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FREQUENCY ESTIMATION BASED ON THE CUMULATED
LOMB-SCARGLE PERIODOGRAM

C. LEVY-LEDUC, E. MOULINES, AND F. ROUEFF

GET/Télécom Paris, CNRS LTCI

ABSTRACT. We consider the problem of estimating the period of an unknown periodic func-
tion observed in additive noise sampled at irregularly spaced time instants in a semipara-
metric setting. To solve this problem, we propose a novel estimator based on the cumu-
lated Lomb-Scargle periodogram. We prove that this estimator is consistent, asymptotically
Gaussian and we provide an explicit expression of the asymptotic variance. Some Monte-
Carlo experiments are then presented to support our claims.

1. INTRODUCTION

The problem of estimating the frequency of a periodic function corrupted by additive noise
is ubiquitous and has attracted a lot of research efforts in the last three decades. Up to
now, most of these contributions have been devoted to regularly sampled observations; see

e.g. |Qm_un_a.nd_H_a.nnaﬂ (IZQ_OJ]) and the references therein. In many applications however, the

observations are sampled at irregularly spaced time instants: examples occur in different fields,

including among others biological rhythm research from free-living animals (m ))s

unevenly spaced gene expression time-series analysis (Glynn et all (IZO_Q_d)) or the analysis of

brightness of periodic stars (Hall_et all (2000); Thiebant and Rogued (2004)). In the latter

case, for example, irregular observations come from missing observations due to poor weather

conditions (a star can be observed on most nights but not all nights), and because of the
variability of the observation times. In the sequel, we consider the following model:

}/}':S*(X]')—{—&j, 7=12,...,n, (1)

where s, is an unknown (real-valued) T—periodic function on the real line, {Xj} are the
sampling instants and {e;} is an additive noise. Our goal is to construct a consistent, rate
optimal and easily computable estimator of the frequency fo = 1/7 based on the observations
{(Xi,Yi)}i=1,..n in a semiparametric setting, where s, belongs to some function space. To
our best knowledge, the only attempt to rigorously derive such semiparametric estimator is

due to i i ), who propose to use the least-squares criterion defined
by Sn(f) =51 (Y — 3(Xg|f))? where 5(z|f) is a nonparametric kernel estimator of s, (z),
adapted to a given frequency f, from the observations (X;,Y;), j =1,...,n. For an appro-
priate choice of §(x|f), the minimizer of S,,(f) has been shown to converge at the parametric
rate and to achieve the optimal asymptotic variance, see Hall et all (2000).
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Here, we propose to estimate the frequency by maximizing the Cumulated Lomb-Scargle
Periodogram (CLSP), defined as

K
1§ —2ikm f X
An(f):ﬁ ZY'JG ikm f X , (2)
k=1 |j=1
where K,, denotes the number of cumulated harmonics, assumed to be slowly increasing with
n. Considering such an estimator is very natural since this procedure might be seen as an

adaptation of the algorithm proposed by k;hu.n.n.a.ndlhnmsad (Il9_&1|i obtained by replacing

the periodogram by the Lomb-Scargle periodogram, introduced in ) (see also
m (@)) to account for irregular sampling time instants. Note also that such an esti-

mator can be easily implemented and efficiently computed using (tP_r_ess_aLa.l], |]_9_9_ﬂ7 p. 581).

We will show that the estimator based on the maximization of the cumulated Lomb-Scargle

periodogram A,,(f) is consistent, rate optimal and asymptotically Gaussian. It is known that
frequency estimators based on the cumulated periodogram are optimal in terms of rate and
asymptotic variance in the cases of continuous time observations and regular sampling (see

Golubey (1988); [Quinn and Thomson (1991); [Gassiat_and Lévy-Lednd (2006)). We will see

that, somewhat surprisingly, at least under renewal assumptions on the observation times,

the asymptotic variance is no longer optimal in the irregular sampling case investigated here.
However, because of its numerical simplicity, we believe that the CLSP estimator is a sensible
estimator, which may be used as a starting value of more sophisticated and computationally

intensive techniques, see e.g. |H.a]l,_Bmmann_a.n_d_Bm| (|2_O_Qd) The numerical experiments that

we have conducted clearly support these findings.

The paper is organized as follows. In Section B, we state our main results (consistency and
asymptotic normality) and provides sketches of the proofs. In Section B, we present some
numerical experiments to compare the performances of our estimator with the estimator of

|Ha.]l,_B:;im.a.1m_a.nd_B.j_cA (IZOD_d) In Section B, we provide some auxiliary results and we detail

the steps that are omitted in the proof sketches of the main results.

2. MAIN RESULTS

Define the Fourier coefficients of a locally integrable T-periodic function s by

T
cr(s) = l/ s(t) e 2kmt/T g ke 7 sothat s(t) = Z Cp(s)eQiﬂpt/T , (3)

T
0 PEZL

when this expansion is well defined. Recall that the frequency fy = 1/T of s, is here the pa-
rameter of interest. Consider the least-squares criterion based on observations {(X;, ;) }i=1,..n,

2
n Ky
Lf,) =3 (V= Y e N oo, o) (4)
j=1 k=—K,

where {K,,} is the number of harmonics. For a given frequency f, the coefficients ¢, (f) =
[c_K,,--.,CKk,] which minimize (#]) solve the system of equations G, (f)¢,(f) = n¢,(f), where
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the (Gram) matrix Gy, (f) = [Gnr1(f)] =K, <k,i<K, and the vector &, (f) = [¢_k, (f), ..., ¢k, (f)]
are defined by:

n

~ . R I mo ounix,
Grst(f) = Ze—Ql(k‘—l)TffXj and ¢(f) = - Zyje 2ilnfX; (5)
J=1 j=1

An estimator for the frequency fy can then be obtained by minimizing the residual sum of
squares

fr La(fAe(D}) =) Y7 =0l ()G, (£)en(f) - (6)
j=1

Note that computing €,(f) is numerically cumbersome when K, is large since it requires to
solve a system of 2K,, + 1 equations for each value of the frequency f where the function
L, (f,{¢k(f)}) should be evaluated. In many cases (including the renewal case investigated
below, see Lemmas [[l and Bl), we can prove that, as n goes to infinity, if the number of
harmonics K,, grows slowly enough (say, at a logarithmic rate), the Gram matrix G,,(f) is
approximately Gy, (f) ~ nldag, +1, where Id,, denotes the p x p identity matrix; this suggests
to approximate Ly (f, {¢x(f)}) by f+— >27, sz =N k<K |éx(f)|?. The minimization of
this quantity is equivalent to maximizing the cumulated periodogram A,, defined by (&).
That is why we propose to estimate fy by fn defined as follows,

An(fn) = sSup An(f), (7)
fe[fminvfmax]

where [ fmin, fmax) 18 & given interval included in (0,00). Consider the following assumptions.

(H1) s, is a real-valued periodic function defined on R with finite fundamental frequency f.
(H2) {X,} are the observation time instants, modeled as a renewal process, that is, X; =

{;:1 Vi, where {V}} is a an i.i.d sequence of non-negative random variables with finite
mean. In addition, for all € > 0, supjy>, |®(t)| < 1, where ® denotes the characteristic

function of V7,
®(t) = Elexp(itV1)] . (8)

(H3) {e;} are i.i.d. zero mean Gaussian random variables with (unknown) variance o2 > 0
and are independent from the random variables {X;}.

(H4) The distribution of V; has a non-zero absolutely continuous part with respect to the
Lebesgue measure.

Recall that in (HI) the fundamental frequency is uniquely defined for non constant functions
as follows: T, = 1/ f, is the smallest 7" > 0 such that s,(t+7") = s,(t) for all £. All the possible
frequencies of s, are then f,/l, where [ is a positive integer. Note that the assumption made
on the distribution of V; in (HE) is a Cramer’s type condition, which is weaker than (HHEI).

The following result shows that fn is a consistent estimator of the frequency contained
by [fmin, fmax] under very mild assumptions and give some preliminary rates of convergence.
These rates will be improved in Theorem Pl under more restrictive assumptions.
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Theorem 1. Assume (HD)-(H3). Let {K,} be a sequence of positive integers tending to
infinity such that

lim K, {R(nﬁ) + nil/ﬂﬁ} =0 for some >0, 9)

n—-+oo
where
Rm)= > ler(sd)l, m=>0. (10)
|k|>m

Let fn be defined by [@) with 0 < fmin < fmax such that fo is the unique number f € [fmin, fmax]
for which s, is 1/ f—periodic. Then, for any a > 0,

fn=fo+ op(n=1e) . (11)
If we assume in addition that E(V2) is finite, then
n(fo—fo) =0 as. (12)

Proof (sketch). Since f, is the fundamental frequency of s,, the assumption on [fumin, fmax] 1S
equivalent to saying that there exists a unique positive integer ¢ such that

fmingf*/ggfmaxa (13)
and that f,/¢ = fo. Using ([Il), we split A,, defined in (@) into three terms: A, (f) = D,(f) +
&n(f) + Gulf) where

2

Ky n
Du(f) = % SIS s (Xg) e 2RI (14)

k=1|j=1

Ky n
En(f) = % D> cos{2mkf (X — X)) su(X;)eyr (15)

k=1j,j'=1

1 K, | n 2
_ =2k X
G =732 |2 eie : (16)
k=1|j=1
We prove in LemmaH of Section Bl that &, +(, tends uniformly to zero in probability as n tends
to infinity. Then, by Lemmas B and Bl proved in Section EE2}, for any «, D,, is maximal in balls
centered at sub-multiples of f, with radii of order n~!*® with probability tending to 1. Since,

by (3, the interval [fmin, fmax] contains but the sub-multiple f,/¢ = fo, f,, satisfies ().
This line of reasoning is detailed in Section EE3. The obtained rate is then refined in ([I2) by

adapting the consistency proof of |an_u_a.nd_’1hgmsg_d (IJ_QQ]]) to our random design context

(see Section EA)). N

Remark 1. One can construct a sequence { K, } satisfying Condition (), as soon as

> er(sa)] < 400, (17)

kEZ

which is a very mild assumption.

Remark 2. Observe that fy = fi in Theorem [l if and only if f+/2 < fimin < fx < fmax-
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Remark 3. If fin and fiax are such that s, has several frequencies in [fmin, fmax], that
is, (@) has multiple solutions ¢ = lyin, ..., lnax, by partitioning [fimin, fmax] conveniently,
we get instead of ([[dl) (resp. (IZ)) that there exists a random sequence (¢,) with values in
{lmins - - - > lmax} such that f,, = fo/ly 4 0,(n~14) (vesp. n(fn — fi/tn) — 0). This is not
specific to our estimator. Unless an appropriate procedure is used to select the largest plausible
frequency, any standard frequency estimators will in fact converge to a set of sub-multiples

of fiy.

We now derive a Central Limit Theorem which holds for our estimator when Condition ({)
is strengthened into ([8) and () and a finite fourth moment is assumed on V.

Theorem 2. Assume (HD)-(HZ). Assume in addition that E[V{Y] is finite and that s, satisfies
> kP ler(s0)] < 400 (18)
keZ

Let {K,} be a sequence of positive integers tending to infinity such that

lim K,n =0 forall e¢>0. (19)

n—-+o00

Let f,, be defined by (@) with 0 < fumin < fmax such that fo is the unique number f € [fmin, fmax]
for which s, is 1/ f—periodic. Then we have the following asymptotic linearization:

; pfo <=, mny.
n3/2(fn — fo) = sz‘?]* ; <] — 5) 5,(X;) (g5 + 54(X;)) +0p(1) (20)
where p=E(V1) and
2 1/f«
I, = 12;‘3 - /O S2(t)dt . (21)

Moreover fn satisfies the following Central Limit Theorem

n2(f, — f@? £, N(0,6%), (22)
0

where

) 1 — |‘1)(2k‘71’f*)|2
Z ’Ck(s*s*)’2 <|1 _ @(2](57Tf*)|2>

2 —1 k#0
* 03 ZkeZ |Ck(5*)|2

where @, defined in [@), denotes the characteristic function of Vi and {ci(s),k € Z} denote
the Fourier coefficients of a 1/ f«-periodic function s as defined in (@) with T = 1/ f.

Proof (sketch). To derive (), we use a Taylor expansion of A,(f), the first derivative of
A, (f) with respect to f, which provides

An(fn) = An(fo) + (fn = fo)An(f)),
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where f] is random and lies between f,, and fo. We prove in Sections and L6 that

- X op) $(X))
Rulh) = ;(;—5) 2 e 4. 06)) + (V). (24)
2

Bl =m0+ o) (25)
12 fo Jo
Since §2 is 1/ f,-periodic and f,/fo is an integer, we have

2 rl/fo 2 1/f« o2 £2
:U’_ Sz(t)dt — M f* / 2( )dt *f*I*
12 Jo 12 fo Jo

The last three displayed equations and the assumption on An( fn) thus yield

w2 (fo — fo) = zfsznm2(Xj_”2_”)s~*<xj><€j+s*<xj>><1+o,,<1>>+op<1>,

and Relations (20) and ) then follow from

n=3/2 Z i —J) $x(Xj)ej = 0p(1) and n —-3/2 Z = 1) 3:(X;)s.(X;) = 0p(1) , (26)
S = gy 2o U /2 e () £ N0 @)

The proof of ([@8]) follows from straightforward Computations and is not detailed here. We
conclude with the proof of 7). By (HB), we have S, < 2f 7- (AnZ + Uy) where A, =

1/2
n=3/2 <Z = —)233(Xj)> , Uy =n=3/2 > =1 (F —n/2) (s43,)(X;) and Z has distribu-
tion A(0,02) and is independent from the X;’s. Therefore, since Z and U, are indepen-
dent, 1) follows from the two assertions

. 1/2
Ay = <—co(si)> (1+0p(1)) 5 -
. 1—|®(2km £ )|?
S hro lr (5802 (%)
103 per lon (80

Assertions (28)) and ([Z9) follow straightforwardly from (B3)) and (B4]) in Proposition [l respec-

“U LN o,

02f* * (29)

tively. O
Remark 4. If the {V}} are exponentially distributed (the sampling scheme is a Poisson pro-
cess), then () yields 52 = I7! {1 + [[s.5.[13/(02[|54]13) } . || - [|p denoting the usual LP norm
on [0,1/f4].

In baﬂmmm_[mﬂﬂhl.d (IZQO_d), the local asymptotic normality (LAN) of the semipara-

metric model () is established for regular sampling with decreasing sampling instants. Their
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arguments can be extended to the irregular sampling scheme. More precisely, any estimator
satisfying the asymptotic linearization

n
320 gy [ — P MY s (X
o= 1) = et > <] 2) 5(X))e5 | (1+0,(1) (30)
7j=1
where [, is defined in is an efficient semiparametric estimator of f, in the sense of

hMﬁnﬁ;LandM]nmj ). As a byproduct of the proof of Theorem Bl one has that the

right hand-side of (@) is asymptotically normal with mean zero and variance I . Hence I}
is the optimal asymptotic variance. In view of [0 and (), we see that the linearization of
our estimator f, contains an extra term since e in ([B) is replaced by (g + s.(X;)) in E1).
This extra term leads to an additional term in the asymptotic variance (23)), which highly
depends on the distribution of the V}’s. Hence our estimator enjoys the optimal n~3/2 rate but
is not efficient. The estimator proposed in [Hall et all (IZOD_d) is efficient and thus, in theory,
outperforms the CLSP estimator. On the other hand, our estimator is numerically more

tractable, and it does not require a preliminary consistent estimator. In contrast, an interval
containing the true frequency with size at op(n’(g’/ 2-1/ 12)) is required in the assumptions

of Hall et all (2000) (see p.554 after conditions (a)-(e)) and, whether this assumption is

necessary is an open question. Nevertheless, since our estimator is rate optimal, it can be

used as a preliminary estimator to the one of Hall, Reimann and Ricd (|2_O_O_d)

3. NUMERICAL EXPERIMENTS

Let us now apply the proposed estimator to periodic variable stars which are known to
emit light whose intensity, or brightness, changes over time in a smooth and periodic manner.
The estimation of the period is of direct scientific interest, for instance as an aid to classifying
stars into different categories for making inferences about stellar evolution. The irregularity
in the observation is often due to poor weather conditions and to instrumental constraints.

We benchmark the CLSP estimator with the least-squares method (see (@), which is re-
ported as giving the best empirical results in an extended simulation experiment which can
be found in [Hall et.all (|2Q_Od) In this Monte-Carlo experiment, we generate synthetic obser-
vations corresponding to model ([l) where the underlying deterministic function s, is obtained

by fitting a trigonometric polynomial of degree 6 to the observations of a Cepheid variable star
avalaible from the MACHO database (http://www.stat.berkeley.edu/users/rice/UBCWorkshop).
Figure [ displays in its left part the observations of the Cepheid as points with coordinates
(X; modulo 3.9861,Y;), where 3.9861 is the known period of the Cepheid and the X are the
observation times given by the MACHO database. In the right part of Figure I, the observa-
tions (X, s,(X;)) are displayed as points with coordinates (X; modulo 3.9861, s, (X)) where
S« 1s a trigonometric polynomial of degree 6 fitted to the observations of the Cepheid variable
star that we shall use.

Let us now describe further the framework of our experiments. The inter-arrivals {Vj}
have an exponential distribution with mean 1/5. The additive noise is i.i.d. Gaussian with
standard deviations equal to 0.07 and 0.23 respectively (the corresponding signal to noise
ratios (SNR) are 10dB and 0dB). Typical realizations of the observations that we process are
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FIGURE 1. Left: Cepheid observations,
fitted to the Cepheid observations.
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Right: Trigonometric polynomial s,

shown in Figure Bl when f, = 0.25 and n = 300 in the two previous cases on the left and
right side respectively. More precisely, the observations (Xj;,Y;) are displayed as stars with
coordinates (X; modulo 1/ f,,Y;) and the observations (X, s,(X;)) of the underlying function
s, are displayed as points with coordinates: (X; modulo 1/fy, s.(Xj;)). Since E(Vi) = 1/5,
n =300 and 1/f, = 4 approximately 15 periods are overlaid.
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and noisy observations (’+’) with

The least-squares and cumulated periodogram criteria (L, and A,,) are maximized on a grid

ranging from 0.2 to 0.52 with regular mesh 5x 107°. Since the fundamental frequency is equal

to 0.25, the chosen range does not contain a sub-multiple of the fudamental frequency but a
multiple. Hence we are in the case ¢ = 1 in ([[3]), see Remark B We used K,, = 1,2,4,6,8. The
results of 100 Monte-Carlo experiments are summarized in Table [l We display the biases,
the standard deviations (SD) and the optimal standard deviations forecast by the theoretical
study when n = 300,600 and SNR=10dB, 0dB.
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SNR=10dB SNR=0dB
n = 300 n = 600 n = 300 n = 600
Optimal SD 1.21 x 107* 4.28 x 107° 3.83 x 1074 1.35 x 1074
Method Biasx107° SD x10~* | Bias x107° SDx107* | Biasx10~% SD x10~* | Bias x10~° SDx10~*
LS1 2.30 3.03 0.20 1.25 1.00 6.81 5.80 2.62
CP1 7.70 5.13 3.28 2.11 0.00 8.20 7.20 2.91
LS2 4.50 1.73 0.24 0.66 1.12 4.84 3.60 1.85
CP2 5.90 4.09 -0.16 1.76 0.49 6.88 2.50 2.12
LS4 1.99 1.15 0.00 0.48 0.79 4.67 3.70 1.45
CP4 1.89 3.83 -3.08 1.58 0.31 6.07 1.99 2.13
LS6 1.30 1.13 -0.40 0.48 0.97 5.38 2.40 1.44
CP6 -2.20 4.23 -2.96 1.75 0.37 7.58 2.70 2.22
LS8 0.60 1.19 -0.24 0.50 1.24 6.33 2.10 1.63
CP8 -1.30 5.28 -2.32 1.75 0.79 9.02 4.40 2.72

TABLE 1. Biases, standard deviations of the frequency estimates for different
methods: Least-squares (LS1, LS2, LS4, LS6, LS8), Cumulated Periodogram
(CP1, CP2, CP4, CP6, CP8) with K, = 1,2,4,6,8.

From the results gathered in Table [, we get that the least-squares estimator produces
better results than the CLSP estimator. Nevertheless, the CLSP estimator can be used as an
accurate preliminary estimator of the frequency since its computational cost is lower than the
one of the least-squares estimator. For both estimators, the parameter K, has to be chosen
carefully in order to achieve the best trade-off between bias and variance. Finding a way of
choosing K, adaptively is left for future research.

4. DETAILED PROOFS

In this section we provide some important intermediary results and we detail the arguments
sketched in the proofs of Section 2]

4.1. Technical lemmas. The following Lemma provides upper bounds for the moments of

the empirical characteristic function of Xi,...,X,,
1 n
onx(t) = ~ Zelth . (31)
j=1

Lemma 1. Let (HA) hold. Then, for any non-negative integer k, there exists a positive
constant C' such that for allt € R,

Bl 0] < € max BV ot (n A7) < COEW) b Al (32)
E [ soiffﬂg(t)ﬂ <E(V)n? 4 CL+EWVE)n* YAt . (33)

The proof of Lemmal[llis omitted since it comes from straightforward algebra. The following
Lemma provides an exponential deviation inequality for ¢, x defined in (EII).
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Lemma 2. Under Assumption (HA), we have, for all x > 0 and t € R,

nx2|1—<I>(t)|>’

16(2 + v/2) s

P (ipn.x(t) ~ Elpnx(0)] 2 0) < dexp (-
where ® is the characteristic function of V' defined in [@).
Proof. Note that [[]_; e!"Ve—®(t) = Y7 ®I74()I1,(t) where ITy(t) = []{_, ek —®(¢) [T1_] eVk .
Thus,

n(enx(t) = Elpnx(®)]) = KH ew’“> - /(1)
k=1

j=1

n J n
- Z Z (I)j_q(t)H‘I(t) = Z g () (2)
q=1

j=1g=1
where ap, ¢(t) =327, QI9(t) = (1 — ®(¢)) 1 (1 — " 9TL(#)), the last equality being valid as

soon as ®(t) # 1. Let F, denotes the o-field generated by V1,. .., V,. Note that {a;, 4(t)I1,(t), ¢ > 1}
is a martingale difference adapted to the filtration (F;),>1 and

_ 2
ana(O, 0] < -0 and B [lang (0,0 <

where E74 denotes the conditional expectation given F,. The proof then follows from Bern-

stein inequality for martingales (see Steigen (1969) or [Freedman (1973)). O

For completeness, we state the following result, due to m M)

<8[1-e(t) ",

Lemma 3. Let L be a stochastic process defined on an interval I C R. Then, for all A\, R > 0,

P (s ) < s (B0 (10 [y (2o ).

4.2. Useful intermediary results. We present here some intermediary results which may
be of independent interest.

Lemma 4. Assume (HA)-(H3) and that s, is bounded. Define &,(f) and (,(f) by (I3)
and [IA) where (K,) is a sequence tending to infinity at most with a polynomial rate. Then,
for any 0 < fumin < fmax, 6 >0 and ¢=0,1,...,

sup  |ED(f) + ()| = op(KF 71210 (35)
fe[fminyfmax}

where, for any function h, 9 denotes the q-th derivative of h.

Proof. By ([d) and (4,
(9) — @Kn q T (9) :@Kn q.T
fn (f) 2 n2 Zk LQ(X7kf) €, Cn (f) 2 Zk € FQ(X7kf)€7 (36)

n
k=1 k=1

where € = [e1,...,e,]T, Ly(X, f) = [Z?Zl(Xj — Xj)1 cos(@ {27 f(X; — X;0)} su(X;
and Tg(X, f) = [19(X; — Xj)qGZiw(Xl—Xj)f]

)} 1<j'<n

1<lj<n’ Hence,

swp S0+ O] < On 2K sup  [2LT(Xf)e + €T (X, fle| . (37)
fe[fmimfmax] 0<f§anmax
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Note that Tr[['y(X, f)] =0 for ¢ > 1, Tr[['y(X, f)] = n for ¢ = 0 and that the spectral radius
of the matrix T'y(X, f) is at most sup;_; _, > ;= |X; — X;|? < nXji. For any hermitian
matrix A having all its eigenvalues less than 1/4, E [exp(ZTAZ)] < exp(Tr(A) + 2Tr(A?)).
Therefore, for any A > 0, on the event {)\J*QnXg < 1/8},

E [ AL (X, )T eteTq(X, f)e)

X| < € exp {2 (Ly(X, /)T Lo(X, [) + Te(T2(X, 1)) }
< C'exp {C)\QnngLq} ,
where we have used LE(X, f)Lq(X, f) < Cn3X2% and TrI2(X, f)] < Cn2X21. Using (HB),
we similarly get that E [|Lq(X, f)Te|*| X] < CLT(X, f)Ly(X, f) < Cn3X7 and
E [[e"Tq(X, flel?| X] < CTx[TA(X, f)] < Cn®X29 . (38)
Applying Lemma [, we get that, for all positive numbers A and R, on the event {\o*?n X, <

1/8},

X<

P sup  |2Lq(X, f) e +"Ty(X, fle| = R
0<fSanmax

O e~ AR+ONP X1 <1 + C Ky An®/? X’zﬂ) '

Let 6 > 0. Applying this inequality with A = n=3/2X,,% and R = n9t3/2X, we get

P [ sup  |2Lg(X, f) e+ eTTy(X, f)e| > n® 2 X1 X | < C exp(—n°) (1+ K, X;,) -

0<f§anmax

Now, using (E2), P (S5 (s, f) |6 () + G0 (F)] = ma 1242 i)

IN

P ( sup  |2Lx(f)Te+e"Tx(f)e| = n5+3/2xg> +P (Xg > nq+5>
0<f§anmax

IN

C exp(—n?) (14 K,n) +n"%7,
which concludes the proof. ]

Let us introduce the following notation. For some sequence (7,,), and f, > 0, we define,
for any positive integers n,j and [,

Bn(]a l) = [fminafmax] N {f : |f _]f*/” < 7n} and Brcz(]a l) = [fminafmax] \Bn(],l) . (39)

Lemma 5. Assume (HI)-(HA) and that s, satisfies [IT74). Define Dy (f) by (), with a
sequence (K,) tending to infinity. Then, for any € > 0, as n tends to infinity,

K, nmy}€

sup  D,(f) =0, (KnR(mn)2 + M) ,
€N, Ba(G,) nYn

where (my,) is a sequence of positive integers, R is defined by (), ﬂjl is the intersection

over integers j > 1,1 =1,...,K,, and B.(j,1) is defined by [Z3) with 0 < fimin < fmax and

() satisfying
K,v, —0 and nvy, — co. (40)
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Proof. We use the Fourier expansion (@) of s, defined with the minimal period T' = 1/ f,.
Expanding s, in ([[d) and using the definition of ¢, x in ) and of R(m) in (), we get
2

Ky
Du(f) < 2> 1> ep(s)pnx {2n(pfi — kf)}| +2KnR(m)?
k

=1 |lpl<m
2

Ky
< AT s)E [pnx {20(pfi — kY| + 4Dnm(f) + 2K, R(m)? | (41)
k

=1|lp|<m
where we defined
5. 2
Dn,m(f) = Z Z p(86) (n,x 127 (pfe = kf)} — Elonx {2n(pfi —kf)})| - (42)
k=1 |p|<m

For all positive integers j and | < Ky, and f € A, = ;0 BR(3', 1), 27|jfe — Lf| > 27lyn.
Thus, using [B2) with & = 0 in Lemma[l ([Id), and lim,,_,o, ny, = oo, we get, for all f € A,
and n large enough,

Ky

Ky
S| X s Blenx rlph~kDN| <5 mm =0T . @
k=1 n

k=1 ||p|<m

Consider now ﬁn,m. For p >0and ¢ = 1,...,Q(p) = [p~ (fmax — fmin)], define I, =
[fmin + (¢ — 1)p, fmin + gp] N A,. Observe that u — ¢, x(u) is a Lipschitz function with
Lipschitz norm less than n~! > j—1 Xj and bounded by 1. It follows that f — Dy, (f) is a
Lipschitz function with Lipschitz norm less than

2Kn

87 (Z\cp(s* ) Zlm_lzX +E[X,])<C K%in—i—nKi
p

j=1
Thus, for any ¢ = 1,...,Q(p) such that I, is non-empty, and any f, € I, Supyeg, ﬁn,m(f) <
Dom(f)) +Cp {K%n*1 Do X+ nK,QL} , which implies

sup [)n,m(f) < sup En,m(fq) + Op (anrZL) > (44)
feAn 4=1,..,Q(p)

where, by convention, Dy, ,,,(f,) = 0 if I, is empty. Since by (HH), inf;er |1 — ®(t)| /(1A ]t]) >
0, and for n large enough, K7, < 1, Lemma [ shows that, for any f € A, 2n|pf. — kf| >
2wk, and y > 0,

P (Jpnx{27(pfs = kf)} = Elpax{2n(pfs — kY| 2 ) < de” O 0N < gomOrvtiom
Using this bound with the definition of Dn,m( f) in @A), we get, for all x > 0 and f € A,

P ( sup  Dnm(fyg) > m) <Q(p) sup P <Dn7m(f) ) <4Q(p Z 3 o~ Cnabragkm

q=1,..,Q(p) JEAR k=1 |p|<m
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where B, o, k=1,..., K, |p| < m are positive weights such that ), B = 1 and Zp aplep| =
-1
1. With g, = k:_l/(szKn k=) > 2k1/log(K,,) for n large enough, and oy, = (Zp |cp|) >

C, we get

P sup  Dpn(fy) >z | <4Q(p)K,(2m + 1)e~nzmm/los(Kn) (45)
Let 6 > 0. Defining p, = (n” 29, K; 2 log(K,)) and & = (Q(pn) Knma)? log(Kn)/(n).
implying Q(pn) — oo and Q(py)K,m, — 0o, we obtain

Sup D, (1) = 0p ({020 n} o (K )

EAn

For any ¢ > 0, we set 6 > 0 small enough such that {n?K?2m,}°log(K,) = O({K,nm,}).
The previous bound, with #0), @), @3) and @) yields the result. O

Lemma 6. Assume (HI)-(HA) and that s, satisfies [I73). Define D, (f) by (), with a

sequence (Ky,) tending to infinity. Then, as n tends to infinity, for all relatively prime integers

j andl,
[Kn/l)
Dalife/l) = 3 lewj(sa) 2+ Op (Kat2n712) . (46)
k=1
Moreover, for any € > 0,
[Kn /1]
sup  sup | Dn(f) = D lenj(s0)enx {27 (kjfs — KL}
(4,1)EPn fEBR(4,1) k=1

~0, <KnR(mn) + K207 4 (K, nmn)fK}/?n—l/Q) . (47)

where (my,) is a sequence of positive integers, R is defined by ([Id), Py, is the set of indices
(7,0) such that 7 > 1 and 1 < 1 < K, are relatively prime integers and By(j,1) is defined
by @23) with 0 < fmin < fmax (n) satisfying

K2 — 0. (48)

Proof. Let j and | < K,, be two relatively prime integers. In the following, C' denotes a
positive constant independent of j, [ and f that may change upon each appearance. As in the
proof of Lemma [, we use the Fourier expansion @) of s, defined with T'= 1/ f,. Expanding
S, in ([Id), the leading term in D, (f) for f close to jfi/l will be given by the indices k and p
such that &/l and p/j are equal to the same integer, say ¢q. Thus we split D, (f) into

[Kn /1]

Dn(f) = legi(s)nx {2n(qife — alf)}? + An(f) . (49)

q=1

where

An(f) = Z ICp(S*)Cp/(8*)(,0”7)({271'(]9]0* - kf)}(pn,X{Qﬂ-(p,f* - kf)}

k,p,p’
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with Z;ﬂ’pw/ denoting the sum over indices ¥ = 1,..., K, and p,p’ € Z such that, for any
integer ¢, we have k # ¢l, p # jq or p' # jq. It follows from this definition and from (1),
since |¢pp, x| < 1, that

/
[An(N) < CY lep(s)pnx{2m(pfs = k)Y (50)
k.,p
where Z;g,p denotes the sum over indices k = 1,..., K, and p € Z such that, for any integer

q, we have k # gl or p # jq. Using that j and [ are relatively prime, if for any integer ¢,
k # ql or p # jq, then |pl — kj| > 1, which implies, by (B3)) with ¥ = 0 in Lemma [

E ln.x {250 ~ kDY < E [lnx (2508~ kNIE] < 0™,

Hence, using (@) and this bound in (B), Relation (@) yields EH). We now proceed in
bounding A, (f) uniformly for f € U ep, Bn(j,1). We use the same line of reasoning as for
bounding D, (f) in Lemma B First we split the sum in p appearing in ([B) and introduce
the centering term E[p, x{27(pf. — kf)}] so that

[An(HI < C | Anin(f) + Z/ |lep(5x) Elon, x {27 (pfs — kf)}]| + KnR(m) | (51)
k.p

where

Ann (1) =3 lep(5) (pnx {27 (0 s = k)Y = Elpnx {27 (nfe — kNN

k,p

with zgp denoting the sum over indices k = 1,..., K, and p = 0,%1,...,+m such that
Ipl — kj| > 1. Using B2) with £ = 0 in Lemma [l and ([[d), we have

S ep(52) Elpn x{27(pfs — k)M < CLE " (52)
k,p

As for obtaining ([#l), we cover [fimin, fmax] With @ intervals of size p = (fmax — fmin)/Q, and
obtain

oup Apm(f) < sup Apm(fy) + Oy (PnKrZL) )
feUG1er, Bn(iil) a=1,...Q

where either A, ,,(f;) =0, or f, € UjJ By, (j,1), in which case, for all indices k and p in the
summation term zgp, there exist integers j and [ < K, such that

|pf* - qu| > |pf* - k]f*/” — Tk > f*/l — YnKpn > f*/Kn — YnKpn > CKgl s

for n large enough, by ([@S). Now, we apply the deviation estimate in Lemma B so that, as
in [EH), we have

P ( sup  Anm(fq) > m) <AQK,(2m + 1) e Ot Ka
q:17---7
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Let 6 > 0. Setting @ = [K2/2n3/2] and r = (QKnmn)‘SK}/z n~12 so that Q@ — oo and
QK,m, — oo as n — oo, we finally obtain
sup Apm(f) =0, <(QKnmn)5K%/2n71/2) .
erj,l B"(jvl)

For any € > 0, we set § > 0 such that (QK,m,)° = O((K,nmy)). Applying this bound
in (BI) and using (B2), Relation E3) yields ). O

The following Proposition gives some limit results for additive functionals of a renewal
process.

Proposition 1. Assume (H3) and (HJ). Let g be a non-constant locally integrable T -periodic
real-valued function defined on R. Assume that the Fourier coefficients of g defined by (3)
satisfy co(g) =0 and Y. |ck(g)| < oo then for any non-negative integer k

1 . -
1 21" 9(X)) = Op(n 7). (53)
j=1

Denote by s, (t) the piecewise linear interpolation

]
sn(t) =Y g(Xk) + (nt — [nt)g(Xppg41), £ >0,
k=1

where [x] denotes the integer part of . Then, as n — oo,

2 1—|@(2mk/T)|*
|1 — ®(27k/T)|?

(n’yg)*lﬁsn(t):B(t), where 'ygz Z lek(9)] (54)

keZ\{0}

is positive and finite, = denotes the weak convergence in the space of continuous [0,1] — R
functions endowed with the uniform norm and B(t) is the standard Brownian motion on
te[0,1].

Proof. Without loss of generality we set 1" = 1 in this proof section. Define the Markov chain
{Y% }r>0, valued in [0, 1) and started at « € [0,1] by Yy =  and Vi1 = Y+ Vi1 — Y+ Viet1),
k > 0. Observe that, with the initial value z = 0, we have ¢g(Y;) = ¢g(Xj) for all £ > 1.
Let us show that this Markov Chain is positive Harris and that its invariant probability is
the uniform distribution on [0, 1]. We first prove that this chain is uniformly Doeblin, for a
definition see (Cappé et all (IZQ_Oﬂ) By (HHI), there exists a non-negative and bounded function
h such that 0 < [ h(t)dt < oo and for all Borel set A, P(V € A) > [, h(t)dt. It follows
that, for any k > 1, P(X, € A) > [, h**(t)dt, where h** = hx -+ % h (k times) with x
denoting the convolution. Observe that the properties of h imply that h*? is non-negative,

continuous and non-identically zero. It follows that there exists 0 < a < b and § > 0 such
that fte[a,b] h*2(t) > 6. Hence, for k large enough, there exists a non-negative integer | and
¢ > 0 such that h*(%)(t) = (h*2)**(t) > € for all t € [I,] + 1]. Hence, for all z € [0,1) and all
Borel set A C [0, 1],

Py (Yor, € A) > Pp(Yor, € A, Xop € 1,14 1))
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which is the uniform Doeblin condition. This implies that Y is a uniformly geometrically
ergodic Markov chain; let us compute its invariant probability distribution, denoted by .
For all z € [0,1] and [ € Z, | # 0, we have E,[exp(2inlY},,)] = exp(2irz) (®(271))" — 0, where
we used (HER)) which is implied by (HH). Hence, for all I € Z, | # 0, ftlzo exp(2irlt)mw(dt) = 0,
which implies that 7 is the uniform distribution on [0, 1]. Define

g@) = Y elg)(l - B(2rk)) A
keZ\{0}

By (HE), (1 — ®(27k))~! is bounded uniformly on k € Z\{0}. Hence v, is positive and finite.
Moreover, 3 ez oy [cx(9) (1 — ®(27k)) 7Y < 0o and we compute

E )= Ck<g>%eXp<ziﬂkx).
keZ\{0}

This yields that g is the solution of the Poisson equation g(z) — E;[g(Y1)] = g(z) — fol g(t)dt.
We now prove ([B3)). Note that, since 7w(g) =0,

n~ DN k(X)) = 0BT STR (3(X5) — Pg(X)))
j=1 J=1

=0~ TN R (G(X5) = PG(Xjo0)) + 0D Y R (PG(Xjm1) = Pa(X;)) -
j=1 =1

Since § is bounded, the variance of the first term is O(n~!) as n — co. Integrating by parts
yields, using that § is bounded, n~(*+1) > i* (Pg(X;_1) — P§(X;)) = n~ kD Pg(Xp) —
n~'Pg(X,)+n" kD P [(j + DF — j*] PG(X;) = Op(n1). To prove (B we compute, by
the Parseval Theorem,

1
[ 156 - @)} o

= > {1 = 2R = Jey(g)@mR)(1 — @(2nk)) 1|} =2

keZ\{0}
The end of the proof follows from the functional central limit theorem (Ihie&n_a.nd_’lh&mﬁfl,
m, Theorem 17.4.4). O

4.3. Proof of (). Let a > 0 arbitrary small and denote by {v,} the sequence
Y =n"1F (55)

Since £ is the unique integer satisfying ([[3]), for n large enough, we have B, (1,1)N[fmin, fmax] =
() for all [ # £, where B, (1,1) is defined by ([B3). Hence, for n large enough, P(f,, ¢ B,(1,¢)) <
P, + P, where

P =P < sup A, (f) > An(f0/€)> and P, =P sup  An(f) > Au(fo/0) |,
fen; BiGh fe U, Bn(i)
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where (1, is the same as in Lemma Bl and U;l the union over all 7 > 2 and [l =1,..., K,
such that j and [ are relatively prime. To show ([[Il), we thus need to show that P;, P, — 0
as n — oo. Note that

P <P ( sup Dy (f) +2 sup 1€ (f) + G ()] = Dn(fO/@) . (56)
fe n]l B (4, J€[frmin, fmax]

By @), applying Lemma B, we get

sup  [&n(f) + Gal )] = 0p(n %) (57)
fe[fminvfmax]

We now apply Lemma Using (@) again and choosing « small enough in (B3), we have
K.y, — 0 and, since nvy, — oo and K,, — oo, Condition () holds. By (@) we have
K,(n=Y?t8 4 R(n?)?) — 0 and, by (), taking m,, = n? and e small enough in Lemma [,
we obtain sup e N, BSGi) D, (f) = 0p(1). The last two displays show that the left-hand side
of the inequality in (BO) converges to zero in probability. Concerning its right-hand side
D, (fo/?), Relation (@) with 7 =1 and [ = ¢ in Lemma [ shows that, as n — oo,

a(fo/0) ==Y ler(s ) > 0. (58)

k>1

Hence P, — 0. As in (BHl), we have

PP sup  Dn(f)+2  sup  [€u(f) + ()] = Dn(fo/0)
fGU; l Bn(]J) fe[fminyfmax}

To prove that P» — 0, we use the following classical inequality, see Golubey (I]_%ﬂ

kLﬁﬁEﬂJﬂﬂilﬁx;lﬁﬁﬂd(hﬂﬂd
sup 3 Jers (52 < 3 fen(s.)l? . (59)
322 k5 k=1

which directly follows from the fact that fy is the maximal frequency of s,. Now, we apply
Lemma B Using (@) , Condition (&) holds by choosing « small enough in (BH). By @), we
have K,,(n~'/?*8 + R(nf)) — 0 and, by (B3), taking m,, = n’ and e small enough in @), we
obtain, using (BY) and (B8), that P, — 0, which concludes the proof.

4.4. Proof of Eq. (). Let us first prove that, for any ¢ > 0,

sup
|t\§n_1/2_€

onx(OF = LF )] = 0y(1) (60)

where p = E[Vi], Fu(z) = 2 [30, eikt|2 is the Fejer kernel and ¢, x is defined in (BII).
Indeed, using a standard Lipschitz argument and (HE) with the assumption E[V{?] < oo,

E sup

[t <n=1/2-¢

1 I
nx ()2 = =Fo(ut)|| <2072 = "E[| Xy — k] < 2¢/Var(Vi)n~°
fenx (O - 1 (u)u_ S ) < 2 ST
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which gives (B0). Now, by definition of f,, we have 0 < A, (fn) — An(fo/f). Beside, we have,
using (2,

An(fn)=An(fo/€) < Dy(fn)—Dn(fo/0)+2 e, }‘gn(f)"i_cn(f)’ = Dy(fu)=Da(fo/0)+0p(1)

and, since the event {f, € B,(1,)} has probability tending to one, Lemma B yields, for o
small enough in (&), Dn(f) — Da(fo/€) < 352, ex(s.) Pl x {27k ( fo — L) HE — 1]+ 0p(1).
Hence, since for a small enough K7y, < n~1/2=%/2 the last three displayed equations and (&)
finally yield that, 0 < S5 |ex(sy)[? ’V%Fn{Qﬂ'/Lk(fo —0f)} — 1] + 0p(1). We conclude the

=

proof like in (IQujn_n_an_d_T_hgms_Q_d, |J_9_9J], Theorem 1, P. 68) by observing that, for any ¢ > 0,
lim sup,, o0 SUPj¢|>.c/n LF.(t) <1.

4.5. Proof of Eq. (). We use that A, (fo) = &,(fo) + Cu(fo) + Du(fo) so that E) follows

from

: 1. X;

b = 1 3506 (52-5) =+, (61)
o) = 0p(V) (62)
j _ 1 - Xi_m $ g N+ o (/1
Dulfo) = foj;(n ) X5 ) + 0y (63)

which we now prove successively. Differentiating (), we obtain &, (fo) = n~! > i1 An(d)e;
where

n
An() =m0 D7 2imk(X; = Xyt X0 o0s, ().
J'=1k|<Kn

In this proof section, we use the Fourier expansion ([Bl) defined with 7' = 1/fy. Expanding
5,(X;) and using the definition of ¢, x in ), we obtain for any j = 1,...,n, A,(j) =
S lkj< i, €TI0 N g ep(54) (2imk) { X n,x[27(p — k) fo] + ipn,x[27(p — k) fo]} - In the se-
quel, we denote X,, = n1 > =1 Xj and [[Y]2 = E(]Y[?)'/2. By Minkowski’s inequal-

ity, £€,(fo) — (nfo)~! D=1 8+(X5) (X —np/2)ej = Op <n1 S {2?21 HAn,k(j)”g}l/2> )

where
Ani1(f) = = fo '5(X5) (X0 — npu/2)
Ano(d) == Y (@irk)cp(s)e™ 0N (X; - X,,)
|k|>Kn
Ans(d) = D Y (@irk)cy(s)e®™ X0 (X o x[2m(p — k) fo] + in x[27(p — k) fo]) -
|k| <K, p#k

Note that for all j = 1,....n, [An1(DIF < (Xpez [Fller(s))’E{(Xn — np/2)*} = O(n)
and 0~ (7 [An2()ID)Y? < On'2(C sk, [Kller(s)) = o(v/n), using (). Using
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Minkowski’s inequality, we obtain, for all j =1,...,n,

1Ans(Dllz <27 >~ > Ikllep(s:)] (1Xjon,x{2m(p = k) folll2 + I, x {27 (p — k) fo}ll2) -

|k|<Kp p#k

Using that |¢, x| < 1, Lemma [ which gives E[|¢, x{27(p — k) fo}?] = O(n~1) uniformly
in p # k we obtain | Xjpnx{27(p — B)foble < IX; — juls + jun'? = O(jn~V? +
§%). By Lemma [ ||¢nx{27(p — k)fo}ll2 = O(n'/?) uniformly in p # k leading thus to
n*I(Z?ZI | An3(5)13)Y2 = O(K2) = o(y/n) by ([@@). This concludes the proof of (&Il).

We now prove (B2). Using ([B8) and B) with ¢ = 1, we get

K»
I6n (fo)llz < 27072 Y " klle"To(X, fellz = O (K7) = o(v/n)

k=1

by (). Hence (G62).
Let us now prove (3). Using ([[4), we get

Kn
Dalfo) =3 S cplsa)eqs)(=27k) { o x 27 (p — k) fo] o xBrla — F)Jo

k=1p,q€Z

+onx 2D — k) fo] Bax2r(a—R)ol} - (64)

Lemma [ gives that there exists a constant C' > 0, such that, for all p # k and ¢ # k,
B(lgnx 27(p — K)fol onx2ra —RFoll) < [én.x22(0 — K)folly . x 2(a — B)olll, < C.
Using ([[d) and 3, |cp(s4)| < 0o, we get that the term >, > ;. in the right-hand side
of (G4)) is op(v/n). Now, if p = ¢ = k, the term in the curly brackets is equal to zero. Hence (&)
can be rewritten as D, (fo) = S35, Dp.i + 0p(y/n) where

Do = 3 exl(5)6q(52) (=27k) { @0, (0) nx27(a — R) o] + Pux27(a — ) Jol |
qEZ

+ 3" eplsa)ens) (=2mk) {n x 20 = k) fol + enx27(0 — k) folpnx (0) } -
PEZL

We will check that >, Dyx = op(y/n). Using the Fourier expansion of s, and 3, we
obtain after some algebra, D,,(fo) = (nfo)~! > (X; — Xn) 5.(X;)s4(X;) + 0p(y/n). This
yields (B3) by Slutsky’s Lemma. Indeed, 1/2 — Y 7" | X;/n? = 0,(1) and, by Proposition [
n=1/2 > i=1(5+8:)(X;) = Op(1), thus we have (n/2—=n"23%1 X)) D1 8x(Xj)s(X;) =
0p(v/n). To conclude the proof of {4, we have to prove that Y, x Dpx = op(v/n). By
Yok it Drngelly <27 Y g, Sgn [Kllew(5:0)leq (5]

(&, x (0)pn x [27(q — k) folll2+|&n.x [27(g—F) folll2). Using that [¢n, x| < 1 and [on x [2(q—
k@]”g = O(n~'/?) by Lemma [ uniformly in ¢ # k, we get ||¢n x(0)pn x[27(q — k) fo]l2 <
[ Xn = (n+D)p/2]|2 + (0 + D)2l en x [27(q = k) folll2 = O(v/n). By [[8) and Lemma Il we
obtain HZk>Kn Dn,kH2 =o(y/n) .

Minknowski inequality, |
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4.6. Proof of Eq. ). Using that A, = D, + &n + Cn, applying Lemma Bl with ¢ = 2 and
using ([[Z), the Relation (2H) is a consequence of the two following estimates, proved below,

. 1/ fo
Dulfo) = —nu2(12 fo) /0 2(0)dt (1+ 0p(1)) | (65)
sup ’Dn(fo) - Dn(f)‘ = Op(nQ) ) (66)
f:|f=fol<pn/n

for any decreasing sequence (p,) tending to zero. In this proof section, we use the Fourier
expansion ([B]) defined with 7" = 1/fy. We now prove ([0). Using (), we obtain

Ky
Do(f) =472 > cplsi)eq(s)k? {sﬁn,x[%(pfo — kf)lenx[2m(qfo — kf)]

k=1p,q€Z

+20n,x 27 (pfo — kf)lfnx[27(qfo — k)] + onx [2n(pfo — kf)]Pn,x[27m(qfo — kf)]} . (67)
For f = fo, we get
2

Ky n
%Dn(fo):<47r22]ck(s*]k2> - Z ~ ZXj +Gn, o (68)

k=1

where G,, = Z Z Cp(S*)Cq(S*)kQ {(;bn,X[zﬂ'(p - k)f0]<Pn,X[27T(q - k)fo]

k=1 (p,q)#(k,k)

+2¢0n, x [27m(p — k)fo]ﬂﬁn,x 27(q — k) fo] + n,x[27(p — k) fol$n,x [27(q — /f)fo]} :

As n tends to infinity, the term between parentheses in (@) tends to 1/(2fo) J, 1/ 1o 52(t) dt and
the term between curly brackets converges to —2u?/3 + u?/2 in probability, and hence their
product converges to the constant appearing in the right-hand side of (). We conclude the
proof of (BX) by showing that G, = o0p(1). We split the summation }_,  in the definition
of Gy, into three terms >y o p+> 0 g ok D p ik gk = S22, Gy. Observe that, setting
C=2m3, lep(s4)l,

E[|Gnall < C* Kjn™> ot {E[lgnx () enx (O] + Elln,x )]} -

Using that E[|gbn,x(t)gon7x(t)|]2 < E[|gbn7X(t)|2]E[|gon7x(t)|2], Lemma [ yields G, 1 = op(1).
Note that

E[[Gp + Gsl] < —Zk ex (sl legl {E [10x )] E [lgn x[2m(q = k) fol 2]
q#k

+2E [|ion,x O)F]"* E [lgnx[2n(a = k) fol 2] * + E [|6n,x[2m(a — ) S]] 2} = O ™Y/2),

2 2
by using that E [n_Q <Z?:1 Xj> ] =0(n?), E [n_z (Z?Zl XJZ) ] = O(n*) and Lemma [
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We now prove (BH). In the expression of Dn( f) given by the right-hand side of (&), we
separate the summation »_  into three terms >, +>° . +>° 4 s denoted by

Dn(f) :Dn,l(f) +Dn,2(f)+Dn,3(f) : (69)

Using that >, |cx(s«)| |k|? and >y lep(s)] are finite, and that ¢, xPn X +@n, X Pn, x +¢@n, x Pn,x
is Lipschitz with Lipschitz constant at most n = > X;’ +n2 D1 X2 i XJ2 = 0,(n?),
one easily gets that

sup Dml(f) + Dn72(f) - Dn,l(fO) - Dn72(f0) = Op(Pnn2) = Op(n2) : (70)

filf=fol<pn/n

Let (f1)1<i<r, be a regular grid with mesh 6, covering [fo — pn/n, fo + pn/n]. Then,

Dy 3(f) — Dn,B(fO)‘

sup
filf=fol<pn/n

< sup ‘Dn,B(fl)_Dn,B(fO)“" sup  sup |Dns(f) — Dus(f)|. (71)

lzl,...,Ln l:177L77« fe[flyfl+1]

Using the same argument as above with >~ [c,(sy)| < oo and Sk = O(KD), we get
that sup;—y . 1, SUPse(f, 1,4 Dns(f) — Dng(fl)‘ = 0, (K16,n) . Since K,, = o(n™ '), there
exists N such that, for any n > N, any f such that |f — fy| < 1/n and any p € Z and
k=1,...,K, such that p # k, we have |pfo — kf| > fo/2. Then proceeding as for bounding

Gy, above, we have, for any n > N and any f such that |f—fo| < 1/n,E { Dng(f)H <CK2n,

NADns(f)) — Dn,S(fO)‘ =
O,(L, K3 n) , so that, for §, = n=3/2 implying L,, = [p,/(nd,)] = o(n'/?), [ finally yields

SUP .| f— fol<pn/n Dn,3(f) - Dn,?)(fO)‘ = Op (Kén3/2) , which, with (m) and (m)a gives (m)

where C' is some positive constant. From this, we obtain sup;_;

REFERENCES

CaprpPE, O., MOULINES, E. and RYDEN, T. (2005). Inference in hidden Markov models.
Springer Series in Statistics, Springer, New York.

FREEDMAN, D. A. (1975). On tail probabilities for martingales. Annals of probability, 3
100-118.

GassIAT, E. and LEvy-LEDUC, C. (2006). Efficient semiparametric estimation of the periods
in a superposition of periodic functions with unknown shape. Journal Of Time Series
Analysis, 27 877-910.

GrLynN, E. F., CHEN, J. and MUSHEGIAN, A. R. (2006). Detecting periodic patterns in
unevenly spaced gene expression time series using Lomb-Scargle periodograms. Bioinfor-
matics, 22 310-316.

GoLUBEV, G. K. (1988). Estimation of the period of a signal with an unknown form against
a white noise background. Problemy Peredachi Informatsii, 24 38-52.

HarL, P., REIMANN, J. and RICE, J. (2000). Nonparametric estimation of a periodic func-
tion. Biometrika, 87 545-557.



22 C. LEVY—LEDUC7 E. MOULINES, AND F. ROUEFF

LowmB, N. R. (1976). Least-squares frequency analysis of unequally spaced data. Astrophysics
and Space Science, 39 447-462.

McNENEY, B. and WELLNER, J. A. (2000). Application of convolution theorems in semi-
parametric models with non-i.i.d. data. J. Statist. Plann. Inference, 91 441-480.

MEYN, S. P. and TWEEDIE, R. L. (1993). Markov chains and Stochastic Stability. Springer-
Verlag, London.

PrEss, W. H., TEUKOLSKY, S. A., VETTERLING, W. T. and FLANNERY, B. P. (1992).
Numerical recipes in C. 2nd ed. Cambridge University Press, Cambridge. The art of
scientific computing.

QuINN, B. G. and HANNAN, E. J. (2001). The estimation and tracking of frequency. Cam-
bridge Series in Statistical and Probabilistic Mathematics, Cambridge University Press,
Cambridge.

QUINN, B. G. and THOMSON, P. J. (1991). Estimating the frequency of a periodic function.
Biometrika, 78 65-74.

Rur, T. (1999). The Lomb-Scargle periodogram in biological rythm research: analysis of
incomplete and unequally spaced time-series. Biological Rhythm Research, 30 178-201.
SCARGLE, J. D. (1982). Studies in astronomical time series analysis II. statistical aspects of

spectral analysis of unevenly sampled data. Astrophysical Journal, 263 835-853.

STEIGER, W. (1969). A best possible Kolmogorov-type inequality for martingales and a
characteristic property. Annals of Mathematical Statistics, 40 764-769.

THIEBAUT, C. and ROQUES, S. (2005). Time-scale and time-frequency analyses of irregularly
sampled astronomical time series. FEURASIP Journal on Applied Signal Processing, 15
2486-2499.

GET/TELEcoM Paris, CNRS LTCI, 46, RUE BARRAULT, 75634 Paris CEDEX 13, FRANCE.
E-mail address: [levyledu,moulines,roueff]@tsi.enst.fr



	1. Introduction
	2. Main results
	3. Numerical experiments
	4. Detailed proofs
	4.1. Technical lemmas
	4.2. Useful intermediary results
	4.3. Proof of (11)
	4.4. Proof of Eq. (12)
	4.5. Proof of Eq. (24)
	4.6. Proof of Eq. (25)

	References

