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NEW MINIMAX RATES FOR INVERSE PROBLEMS
Thomas Willer

Laboratoire de Probabilités et Modéles Aléatoires, Paris, France

Abstract: We consider inverse problems where one wishes to recover an unknown
function from the observation of a transformation of it by a linear operator, cor-
rupted by an additive white noise perturbation. We assume that the operator
admits a singular value decomposition where the eigenvalues decay in a polynomial
way, and where Jacobi polynomials appear as eigenfunctions. This includes, as an
application, the well known Wicksell’s problem. We determine the asymptotic rate
of the minimax risk for this model in a wide framework, considering (LP)1<p<co
losses, and Besov-like regularity spaces. We draw a comparison with the mini-
max rates of the deconvolution problem, which appears as a critical case of the
Jacobi-type rates. We also establish some new results on the needlets introduced

by Petrushev and Xu (2005) which appear as essential tools in this setting.

Key words and phrases: statistical inverse problems, minimax estimation, second-

generation wavelets.

1. Motivation
We consider the problem of recovering a function f from a blurred (by a

linear operator) and noisy version Y:
YweV, Y()=(Kf,v)y+e&v),

where K is a linear operator between two Hilbert spaces: K: U +— V, § is a
V-white noise, and for H a Hilbert space and hq,hy € H, (hq, ha) denotes the
scalar product in H between h; and h;. We assume that f belongs to U =
L2([—1,1], u(x)dx), with p(x) = (1 —x)*(1 +x)B, « B > —1/2, and that K
admits a singular value decomposition (SVD), i.e. there exists an orthonormal
basis (called SVD basis) formed by the eigenfunctions of the self-adjoint operator
K*K (where K* is the adjoint of K). Moreover we assume that this SVD basis
consists of the classical Jacobi polynomials of type (, ) (see Szegé (1975)), and
that the corresponding sequence of eigenvalues tend to zero at a polynomial rate.

We will call such problems ” Jacobi-type inverse problems”.



The main motivation of this article is to establish the asymptotic minimax
rates in a wide framework, considering LP([—1, 1], i) losses, for all 1 < p < oo,
and a Besov like regularity space. We find rates which are new in the literature,
and we give applications and draw parallels among well known inverse problems

in practice, such as Wicksell’s corpuscule problem or the deconvolution problem.

1.1 Interest of the results for inverse problems theory

The most popular technique for the treatment of inverse problems is prob-
ably singular value decomposition estimation, where the unknown function is
expanded in the SVD basis, and the coefficients are estimated thanks to Y. Such
techniques are very attractive theoretically and can be shown to be asymptoti-
cally minimax in many situations (see e.g. Mathé and Pereverzev (2003), Cava-
lier and Tsybakov (2002), Cavalier, Golubev, Picard, and Tsybakov (2002), Tsy-
bakov (2000), Goldenshluger and Pereverzev (2003), Efromovich and Koltchinskii
(2001))). However there are limitations in the minimax framework, in particular
such estimators generally cannot estimate functions exhibiting inhomogeneous
regularity. To avoid this problem, several wavelets methods have been intro-
duced during the last decade (Donoho (1995) and Abramovich and Silverman
(1998)), which are minimax over wide sets of target functions, for example Besov
spaces. However such methods apply only to a category of inverse problems
where the operator is well adapted to the structure of first generation wavelets
(for example homogeneous operators).

Then the main interest of our results is to grapple with problems with a
polynomial structure, which cannot be analysed through the perspective of clas-
sical wavelets (which are more adapted to operators linked to Fourier analysis).
The main idea is to use new wavelets built upon polynomials (termed needlets,
and introduced by Petrushev and Xu (2005)), and new spaces, which appear
as an adaptation of the classical Besov spaces. Thanks to these new tools, we
derive the minimax rates of all the Jacobi-type inverse problems. So this paper
is closely linked to Kerkyacharian, Picard, Petrushev, and Willer (2006), where
an estimation procedure, called NeedVD and based on needlets, was developed
for several inverse problems, including Jacobi-type models. Here we prove that
NeedVD is nearly optimal, since the lower bounds established for the minimax

risk turn to match with the convergence rates of the procedure.



Note also that the results are established for all LP([—1,1], u), whereas in
most other works only the case p = 2 is considered, except for the deconvolution
problem: this problem is well adapted to classical wavelet treatments (Pensky
and Vidakovic (1999), Fan and Koo (2002), Kalifa and Mallat (2003)) and min-
imax rates for LP([0,1],dx) losses and over Besov spaces were established in
Johnstone, Kerkyacharian, Picard, and Raimondo (2004) and Willer (2005). We
will draw a parallel between those rates and the ones obtained here: we exhibit
elbow effects, and we show that the rates in the deconvolution model appear as
a critical case of the rates in the Jacobi-type model. Moreover, we also give an
application of our results to Wicksell’s problem (Wicksell (1925)), which satisfies
the required assumptions on the operator. This problem concerns the recovery
of the density of the radii of spherical particles, when a sample of planar cuts is

given, and has many applications in medecine and in biology.

1.2 Mains tools used to establish the results

The principle of NeedVD is is to decompose the inverse problem in a needlet
frame. Such functions are adapted at the same time adapted to K (as they are
closely linked to the SVD basis of the problem, i.e. to Jacobi polynomials), and to
f (as they enable sparse representations of various functions, including spatially
inhomogeneous ones). In this paper our main concern is to lower bound the
minimax risk. However the same kind of problematic arises, as the problem is to
find a family of hypotheses {fa, A € A} C U, representative of the difficulties of
estimation inside the regularity space considered for the risk. This means that

the functions f) must be chosen such that:
e they are distant from one another in LP(u) norm,

e and in the same time the distributions of the associated processes Y are

close to one another (in a Kullback sense, for example).

A natural way to build such hypotheses is to use functions which enjoy lo-
calization properties, and whose images by K can be easily studied, and thus
here again needlets are an essential tool. The hypotheses are built as linear
combinations of such functions, with some parameters left free, which we ad-

just optimally with respect to the two constraints cited above. Then the LP(u)



distance between the hypotheses yields the lower bound on the whole regularity
space. In this context several additional difficulties must be treated in compari-
son to classical-wavelet problems such as deconvolution, which stem from the non
orthogonality of the needlets and from the heterogeneity of their LP(u) norms.
Thus we will make a brief list of the properties of needlets, and we will establish

some new properties specific to the lower bound problem.

The paper is organized as follows. In section 2 we describe the model and
state the main result, in section 3 we describe the needlets and we give their basic
properties used to prove the main result. The fourth section gives the proofs of
the minimax rates and the fifth section gives the proofs of two preliminary results

on needlets from section 3.

2. Main result
2.1 Model and assumptions

We are interested in nonparametric inverse problems in white noise, with a
polynomial structure of the operator. We define this framework as follows. Let f
be an unknown function belonging to the Hilbert space U = L2([—1, 1], u(x)dx),
with p(x) = (1 —x)%(1+x)P, o, B > —1/2. The estimation problem consists
in recovering a good approximation of the function f from the observation of the

random variable Y corresponding to a blurred and noisy version of f:
YweV, Y(v)=(Kf,v)y+e&(v). (1)

Blurring effect: Let I = [a,b] or I = [a,b[, with —c0 < a < b < oo, and
A: 1+ R a continuous function. We set V = L2(I,A(x)dx). Let K: U— V be a
linear operator satisfying the two following conditions. First assume K*K (where
K* denotes the adjoint of K) is diagonalizable, with a countable set of eigenvalues
(denoted (b%)keN) which are strictly positive and decrease at a polynomial rate
for some ill posedness coefficient v > 0 (for two positive sequences (uy) and
(vi), the notation uyx = vy means that there exist 0 < ¢; < ¢2 < oo such that
c1vi < ug < cavk):
Vk e N, brx<k".

Secondly, assume that the classical Jacobi polynomials normalized in U (we de-

note by Py the polynomial of degree k) appear as an orthonormal basis of eigen-



functions of K*K. So Py is the polynomial of degree k such that f1_1 PyPidp = 0k 1,
and:
Vk € N, K*KPy =biPy.

Noise effect: € > 0 is deterministic, and & is a gaussian white noise on V| i.e.:

E(v) ~ (O, [VII3),
&(v), &£(w) are independent if v L w.

Yv,w eV,

2.2 Minimax rates

The aim of the paper is to establish the asymptotic minimax rates (when
e — 0) for inverse problems described above, in a wide framework, i.e. for
numerous choices of functions f and of measures of estimation errors. For the
latter, we consider all LP(u) losses (for any 1 < p < +00) defined by: Yu € U,
Iuller o = [ heboPdu(x)] .

Concerning the target functions, we introduce spaces B3 (M) below, which
appear as an adaptation of the classical Besov spaces. Let (ll’j,n)jzo,nezj denote
the tight frame of needlets described in the next section. For any f € U, we have

the following decomposition:

f=3 3 By,  where Bjn = (f, ).

j>0 neZ;

Then fort>1,s>1/m, r>1, M > 0 we define:

Bs (M)={fel | [[(2Z5) Bin™5nlm) "Mzl <M

nez;

If ; y were a classical wavelet, then B7 . would be exactly a Besov space. Details
on this notion can be found in Héardle, Kerkyacharian, Picard, and Tsybakov
(1998), we recall simply that they are very general regularity spaces including
as particular cases Sobolev and Holder spaces, and which can be described very
simply, thanks to any regular enough wavelet basis. They often appear in the
study of inverse problems, in particular when the operator displays links with
Fourier analysis (Donoho (1995)). However here B , correspond to new spaces,
characterized by needlets, which appear as a natural alternative to Besov spaces
in the case of polynomial type inverse problems. Details on the space in this case
can be found in Narcowich, Petrushev, and Ward (2006).



We are interested in the minimax risk defined by:

Re(BS, (M), LP(n)) :=inf sup Ee([|f— 1]},
f feBs . (M)
where the infimum is taken over all o(Y(t))¢>o—measurable estimators f. The
results of Kerkyacharian, Picard, Petrushev, and Willer (2006), concerning the
rates of convergence of the NeedVD estimator, give immediately an upper bound
for the risk. This is Theorem 1, where we recall that v > 0 is a rate of decay of
the eigenvalues of the operator (by < k™), and that «, 3 > —5 are parameters

characterizing U.

Theorem 1. Foralll1 <p <oo,m>1,vr>1ands > maxye{aﬁ}{% —2(y +
1)(% — %[) V 2y + 1)(}T — %) V 0} there exists C > 0 such that:

Re(BS. (M), LP(1)) < Cllog(1/€)]P*'[ey/log(1/€)]P
where { =min{((s), (s, «), {(s,B)} with:

s =201 +7)(3 — 3
stV d sy = s+v+2( +Y)(3— %)

The main purpose of the paper is to prove that these rates coincide with
the rates of the minimax risk up to log factors. We will establish the following

theorem:

Theorem 2. For all1 <p <oo,m>1,1r>1 and s > 1/m there exists C > 0
such that:
Re(B3 (M), LP(n)) > Ce®,

where { = min{{(s), {(s, ), (s, B)} with:

o _ sk
C(S)—m, ((s,y) = stvt201 +Y)( )-

Note that the exact logarithmic factors of the minimax risk are not estab-
lished yet. In this paper we have focused only on the main rate €, so our results

prove that NeedVD is ”quasi optimal” in the Jacobi-type models.



2.3 Comparison with other inverse problems

In the literature on statistical inverse problems, there are few results in a
minimax framework as general as the one given above. Generally, only the L?
case is considered, and under the polynomial decay assumption of the eigenval-

ues the rate ¢ = named "regular” rate) appears frequently (see Cavalier

sz (
and Tsybakov (2002)). For more general LP losses, only the case of deconvolu-
tion in a periodic setting (up to our knowledge) has been studied in Johnstone,
Kerkyacharian, Picard, and Raimondo (2004) and Willer (2005), and elbow ef-
fects appear, with a second rate named ”sparse”. It is interesting to draw a
parallel between such a problem, where classical wavelets are widely used tools,
and polynomial type problems, which require needlets.

For the deconvolution problem, minimax rates have been established for all
LP([0,1],dx) losses (1 < p < oo) and over balls of a Besov space characterized
by parameters > 1, s > 1/m, v > 1 as above. Then the rates are given as in

Theorem 1 and 2 (up to the logarithmic factors) with ¢ replaced by:

s s—1/n+1/p

stv+1/2 Coparse = s+v+1/2—1/n}'

C= min{Cregular =

Then the deconvolution setting appears as a critical case of the Jacobi setting,
if we set « = = —%. More generally if we set « = 3 > —% we can draw
the cartography of the regular and sparse zones with respect to (p, ) (see figure
1), as was done in Hérdle, Kerkyacharian, Picard, and Tsybakov (1998) in the
direct observation case. In the deconvolution case (i.e. the ”wavelet scenario”)
the separation between the zones is linear, whereas in the ”Jacobi scenario” the
critical case is more complicated. So in that scenario we find new rates, and note
that this novelty is not an artifact stemming from the weights on the space, since
in the Lebesgue case the rates for the Jacobi scenario (i.e. &« = 3 = 0) do not
coincide with those of the wavelet scenario. Thus the origin of the differences
lies in the polynomial structure of the inverse problems, in opposition to the
”Fourier” structure of the problems usually treated by first generation wavelet

methods.

2.4 Application to the Wicksell’s problem

The Jacobi-type inverse models considered in this paper find applications in
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Figure 1: Cartography of the regular and sparse zones with respect to (p,7t) in the deconvolution case
(left) and in the Jacobi case if o = (right)

practice, in particular with the well known Wicksell’s problem (Wicksell (1925)),
which corresponds to the following situation. Suppose a population of spheres
is embedded in a medium. The spheres have radii that may be assumed to be
drawn independently from a density f. A random plane slice is taken through the
medium, and some spheres are intersected by it. They furnish circles, the radii of
which yield the points of observation Yi,..., Yy, as illustrated in Figure 2. The
unfolding problem is then to determine the density of the sphere radii from the
observed circle radii. This problem arises in medicine, where the spheres might
be tumors in an animal’s liver (Nychka, Wahba, Goldfarb, and Pugh (1984)), as
well as in numerous other contexts (biological, engineering, etc.) see for instance

Cruz-Orive (1983).

o =3 O ©
e o
. Planar
¢ © ° cut O
° <} D ° 1)
@) [ °
P B o <
° o
e

Figure 2: Wicksell’s problem: observation of radii of disks after a planar cut of spheres

In this article we consider this problem in the white noise framework (consid-
erations about the application to the density framework are made in Chapter 5 of

Willer (2006)). We use the singular value decomposition established in Johnstone



and Silverman (1991), where the Wicksell’s problem corresponds to the follow-
ing operator: U* = L*([0,1], w*(x)dx), u*(x) = (4x)~', V = L*([0,1[,Ay)dy)
My) =47 1(1=y?)"/2, and Kf(y) = Fy(1 —y2) /2 [1(x2 —y2) V2 (x)dp* (x).
In this case K*K has the following eigenvalues and eigenfunctions:
SELIE
ex(x) = 4(k+ 1)VA2PQT(2x% — 1),

where P%1 is the kth degree Jacobi polynomial of type (0,1). Then we are (up
to changes in the variables) in the framework considered in this paper. Thus
Theorem 1 and 2 establish the rates for the minimax risk R¥¢* of the Wicksell
problem, considered in the framework of Johnstone and Silverman (1991), with
white noise perturbations. After taking into account the changes of variables
(hence the notation B instead of B), and neglecting log(1/€) factors, we have:
RX‘ACk[E;‘T(M),Lp([O, 11,x37Pdx)] < €%, where:

s—2x—3) s—4L—3)
¢= mln{ ° ) 37[ zp ) 57T 4'P }
s+ 1 S+§—7T[ S‘f‘j—?t

Thus we find rates which are new in the literature, and we establish the quasi
optimality of the NeedVD estimator. However, of course, other formulations of
the Wicksell problem have been proposed, with some other results: a minimax
study can be found in Golubev and Levit (1998) for the estimation of the dis-
tribution function associated to f, and in Antoniadis, Fan, and Gijbels (2001)
convergence rates are established for the estimation of a probability distribution

function closely related to f.

3. Construction and properties of needlets
3.1 Construction of Jacobi needlets

In this section we recall briefly the construction of Jacobi needlets introduced
by Petrushev and Xu (2005), for more details we refer the reader to that paper.
We denote by (Py) the classical Jacobi polynomials of type (¢, ) normalized in
U =L%([-1,1],u) where du(x) < (1 —x)*(1 +x)Pdx; o, p >—1/2.

The first step of the contruction consists in a Littlewood-Paley decompo-
sition. Let a(.) be a C* function supported in [—2,—%] U [%,2] such that



ijo a?(x/2) =1, V|x| > 1. Moreover we add the condition: a(x) > ¢ > 0 for
3/4 <x <7/4 (so as to use results established in Kerkyacharian, Picard, Petru-
shev, and Willer (2006)). Then we introduce the following family of functions,

which appear as the kernels of the operators performing the Littlewood-Paley

decomposition:
Vi €N, Aj(x,y) = ) a(k/2)Pi(x)Pily).
keN
The second step is a quadrature formula. For j € N we set Z; = {ny :
k =1,2,...,2)), where nx = cos 0; x are the zeros of the Jacobi polynomial P

ordered so that my >m2 > -+ >y, and hence 0 < 057 <052 <--- <055 <7
It is well known that 0; ~ E—? (cf Szeg6 (1975)). Let Ty, denote the space of all
polynomials of degree inferior to m. Then the points of Z; serve as knots of the

Gaussian quadrature which is exact for all polynomials from TT+1_7, that is,

J Pdu= Y bjn P, VP ey,
[71’” T]kGZ]'

where the coefficients bj,,, > 0 are the Christoffel numbers (Szeg6 (1975)) and
bine = 2 0 wep(20mik) with wep(2);%) == (1 —x+272)%F1/2(1 4 x +275)B+1/2,

We finally define the Jacobi needlets as

V) € N» k € {1» .. vzj}) .L])]',T‘lk(x) =V b].ynk/\ZJ' (X,T]k)-

In view of the support of a, the needlets depend on the Jacobi polynomials
in the following way: 1;n(x) = %]:Ej],zﬂ ¢jm1Pu(x), with coefficients ¢ 1 =
a(l/Zj*])Pl(n)w/bm. Some examples of needlets are given in figure 3. Note
that setting o # 3 introduces some dissymmetry in the function, which presents

more variations in the interval corresponding to the highest parameter max (o, 3).

3.2 Properties of Jacobi needlets
In this section we give a list of some useful results on the needlets established
in previous papers, and we give new properties of needlets that will be needed
to establish Theorem 2.
Wawvelet-like properties: First of all, the needlets form a tight frame:
vieH, f= ) ([ and [fI7= 3 [(fba)f

jeNNEZ; jENNEZ;

10
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Figure 3: A Jacobi needlet of type (o, ) = (0,0) (left) and (&, ) = (1,0) (right)

Secondly each needlet 1;,, is concentrated on a small interval centered on 1, as
established in Petrushev and Xu (2005):

Theorem 3. For any 1 > 1 there exists a constant Cy > 0 such that
1 2i/2

i (cosB)| < C - - , 0<o<m
WincleosO)l < G Wap(27,cos ) (1+ 270 — ZK|)L

This almost exponential concentration property implies wavelet-like inequalities
for the LP norms of linear combinations of needlets. This is Theorem 4, estab-
lished in Kerkyacharian, Picard, Petrushev, and Willer (2006):

Theorem 4. Let 0 <p < oco. Then there exists a constant Cp, > 0 such that for
any collection of numbers A :k =1,2,...,2)},5 >0,

2 2
1D MebimlFe () < Cp D ARPlWsme P )
k=1 k=1

Differences with first generation wavelets: Needlets are not issued from a trans-
lation/dilatation scheme, hence major differences with classical wavelets. Let us
for example describe the needlets at a given resolution level j. First they are not
distributed uniformly on the interval, but around the nygs. Second they behave
quite differently depending on their locations 1 in the interval, which is reflected
in Theorem 3 by the variations of the function w(x,ﬁ(zj, .). This is illustrated
in figure 4: for a given resolution j, "edge” needlets have different shapes than
"middle” needlets, and the LP norms are not constant with respect to 1 (except

arguably for p = 2). More precisely concerning LP norms, the following bounds

11



have been established in Petrushev and Xu (2005) (for the upper bounds) and
in Kerkyacharian, Picard, Petrushev, and Willer (2006) (for the lower bounds).
They play in important role for the proofs of Theorem 1 and 2.

Theorem 5. V0 < p < 00,Vj € N, we have up to scalars depending only on p:

. 2ilet1) TP
vk=1,..,27", Wsmlle = | o772 ’

1 . 20(B+1) e
V27 <k < 2]» ”ll)iﬂ‘lkHP = (1+ (2] j [3+1/2

H——— ﬂg
oﬂ ML HL 1

Figure 4: For a given resolution j: some of the needlets Wj n, (above), and the values of all the L3
norms (below) when 1y varies

Moreover unlike first generation wavelets, needlets do not form an orthonor-
mal basis, but only a redundant frame. This leads to some specific difficulties
for the study of the lower bound of the minimax risk. So we need to add, to
the previous list already used in Kerkyacharian, Picard, Petrushev, and Willer
(2006), two new results which are proved in the appendix.

First we need to upper bound the scalar products between needlets. This is

given by Lemma 1.

Lemma 1. We have:

1. V,j’, k, 1 such that [i' —j| > 2, ({5, Wi/ m,) =0

12



2. ¥4 > 0, Feg such that V1,3, k, Lwith [i' =5 < 1: [ (i, Wy nd)| € Greere:

Secondly we need to lower bound the LP norm of linear combinations of
needlets. Note that a result as general as the upper bound of Theorem 4 is
impossible. Indeed, for instance with the non null coefficients /bjy, introduced
in the definition of the needlets, one can check that: Zfﬂ VB Wsne = 0.

However we establish the following result for needlets with a large enough distance

between the indexes of the 1’s, in the case where p is an even integer:

Theorem 6. Letp € 2N*. Then there exists a constant cp, > 0 and an integer 1y,
such that for any collection of numbers {A : k € I}, j > 0, where I; C {1,2,... 21
and k,le jk#l= [k =1 > n,,

| Z Akﬂ)i»ﬂk”ﬁp(u) ZCp Z |)\k‘le'l)jynk||]ED(u)'

kel kel

4. Proof of the main result
4.1 Scheme of the proof

The proof of Theorem 2 requires well known methods for minimax lower
bounds, as available in Tsybakov (2004), combined with new tools (i.e. needlets).
We use Theorem 5.2 in Tsybakov (2004), which involves the Kullback-Leibler
divergence IC(P, Q) between two probability measures P and Q, defined by:

JIn(§5)dP, if P < Q;

+00, otherwise.

K(P,Q) = {

Changing the notations, and replacing slightly the conditions so as to include the
case m = 1 (the result remains true using T = 1/v/m+ 1 instead of T = 1/y/m
in the proof), this theorem states that:

Theorem 7. Assume there exist m+ 1 functions fo,...,fm (with m > 1) satis-

fying the three following conditions:
e Condition (i): for alli€{0,1,...,m}, f; € B} (M),

e Condition (ii): for all i #7j, ||fi—fj|]|p > 28 for some & >0,

13



e Condition (iii’): foralli€{1,...,m}, Py, < Py, and o ¥ o1 K(Pg, Py,) <
Blog(M + 1), where 0 < 8 < 18 and Ps denotes the probability distribution
of the process Y under the hypothesis f.

Then infgsupgeps (m) Pe(||F—fII5 > &) > 7o, where 7o is a positive universal

constant.

We use this theorem by building several sets of hypotheses {f;, 1 =0,1,..., m}
satisfying the three conditions. Then using Chebychev’s inequality we have:
inf sup Egl[f —f|5 > mob.
T feBs, (M)
With an appropriate choice of three sets {f;, i = 0,1,..., m} depending on the

level of noise €, 6 yields the three expected rates.

Let us precise condition (7i’) in model 1. Let I = [a,b] (the case I =
[a,b[ is similar). If we define the variables ?(w) = Yw(. — a)/\/?T.)) and
E(w) = &w(. — a)/\/m) for allw € V = L%([0,b — a],dx) then model 1 is
equivalent to: Y(w) = (Kf(. + a)/A(. + a),w)y + e&(w), which is equivalent to
the stochastic equation: Vt € [0,b— a], dY, = Kf(.+a) \/W—f— edW, where
(Wi)e>0 denotes the standard Wiener process. Then using Girsanov’s formula,
or theorem 7.18 from Lipster and Shiryaev (1977), for all f, g € U Py is absolutely
continuous with respect to Py, and under the hypothesis g the likelihood ratio
Ae(f,g) = g—‘];;(Y) is distributed as: log Ae(f,g) ~ N(—3|| K(fgg)H%/, | K(fgg) V).
Thus

1

”K(fi—g
2

K(Ps,Pg) = EfIn(Ac(f, g)) = —Eflog(Ac(g, f)) = )Hé-

Then condition (iii’) can be replaced by the sufficient condition (iii):

Condition (iii): fo = 0 and for all i € {1,...,m}, |[Kfi||3, < 0log(M + 1)e?
where 0 < 0 < §.

14



4.2 Sparse cases

The sparse rates p(a) and p(p) are obtained respectively by applying The-
orem 7 to the following set of functions: {fo = 0, f1 = yWUj 1, }, and {fo =
0, f1 =15, iy }, for some parameters 7y, jo and j; chosen so as to satisfy condi-

tions (i) to (iii). We detail only the proof for p(«) (the proof for p(f) is similar).

Condition (%) is satisfied if u; = ZjS(ZneZ]_ [(F1, W5 ) [ W51 7)1/ belongs to
1"(M), where f1 = y\j, n,. Using the first part of Lemma 1, u; = 0 whenever
li—jol > 2. So in the sequel we assume that j € {jo—1,jo,jo+ 1}, and the 1" norm
of (u;) is bounded by a constant M (independent of y > 0 and jo) if for instance
W < 3TTM. We haver Wl = 27T 5, o (g i) HbyalIF < el 4 T2),
with, using the bound of Theorem 4:
21
=2 jlrs4-(t—2) (oc+1)] v Z ( w]o - »w),n>|7tk (—2 +1/2)

k=1
2i

YO (Wi i) (2 — k1) 2B,

k=2-1+1

L= il +(r=2)(B+1)]

Using the second part of Lemma 1, we have for any C: [(Pjyn,, Wime )| < cki.
Thus choosing any ¢ > w, we obtain: I; < ¢2ilmsHre=2) (et 7
Moreover ZZJ e kH)_]Z:)(BH/Z] < 2 Gu==2)(B+1/2)+ " 56 for a large
enough (: I, < 20t (re=2)(B+1)—Cret(1=(m=2)(B+1/2)l4 )y < 1. Thus we have for
allj € {jo—1,jo,jo+ 1} uf' < c2olrmstim=2)(a+T)ly 7 and condition (i) is satisfied

if, for a small enough ¢ depending on M:

y < 2 ols+(1=2)(ect 1],

Condition (i), using theorem 5, is fulfilled with: & = yP2Jo(P=2)(et1)

Condition (%i3) is satisfied if: II yll)"’7‘“t))zd?\(t) < C. We have j; n(x) =

%) 211 241Cm, 1P1(x), thus Kipj; n(x) = =3 bicjniUi(x), and:

[K(Wsom I = 3_oresn? = 2_2% D lenl? =272 g, 1T < C272VP.
1 1

So condition (iii) is satisfied if: Q <c.
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In view of the three conditions, we set y = ce2¥ with a small enough ¢, and

1 Pls+2(F— %) (ot 1)]

: T AYIE T 2 .
20 =< ¢ stv=7)etD)  Then § x ¢ s*¥*+-7) 1) ojyes the sparse lower bound.

4.3 Regular case
Let m be an integer such that 2™ > n,, where n; is the integer from Theorem
6 in the case p = 2. For some parameters y and jo > m + 1 chosen further, we

consider for e € {0, 1/7°"™" the 22°°™" functions:

zjofmfl

fe = Y Z Ekk'Sl])]'o,T]zmk»
k=1

for some & satisfying: & > max([1,a + 1/2,(1 — 7%)(0( + %) — %[]. We only keep
some of these functions. By Varshamov-Gilbert theorem (see for instance Tsy-
bakov (2004)), there exists a subset E;, = {€°, ..., eho} of {0,17° ™" and two
constants ¢ > 0, p > 0 such that VO <u <v < Tj;:

2ip—m—1

> lek—elzc2®, T zexp(p2?) and fo=0.
k=1

In the sequel we consider the set {fc, € € Ej }.

Condition (i): for e € Ej,, let uj = 25(} [(f ey W5 W51 /7. Once
again u; = 0 whenever [j —jo| > 2. Now let j € {jo — 1,jo,jo + 1}. Then we have:
uf < c(Iy + 1), with:

2i—1 201
I = jlms+(m—2)(oc+1 )],YTt Z k*(ﬂ*Z)(OH’.I/Z)( Z 15|<11,].O‘m)1|)).mk>|)7"
k=1 1=1
2j 2i0—1
[, = 2lms+r=2)(p+1 )],Yrt Z (2 —k+ 1)—(71—2)([54—1/2)( Z 15‘<1|)].0 Wi D™
K=2i—141 1=

.
(14120 IKk[)e "
Then, for x € R, let | x| denote the largest integer smaller than x. We have:

Using Lemma 1 with some ¢ given later, we have [(j; n,, Wjm, ) <

18 1 1
< ck® S < ck® E — < ck®
> (0 + 1= 20Tk = € > (1 + 20k — e =€ 1c="
1<| 20 k] 1<| 20—k 1>1
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for a large enough (. Moreover:

18 12 _ = (L+[2°7K]))®
Z (T4 L — 2i0—7K|)C < Z (1— inoﬂ'kj)c o Z 1¢

1> 20T k| +1 1> 20T k|41 >1
1+ [20TK)° s
SCZ I—C S Ck. y
1>1

for C large enough. To obtain the last line, we used the fact that 6 > 1. Thus

%):01_] m < ck®, and:
21
I < Czi[ﬂs+(n—2)(o¢+1)]y7't Z k—(Tt—Z)(oc—l—]/Z]kZSTt — 2 [s+6+]§],y.
k=1
For I, remark that for any k € {2771 +1,...,2)} and any 1 € {1,... 20071},
we have: Iz—kj - 2%| = zhl — 2]% > IZjZTk — p%|' So for such a k, as previously:
%2‘7] m = %]:017] (1+\1—ziolfj Fo = ¢ ~ k), and:
2
L < cz)’[ﬂ8+(ﬂ72)(f3+1)]y71 Z (2 —k+1 )*(7172)([5+1/2)(21'_k+1 )7 = c2ﬂs+6+]§]y.
k=2-1+1

Finally we have u; < ch[S%*%]y so fe belongs to B2 (M) if, with a small enough

¢ depending on M:

v < c2 Jo [s+6+1§}_
Condition (ii): for all u,v € Ej, with u £ v, fy, —f, = Y 25, y(e¥ —
sﬁ)k‘slbjo momy - 50 by Theorem 6 and Theorem 5, we have:
Zjofmf'l
iz o Y - —e? YW
k=1 (k| e ey}

Let Ny, denote the cardinal of the set {k € {1,... , 2Jo—m=T1 | Ep # )}, then we
have Ny, > c2% and, since & > 0:

Nu.,v
||fu_ fVH%J. > C,YZ Z k26 _ YzNu,V]JrZé > CY22]0(1+26). (2)
k=1

Let us distinguish two cases. Suppose 2 <p < oo and let 1/p+1/q =1. By (2)

and Holder’s inequality we have:

c200(1128) < Hfu_fVHI%Z(u) < = follwe (= follLa -

17



Using Theorem 4 and the fact that, under our assumptions, q6—(q—2)(x+1/2) >

—1, we have:
) zjofmfl
-
||fu_fv||]Lq( < C’YZ) OCJF])( Z kqéf(Q*z)(Och]/Z)ﬂ/q < C’»yzlo(jJré))
k=1

.l
therefore ||f, — fVHEv(u) > cyP2iop(3+8)
Suppose now 1 < p < 2, we have using (2):
o (14268 2 5
22 < = fullla < M= Folla ol — BT,

From Theorem 3 we infer for all 0 < 0 < 7/2:
2jo (14 1
(14 200]p — XZ[)L(2I0@ + 1)ect1/2”

[y (c0s 8)] < C

CZ]O T+ 1

so for 1 large enough: [j, n, (cos0)| < CL 577 QECEE

1/2) > 0:

and, since d — (o +

ziofmfl

Ifu(cos 0)—fy(cosB)] < cy2iolet) Z k5*(°‘+1/2)( !

+ 20ofg — k7))

-
< C/»yz)o(jJr(S

210 m—1
where in the last line we used the fact that for any 0, > ;~ m <

c Zl 1 12 Similarly the same bound holds for any /2 < 0 < m, thus we have:
[fuw— follLoo () < c2o (3 ), and once again: ||f, — fVH]Lp(u) > cyP2ior(z I8,

Condition (uz) we have /Tj, > exp(§270), so (ii) is satisfied if for all e*

Ejy» fI e 2d?\( t) < c2j°A for % small enough constant c. We have: f,, =
2Jo-m-

Z)O m— o . S
2 Biosiomamy = Lot Xien BiokCiome tPLX), with B x = yelk?.
Thus:
2ip—m~—1 2jp—m—1
-~ )—2vj 2
IKEDIZ, 0 =D [ Y BioabiCiom? <2223 [ 3 By acjym,
1 k=1 1 k=1
2ip—m—1 2ip—m—1
A —2vj —2vj
=2" ]OH Z B)o,klp)o,ﬂzmkH]Lqu <e2m e Z B]ok
k=1 k=1
2j07m71
k=1
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5—v)j

—vj (6+le . . ( .
So finally we need: 2—°Y2" 2 ° < (2i0/2 jo. 27 Y < C with a small

€ - €
enough constant C.

1
1 s+0+ 5

. s j Tl T
In view of the three conditions, we set 20 < e ***2 and y < e*"¥"2, and
ps

we obtain the lower bound: & = e**V*?

5. Appendix

Proof of Theorem 6. Let p € 2N* and I; C {1,2,... ,27}. We have the following
upper bound: H(Zkel, Aklpiynk)HEv(u) = A + B, where:

A=Y NIl
kel
PH ey, AR (!
Bo Y S j (TT w7, (D utoax,
(pk)kteG/\ kel Prs J ke

and A = {(prke;, | Pk € N, Zkelj pPx = p and Ju # v such that p, >
0 and py > 0}

2i/2
\/wtx g (2,%) (142} |arccos x——k\)
0 < s < min{1, ﬁﬁﬂ}' For (pi)ker; € A, we use Theorem 3 with 1 = g + 1 for
every jn, , k € I;. There exists C such that:

1
. (cosB)[Px < C : 1 (cos B)Px -
H W5 ( )P < H @5kl ) H (1+2i|0 — %\)pk

kel kel kel

-, for some

Let us introduce the functions @j(x

Let u,v € Ij,u # v such that py, > 0 and p, > 0, and let nins = mink 1ex; k1 [k —
1|. We have:

) K . )
[T0+200 =250 = (14210 — S50+ 218 — Z51) = chu—vi = enine.
kEI]’
Thus we obtain:
p! erl AL k “| C
P
> Tleer pe! [T s P < o >
(P Jker; €A kel kel (PrJker; €A

C(Zkelj |)‘k“95mk)p‘

Tinf

| Pk
P! ey, M -

(p.
| )Mk
erlj Pk kel
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Now let us proceed similarly to the sketch of the proof of theorem 4 available in
Kerkyacharian, Picard, Petrushev, and Willer (2006). Let us recall the two main
tools.

First, consider the maximal operator (Msf)(x) = supjsy (ﬁ II If(u)\sdu) ]/S,
where the supremum is taken over all intervals ] C [—1, 1] which contain x, s > 0,
and |J| denotes the length of J. Then one can infer the following bound from
the Fefferman-Stein maximal inequality (see Fefferman and Stein (1971) and
Andersen and John (1980/81)). If 0 < p,r < oo and 0 < s < min{p,T, ;r7),

then for any sequence of functions (fy) on [—1,1]

H <;(Msfk)r>]/r LP(p) = CH(% fkr>]/THLv(u).

Secondly set o = 1, Ny = —1 and 650 = 0, 6,7 = 7, respectively.

MeHk+1 Mk Hk-—1 : bl 1/2
Denote Iy = [F*=5*1 F—=k=1] and put Hy = hy 1y, with hy = (W) ,

where 1y, is the indicator function of Iy.. Then |[HyllLs () ~ [[Wjn, |lLe (), and one

shows in Kerkyacharian, Picard, Petrushev, and Willer (2006) that for any s > 0
@im(X) < c(MsH)(x), x€e[=1,1], vk=1,2,...,2,j >0.

We use these two results, with fy = Hy and r = 1. Noticing that the (Hy)

have disjoint supports, we obtain:

2 2 2i
|| Z P‘k‘(pjﬂ']k ”Ev(u) §C|| Z Mk|Hk||]1pp (W — C Z D‘k|p||Hk||£p ()
k=1 k=1 k=1
2

<C' Y NP5l o
k=1

So finally there exists C > 0 such that |[B] < C %, and if we impose the following
condition on Ij: nins > 2C, then we obtain [B| < %A, and thus:

1
H(Z )\kll))',’r\k)HEp[u) > 2 Z 7\£H¢i‘nk||ulzp(u)~

kel; kelj
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Proof of Lemma 1. As indicated previously, the needlets are defined as: ;. =
%) 2]1 241 CmtPUx), with coefficients ¢j 41 = a (1/2-1Py(n) /b im- Soif [j'—j| >
2 then {272 41,.... 0 —1)n{2'24+1,...,2" =1} = 0, and Wine Wyrm) =

0, V(k1).

For the second part of the lemma we use Theorem 3. For any & there exists
¢ such that for all j, k:
1 2i/2

in (cosB)| < c - 0<e<m
Wi < e We,p(2),cos0) (1 +27|6——)

We recall that w o p(x) = (1—%)%(1+x)B, and W 5(2;x) = (1—x+275)*+H1/2(14
x +272)B+1/2 For a given ¢ > 0 and j,j’, k, 1 such that [j' —j| < 1, we use this
inequality for ;. | with & = (+ 2 and for [P/ | with & = ¢. Noticing that
wo(,B(Z",cos 0) < w(x,ﬁ(zjl,cos 0) we obtain:

[T wepl(cosO) sin 6d0
. ., < c2 “‘B.
(Pine Pyn) < € L W2, c030) (1 + 2910 — ZE)TF2(1 4 276 — 25}
I'kocfS
<c - ), % ,
~ " (minp<p<n 7 k,1(0))¢
Withf”/kl(e) (1 +2’|6 )( + 2 \9——) 0 <0 <m and Lixop =
2j J'T[ Wa,p (cos 0) sin 6d0

0 wy,p (2 cos6) (1+2i\ef%<\)2 :

First we have: minogegnfj,j/‘k)l(e) = min{fj,)",k,l(%)»fj,j’,k,l(znflz)} > 1+
ﬁlk—zj—j'u >c(1+ |k—25*5'1|). Secondly let us divide [ k « g into two terms:
Lkap = I]],k,oc,ﬁ + Ijz’k’(x’ﬁ, with:

I — (2 woc,fs(.COSG) sin ©6d0
ik, B Jo wap(2),cos0) (1 +2J|9_7)
2, a=2 Wa,p(cos0) sin 00
ik, B Jz w“YB(ZJ,cose)(]+ZJ|e_%<)2
=2 (5 wep(—cos6) sin 6d6
Jo wap(2),—cosB) (1+2ijm—0— % )2
_ 5 2 wp«(cos6) sin 0d@
Jo wpal2),co80) (1 4 2ijg — rc(zi‘j—k)nz
=l pa
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We have: sinOwy g(cos0) = sin 0(2sin?(0/2))%(2 cos?(0/2))P < ¢,02%t1 for all
0<0< 7, and:

W (25 c0s0) = (25in%(0/2) 4+ 275)%H1/2(2 cos?(8/2) 4 272 BH1/2 > ¢ 92T,

n2)

s
1 iz do 3 do . +oo  do .
Thus L}y o5 < c2 [& (1210252 <c/, (710—rk)2 < C, since f_oo Tro i

finite, and the same goes for Ijz,k,(x,ﬁ'

Thus there exists C(o,3) > 0 such that for all (j,k): Lxap < Clx,B),

which completes the proof of the lemma. O
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