'\H{),
then G = SU(p, 2) with p > 2m, p is reductive, faithful, discrete, and stabilizes a holomorphic
totally geodesic copy of complex hyperbolic m-space of holomorphic sectional curvature —1/2
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in the Hermitian symmetric space X = SU(p,2)/S(U(p) xU(2)). Moreover I' acts cocompactly
on this copy of complex hyperbolic space.

Although Higgs bundles are associated to reductive representations, we do not assume that
p is reductive in the theorem. This is because every representation can be deformed to a
reductive one, an operation that does not change the value of the Toledo invariant. Moreover
we shall see in section 3.3.3 that non reductive representations can not be maximal.

The theorem covers all but two of the classical Lie groups of Hermitian type G whose
associated symmetric spaces’ rank is 2. The missing ones are SO*(8) and SO*(10). In fact,
SO*(8) and SOg(6,2) are isogenous and have the same associated symmetric space. This
means that if a representation I' — SO*(8) lifts to Spin(6,2), then projecting down to
SO(6,2) gives the result for this representation as well.

As we said, the Milnor-Wood type inequality |7(p)| < 2Vol(M) is not new, only the proof
is. It is given in Section 3 for G = SU(p,2) and in Section 4 for G = SOq(p,2). The case of
Sp(2,R) follows from the case of SU(2,2) since Sp(2,R) C SU(2,2).

The theorem in particular says that for m > 1 there is no maximal representations of a
uniform lattice T' of SU(m, 1) in SOgy(p,2), Sp(2,R) or SU(p,2) with p < 2m. Our method
indeed yields explicit better bounds on the Toledo invariant in these cases. For representations
p: ' — SU(p,2), the arguments of [VZ05] can be adapted to give the following, which is
stronger than the Milnor-Wood inequality (2) exactly when p < 2m:

Proposition 1.2. Let T' be a (torsion-free) uniform lattice in SU(m,1) and let p : T —

SU(p,2), p > 2, be a representation. Then |T(p)| < ;%mTH Vol(I'\H).

If p: T — G is a maximal representation, for which as we said G = SU(p, 2) with p > 2m,
we will prove that there exists a maximal holomorphic or antiholomorphic totally geodesic
p-equivariant embedding H — & = SU(p,2)/S(U(p) x U(2)), from which the assertions
of our main theorem follow. By a maximal embedding H¥ — & we mean an embedding
whose image’s induced holomorphic sectional curvature is everywhere the greatest possible,
namely —1/2 with our normalization. See section 3.1.2 for a discussion of these embeddings
and a description of the stabilizer in SU(p,2) of their images in X. If f : H¥ — X is such
a p-equivariant maximal embedding, we will loosely say that p is induced by f, although
f determines p(y) for v € T only up to composition with an element of SU(p,2) fixing
pointwisely the image of f in X.

The paper is organized as follows. Section 2 is an overview on how Higgs bundles are
constructed from representations of the fundamental group of a Khler manifold. We say a
few words about the corresponding moduli space, the C*-action it comes with, and the systems
of Hodge bundles that are obtained as fixed points of this action. Section 3 is devoted to
the proof of the main theorem when the representation takes values in SU(p,2), which is
the most interesting case. The first subsection is expository, we give there the necessary
background on the geometry of the associated Hermitian symmetric space. This is used in
the next subsection to describe the particular structure of the Higgs bundles associated to such
a representation. The third subsection contains the proof of the Milnor-Wood type inequality
and the forth deals with maximal representations. In the fifth we prove Proposition 1.2.
Finally, Section 4 follows the lines of Section 3 in the case of SOg(p,2): the first subsection
describes the associated symmetric space whereas the second is devoted to the Higgs bundles
arising in this case and to the proof of the Milnor-Wood type inequality.

Acknowledgments. We would like to thank Jean-Louis Clerc and Andrei Teleman for useful
discussions and their interest in our work.
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2. REPRESENTATIONS OF THE FUNDAMENTAL GROUP, FLAT BUNDLES AND HIGGS BUNDLES

In this section we give a short presentation of the links between representations of the
fundamental group I' of a Khler manifold M and Higgs bundles on M. To be a little more
precise, we will explain in some details how G-Higgs bundles are constructed from reductive
representations of I' into a linear group G. There is in fact a much deeper correspondence (a
generalized Hitchin-Kobayashi correspondence) between the moduli space of reductive repre-
sentations and the moduli space of G-Higgs bundles over M with some stability properties.
However, we shall not need the full strength of this correspondence (the easy direction suf-
fices), and we will stick to what matters for our purposes. We refer to the original papers of
Simpson [5188, 5192, Si94a, 5194b] and to [BGGO3, BGGO5] for details. Our exposition owes
a lot to [BGG.

Let M be a compact Khler manifold, I" its fundamental group, and M its universal cover,
so that M =T'\M. Let G be a real connected semisimple Lie group with finite center and no
compact factor and K a maximal compact subgroup of G. Finally, let p be a representation

I — G.

2.1. Real Higgs equations. .

Let Pg be the flat principal G-bundle M x, G on M associated to the representation p.

A metric on Pg is a reduction of the structure group G of Pg to its maximal compact
subgroup K, namely, a K-principal subbundle Pg of Pg. This is the same thing as a section
of the associated bundle Pg xg X ~ Pg/K over M. In our setting, since Pg is flat, this
associated bundle is isomorphic to M x » X, and a section of this bundle is given by a p-
equivariant map f : M — X. In this case, the K- prmmpal bundle G — X = G/K can
be pulled-back by f to give a K-principal bundle f*G C M x G over M. This bundle goes
down under the action of I' and yields the K-principal bundle Px C Pg over M. Note that
Pg is recovered as the bundle Px X i G associated to Px via the action of K on G by left
translations.

f*GCc MxG G

Prx C Pg M

M

Let @¢ be the flat connection 1-form on the trivial G-bundle MxG—M:ifXecTM
and A* is the left invariant vector field on G corresponding to A € g, wg(X, A*) = A. This
form goes down under the I'-action to give the flat connection wg on Pg. On the bundle
G — X we have the usual invariant connection A\ defined by A(A*) = Ay, where Ay is
the t-component of A € g in the Cartan decomposition g = €@ p. Let wx = f*A be the
induced connection 1-form on the pull-back f*G — M. Again, O is I'-invariant and gives
a connection 1-form wg on Px — M.
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For X € Tm]\7, we have d, f(X) € TyyX = TyxkG/K = g, TexG/K = g.p. Hence we can
define a form © € Ql(M x Q)@ p by O(X, A*) = g; df(X). If we restrict it to f*G, we have
that (:)(X, A*) = A,. Hence, on f*G, we have wg = O + ©. O is I-invariant and gives an
element © of Q'(Px) ® p so that wg = wk + © on Px. The form © behaves well under the
right action of K on Px: R;© = Ad(k~')©. Moreover © vanishes on vectors tangent to the
fibers of P — M. Hence © can be seen as a 1-form on M with values in the vector bundle
P Xaqp — M associated to Px via the adjoint action of K on p. One should remark that
this vector bundle is nothing but the quotient under I' of the pull-back f*T'X of the tangent
bundle TX of X.

Let dg, Fg and dg, Fix be the covariant exterior derivatives and the curvature forms
of the connection 1-forms wg and wg. We have for example dg = d + ad(wg) and Fg =
dwg + %[w(;, wa].

Since wg = wi + O is flat, we have 0 = Fg = Fx + %[@, O]+ dxO. Decomposing according
to g = €@ p, we obtain

dg® =0

Moreover, Corlette proved in [Co88] that if the representation p is reductive, that is if the
Zariski closure of p(T") is a reductive subgroup of G, then there exists a harmonic p-equivariant

{ Fr +3[0,0] =0

map f: M — X. In our setting, this means that © can be chosen to satisfy the additional
condition
%0 =0.

Summing up, we see that a reductive representation p : ' — G is equivalent to the data
of a connection dx on a K-principal bundle Px — M and an element © € Q'(M, Px xAqp)
satisfying

Fg +3[6,0] =0
dxg® =0 (real Higgs equations)
dx©0 =0

So far we have not taken into account the fact that M is a Khler manifold.

2.2. Complex Higgs equations.

Let G¢, K¢ and gc = ¢ @ pe be the complexifications of G, K, and g.

The K-principal bundle Px can be extended to a Kc-principal bundle Px,. = Px X Kc.
We still denote by dg the extension of the covariant exterior derivative to Pg.. © can be
extended by C-linearity to an element of Qf(M, Pg. xaq pc) = QU(TEM @ (Pr. X ad bc)).
Decomposing according to types we write dg = d}éo + dgél and © = 010 4+ 0%, We set
0 =040 € QLO(M, Py, xaqpc). If we call 7 the involution of g defined by 7(A) = —A, then
© =0 —71(0), for  comes from a real form.

It has been shown by Sampson [Sam86] that the harmonicity of the map f and the fact that
X has non positive complexified sectional curvature implies that f is pluriharmonic, which
can be written dg&lﬂ = 0. Moreover the complexified sectional curvature of X vanishes on the
image of the (1,0)-part of f, i.e. on the image of #. Since here X is a symmetric space, the
curvature is given by the Lie bracket and the vanishing of the complexified sectional curvature
just means that [0,60] = 0. From this it follows that (d?gl)2 = 0, namely that d?él defines a
holomorphic structure on the principal bundle Px. — M and on the associated complex
vector bundle Pg,. X aq pc. The pluriharmonicity of f therefore means that 6 is holomorphic
for this holomorphic structure.

Looking at the real Higgs equations, we also obtain that Fll(’1 —1[6,7(0)] = 0.
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Therefore, starting from a reductive representation p, we have constructed a Kc-principal
bundle Px,. = Prx X K¢ over M equipped with a complex structure 0 = d?}l, and a section
0 of Q' ® (P Xaq Pc), where Q! denotes the holomorphic 1-forms on M, satisfying

{ 0,0] =0

F}l{,l —[0,7(6)] =0 (complex Higgs equations)

2.3. Higgs bundles and stability conditions.

We will call the data of a Kc-principal bundle Pk, together with a holomorphic structure
0 and a section 0 of Q' ® (Pk. x aqpc) satisfying [0, 0] = 0 a G-Higgs principal bundle on M.
This is a purely holomorphic object. The section @ is called a Higgs field.

The remaining differential geometric data, namely the reduction Pk of the structure group
of Pk, to K and the connection dg on Pk such that 9 = d(l]él and F}gl —[0,7(0)] =0, can be
rephrased in holomorphic terms with the help of adapted notions of stability for associated
vector bundles. If E is a complex vector space on which G¢ acts, we can form the associated
vector bundle ¥ = Pg. X . E. The holomorphic structure on P, induces a holomorphic
structure 9 on E. Moreover, pc can be seen as a subspace of End(E), hence we may consider
0 as a holomorphic (1,0)-form on M with values in a subbundle P of the bundle End(FE) (we
will write 0 : E — E ® Q). We will call the holomorphic bundle (E,d) together with 6 a
G-Higgs vector bundle. We will often abbreviate (E,0,6) by (E,#).

Now the connection dx induces a connection on E compatible with its complex structure
and the curvature of this connection can be used to compute the degree (and the slope) of
saturated subsheaves of E. The condition F}(’l —[0,7(8)] = 0 implies that E is polystable in
the following sense [S5i88].

A G-Higgs vector bundle (E, 0, 6) is called stable (resp. semistable) if for every saturated
subsheaf F of E such that §(F) C F® Q! and 0 < rkF < tk E, the slope u(F) = %82 of F

is smaller (resp. not bigger) than the slope u(E) = C}f‘i{gg of E. Tt is called polystable if it is
the sum of stable G-Higgs vector bundles of the same slope.

A subsheaf F of E such that 6(F) C F ® Q! is called a f-invariant subsheaf or a Higgs
subsheaf of E. Note that if the Higgs bundle E is polystable and F is a proper Higgs subsheaf
of E with p(F) = u(E) then F is in fact a Higgs subbundle of E and E splits as the direct
sum of F with another Higgs subbundle of the same slope [5i88].

2.4. Moduli space, C*-action and systems of Hodge bundles.

Let Pk be a fixed Kc-principal bundle on M, E a fixed vector space over C on which G,
hence Kc, acts, and let £ = Pg. X k. [E be the associated vector bundle. Consider the space
of all holomorphic structures 0 on Pk X adk. tc and all (1,0)-forms 6 on M taking values in
the bundle P = Pg. X adqx. pc C EndE such that:

- 6 is holomorphic w.r.t. the complex structure induced on P by 0;

- the complex structure on E induced by 0, still denoted by 9, turns (E,0,6) into a
polystable G-Higgs bundle.

The group ¢ = Pk. xaq Kc of gauge transformation of Pg. acts on this space of
polystable G-Higgs vector bundles (E,d,6) by pull-back of the holomorphic structure and
conjugacy of the Higgs field. There is a corresponding moduli space M (at least if M is a
projective variety, see [S5192, S5194b]), which has the structure of an analytic space.

A very important feature of this moduli space is that it comes with a natural C*-action
given by t.[E,0,0] = [E,0,t0] for t € C*. Moreover, Simpson proved in [Si94b] that for any
[E,0,0] € M, the limit of [E,0,t0] as t € C* goes to zero exists and is unique. The limit
is therefore a fixed point of the C*-action, and this implies that it has the structure of a
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so-called system of Hodge bundles [Si88, 5192]. More precisely, this means that E with the
limiting holomorphic structure splits holomorphically as a sum E; @ ... ® E} of holomorphic
vector bundles and that the limiting Higgs field in P is given by a collection of holomorphic
maps 0; : B; — E;y1 ® QY 1 <i <k (with the convention that Ey; = {0}). We will abuse
notation and use the following kind of diagram:

0 0 O 0
Ei -5 By 25 20 By 50

to denote such a system of Hodge bundles.

3. THE CASE G = SU(p,2)

In this section we prove the main theorem for representations into G = SU(p, 2). However,
some arguments and results are valid in the general case G = SU(p,q), p > ¢, and therefore
we will specialize to the case ¢ = 2 only when necessary.

3.1. The Hermitian symmetric space SU(p,q)/S(U(p) x U(q)).

3.1.1. General facts.

The reader should consult [HeOl, Sat80] for details about this section.

Let E be a complex vector space of dimension p + ¢, with p > ¢ > 1, endowed with a
non-degenerate Hermitian form F' of signature (p,q). Let W be a ¢-dimensional complex
subspace of [E on which F' is negative-definite, and let V be its F-orthogonal complement, so
that E = V@ W. The symmetric space X is defined as the space of all g-dimensional complex
subspaces of & on which F' is negative-definite. It is an open submanifold of the complex
Grassmannian of g-planes of E. When ¢ = 1, X’ is complex hyperbolic space of (complex)
dimension p which we denote by Hf.

After an appropriate choice of basis, we see that the group G = SU(p, q) acts transitively
on X by analytic isomorphisms, while the isotropy subgroup K of G at W is identified with
the maximal compact subgroup S(U(p) x U(q)) of SU(p, q), so that X can be identified with
SU(p,q)/S(U(p) x U(q)).

Let g be the Lie algebra of GG, ¥ C g the Lie algebra of K and g = £ ® p the corresponding
Cartan decomposition. We have the following matrix expressions:

E: {< XOl )? > ’ Xl < Mp((C), X2 < Mq(@), tXi = _XZ (Z = 152)5 ter —|—trX2 = 0}?
2

p— {( S 6‘ > Ac Mp,q(@)} ~z Home (W, V).

The tangent space T,X at o € X will be identified with p. More generally, the tangent
bundle TX of X is the bundle G x pqx p associated to the K-principal bundle G — X = G/K
via the adjoint action of K on p. The complex structure J on T,X is given by

7 0 A\ _ 0 A
tA 0 )\ =itA 0

whereas the G-invariant Khler metric gy on X is defined at o by

5 . 0 A 0 B
gX(X,Y):Qtr(YX):4Retr(tBA),1fX:<tA 0 ),Yz(tB 0 >€p.

The corresponding Khler form will be denoted by wxy = gx(J.,.).
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The complexifications G¢ of G and K¢ of K are respectively SL(p+ ¢, C) and S(GL(p, C) x
GL(q,C)). The Lie algebra gc of G splits as €c @ pc where €¢ is the Lie algebra of K¢ and

pc=peC = {( g ’5‘ > , Ae M,,(C), Be Mq,p(C)} ~¢ Homg(W, V) ®Home (V, W).

The extended complex structure J @ Id acting on pc has two eigenspaces

0 A
pht = {( 00 > , A€ Mp,q(C)} ~¢ Homc¢ (W, V)
and
pOl = {< 91 8 > , Ac Mqvp(@)} ~¢ Homg(V,W).

The complexified tangent bundle TCX of X is isomorphic to G X aqx pc ~ (G X ¢ K¢) X AdK¢
pc, whereas the holomorphic tangent bundle 710X is isomorphic to G' x aqx p° ~ (G x
Kc) X adke ph0. There is a natural Hermitian metric on the holomorphic tangent bundle of
X given on Tp' X ~ M, 4(C) by h(A, B) = 4tr (‘BA).

The holomorphic sectional curvature for the complex line (X) generated by a nonzero

X = < t?é_l 61 > e T, X, or equivalently by a non-zero ( 8 161 ) € TOI’OX, is given by
tr((tAA4)*
K({X)) = —((7_))2-
(tr (*fAA))

This formula shows that K ((X)) is pinched between —1 and —1/¢ and that K((X)) = —1/q
if and only if the column vectors of A are pairwise orthogonal and have the same norm (for
the standard Hermitian scalar product in CP).

The metric gy is Einstein and with our normalization, its Ricci curvature tensor is —Z% gx-

3.1.2. Mazimal embeddings.

There is a natural identification of X = SU(p,q)/S(U(p) x U(q)) with the space {Z €
M,,(C) , I, —'ZZ > 0} [Sat80]. Therefore if m < p/q, we have a holomorphic totally
geodesic embedding of complex hyperbolic space H¥ = SU(m,1)/S(U(m) x U(1)) into X
given by

2 Zlfq
. ZQIq
2
(%) HE 3z = : — Z = : € X.
) Z2m 1y
z
" Op—gm.q

This shows that X' contains totally geodesic copies of complex hyperbolic m-space of holo-
morphic sectional curvature —1/¢, for all m < p/q. The next lemma implies that [p/q] is the
maximal possible dimension of such submanifolds:

Lemma 3.1. Let S be a complex linear subspace of 0. If, for every nonzero A € S,
K((A)) = —1/q, then dimcS < p/q.

Proof. The metric and the holomorphic sectional curvature are obviously invariant under the
left action of U(p) on Tp'X ~ M, ,(C).

Let {A,..., A4} be an orthonormal basis of S. We are going to show that there exists
U € U(p) such that
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UAyp = —— O(k}l)q’q k=1,....d
k — q 5 == geeey U
2\/6 Opfkq,q

Since the column vectors of each A; are pairwise orthogonal and have the same norm, there
exists Uy € U(p) such that

1 1
v = (o )
e 2\/§<0pq,q

Now, for any (A, pu) € C2\{(0,0)}, *(AMA; + pAs)(AA; + pAs) must be a (nonzero) multiple
of I,. This implies that for any (\,p), AutA;As + Aji Ay tAs is a multiple of I, (because
tA1 Ay and 'A3 Ay are). Moreover, it is trace free because A; and Ay are orthogonal. Thus,
4149 =0 (that is each column vector of A; is orthogonal to every column vector of Ag) and

there exists Us € U(p) such that UsU; Ay = Uy Ay and

U,U A ! O}M
212—2\/6 q

One might continue this process and after d steps, one obtains U = Uy...U;. It is then
clear that d must be less than or equal to p/q. ]

Op—2q7q

The embedding (x) will be denoted by fi.. and called the maximal embedding of H
into X. This is because fia"g9x = qg, that is, for any x € H{ and any X € T,HE,
9x(d frmaz(X), d frmae (X)) = qg(X, X), while for a general holomorphic map f : H¥ — X
we only know that f*gr < ¢ g from the Ahlfors-Schwarz-Pick lemma (see for example [Ro80,
Theorem 2]). Moreover,

Proposition 3.2. Let f: H — X = SU(p,q)/S(U(p) x U(q)) be a holomorphic map such
that f*gx = qg holds everywhere. Then p/q > m and f is totally geodesic. In fact, up to
composition with an isometry of X, f is the mazximal embedding fiaz-

Proof. If X is a nonzero tangent vector at x € H¥, we denote by C, x the complex geodesic
through z that is tangent to X. Let z be a (global) complex coordinate on C, x and let
p?|dz|? (resp. o2 |dz|*) be the Hermitian metric induced by g (resp. f*gx = qg) on Cy x. The
Gaussian curvature of p (resp. o) is given by K = —p—lgAlogp (resp. k = —0—12Alog o). Since
Crx C HE is totally geodesic, we have K = —1. Moreover, because of the holomorphicity
of f, k is bounded from above by —1/¢ which is the maximum of the holomorphic sectional
curvature on X and k = —1/q iff the restriction of f to C; x is totally geodesic. But o = /g p

and so

1 1 1 1
k=—-— Alogo=—— Alogp = —2p2K: ——.
o qp qp q

Thus, k = —1/q and, since this is true for any (z, X), f must be totally geodesic.

Let 0 = 0p,,1 (resp. o = 0,4) be fixed origins in HZ (resp. in X). One may suppose
(after composition with an isometry of X) that f(0o) = o/. A consequence of the preceding
discussion is that df(T,H) is a m-dimensional complex subspace of T,;X on which the
restriction of the holomorphic sectional curvature is constant, equal to —1/q. By the proof of
Lemma 3.1, we know that m > p/q and that, after composition of f with a suitable isometry,
d f\TOHgL =d fma$|TOH(gL. By uniqueness of the totally geodesic map satisfying this condition,
one has f = fraz- O
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Another maximal embedding of H{¥ into X = SU(p,q)/S(U(p) x U(q)) (p/q > m) is given
by

2 0 --- 0
0 2 --- 0
21
22
I w2 ) —Z =100 z
: 0 0 0
Zm,
00 --- 0

From the previous proposition (it can also be easily verified by hand), this embedding is equal
t0 fmaz composed with an isometry of X. The geometric picture is maybe clearer here: f] ..
is a diagonal embedding of H{¥ into (H)? C X corresponding to a (diagonal) embedding
of SU(m, 1) into SU(m,1)? C SU(p,q). Moreover the stabilizer in SU(p,q) of the image of
1t . can be computed quite easily. First, let us consider the subgroup of U(p, ¢) consisting
of elements of the form:

An Ay 0 Bn Byg
S0 :

Aql Aqq 0 Bql qu
0 0O U 0 0

Cn Cig 0 du digq

Ca —+ Cyg 0 dy - dy

where Aij € Mm((C), Bz‘j S Mm71((C), Cz‘j S MLm((C), dz‘j ecCand U € U(?“) (7“ =p— qm).
Let us denote by S, the symmetric group on ¢ letters, and by U(1)? x S, the semi-direct
product of U(1)? by S, given by the group operation (o, 0).(8,7) = (c.o(B), T 0 o).
Define a group homomorphism ¢ of (U(1)? x S;) x SU(m, 1) x U(r) in the above subgroup
of U(p, q) in the following way: if o = (a1,...,a4) € U(1)4, 0 € Sy, u € U(r) and

g= < é g ) € SU(m,1) (where A € M,,(C), B € M;,1(C), C € M;,,(C), d e C),
the image of (a,0,9,u) in U(p,q) is the matrix defined by Aj,;) = A, B, = @b,
Cioi) = @iC, digs) = aid, U = u, and the other coeflicients are zero.

Then Kergp is isomorphic to Z/(m + 1)Z and the stabilizer in SU(p, ¢) of the image of f,,.
is Imyp N SU(p, q).

3.2. Toledo invariant and SU(p, 2)-Higgs bundles.

Now we consider a reductive representation p of a torsion-free uniform lattice of SU(m, 1),
m > 1, into the Lie group of Hermitian type G = SU(p,q), p > q¢ > 1. Let M be the
closed complex hyperbolic manifold I'\H{". As explained in the introduction, the Toledo
invariant can be expressed using the degree of the pull-back of the holomorphic tangent
bundle 710X of X = G/K by any p-equivariant map f : H# — &', which we can choose to
be harmonic. Let then (Pg., ) be the G-principal Higgs bundle on M associated to p and f
as in section 2 and let &/ be the holomorphic vector bundle on M associated to P, via the
action of K¢ on E =V @& W. Since K¢ respects the decomposition E =V & W, the bundle
E splits holomorphically as the sum of the rank p subbundle V' = P, x k. V with the rank
g subbundle W = Pk, xg. W. As a differentiable bundle E' is the bundle associated to the
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flat principal bundle Py via the action of G on E: it is flat, hence of degree 0. In particular,
degV = —degW.

The Higgs field 6 is a holomorphic (1,0)-form taking values in the bundle Pg,. Xadr. Pc =
Hom(W, V') @ Hom(V, W) so that we can write (see also [Xi00, BGGO3])

(0 B B:W —VeQ!
9_<’Y 0>’Where{'y:V—>W®Ql

Recall that the Higgs vector bundle (E, 0) is polystable.

It is clear that the bundle f*T19X is nothing but the bundle Hom(W, V) and therefore
its degree is simply given by pdegW* 4+ gdegV = —(p + q)deg W. We obtain that 7(p) =
%deg W, so that the Milnor-Wood type inequality that should hold reads

q

< Qb
|deg W| < +1deg

m

Therefore, for ¢ = 2 and p reductive, our main theorem can be reformulated:

Theorem 3.3. Let T' be a torsion free uniform lattice in SU(m,1), m > 1, and let p: T —
SU(p,2) be a reductive representation. Let E. =V ®W be the SU(p,2)-Higgs vector bundle on
M =T\H{ associated to p. Then |deg W| < miﬂ deg Q' with equality if and only if m < p/2
and, up to conjugacy, p is induced by the marimal embedding fiae * HE — X or by its
conjugate.

If we deform the Higgs bundle (E, 6) via the C*-action on the moduli space as in section 2,
we obtain a system of Hodge bundles:

0 [% O _ 0
Ei -5 By 2 . 2 B 5 0.

Moreover, each subbundle E; splits as F; = V; @ W; with V; € V and W; C W, and 0;
decomposes as v; @ 3;, where ; : V; — Wiy @ Q! and 3; : W; — Vi1 ® Q'. We obtain
two Higgs subbundles

Vi—Wy — Vg — W4, — ... —0
and
Wy —Vo— Wy —Vy— ... —0

which are again polystable of degree 0.

So far everything we said was valid in the general rank ¢ case. Now we will need the
assumption that ¢ = 2 to ensure that the systems of Hodge bundles we obtain are simple ones
and/or that the decomposition of W is maximal in the sense that T splits into a sum of line
bundles. Indeed, if W has rank 2, we see that by regrouping and renaming the subbundles if
necessary, we can write our system of Hodge bundles either as a polystable Higgs bundle of
the form

vi w2 2
with V1 @ V5 =V, or as a polystable Higgs bundle of the form
VLN oGNS v AN LR ACC N A N

where Wy and Wy are line bundles, W1 @ Wo =W and Vi & Vo & V3 = V.
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3.3. Proof of the Milnor-Wood type inequality.

The case of non reductive representations will be postponed to Paragraph 3.3.3. Until
then, the representation p : G — SU(p,2) is assumed to be reductive so that we can
apply the results of Section 3.2. Our proof of the inequality |deg W| < miﬂ deg Q! will be
different according to the form of the system of Hodge bundles we obtain by deforming the
polystable Higgs bundles £ =V @& W via the C*-action. Note that the deformation changes
the holomorphic structures of £, V and W, but not their isomorphism classes as differentiable
complex vector bundles, hence their degrees remain unchanged. During the proof, we will see
that if equality holds, some bundles have stability properties (in the usual sense) that will be
useful for the study of maximal representations in Section 3.4.

We refer to [VZ05, HLL97] for general facts about sheaves and stability.

3.3.1. System of Hodge bundles of the type Vi— W —V5—0.

Here the important point is that the system of Hodge bundles we are dealing with is a
ternary bundle, and no limitation on the rank of W is needed. Hence the results of this
paragraph are valid in the general case tkW = ¢ > 1.

Let F be the maximal destabilizing subsheaf of W, that is, the first term in the Harder-
Narasimhan filtration of W [VZ05, HL.97]. By definition, F has maximal slope among the
subsheaves of W, hence is semistable. Consider the restriction 3 : F ® T' — Va. Since 6
vanishes on Vo, F @ Im (r is a Higgs subsheaf and hence by stability, degIm G < —deg F.
Now, the tensor product of two semistable sheaves is again semistable and hence F @ T
is semistable. Therefore we have u(F) + u(T') = u(F @ T') < p(Im Bx) which implies
(tk B + 1k F)p(F) < vk Bru(Qh). Thus,

rkBr  degQ! q 1
degW < qu(F) < SN Br itk F m Smi 7deg 2
where the first inequality follows from the fact that F is of maximal slope among the sub-
sheaves in W, and the last from rk Gz < mrk F.

The remaining inequality is obtained exactly in the same way by considering the dual Higgs
bundle

« 'B * *
Vy — W* — V"—0.

Assume that equality holds, for example that degW = mLHdeg Q!. Then, retracing our
steps, we see that W must be a semistable bundle (in the usual sense), that we must have
tk 3 =mgq,ie. B: W ®T'! — V generically injective, and moreover that deg W @ Im 3 = 0.
This last fact implies by polystability that E splits as the sum of (W @Im 3, 3) with an other
polystable Higgs bundle E’ of degree 0. In our case, this means that V5 splits holomorphically
as Im 8 @ V4 and that 4, vanishes. E’ is then the polystable (in the usual sense) subbundle
VieVyof V.

In the same manner, we find that degV = mLHdeg Q! implies that W is a semistable
bundle, 3 = 0, V; splits holomorphically as Kervy; @ V{, and 71 : V{ — W ® Q! is an
isomorphism. Our system of Hodge bundle is the sum of the Higgs bundle (V{ @& W,~;) with
the polystable subbundle Ker~; & Vs of V.

3.3.2. System of Hodge bundles of the type Vi—W;—Vo— Wy — V3 — 0.
Here, we need to assume that tk W = ¢ = 2, namely that W; and Wy are line bundles.
Assume first that 3; : Wi @ T' — V5 vanishes. We then have to deal with the sum of two
polystable Higgs bundles of degree 0: V; — W; — 0 and Vo — Wy — V3 — 0. In this

situation, we already know from 3.3.1 that 0 < degV; < mLHdeg Q! and |deg (Vo @ V3)| <
1

—rdeg Q! which gives the result.
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We are left with the case where 8, : Wi ® T' — V5 is non zero.

Consider v; : V] — W1 ® Q. We have deg Vi = deg Kery; +degImy; < rky u(Wy @ Q)
since Ker~y is f-invariant and W; ® Q! is a semistable bundle, being the product of a stable
bundle by a line bundle. Since deg W7 = —(deg Vj + deg Vs + deg Ws + deg V3) we obtain

k deg Q! k
deg V; < kM cg kKM
1+rkyy m 1+r1ky

(deg Va + deg Wy + deg V3).

In the same way,

rkvyy deg Q! rk v

d < — d d d .
egVa < IS — 1—|—rk72( eg V1 + deg Wy + deg V3)
Hence,
rk 1 rk v deg Q!
d <
gV = 1+rkyr 1471k m +
ko rky rk 2
— d d d 1——)d .
[ g (deg Va + deg Wa + deg V3) + T — eg V3

Now the commutation relation [6,0] = 0 gives us control on the rank of the v;’s:

Lemma 3.4. Assume that §; - W; @ T' — i+1 18 non zero. Then the rank of v; : V; —
W; @ Q! is at most 1.

Proof. This is linear algebra. We work in a single fiber above some point in M. We write
W; = Cw;. Since 3; is non zero, there exists Z € T' such that 3;(Z)w; # 0. Assume that
the rank of v; is at least 2 at some point. Then we can find two linearly independent forms
a,a’ and two vectors v,v" in V; such that v;(v) = w; ® @ and 7;(v') = w; ® /. Now, the
commutation relation [#,0] = 0 means in particular that for all XY € T' and all u € V
Bi(X)vi(Y)u = Bi(Y)vi(X)u.

If we take u = v, Y = Z and X such that a(X) # 0, we get a(Z2)5;(X)w; = a(X)G;i(Z)w;,
which implies that «(Z) and §;(X)w; are different from zero. So if now X' is such that
a(X') =0, Bi(X)w; = 0. We can choose such an X’ with the additional property that
o/ (X') #0, since @ and o' are independent. This is a contradiction since we could have taken
u =" to prove that 3;(X")w; # 0 if o/(X") # 0. O

We assumed that 3; : Wi ® T' — V5 is non zero, hence rkv; < 1. If tkyo > rk~;, using
the fact that deg V5 + deg W5 + deg V3 and deg V3 are both non positive, and since rk vy, < m,

we get
dm +1 1 2
degV < ——————degQ)” <
8 ~ 2m(m+1) R i |
and the last inequality is strict as soon as m > 1. If rk~vy < rk~;, that is if rtky; = 1 and
rkvyy = 0, we are in the case V; — W; — V5 — 0 and hence
1

m-+1
Once again, the remaining inequalities are obtained by looking at the dual Higgs bundle

deg Q'

degV < deg (Vi ® V5) = —deg W, < deg QL.

t t t 1,
2 2 1 1
[T RE 17 SERS v SIS /RN /AN ()

Assume we are in the equality case and m > 1. If degV = miﬂdeg QL B Wi T — Vs
vanishes, and the equalities degV; = ﬁdeg Q! = deg (V2 @ V3) hold. We saw in 3.3.1
that in this situation, f2 = 0 and there exists holomorphic subbundles V/ C V; such that
i V] — W; ® Q! are isomorphisms for i = 1, 2.
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If degW = mi_i_ldeg Q! we find that for i = 1,2, 4, = 0 and there exists a holomorphic
subbundle V/ C V; such that 3; : W; ® T' — V/ is an isomorphism.

In either cases, deg Wi = deg W5 and W with the deformed complex structure is polystable
hence semistable.

3.3.3. Non reductive representations.

Assume now that the representation p : I' — G = SU(p, 2) is not reductive. This implies
that p(T") fixes a point £ on the boundary at infinity X'(cc0) of X' ([LLa91]). Let us fix an origin
o € X and let ¢ be the unit speed geodesic ray starting from o representing . Let g =8 @ p
be the Cartan decomposition of g associated to o and let X € p be such that X = ¢(0) in the
usual identification of p with T, X. We have the following description of the stabilizer G¢ of
¢ in G (see for example [Eh96]):

Ge={9€G| tl}inoo exp(—tX) g exp(tX) exists} = K¢ . Ae. Ng

where A¢ = exp({Y € p|[X,¥] = 0}), Ne = {g € Ge| lim_exp(~1X) g exp(tX) = 1}, and
Kg = Gg NK.

By assumption p(I') C G¢ and we can consider the so-called semi-simplification pgs of p
which is defined by pgs(v) = limy—.4 o0 exp(—tX) p(7) exp(tX) € K¢ A¢ for all v € I'. The
representation pss belongs to the connected component of p in the space Hom(I', G) and is
reductive: we can apply the results of the last paragraphs to get the Milnor-Wood bound on
7(p) = 7(pss)-

In fact we can do better. The representation p,s stabilizes the orbit K¢.A¢.0 = A¢.o, which
is a totally geodesic submanifold of X. It is not difficult to see (and probably well known)
that this orbit is either a totally real totally geodesic submanifold of X (for example, if ¢ is
a regular geodesic, it is the unique maximal flat, isometric to R? in our case, containing c),
or the Riemannian product of R with a totally geodesic copy of complex hyperbolic space
H%fl (of induced holomorphic sectional curvature —1). In the first case the Toledo invariant
is zero since the restriction of the Khler form wy to a totally real submanifold vanishes. In
the second one it is bounded (in absolute value) by Vol(M).

Therefore non reductive representations can not be maximal.

3.4. Maximal representations.

Thanks to the previous paragraph, we know that if the representation p is maximal, it is
reductive. Therefore we may consider the polystable Higgs bundles (F = V @& W, 0) associated
to p.

In order to prove the Milnor-Wood type inequality |deg W| < mL_H deg 0!, we have deformed
the Higgs bundle E to a system of Hodge bundles. Here, we need to distinguish between these
two Higgs bundles, and we will call the latter (Ey = Vo @ Wy, ). Let Oy and 9y, be the
complex structure of W and Wy. Again, although the complex structure is (by definition) not
modified by the C*-action, in the limit Oy, is a priori different from Jy . In fact, all we know
is that Oy, is in the closure of the orbit of dy under the group of gauge transformations: i.e.
there exist gauge transformations gy, such that g; Ow goes to Oy, when t; goes to 0. Let us
call Wy, the bundle W with the complex structure gy, Ow -

The main point of Section 3.3, apart from the proof of the inequality itself, was that
|deg W| = —2= deg Q! implies that the bundle W is semistable (in the usual sense). This

m+1
implies that W itself is semistable (regardless of the rank of W):

Lemma 3.5. Assume that W with its initial complex structure Ow s not a semistable bundle.
Then Wy, that is W with the complex structure Ow,, is not semistable either.
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Proof. Let F be a subsheaf of (W,dy ) such that u(F) > u(W). Let r be the rank of F.
We have a monomorphism of sheaves 7 — W and therefore, for all ¢ € N, we obtain a
monomorphism of sheaves 7 — W;,. This gives non trivial holomorphic maps between the
determinant bundle det F = (A" F)** of F and A" W;,. This means that for all ¢ € N, the
cohomology group H°(M,Hom(det F, \" W;,)) is at least one dimensional. By the upper
semicontinuity of cohomology (see Kobayashi [I[<087]), there exists a non-trivial holomorphic
map det F — A" Wy. Let I be its image. Since det F is stable (it is a line bundle), we have

p(I) > p(det F) = rp(F) > rp(W) = ru(Wo) = /\ Wo).
Hence \" Wy is not semistable, and neither is Wj. O
Summing up, we proved

Proposition 3.6. Let p : I' — SU(p,2) be a mazximal representation and let E =V & W
be the associated SU(p, 2)-Higgs bundle on M = T'\H{. Then W is a semistable holomorphic
bundle.

The semistability of W is a very strong property and Theorem 3.3 follows from

Theorem 3.7. Let I' be a torsion-free uniform lattice in SU(m,1), m > 1, and p : I' —
SU(p,q), p > q > 1, be a reductive representation. Let E =V @& W be the associated SU(p, q)-
Hz'ggs bundle on M = T'\H{. Assume moreover that W is semistable. Then |degW| <
m+1 deg Q, with equality if and only if m < p/q and, up to conjugacy, p is induced by the
mazximal embeddmg fmaz : HE — & or by its conjugate.

Proof. Consider B W @ T' — V and argue as in 3.3.1 with F = W and V5 = V to get the
bound deg W < m+ 7 deg Q! with equality if 3 is injective and W @ Im 3 has degree zero and
hence is a polystable Higgs subbundle of E. Now, we have the

Lemma 3.8. If m > 1 and 3: W @ T' — V is injective, v vanishes identically.

Proof of the lemma. This is again a consequence of the relation [f,0] = 0, which in our
case reads B(X)y(Y)v = B(Y)y(X)v for all X,Y € T and all v € V. Let {wy...,w,}
be a basis of W above some point z € M. We can write yv(X)v = Y7 | X\i(X,v)w; and
Y(Y)v =31 Ni(Y,v)w,;. But this implies that

q q
Z Ai(Y,v)B(X)ws = Z Ai(X,0)B(Y )w;.
i=1 i=1
Since m > 1, we can take X and Y to be linearly independent and the injectivity of 3 implies
that B(X)ws,...,B(X)wy, B(Y )wr,...,B(Y)w, are linearly independent vectors in V', hence
that A\;(X,v) = Xi(Y,v) =0 for all 7, namely that v = 0. O

Therefore deg W = m+1 deg Q' implies that v = 0, hence that 0%! f = 0, i.e. the harmonic
map f is holomorphic. The theorem easily follows. We know from the Alhfors-Schwarz-Pick
lemma that f*gy < ¢g. But this implies that the inequality (f*wxy,w) < 2mgq is pointwise
true whereas deg W = {5 deg Q! means that 7(p) = 5 [,,(f*wx,w)dV = gVol(M), so that
in fact f*gx = q g holds everywhere. Proposition 3.2 yields that f = fy,42, up to composition
with an isometry of X.

To get the inequality deg W > —mL_H deg ', consider the map v : V — W ®Q!. We have
degV = degKervy + degIm~. Since Ker~ is f-invariant, deg Kery < 0. By semistability of
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W, degIm~ < rkw(%degW + %deng). Hence
kv degQ!
grky deg < q deg Q!
qg+rky m m+1
with equality if and only if rky = gm, i.e. v is generically onto, and deg Ker~ = 0, i.e. Ker~y

is a polystable subbundle of F.
Again, the fact that [0, 0] = 0 yields that =0, i.e. f is antiholomorphic:

degV <

Lemma 3.9. If m > 1 and~:V — W @ Q! is onto, 8 vanishes identically.

Proof of the lemma. Let X € T' and w € W. Let a € QY a # 0, be such that
a(X) = 0. Take v € V such that y(v) = w ® . Then for all Y € T!, we have
on the one hand B(X)y(Y)v = [(X)(a(Y)w) = aY)F(X)w and on the other hand
BX)vY)v = BY)v(X)v = a(X)B(Y)w = 0. We may find YV such that a(Y) # 0, for
m is greater than 1. Hence S(X)w = 0. O

The rest of the proof goes like in the holomorphic case. O

3.5. Proof of Proposition 1.2.

We use freely what has been done in Sections 3.2 and 3.3. If the representation p is
not reductive, we consider its semi-simplification instead. Considering the polystable Higgs
bundle E =V @& W associated to p, we want to prove the inequality

2p  deg Q!

dee W| < 22
|deg !_p+2 -

The proof again depends on the type of system of Hodge bundle we obtain by deforming F
via the C*-action.

3.5.1. System of Hodge bundles of type Vi — W — Vo — 0.

As in Paragraph 3.3.1, we need no restriction on the rank of W here. So let ¢ =rkW > 1.

We use the method of Viehweg and Zuo [VZ05]. They work with a binary system of Hodge
bundles (V3 = 0) so we explain how to adapt their proof to the ternary case. We try to fit to
their notations as much as possible. Dualizing the Higgs bundle if necessary, we may suppose
that degW > 0. We also suppose that no subsheaf of V5 has a slope equal to zero. In fact,
each subsheaf of V5 has non positive slope because 6y, = 0 and if its slope is equal to zero,
then the Higgs bundle splits as a sum of two polystable Higgs bundles of degree zero with
one contained in V5.

Let us consider the Harder-Narasimhan filtrations [VZ05, HLI7]

0o=Wlcw!c...cw'=w
and
of W and Va. Let | be the maximum of all j verifying (W7 /W7=1) > 0. Remark that [ > 1
because p(W1) > pu(W) > 0.
We construct by induction two sequences
0=jo<ji< - <jr=1and 0=jy<ji < <j <V
in the following way:

Suppose that j,_1 and j,_, are defined. If jr_; < [, let j; be the minimal number with
BWIik-1+1) VQJIIC ® Q' and jj, be the maximum of all j < [ verifying 3(W7) C V;’l“ ® QL.



18 VINCENT KOZIARZ AND JULIEN MAUBON

Then, we have non trivial morphisms

Wik—1+1 szk
Wik—1 Jp—1
- k
&

Because of the semistability of all involved sheaves, we get

ij—l-‘rl ‘/zjl/c .
M<W> =0 <Vﬂ’,;—1 )

2

for each k. We set EF = Wit & VJ’C The sequence (Ek)ogkg,n defines a filtration of W & sz’/"
by Higgs subsheaves, and we denote the successive quotients by F¥ = EF/EF-1 = Fé“[, S5) F(%,

where F‘?V = Wik /Wik-1 and Fk2 _ VQj’“/VQJ'“‘l.
From the properties of the Harder-Narasimhan filtrations, we have

Wik-1 Wik-1 Wik—1+1 Wik
k—1\ __ _ k
M(FW ) =K (”rjk2> 2 2 <Hrjk11> > H ( Hrjk*1 > 2 1% <”rjkl> - :U’(FW)

n) =p | —— | Zu| = | > u| 2 | Zn| 5 | =m0,
v ) T vk vk

In particular, we get for all 1 < k <,
p(F) = p(F) < p(@h)

and

and
pFy) > u(Fjy) > > p(Fy) > 0> u(F,) > p(Fg,) > - > p(Fy,).
Viehweg and Zuo then define the following quantities:

° Ck degF
'Mk —M(Fk) Ky, _M(F\%)a
o 7V =1k (),
Ck
.TXQ _rk(F52)—ﬁ

k
With these definitions, we can write the above inequalities
wy —,uk <p(QY) forall1 <k <7 and p' >--->pV >0>,th2 > > V2,

We verify the properties I-IV of Claim 2.2 in [VZ05] (recall that in the present situation,
we may have j, < l”)
1. Each 7",‘;2 S r’“ and hence is positive.
l‘k
II. Here we need some adaptations. For each 0 < k < r, the number Zle ¢; is non positive

because E* is a Higgs subsheaf. Moreover (if we set p; = 1k V})

T
C
pl—i—z 2 4 rk ( VQ/V2’" —p:Zr Zrk Fv2 k
k=1 k= 1/%
12—l
M = i
() + A () <
M?" i=1 k=1 Mk2ﬂk+1 i=1

Thus, p > p1 + Y5, 112 +rk (Vao/ Vi) = S0 7y
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III. By assumption, deg V' < 0 and therefore
Stk (B )y + deg (Va/ V™) + deg V4

wv) > v
k1T ,

SRy + Yy + deg (Va/VE) + deg Vg
= Vi

. D k=1Th
_ 22:1 Ty, — deg (W/Wl)
- r Va

A T "
> Dokt Th M
— r Vo
k=1"Tk

(we use Y ;¢ + deg (VQ/VQj;) +deg Vi = —deg (W/W) > 0).
IV. From III, we get

W, W Vo Vi

(W) — u(V) < D k=1 Tk M _ Dot T My
% 2 > Zr "W Zr Vs
k=1"Tk k=1Tk

The r.h.s is bounded from above by max{uZV — u}f , 1<k <r} (see [VZ05] for the proof of
this), hence

p+q deg 0!
——degW = p(W) — p(V) < :
pq m
3.5.2. System of Hodge bundles of the type Vi—W;—Vo— Wy — V3 — 0.

If 51 # 0 and 2 # 0, we have exactly as in Section 3.3.2 that
3rkVo +1 degQ!
degW| <
des W< 5y s1) m
using that rkyo < rk V5 instead of rkyo < m. This inequality is stronger than the one we
want to prove here.

If 51 =0 or 79 = 0, the Higgs bundle splits as the sum of two polystable Higgs bundles of
degree 0, for example V; — W7 — 0 and Vo — Wy — V3 — 0. Since tk W =1tk Wy =
1, we have by the previous paragraph that

rk Vi deg Q! rk Vo +1k V3 deg Q!

d |deg (Vo V3)| <
Vil w2 dee(eW)ls o T T
which, in view of the following lemma, gives the result.

|degV1| S

Lemma 3.10. Let p1,p2,q1,q2 be positive numbers. Let p = p1 + p2 and ¢ = q1 + q2. Then
P1q1 + P2q2 < Pq
p+qa p2tq ptg

with equality iff p1go = p2qq.

Proof.
pq Pan g (Prg2 — paq1)®

p+q pit+a prtae P+ +a)(pe+ )

4. THE CASE G = SOy(p,2)

In this section we prove the main theorem in the case where G = SOq(p,2), the identity
component of SO(p, 2).
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4.1. The Hermitian symmetric space SOq(p,2)/(SO(p) x SO(2)).

Here, the symmetric space X is naturally seen as an open subset of the (real) Grassmannian
of 2-planes of a real vector space, which makes the complex structure a bit more difficult to
understand. Again, details are to be found in [HeOl, Sat&0].

Let Er be a real vector space of dimension p + 2 (p > 3), endowed with a non-degenerate
quadratic form S of signature (p,2). The symmetric space X is defined as the space of all
2-dimensional real subspaces of [Eg on which S is negative-definite. It is an open submanifold
of the real Grassmannian of 2-planes of Eg.

Let us fix a 2-plane Wg of Er on which S is negative-definite and let Vg be its orthogonal
complement. We also fix an orientation on Wg.

The group G = SOg(p,2) acts transitively on X by analytic isomorphisms. The isotropy
subgroup K of G at Wy is identified with the maximal compact subgroup SO(p) x SO(2),
and hence X' can be identified with SOg(p,2)/(SO(p) x SO(2)).

Let g be the Lie algebra of GG, £ C g the Lie algebra of K and g = £ @ p the correspond-
ing Cartan decomposition. Let us fix an orthonormal basis (e1,...,e,) of Vg and a direct
orthonormal basis (ep41,€,42) of Wg (with respect to Sjy,, respectively Sjyy, ). We have the
following matrix expressions:

t= {< )gl )?2 ) , X1 € My(R), X5 € My(R), 'X; = —X; (i = 1,2)},

0 A
p= {( tA 0 ) , A€ Mp72(R)} ~r Hom(Wg, Vg).

The tangent space T,X at o = Wr € X will be identified with p. The tangent bundle T'X
of X is the bundle G X aqx p associated to the K-principal bundle G — X = G//K via the
adjoint action of K on p.

Since K respects the decomposition Ex = Vg & Wg, the vector bundle Fr on X associated
to G — X via the action of K on Egr naturally splits as the sum Vg & Wg.

Moreover, there exist two natural complex structures belonging to SO(S|w,) = SO(2) on
the 2-dimensional real vector space Wr, and only one that we call I, such that the orientation
of the basis (Jw,w) of Wg coincides with the fixed one (for any non-zero w € Wg). In the
above basis of Wg, the matrix of I is given by

(01,

The complex structure I then defines a complex structure on the vector bundle Wg that we
still denote by I.

Finally, using the identification TX ~ Hom(Wg, V&), we get the complex structure J on
TX : if X is a section of Hom(Wg, V), JX = X o I. The G-invariant Khler metric gy on X
is defined at o by

A0 ‘B0
The corresponding Khler form will still be denoted by wy = gx(J.,.).

Next, we consider the complexifications V, W and E =V & W of Vg, Wr and Er respec-
tively. We extend the quadratic form S to E and the complex structure I to W by C-linearity
and still denote them by the same letters. Let W0 (resp. W%!) be the eigenspace of I
corresponding to the eigenvalue i (resp. —i). These two eigenspaces also are the two isotropic
lines in W for the quadratic form S)w. Moreover, WOl may be identified with (Wl’o)* by the
mean of Sy, and V* may be identified with V by the mean of S}y.

gX(X,Y):tr(YX):ztr(tBA),ifX:(0 A>,Y:<O B>€p.
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Let us define e}, = %(eﬁl +iepr2) and e, 9 = %(eﬁl —iept2). In the sequel, we shall

use the basis (eq,...,ep, e;)H, e;,+2) of E. The quadratic form S then writes
I, 0 O
S = 0 0 -1
0 -1 0
and -
0o ¢ C
p= ‘C 0 0 |, CeM,C)
‘C 0 0

The complexifications G¢ of G and K¢ of K are respectively SO(p + 2,C) and SO(p,C) x
SO(2,C). The Lie algebra gc of G¢ splits as tc @ pc where £¢ is the Lie algebra of K¢ and

0 C D
pc=pC= ‘D 0 0 , C,D e Mp,l(C) ~c Hom(WR,VR) ®C = HOIH([:(W, V)
(0 0
The two eigenspaces of the extended complex structure J ® Id acting on pc are
0 C 0
phl = 0 0 0 |,CeM,(C), ~¢Homc(W", V) ~¢ Home(V, W)
‘C 0 0
and
0 0 D
p! = ‘D 0 0 |, DeM,1(C)p ~¢ Home(W*, V) ~¢c Home(V, W) .
0 0 O

The complexified tangent bundle TCX of X’ is isomorphic to G X aqx e ~ (GxgKc)XadKke
pc, whereas the holomorphic tangent bundle 710X is isomorphic to G xaqx p¥ ~ (G x
Kc) X AdKe pb0. There is a natural Hermitian metric on the holomorphic tangent bundle of
X given on T,°X ~ M, 1(C) by h(C, D) = 4tr (*DC).

The holomorphic sectional curvature for the complex line (X) generated by a nonzero

0 CC 1 fec?
X=|1' 0 0 | eT,Xisgiven by K(X)) = -1+ = -———5. It is clear that K((X))
‘C 0 0 2 (tcC)

is pinched between —1 and —1/2. The metric gy is Einstein and its Ricci curvature tensor is
P
—329x.

4.2. Toledo invariant and SOq(p,2)-Higgs bundles.

Let p be a representation of a (torsion free) uniform lattice I of SU(m, 1) into G = SOy(p, 2),
p > 3. We will assume that p is reductive. If it is not, just replace p by its semi-simplification
pss (see Paragraph 3.3.3) in the following to get the result.

Let (Pk.,0) be the G-principal Higgs bundle on M associated to p and f as in section 2
and let E/ be the holomorphic vector bundle on M associated to Pk, via the action of K¢ on
E. The bundle E splits holomorphically as the sum of the rank p subbundle V' = Py x g,V
with the rank 2 subbundle W = Pg. xg. W. But, in the present situation, we get more
structure on W, because K¢ also respects the decomposition W = W10 @ WO, This implies
that if we call L the line bundle P, X . WO W holomorphically splits as the sum L @® L.
Moreover, since K¢ preserves Sjy, we can identify V* with V. In particular, deg V' = 0.
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The Higgs field 6 is a holomorphic (1,0)-form taking values in the bundle Pg,. Xadx. Pc =~
Hom(L,V) @ Hom(L~!, V) so that we can write (see also [BGG05))

0 B 1
_| ¢ B:L—VNQ
0= t’ﬁy 8 8 , where { . Vel

The Higgs vector bundle (£, 6) is polystable.

The bundle f*T19X is isomorphic to the bundle Hom(L,V) and therefore its degree is
given by —pdeg L. We obtain that 7(p) = % deg L. Hence the main theorem in this case
follows from: .

Theorem 4.1. |deg L| < LdegQ!, that is [7(p)| < 2L Vol(M). In particular, when m > 1,
a representation p : I' — SOq(p, 2) is never mazimal.

Proof. We shall denote by 6% the morphism of vector bundles
0?2 :T' xT' — End(E)
(X,)Y) — 0(X)of(Y)”’

by ‘3 the morphism
3 :T' xT' — End(L)
(X)Y) — " (X)op(Y)”’
ete.
We remark that the system of Hodge bundles obtained after deformation of the Higgs
bundle (E, ) via the C*-action on the moduli space is very simple. Indeed, the limiting
(E,0) must verify 8" = 0 for some n. In particular, as

By+yB 0 0
6 = 0 B |,
0 BB By
the (2,2) matrix

( DB(X,Y) (XY ) _ < DB(X,Y) yy(X,Y) )
BHX,Y) By(X,Y) BBXY) By(Y,X)
(we use 62(X,Y) = 0%(Y, X) and in particular 3y(X,Y) = !3y(Y, X)) must be trace free for
any X,Y € T, which implies y3 = 0 (and ‘8y = 0). Thus
By+yB 0 0
0% = 0 0 ‘fyy
0 B3 0
Suppose now that there exist X,Y € T! such that “yy(X,Y) # 0. For any X', Y’ € T!,
BB(X',Y')'yy(X,Y) = 0 because " = 0, so we conclude that for every z € M, either
38 =0 or 'y = 0 on T} x T! and then, by holomorphicity, either 33 = 0 or “yy = 0 on
T x T,
We work on the system of Hodge bundles that we just described. Suppose for example that
{33 = 0. Then, the sequence

t,
L' Dtmy ™ Lm0

defines a Higgs subsheaf of (F, ).
The bundle L ® T' is semistable and Im /3 is also a Higgs subsheaf of E, so we have
1
p(L®TY) < pu(Im B) < 0 and then deg L < % (if =0, then deg L < 0).
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Let us consider the maps v : L' @ T! — Im~ and tw‘Im,y :Imy — L® Q' We call r
and 7’ their respective rank. By stability, we have

and

1
deglm~ > r (—degL + —deg T1>
m

1
r’ (degL + —deg Ql> > degIm t7|1m,y = degIm~y — deg Ker t7|1m,y.
m

. t . . deg Q!
Using the fact that deg Ker "1, < 0, we immediately get deg L > —%. O

REFERENCES

[BGGO3] S. B. Bradlow, O. Garcia-Prada and P. B. Gothen, Surface group representations and U(p, q)-Higgs

bundles, J. Diff. Geom. 64, 2003, 111-170 2, 3, 5, 12

[BGGO5] S. B. Bradlow, O. Garcia-Prada and P. B. Gothen, Mazimal surface group representations in isometry

[BGG]

[BIO5]
[BIW03]
[BIWO06]
[Co01]
[Co88)
[DT87]
[Eb96]
[Go80]
[Gosg)]

[GM8T]

[He01]

[Hi87]

[Hi92]
[HLO7]

[Ko87]
[KMO4]

[La9l]

groups of classical Hermitian symmetric spaces, arXiv:imath.AG/0511415 v2, 2005 2, 3, 5, 22

S. B. Bradlow, O. Garcia-Prada and P. B. Gothen, Higgs bundles and mazximal representations, lec-
tures given at the Conference on bounded cohomology, harmonic maps and Higgs bundles, Strasbourg
Basel, March 2005 5

M. Burger and A. lozzi, Bounded cohomology and deformation rigidity in complex hyperbolic geometry,
arXiv:math.MG/0505069, 2005 2

M. Burger, A. lozzi and A. Wienhard, Surface group representations with maximal Toledo invariant,
C. R. Acad. Sci. Paris 336, 2003, 387-390 2

M. Burger, A. lozzi and A. Wienhard, Surface group representations with maximal Toledo invariant,
arXiv:math.DG/0605656 v2, 2006 2

J.-L. Clerc and B. Qrsted The Maslov index revisited, Tranform. Groups 6, 2001, 303-320 2

K. Corlette, Flat G-bundles with canonical metrics, J. Diff. Geom. 28, 1988, 361-382 2, 6

A. Domic and D. Toledo, The Gromov norm of the Khler class of symmetric domains, Math. Ann.
276, 1987, 425-432 2

P. Eberlein, Geometry of nonpositively curved manifolds, Chicago Lectures in Mathematics, University
of Chicago Press, Chicago, IL, 1996 15

W. M. Goldman, Discontinuous groups and the Euler class, Thesis, University of California at Berke-
ley, 1980 2

W. M. Goldman, Topological components of spaces of representations, Invent. Math. 93, no. 3, 1988,
557-607 2

W. M. Goldman and J. J. Millson, Local rigidity of discrete groups acting on complex hyperbolic space,
Invent. Math. 88, 1987, 495-520 2

S. Helgason, Differential geometry, Lie groups, and symmetric spaces, Corrected reprint of the 1978
original, Graduate Studies in Mathematics, 34, American Mathematical Society, Providence, RI, 2001
8, 20

N. J. Hitchin, The self-duality equations on a Riemann surface, Proc London Math. Soc. (3) 55,
1987, 59-126 2

N. J. Hitchin, Lie groups and Teichmller space, Topology 31, 1992, 449-473 2

D. Huybrechts and M. Lehn, The geometry of moduli spaces of sheaves, Aspects of Mathematics, E31,
Friedr. Vieweg & Sohn, Braunschweig, 1997 13, 17

S. Kobayashi, Differential geometry of complex vector bundles, Princeton University Press, 1987 16
V. Koziarz and J. Maubon, Harmonic maps and representations of non-uniform lattices of PU(m, 1),
arXiv:math.DG/0309193 v2, 2004 2

F. Labourie, FEzxistence d’applications harmoniques tordues a valeurs dans les variétés a courbure
négative, Proc. Amer. Math. Soc. 111, no. 3, 1991, 877-882 15



24

[Ro80]
[Sam86]
[Sat80]
[Si8s]
[Si92]
[Si94a]
[Si94b]
[To79]
[To89)]
[VZ05]

[Xi00]

VINCENT KOZIARZ AND JULIEN MAUBON

H. L. Royden, The Ahlfors-Schwarz lemma in several complex variables, Comment. Math. Helvetici
55, 1980, 547-558 10

J. H. Sampson, Applications of harmonic maps to Khler geometry, Contemp. Math. 49, 1986, 125-133
6

1. Satake, Algebraic structures of symmetric domains, Kan Memorial Lectures, 4, Iwanami Shoten,
Tokyo; Princeton University Press, Princeton, N.J., 1980 8, 9, 20

C. T. Simpson, Constructing variations of Hodge structure using Yang-Mills theory and applications
to uniformization, J. Amer. Math. Soc. 1, 1988, 867-918 2, 5,7, 8

C. T. Simpson, Higgs bundles and local systems, Inst. Hautes tudes Sci. Publ. Math. 75, 1992, 5-95
2,5,7,8

C. T. Simpson, Moduli of representations of the fundamental group of a smooth projective variety I,
Inst. Hautes tudes Sci. Publ. Math. 79, 1994, 47-129 2, 5

C. T. Simpson, Moduli of representations of the fundamental group of a smooth projective variety 11,
Inst. Hautes tudes Sci. Publ. Math. 80, 1994, 5-79 2,5, 7

D. Toledo, Harmonic mappings of surfaces to certain Kdhler manifolds, Math. Scand. 45, 1979, 13-26
2

D. Toledo, Representations of surface groups in complex hyperbolic space, J. Diff. Geom. 29, 1989,
125-133 2

E. Viehweg and K. Zuo, Arakelov inequalities and the uniformization of certain rigid Shimura vari-
eties, arXivimath.AG/0503339 v3, 2006 4, 13, 17, 18, 19

E. Z. Xia, The moduli of flat PU(2,1) structures over Riemann surfaces, Pacific J. Math. 193, 2000,
231-256 3, 12

INsTITUT ELIE CARTAN, UNIVERSIT HENRI POINCAR, B. P. 239, F-54506 VAND@®UVRE-LS-NANCY CEDEX,

FRANCE

E-mail address: koziarz@iecn.u-nancy.fr
E-mail address: maubon@iecn.u-nancy.fr



	1. Introduction
	2. Representations of the fundamental group, flat bundles and Higgs bundles
	2.1. Real Higgs equations
	2.2. Complex Higgs equations
	2.3. Higgs bundles and stability conditions
	2.4. Moduli space, C*-action and systems of Hodge bundles

	3. The case G=SU(p,2)
	3.1. The Hermitian symmetric space SU(p,q)/S(U(p)xU(q))
	3.2. Toledo invariant and SU(p,2)-Higgs bundles
	3.3. Proof of the Milnor-Wood type inequality
	3.4. Maximal representations
	3.5. Proof of Proposition 1.2

	4. The case G=SO(p,2)
	4.1. The Hermitian symmetric space SO(p,2)/(SO(p)xSO(2))
	4.2. Toledo invariant and SO(p,2)-Higgs bundles

	References

