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MINIMAL POSITION AND CRITICAL MARTINGALE
CONVERGENCE IN BRANCHING RANDOM WALKS,
AND DIRECTED POLYMERS ON DISORDERED TREES

By YUEYUN HU AND ZHAN SHI
Université Paris XIII and Université Paris VI

We establish a second-order almost sure limit theorem for the
minimal position in a one-dimensional super-critical branching ran-
dom walk, and also prove a martingale convergence theorem which
answers a question of Biggins and Kyprianou [Electron. J. Probab.
10 (2005) 609-631]. Our method applies, furthermore, to the study
of directed polymers on a disordered tree. In particular, we give a
rigorous proof of a phase transition phenomenon for the partition
function (from the point of view of convergence in probability), al-
ready described by Derrida and Spohn [J. Statist. Phys. 51 (1988)
817-840]. Surprisingly, this phase transition phenomenon disappears
in the sense of upper almost sure limits.

1. Introduction.

1.1. Branching random walk and martingale convergence. We consider
a branching random walk on the real line R. Initially, a particle sits at the
origin. Its children form the first generation; their displacements from the
origin correspond to a point process on the line. These children have children
of their own (who form the second generation), and behave—relative to their
respective positions—Ilike independent copies of the initial particle. And so
on.

We write |u| =n if an individual u is in the nth generation, and denote its
position by V' (u). [In particular, for the initial ancestor e, we have V' (e) = 0.]
We assume throughout the paper that, for some § >0, ;. >0 and J_ > 0,

(1.1) E{ <|HZ:11> 1+5} < 00,
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(1.2) E{ Z e—(1+6+)V(u)} +E{ Z eéV(u)} <00

lul=1 ul=1

here E denotes expectation with respect to P, the law of the branching
random walk.
Let us define the (logarithmic) moment generating function

P(t) logE{ Z e” “)} (—00, 00], t>0.

lul=1

By (1.2), ¥(t) < oo for t € [-0_,1+ ¢, ]. Following Biggins and Kyprianou
[9], we assume

(1.3) $(0)>0,  P(1)=¢'(1)=0.
Since the number of particles in each generation forms a Galton—Watson
tree, the assumption ¥ (0) > 0 in (1.3) says that this Galton—Watson tree is
super-critical.

In the study of the branching random walk, there is a fundamental mar-
tingale, defined as follows:

(1.4) Wy=3Y eV, n=0,1,2,... <Z:: o).

ful=n 2

Since W, > 0, it converges almost surely.

When /(1) <0, it is proved by Biggins and Kyprianou [7] that there
exists a sequence of constants (a,) such that W" converges in probability to
a nondegenerate limit which is (strictly) p051tlve upon the survival of the
system. This is called the Seneta—Heyde norming in [7] for branching random
walk, referring to Seneta [35] and Heyde [22] on the rate of convergence in
the classic Kesten—Stigum theorem for Galton—Watson processes.

The case 9/(1) =0 is more delicate. In this case, it is known (Lyons
[29]) that W,, — 0 almost surely. The following question is raised in Biggins
and Kyprianou [9]: are there deterministic normalizers (a,) such that 12/—:
converges?

We aim at answering this question.

THEOREM 1.1.  Assume (1.1), (1.2) and (1.3). There exists a determin-
istic positive sequence (A,) with 0 <liminf,, % <limsup,,_, % < 00,
such that, conditionally on the system’s survival, \,W,, converges in distri-
bution to W , with # >0 a.s. The distribution of W is given in (10.3).

The limit 7 in Theorem 1.1 turns out to satisfy a functional equation.
Such functional equations are known to be closely related to (a discrete ver-
sion of ) the Kolmogorov—Petrovski-Piscounov (KPP) traveling wave equa-
tion; see Kyprianou [25] for more details.
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The almost sure behavior of W,, is described in Theorem 1.3 below. The
two theorems together give a clear image of the asymptotics of W),.

1.2. The minimal position in the branching random walk. A natural
question in the study of branching random walks is about inf‘u|:nV(u),
the position of the leftmost individual in the nth generation. In the liter-
ature the concentration (in terms of tightness or even weak convergence)
of inf},—, V(u) around its median/quantiles has been studied by many
authors. See, for example, Bachmann [4] and Bramson and Zeitouni [14],
as well as Section 5 of the survey paper by Aldous and Bandyopadhyay
[2]. We also mention the recent paper of Lifshits [26], where an exam-
ple of a branching random walk is constructed such that inf},—, V(u) —
median({inf|,|—, V' (u)}) is tight but does not converge weakly.

We are interested in the asymptotic speed of inf|,—, V(u). Under assump-
tion (1.3), it is known that, conditionally on the system’s survival,

1
(1.5) - |i‘n_f V(u)—0 a.s.,
(1.6) Ii‘nf V(u) — 400 a.s.

The “law of large numbers” in (1.5) is a classic result, and can be found in
Hammersley [19], Kingman [23] and Biggins [5]. The system’s transience to
the right, stated in (1.6), follows from the fact that W,, — 0, a.s.

A refinement of (1.5) is obtained by McDiarmid [31]. Under the additional
assumption E{ (37}, 1)?} < oo, it is proved in [31] that, for some constant
c1 < oo and conditionally on the system’s survival,

lim sup inf V(u) <c¢ a.s.
n—oo lOgMN |u|=n

We intend to determine the exact rate at which inf|,—, V'(u) goes to infinity.

THEOREM 1.2.  Assume (1.1), (1.2) and (1.3). Conditionally on the sys-
tem’s survival, we have

1.7 lim su Viu) = a.s.,
(1.7) msup o ot Vi)
(1.8) lim inf inf V(u) = a.s.,

n—oo J0g N |ul=n

W N N W

(1.9) lim inf V(u) in probability.

n—oo log n |u|=n
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REMARK. (i) The most interesting part of Theorem 1.2 is (1.7)—(1.8). It
reveals the presence of fluctuations of inf|,|—, V' (u) on the logarithmic level,
which is in contrast with known results of Bramson [13] and Dekking and
Host [16] stating that, for a class of branching random walks inf|y =, V(u)
converges almost surely to a finite and positive constant.

(ii) Some brief comments on (1.3) are in order. In general [i.e., without as-
suming (1) = ¥'(1) = 0], the law of large numbers (1.5) reads
Linf lu|=n V (1) — ¢, a.s. (conditionally on the system’s survival), where c:=
inf{a € R:g(a) > 0}, with g(a) :=infi>o{ta + ¢ (t)}. If
(1.10) £ (%) = (t")
for some t* € (0,00), then the branching random walk associated with the
point process V(u) := t*V (u) + ¢ (t*)|u| satisfies (1.3). That is, as long as
(1.10) has a solution [which is the case, e.g., if ¥)(1) =0 and ¢'(1) > 0], the
study will boil down to the case (1.3).

It is, however, possible that (1.10) has no solution. In such a situation,
Theorem 1.2 does not apply. For example, we have already mentioned a class
of branching random walks exhibited in Bramson [13] and Dekking and Host
[16], for which inf|,|—, V'(u) has an exotic loglogn behavior.

(iii) Under suitable assumptions, Addario-Berry [1] obtains a very precise
asymptotic estimate of E[inf},—, V ()], which implies (1.9).

(iv) In the case of branching Brownian motion, the analogue of (1.9) was
proved by Bramson [12], by means of some powerful explicit analysis.

1
’ loglogn

1.3. Directed polymers on a disordered tree. The following model is bor-
rowed from the well-known paper of Derrida and Spohn [17]: Let T be a
rooted Cayley tree; we study all self-avoiding walks (= directed polymers)
of n steps on T starting from the root. To each edge of the tree is attached a
random variable (= potential). We assume that these random variables are
independent and identically distributed. For each walk w, its energy E(w) is
the sum of the potentials of the edges visited by the walk. So the partition
function is

Ly = Z e PEW)

where the sum is over all self-avoiding walks of n steps on T, and 3 > 0 is
the inverse temperature.

More generally, we take T to be a Galton—Watson tree, and observe that
the energy F(w) corresponds to (the partial sum of) the branching random
walk described in the previous sections. The associated partition function
becomes

(1.11) Wogi= > eV 5o

|ul=n
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Clearly, when g =1, W, 1 is just the W,, defined in (1.4).
If 0 < B < 1, the study of W}, g boils down to the case /(1) < 0, which was
investigated by Biggins and Kyprianou [7]. In particular, conditionally on

the system’s survival, % converges almost surely to a (strictly) positive

random variable.
We study the case 8> 1 in the present paper.

THEOREM 1.3.  Assume (1.1), (1.2) and (1.3). Conditionally on the sys-
tem’s survival, we have

(1.12) W, =n"1/2TeM) 4

THEOREM 1.4. Assume (1.1), (1.2) and (1.3), and let > 1. Condi-
tionally on the system’s survival, we have

log W,
(1.13) lim sup logWng _ _5 a.s.,
n—oo  logn 2
log W, 3
(1.14) lim inf 2870 _ _36 a.s.,
n—oo  logn 2
(1.15) Whp= n30/2+0(1) in probability.

Again, the most interesting part in Theorem 1.4 is (1.13) and (1.14), which
describes a new fluctuation phenomenon. Also, there is no phase transition
any more for W, g5 at 3 =1 from the point of view of upper almost sure
limits.

The remark on (1.3), stated after Theorem 1.2, applies to Theorems 1.3
and 1.4 as well.

An important step in the proof of Theorems 1.3 and 1.4 is to estimate
all small moments of W,, and W), g, respectively. This is done in the next
theorems.

THEOREM 1.5. Assume (1.1), (1.2) and (1.83). For any ~ € [0,1), we
have

(1.16) 0 <liminfE{(n'/*W,)7} < limsup E{(n"/*W,)"} < cc.

THEOREM 1.6. Assume (1.1), (1.2) and (1.83), and let 3> 1. For any
0<’I“<%, we have

(1.17) E{W, 5} =n 30200 p 00,
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The rest of the paper is as follows. In Section 2 we introduce a change-of-
measures formula (Proposition 2.1) in terms of spines on marked trees. This
formula will be of frequent use throughout the paper. Section 3 contains a
few preliminary results of the lower tail probability of the martingale W,,.
The proofs of the theorems are organized as follows:

e Section 4: upper bound in part (1.8) of Theorem 1.2.

e Section 5: Theorem 1.6.

e Section 6: Theorem 1.5.

e Section 7: Theorem 1.3, as well as parts (1.14) and (1.15) of Theorem 1.4.
e Section 8: (the rest of) Theorem 1.2.

e Section 9: part (1.13) of Theorem 1.4.

e Section 10: Theorem 1.1.

Section 4 relies on ideas borrowed from Bramson [12], and does not require
the preliminaries in Sections 2 and 3.

Sections 5 and 6 are the technical part of the paper, where a common
idea is applied in two different situations.

Throughout the paper we write

q := P{the system’s extinction} € [0, 1).

The letter ¢ with a subscript denotes finite and (strictly) positive constants.
We also use the notation 3", :=0, [[, := 1, and 0° := 1. Moreover, we use
an ~ by, n — 00, to denote lim,, ‘;—Z =1.

2. Marked trees and spines. This section is devoted to a change-of-
measures result (Proposition 2.1) on marked trees in terms of spines. The
material of this section has been presented in the literature in various forms;
see, for example, Chauvin, Rouault and Wakolbinger [15], Lyons, Pemantle
and Peres [30], Biggins and Kyprianou [8] and Hardy and Harris [20].

There is a one-to-one correspondence between branching random walks
and marked trees. Let us first introduce some notation. We label individuals
in the branching random walk by their line of descent, so if u=141---4, €
U = {@} UUZ(N*)¥ (where N*:= {1,2,...}), then u is the i,th child of
the i,,_1th child of. .. of the 71 th child of the initial ancestor e. It is sometimes
convenient to consider an element u € % as a “word” of length |u|, with &
corresponding to e. We identify an individual u with its corresponding word.

If u, v € %, we denote by uv the concatenated word, with u@ = Ju = wu.

Let % := {(u,V(u)):u €%,V :% — R}. Let Q be Neveu’s space of marked
trees, which consists of all the subsets w of % such that the first component
of w is a tree. [Recall that a tree ¢ is a subset of % satisfying: (i) @ € ¢; (ii)
if uj €t for some j € N*| then u € ¢; (iii) if u € ¢, then uj € ¢ if and only if
1 <j <w,(t) for some nonnegative integer v, (t).]
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Let T:Q — Q be the identity application. According to Neveu [32], there
exists a probability P on 2 such that the law of T under P is the law of the
branching random walk described in the Introduction.

Let us make a more intuitive presentation. For any w € €2, let

(2.1) TSW(w) := the set of individuals ever born in w,

(2.2) T(w) := {(u, V(u)),u € TV (w),V such that (u,V (u)) € w}.

[Of course, T(w) = w.] In words, T¢W is a Galton-Watson tree, with the
population members as the vertices, whereas the marked tree T corresponds

to the branching random walk. It is more convenient to write (2.2) in an
informal way:

T={(u,V(u)),ueTW}
For any u € TSW, the shifted Galton-Watson subtree generated by wu is
(2.3) TSV = {x € U :ux € TV},
[By shifted, we mean that TSW is also rooted at e.] For any z € TSW, let
(2.4) (2l = fue] — [ul,
(2.5) Vu(z) ==V (ux) — V(u).

As such, |z|, stands for the (relative) generation of x as a vertex of the
Galton-Watson tree TSV, and (V,, (), 2 € TSW) the branching random walk
which corresponds to the shifted marked subtree

T, := {(z, Vy(2)),2 € TSV

Let %, := o{(u,V(u)),u € TSV, |u| < n}, which is the sigma-field in-
duced by the first n generations of the branching random walk. Let .#, be
the sigma-field induced by the whole branching random walk.

Assume now 9(0) > 0 and (1) =0. Let Q be a probability on € such
that, for any n > 1,

(2.6) Qlz, =W, eP|z .

Fix n > 1. Let v\ be a random variable taking values in {u € TSV, |u| =n}
such that, for any |u| =n,

2.7 ) F) =

(2.7) Q) = ulF =S

We write [[e,wgn)]] ={e=: wén),wgn),wgn), e ,w,&")} for the shortest path in
TGW relating the root e to wi", with \w,gn)\ =k for any 1 <k <n.

For any individual u € TSW \ {e}, let @ be the parent of u in TSV and

AV (u):=V(u) =V ().



8 Y. HU AND Z. SHI

For 1 <k <n, we write
(2.8) fk(n) = {u e TV :|u :k,ﬁzwé@l,u#wfﬂn)}.

In words, ﬂk(n) is the set of children of w,(:_)l except w,(cn) or, equivalently, the

set of the brothers of wlin), and is possibly empty. Finally, let us introduce
the following sigma-field:

(2.9 @, = 0{ 3 bavi, Vi), wi, M 1<k < n}
xeﬂk(")
where 0 denotes the Dirac measure.
The promised change-of-measures result is as follows. For any marked tree

T, we define its truncation T™ at level n by T" := {(z,V(x)),z € TV, |z| <
n}; see Figure 1.

PROPOSITION 2.1.  Assume ¥(0) >0 and ¢(1) =0, and fir n > 1. Under
probability Q,

(i) the random wvariables (Zmefé") 5Av(m),AV(w,(€n))), 1<k<n, are
. L 1
i.1.d., distributed as (erjl(l) 5AV($),AV(M§ )));

(ii) conditionally on %,, the truncated shifted marked subtrees ']I‘;‘"”““‘, for
xelUp_; fk(n), are independent; the conditional distribution of TZ"”C' (for

any x € Up_y fk(n)) under Q, given %,, is identical to the distribution of
T2l under P.

Throughout the paper, let ((S;,0;),i > 1) be such that (S; — S;_1,0;), for
i>1 (with Sy =0), are i.i.d. random vectors under Q and distributed as
1 1
V(i) #5).

COROLLARY 2.2.  Assume 1(0) >0 and ¥(1) =0, and fir n > 1.

(i) Under Q, ((V(wlgn)),#flgn)),l <k <mn) is distributed as ((Sk,or),
1<k<n). In particular, under Q, (V(wlgn)), 1 <k <mn) is distributed as
(Sk, 1 S k S n)

(ii) For any measurable function F':R — R,

(2.10) EQ{F(S))} = E{ 3 e‘V(“)F(V(u))}.

lul=1

In particular, we have EqQ{S1}=0 under (1.2) and (1.3).
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Fic. 1. Spine; The truncated shifted subtrees TQ*‘Z',TZ*W‘, T2 %!, are actually rooted
at e.

Corollary 2.2 follows immediately from Proposition 2.1, and can be found
in several papers (e.g., Biggins and Kyprianou [9]).

We present two collections of probability estimates for (.S,,) and for (V' (u),
|u| = 1), respectively. They are simple consequences of Proposition 2.1, and
will be of frequent use in the rest of the paper.

COROLLARY 2.3. Assume (1.2) and (1.3). Then

(2.11) Eq{e™'} < oo V]a| < e,
22
Q{|Sn| >z} <2exp (—63 min{x, W})
(2.12)
Vn>1,Vx >0,
. Cq

(2.14) supn!/ZBq{eminosisn i} < oo Vb >0,
n>1

where ¢y :=min{dy,1+6_}. Furthermore, for any C' > ¢ >0, we have
Sj— Skl > C1 < 9en—(3C=1)]
Q{Ogjvkgnr,r‘l]a—}]i|§clogn’ J k’ — Ogn} < Zcn Ogn
(2.15)
Vn > 2.
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COROLLARY 2.4. Assume (1.1), (1.2) and (1.3). Let 0 <a <1. Then

(a)
(2.16) EQ{ < > e—“V(“>>p } < o0,

|u|=1
(2.17) Q{ sup |V (u)| > x} < cze " Va >0,
Ju|=1
with p(a) := Hfﬁﬁ’ where 6 and 04 are the constants in (1.1) and (1.2),

respectively.

PROOF OF COROLLARY 2.3. By Corollary 2.2 (ii), Eq{e®} =
E{> =1 ele=DV(W “which, according to (1.2), is finite as long as |a| < c3.
This proves (2.11).

Once we have the exponential integrability in (2.11) for (S,,), standard
probability estimates for sums of i.i.d. random variables yield (2.12), (2.13)
and (2.14); see Petrov [34]’s Theorem 2.7, Bingham [10] and Kozlov [24]’s
Theorem A, respectively.

To check (2.15), we observe that the probability term on the left-hand side
of (2.15) is bounded by >>o<; k<p k—j<clogn QUSk—j| > Clogn}. By (2.12),
Q{|Sk_;| > Clogn} <2n=%C for k — j < clogn. This yields (2.15). O

ProOF OF COROLLARY 2.4. Write p := p(a). We have
EQ{(C =1 ™)} =E{W{,} = E{W{ ,Wi1}. Let N :=37,_; 1. By
Holder’s inequality, Wi, < Wﬁ/lg:;f”N(l_“‘M*)/(Hé*), whereas Wy <
Wll’/ﬁ;r_er)N 0+/(140+) ‘Therefore, by means of another application of Holder’s
inequality, E{W{ W11} < [E(Wy 14, )]V (O [E(N1H0)] 0+ —ap)/(1434)
which is finite [by (1.2) and (1.1)]. This implies (2.16).

To prove (2.17), we write A := {supwzl |V (u)| > z}. By Chebyshev’s
inequality, P(A) < cze™ %, where c7 := E(3},/— eIVl < 00 as long as
0<cs <min{d_,1+d+} [by (1.2)]. Thus, Q(A) =E{3 ;= e VW1,) <
co[P(A)]PO/+,(D] where ¢g := [B{(Xju=1 e~V (W)I+p)1/(0+(1)) < 50, Now

; i — cep()
(2.17) follows from (2.16), with cg:= %. O

3. Preliminary: small values of W,,. This preliminary section is devoted
to the study of the small values of W,,. Throughout the section, we assume
(1.1), (1.2) and (1.3). We define two important events:

(3.1) . :={the system’s ultimate survival},
(3.2) 7, := {the system’s survival after n generations} = {W,, > 0}.
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Clearly, .7 C .. Recall (see, e.g., Harris [21], page 16) that, for some con-
stant c1p and all n > 1,

(3.3) P\ .S} <eoron,

Here is the main result of the section.

ProprosITION 3.1.  Assume (1.1), (1.2) and (1.8). For any € >0, there
exists ¥ >0 such that, for all sufficiently large n,

(3.4) P{n'?W, <n~¢|#} <n7".

The proof of Proposition 3.1 relies on Neveu’s multiplicative martingale.
Recall that under assumption (1.3), there exists a nonnegative random vari-
able £*, with P{¢* > 0} > 0, such that

(3.5) &S eV,

Ju|=1

where, given {(u, V' (u)), |u| =1}, & are independent copies of £*, and wlaws
stands for identity in distribution. Moreover, there is uniqueness of the dis-
tribution of £* up to a scale change (see Liu [27]); in the rest of the paper
we take the version of £* as the unique one satisfying E{e=¢"} = 1.

2
Let us introduce the Laplace transform of &£*:

(3.6) " (t) =E{e "}, t>0.

Let

(3.7) W, = H o (e7V W), n>1.
|ul=n

The process (W)i,n > 1) is also a martingale (Liu [27]). Following Neveu
[33], we call W an associated “multiplicative martingale.”

The martingale W, being bounded, it converges almost surely (when
n — 00) to, say, WX . Let us recall from Liu [27] (see also Kyprianou [25])
that, for some ¢* > 0,

(3.8) log

(3.9) log(sp*l(t)) ~ c*tlog(%), t— 0.

We first prove the following lemma:

LEMMA 3.2.  Assume (1.1), (1.2) and (1.3). There exist k >0 and ag > 1
such that

(3.10)  E{(WL)* Wi <1} <a™ ", Va > ay,
(3.11) E{(W)"17 } <a "+e 0" Vn >1,Va > ag.
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Proor. We are grateful to John Biggins for fixing a mistake in the
original proof.
We first prove (3.10). In view of (3.8), it suffices to show that

3.12 E{e % |¢* >0} <a™", a>ag.
(

Let ¢ € [0,1) be the system’s extinction probability. Let N := D ju=11-
It is well known for Galton—Watson trees that ¢ is the unique solution of
E(¢V) =q (for ¢ €[0,1)); see, for example, Harris [21], page 7. By (3.5),
@*(t) = E{[Tjuj=1 9" (¢ _V(“))}- Therefore, by (3.6), P{¢" =0} = ¢*(c0) =
limy oo E{[Tjy=1 " (te™ V)Y, which, by dominated convergence, is =
E{(¢*(00))N} = E{(P{¢* =0})V}. Since P{¢* =0} < 1, this yields P{¢* =
0} =gq.

}Foflowing Biggins and Grey [6], we note that, for any t >0,

E{e "} =q+ (1 -q)E{e " [¢" >0}

Let € be a random variable such that E{e %} = E{e~%"|¢* > 0} for any
t > 0. Let Y be a random variable independent of everything else, such
that P{Y =0} =¢=1—P{Y =1}. Then & and Y¢ have the same law
and, by (3.5), so do £" and 3, e VWY, ¢,, where, given {u,|u| =1},
(Yy,&,) are independent copies of (Y,€), independent of {V(u),|u| = 1}.
Since {3 ,=1 e VWy,g, >0} = {2Zjuj=1 Yu > 0}, this leads to

E{eftg} — E{etzu_l e~ Vy, g, Z Y, > 0}, t>0.

lul=1

Let ¢(t) := E{e*tg}, t > 0. Then for any ¢t >0 and ¢> 0,

:E{H@(te ZY>O}<E{

|u|=1 |u|=1

ZY>O}

lul=1

where Ne:=3~),1=1 (v, =1,|v(u)|<c}- By monotone convergence, lim¢ oo E{N,|
D=1 Yu > 0} = E{} =1 Yul Xojyy=1 Yu > 0} > 1 [because P{37),—1 Yy >
2} > 0 by assumption (1.3)]. We can therefore choose and fix a constant ¢ > 0
such that E{N,|Y|,—; Yu > 0} > 1. By writing f(s) := B{s™| ¥, -, Yu >
0}, we have

(1) < F(@(te™)),  vE=0.
Iterating the inequality yields that, for any t > 0 and any n > 1,

E{e %) < F(E{e ™ E)),  that is, B{e " E) < JO (B[ €)),
(3.13)
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where f(”) denotes the nth iterate of f It is well known for Galton—Watson
trees (Athreya and Ney [3], Section I.11) that, for any s € [0, 1), lim,, oo 7" X
™ (s) converges to a finite limit, with ~ := (f)/(0) < P{>ju=1Yu =1
> ju|=1 Yu >0} < 1. Therefore, (3.13) yields (3.12), and thus (3.10).

It remains to check (3.11). Let a > 1. Since ((W;5)* n > 0) is a bounded

submartingale, E{(W;)14, } <E{(WZX)*1.%,}. Recall that W <1; thus,
E{(W,)"17,} <E{(W,)"1s} + P{S\ 7}

By (3.3), P{%, \ ¥} < e 10" To estimate E{(WX)1+}, we identify .7
with {WZ < 1}: on the one hand, .#7¢ C {W =1, for all sufficiently large n} C
{WZ% =1}; on the other hand, by (3.8), P{WL <1} =P{{" >0} =1—¢=
P(). Therefore, .7 = {WZX < 1}, P-a.s. Consequently, E{(W%)*1,} =
E{(W%)*1{w= <13}, which, according to (3.10), is bounded by ™", for

a > ag. Lemma 3.2 is proved. [J

We are now ready for the proof of Proposition 3.1.
PROOF OF PROPOSITION 3.1. Let ¢11 > 0 be such that P{¢* <c¢j1} >
1

1

5-
Then ¢*(t) = E{e 7%} > e @1!P{¢* < ¢y} > %e*c“t and, thus, log( ) <
c11t +log 2. Together with (3.9), this yields, on the event .7,

o8 (=) = 32 s vy )

< LywenenV@e V™ + 3 Ty (ene™ ™ +log2).

lul=n |u|=n

v*(t)

Since W,, = szn e=V(®  we obtain, on ., for any A > 1,

1
(314) lOg(W) S 013)\Wn + C12 Z 1{V(U)ZA}V(U)€_V(U),

n |u|=n

where c13 :=c11 + c12 + elog 2. Note that c12 and c¢13 do not depend on A.
Let 0 <y <1. Since . C .%,, it follows that, for c14 := c12 + c13,

1
P{\W, <y|S} < P{log(m) < 014?/!5”71}

(3.15) + P{ Z l{v(u)ZA}V(u)eiv(u) > y’yn}
|u|l=n

. 1 2
=:RHS3 15 + RHS3 15),

with obvious notation.
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Recall that P(.#,) > P(¥) =1 — ¢q. By Chebyshev’s inequality,

6514

1 c «\1/y
RHS{3 15) < B(W) 74 <

By (3.11), forn>1 and 0 <y < %, with ¢15 := e /(1 —q),

B{(W])"/"1,}.

(316) RHS%315) S 015(y"fb + eiclon).

To estimate RHS?&l 5> We observe that

2 1 —Vi(u
RASG.15 < 7P Y lywenVwe V™ >y

|ul=n

1
< E Loy sV (w)e™V®
= 1—q)y { Z {V(u)>)} (u) }

|ul=n

1 V(u)eV®
o q)yEQ{ > vz

|u|=n
= mEQ{V(wr(L"))

By Corollary 2.2(i), EQ{V(wg‘n))l{V(wﬁl"))zA}} = EqQ{Snlys, >} <
(EQ{S?NH'2(Q{S, > A})Y2, which, by (2.12), is bounded by

cin
y
Together with (3.15) and (3.16), it yields that, for 0 <y < %,

Ly oy

. 22
exp(—c3min{\, o~ }).

c16m exp(—cg min{ A, )‘72}) Accordingly, RHS?3‘15) <

)\2
P{)‘Wn < y’yn} < ClS(yK + e—clon) + m exp(—03 min{)v _}) .
Y n
Let X\ :=n!/2y=%/2_ The inequality becomes, for 0 <y < % and n > 1,
P{nl/QWn < y(n+2)/2|yn}

{1252 1
<ecps(y" e ") 4+ _c1y7n exp (—03 min{n ymy ’ })

This readily yields Proposition 3.1. [J

REMARK. Under the additional assumption that {u, |u| =1} contains at
least two elements almost surely, it is possible (Liu [28]) to improve (3.10):
E{(WZX)* W% <1} <exp{—a™} for some k1 > 0 and all sufficiently large
a, from which one can deduce the stronger version of Proposition 3.1: for
any € > 0, there exists 91 > 0 such that P{n'/?W,, <n=¢|} < exp(—n"1)
for all sufficiently large n.
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We complete this section with the following estimate which will be useful
in the proof of Theorem 1.5.

LEMMA 3.3. Assume (1.1), (1.2) and (1.3). For any 0 <s <1,

1 S
3.17 su E{(lo —) }<oo.
(3.17) sup 8
ProoF. Let x > 1. By Chebyshev’s inequality, P{log(m}*) >z} =

P{c®W <1} < eE{e *""Wn}. Since W,* is a martingale, it follows from
Jensen’s inequality that E{e ¢"Wi} < E{e W&} < P{WX < e %/?} +
exp(—e*/?). Therefore,

1
(3.18) P{log(m) > x} < eP{W2 < e ™2} +exp(l — e™/?).

n

On the other hand, by integration by parts, [;~ e P (£* > y) dy = %ﬁ)

17"%*@, which, according to (3.9), is < ci5log(1) for 0 <t < 3. Therefore,
for a > 2, cigloga > [5° e VP (eF > y)dy > Iy e Y/OP(E* > a)dy = (1 —
e HaP(¢£* > a). That is, P(* > a) < %lo% or, equivalently, P(WZ <
e ) < lf%lofa, for a > 2. Substituting this in (3.18) gives that, for any
T >4,

1 2ecig log(x/2) 9
Lemma 3.3 follows immediately. [J

4. Proof of Theorem 1.2: upper bound in (1.8). Assume (1.1), (1.2)
and (1.3). This section is devoted to proving the upper bound in (1.8):
conditionally on the system’s survival,

1
(4.1) lim inf inf V(u) < 2’ a.s.

n—oo l0gn |ul=n -

The proof borrows some ideas from Bramson [12]. We fix —oco < a < b < oo
and € > 0. Let £1 < /s <201 be integers; we are interested in the asymptotic
case {1 — oo. Consider n € [¢1,03]NZ. Let 0 < ¢19 < 1 be a constant, and let

gn(k) :=min{ci9k?, c19(n — k)3 + alog 1, n°}, 0<k<n.
Let L,, be the set of individuals 2 € TSV with || = n such that

gn(k) <V (z) <cok, YO<k<n and alogl; <V(z)<blogly,
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where x¢ :=e,x1,...,2, ;= x are the vertices on the shortest path in TEW
relating the root e and the vertex z, with |zx| =k for any 0 <k <mn. We
consider the measurable event

lo

thb = U U {mGILn}.

n=/{1 |z|=n
We start by estimating the first moment of #Fy, p: E(#Fi0) =
14 . —V(z)
n2:£1 E{Z|m|:n l{méln}}' Since E{Z\x\:n l{xéln}} = EQ{Z|m|:n : Wn e’ () x
(n)
Ler, )} =Eq{e" " )1

}, we can apply Corollary 2.2 to see that

{wﬁln)e]Ln}
1)
S
E#Fu0) = Y Eq{e” 1{g,(k)<s,<caohv0<h<n.alogh <S.<blog:} }
n=~1

12
> Z 01Q{gn(k) < Sk < o0k, V0 <k <n,alogl; <S5, <blogl;}.

n=/~1
We choose (and fix) the constants ¢19 and cgg such that Q{c1g < S1 < c20} >

0. Then,! the probability Q{-} on the right-hand side is 61_(3/2)+0(1), for
{1 — 0. Accordingly,

(4.2) E(#F), 4,) > (o — &y + 1)¢3~ 320

We now proceed to estimate the second moment of #Fy, 4,. By definition,

o o
E[(#Fn0)1=>. > E{ > 1{xemn,yemm}}

n=+~01 m={1 |z|=n|y|=m

Lo Lo
<2 ) E{ > 2 1{xemmyeltm}}-

n=tim=n_ \|z|=n|y|=m

LAn easy way to see why f% should be the correct exponent for the probability is to

split the event into three pieces: the first piece involving Sy for 0 < k < %, the second piece

for 3 <k< %", and the third piece for %” < k <n. The probability of the first piece is

n~ (/D Fe) (it is essentially the probability of Sy being positive for 1 < k < &, because

conditionally on this, Sk converges weakly, after a suitable normalization, to a Brownian

meander; see Bolthausen [11]). Similarly, the probability of the third piece is n~ (/2 Fe(l)
n

The second piece essentially says that after 7 steps, the random walk should lie in an

interval of length of order logn; this probability is also n~(*/?+°(1) Putting these pieces
together yields the claimed exponent —%A

For a rigorous proof, the upper bound—not required here—is easier since we can only
look at the event that the walk stays positive during n steps (with the same condition
upon the random variable S, ), whereas the lower bound needs some tedious but elementary
writing, based on the Markov property. Similar arguments are used for the random walk
(Sk) in several other places in the paper, without further mention.
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We look at the double sum >, > =, on the right-hand side. By con-
sidering z, the youngest common ancestor of x and y, and writing k := |z|,
we arrive at

Z Z l{mG]Ln,yg]Lm} = Z Z Z 1{zu€]Ln,zv€]Lm}a

|z|=n|y|=m k=0 |z|=k (u,v)

where the double sum 37, ) is over u, v € TSW such that |u|, =n — k and

|v|. =m — k and that the unique common ancestor of u and v in T¢W is
the root. Therefore,

by lo n
E[(#Fh,b)z] <2 Z Z ZE{ Z Z 1{zu€Ln,zv6]Lm}}

n=~{(1 mM=n k=0 |z|=k (u,v)

lo la n

23 5 A

n=~{1 M=n k=0

We estimate Ay, ,,, according to three different situations.

First situation: 0 < k < |nf]. Let V,(u) :=V(zu) — V(z) as in Section
2. We have 0 < g, (k) < V(2) < cgon®, and V(zu;) >0 for 0 <i<n—k
and V(zu,_p) < blog{,, where ug :=e,uy,...,u,_j are the vertices on the
shortest path in TSW relating the root e and the vertex w, with |u;|, =i
for any 0 <1i <mn — k. Therefore, V,(u;) > —coon® for 0 <i <n — k, and
V. (u) <blog¥;. Accordingly,

Ak,n,m < E{ Z Z l{zveLm}Bn—k}a

|z|=kveTSW |v|.=m—k
where

Bk ;:E{ > 1{\/(3&,')2—020715,Vogign—hV(x)Sblogﬁl}}

|z|=n—k

(n—k)

_ V(w _k )
=Eq{e” ™ 1{V(w£"*’“)>z—cQOnavoggn—k,V(w;’i;“>3blogz1}}

= EQ{BS"%1{S¢zchone,vogignfk,sn,kgblogel}}
<BQ{S; > —cyn®,V0<i<n—k,S,_j <blogl;}
b—(3/2)+eto(l) _ b—(3/2)+2
< P2 rero) o342
Therefore,

Ak,n,m < E?(3/2)+2€E{ Z Z 1{zv6Lm}}

|2|=kveTSW |v|.=m—k
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B {Z 1{$6Lm}}

||
and, thus,

by by |17

43) 33> M < Iy — 0 4 1) (65 + VDE(HFy 0,).

n=~{1 M=n k=0

Second situation: |nf|+1 <k <min{m — |n®|,n}. In this situation, since
V(2) > max{ gy (k), gn(k)} > c19n°/3, we simply have V, (u) < blog £1 —c1gn®/>.
Exactly as in the first situation, we get

A’fﬂ%mSE{ > 1{x6Lm}}E{ ) 1{V(x)§blog€1—c19n5/3}}'

|z|=m |z|=n—k

The second E{-} on the right-hand side is

Ebefclgn‘f/3

_ Sn—
- EQ{@ k]‘{Sn_kalogfl—clgnE/3}} < 1
and, thus,

o 0 min{m—|nc]|n}

(44) Z Z Z A nm < gb 76196 (62 — 0+ 1)£2E(#Fgl 32)

n=0 M=n  k=[nf|+1

Third and last situation: m — [n®| + 1 <k <n (this situation may hap-
pen only if m <n+ |n°| —1). This time V(z) > g (k) > alogl; and, thus,
V. (u) < (b — a)logty; consequently,

Ak,mmSE{ > l{meLm}}E{ > 1{V(m)§(ba)log£1}}

|z|=m |z|=n—k
SK?_“E{ > l{me]Lm}}-
|z|=m

Therefore, in case m <n+ [nf] — 1,

Ly Lo ly n+[nf]-1
Z Z Z Ay, n,m < Z Z 6361{_(1]3{ Z 1{x6Lm}}
n=~_01 M=N k=m—|n|+1 n=»~1 |z|=m

12 m
S E ey )

m={1 n=m—2|m?* | |z|=m

< 203 B (#Fy, 4,)-
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Combining this with (4.3) and (4.4), and since

by la n

E[(#F€1,€2)2] <2 Z Z ZAk,n,ma

n=~1 M=n k=0
we obtain

E[(#Fﬁh&)Q

e G CRUR P CREy
1,€2

e/
+ 2057194 3(52 — 01+ D)l + AP ) (B(#Fy 0,)

Since ¢y < 2¢;, we have 2€?7(3/2)+2€(€§ +1) + 26?6_619€i/3€2 < 6?7(3/2”45
for all sufficiently large ¢;. On the other hand, E(#Fy, ¢,) > ({2 — 1 +

1)5(11_(3/2)—5 by (4.2) (for large ¢1). Therefore, when ¢ is large, we have
E[(#F, 4,)?] _ 5?—(3/2)+4e(€2 A
(E(#Fy, 0,)]? ~ (o — b1+ 1)6‘11_(3/2)_5

[E(#Ffl,ég)}2 .
E[(#F¢, 0,)%]’

By the Paley-Zygmund inequality, P{F}, », # @} > i thus,

> — .
— 4 gl{—(3/2)+4~€ (52 — 0+ 1) + gl{—a—f—?)e

Of course, we can make a close to b, and ¢ close to 0, to see that, for any
be R and € >0, all sufficiently large ¢; and all ¢y € [¢1,20,] N Z,
by — 01+ 1
[This is our basic estimate for the minimum of V(z). In Section 5 we are
going to apply (4.6) to fo:={;.] '
We now let b > % and take the subsequence n; :=27, j > jo (with a suf-
ficiently large integer jp). By (4.6) (and possibly by changing the value of

£);

B a—(3/2)—¢
(4.5) P{ min V(m)gblogfl} ! (2= 61+ Dby

01 <[z|<lo

01 <[z|<lo

(4.6) P{ min  V(z) < blogﬁl} > P
1

P{ min  V(x)< blognj} >n; .

nj<|z|<nji1

Let 7j :=inf{k: #{u:|u| =k} > n?e} Then we have, for j > jo,

P{7’~<c>o7 min V(x) > max V(y —i—blogn}
! s B gy | ) > e V() ’

[n2)

< <P{ min  V(x) > blogn]}>

nj<|z|<nji1

< (1—n; ),
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which is summable in j. By the Borel-Cantelli lemma, almost surely for all
large j, we have either 7; = oo, or min,, 1, <|z|<r;4n;4, V(@) < maxjy—, V(y)+
blogn;.

By the well-known law of large numbers for the branching random walk
(Hammersley [19], Kingman [23] and Biggins [5]), of which (1.5) was a
special case, there exists a constant cp; > 0 such that %max‘m:n V(y) —
c91 almost surely upon the system’s survival. In particular, upon survival,
max|y|—p, V(y) < 2¢o1n almost surely for all large n. Consequently, upon the
system’s survival, almost surely for all large j, we have either 7; = oo, or
Wil 4y <lo|<r4n;q V(T) < 2c217; + blogn;.

Recall that the number of particles in each generation forms a Galton—
Watson tree, which is super-critical under assumption (1.3) (because m :=
E{Zm\:l 1} > 1). In particular, conditionally on the system’s survival, Mlﬂ:k}

m
converges a.s. to a (strictly) positive random variable when k£ — oo, which
. . logn; . )

implies 7; ~ 2e 35 o A-S- (j — 00). As a consequence, upon the system’s sur-

vival, we have, almost surely for all large j,

56621

min  V(z) <

logn,; + blogn;.
n;<|z|<2n;i11 ~ logm 81 &1

Since b can be as close to % as possible, this readily yields (4.1).

5. Proof of Theorem 1.6. Before proving Theorem 1.6, we need three
estimates.

The first estimate, stated as Proposition 5.1, was proved by McDiarmid
[31] under the additional assumption E{(3,—; 1)?} < cc.

PROPOSITION 5.1.  Assume (1.1), (1.2) and (1.3). There exists caa >0
such that, for any € >0, we can find co3 = ca3(e) > 0 satisfying

(5.1) E{exp <022 IiP*f V(m)) lyn} < cogn(Bte)/2e22 n>1.

REMARK. Since W, > exp[—inf|,—, V(2)], it follows from (5.1) and
Hoélder’s inequality that, for any 0 < s < c99 and & > 0,

1 S/cC
(5.2) E{ s lyn} < 02:/)’ 22n(3+5)/25, n>1.

This estimate will be useful in the proof of Theorem 1.5 in Section 6.

PrROOF OF PROPOSITION 5.1. In the proof we write, for any k > 0,
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Taking 5 = {1 in (4.6) gives that, for any € > 0 and all sufficiently large
¢ (say, £>{p), we have P{V, < 3logl} > ¢~¢; thus, P{V, > 2logl} <1 —
7% <exp(—0¢), V{ > {y. For any r € R and integers k > 1 and n > £ > /g,
we have

PV, > dlogt+r)
<P{#{u:lul=n—,V(u) <r} <k} + P{V, > 2loge})
<P{#{u:|lul|=n—L,V(u) <r} <k} +exp(—L k).

By Lemma 1 of McDiarmid [31], there exist coq > 0, co5 >0 and cy6 >0
such that, for any j > 1, P{#{u:|u| =7,V (u) <coyj} < eI} < g+ e 267
T

q being as before the probability of extinction. We choose j:= |--~| and

C24

li=n— Léj to see that, for all n > ¢y and all 0 <r < coq(n — £p),
PV, > $logn+1} < g+ eIl 4 exp(—pe|eenlrieal )

Noting that {V,, > 2logn +r} N.7¢ =.7¢ and that P{.7S} > g — e~ 10"
[see (3.3)], we obtain, for 0 <7 < cos(n — £p),
P{V, > 2logn +r,.7,}
5.3
( ) < e —Clomn + o €26 |r/c24] + eXp(—TLiE L6025 Lr/quJ)‘

This implies that, for any 0 < co7 < min{g—i, 26‘32—1;}, there exists a constant
co8 > 0 such that E{6027Zn 1{3/2 logn<Zn§cg4/2n}ﬁYn} < cogn®9, with cog 1=

3 4 coa
(5 + Z¢)cor. Therefore,

(5.4) E{c®™Vn 1y <oy jompnz,t S con™,  n>1,

where c3g := cog + 1.

On the other hand, letting 6_ >0 be as in (1.2), we have ¢’-¥n1, <
> ul=n eV Since ih(—d_) :=log E{>u=n -V} < 00 by (1.2), we can
choose and fix c3; > 0 sufficiently large (in particular, c3; > %*) such that,
for any = > c31,

P{V, >an,.7,} <e d-mntv(=0-)n < ,=0-an/2 Vn > 1.
Therefore, for any cgs < 57_, we have

(5.5) sup E{ec32zn1{zn>cgm}myn} < 0.
n>1
Finally, (5.3) also implies that, for n > /¢y,
P{Vn > Cﬁn yn} < ecrom efcgstn/273/(2024)lognj
LA 2 ) —

+ exp(—nfe L6025 [n/2-3/(2¢c24) lognJJ )
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Therefore, for any cg3 < min{%, 2602—361 ,

c33V
SinE{e 33_”1{624/2n<zn§631n}ﬁyn} < 00,
n_

which, combined with (5.4) and (5.5), completes the proof of Proposition
5.1, with ¢ := min{co7, c32,¢33}. O

LEMMA 5.2, Let X1, Xo,...,Xx be independent nonnegative random
variables, and let Ty := Zf\il X;. For any nonincreasing function F: (0,00) —
R4, we have

E{F(TN)Liry>0p} < max B{F(X;)|X; > 0}

Moreover,

N
E{F(Tn)1{7y=01} < D>V T'E{F(Xi)1ix,~01}
=1

where b:= max;<;<ny P{X; =0}.

PrROOF. Let7:=min{i>1:X; >0} (with min @ := 00). Then E{F(Ty) x
Lirysoy) = PO E{F(Tn)1{;=; }. Since F' is nonincreasing, we have F'(Ty ) x
1{T:i} < F(X’L)l{T:z} = F(Xi)l{Xi>0}1{Xj:0,Vj<i}' By independence, this
leads to

N

E{F(Tn)1{ry>0y} <D E{F(Xi)1{x,50}P{X; =0,V <i}.
=1

This yields immediately the second inequality of the lemma, since P{X; =
0,Vj <i} <bi~t,

To prove the first inequality of the lemma, we observe that E{F'(X;)1{x,>0}} <
P{X; > 0} max; <<y E{F(X})| X} > 0}. Therefore,

N
E{F(TNn)1{ry>01} < 11<1}€a<xNE{F(Xk)|Xk >0} ZP{Xi > 0P{X; =0,Vj <i}.
== i=1
The Zﬁil -+ - expression on the right-hand side is = Zﬁil P{X;>0,X;=0,
Vi<i} =N P{r=i}=P{Ty >0} < 1. This yields the first inequality of
the lemma. [

To state our third estimate, let w(™ € [[e,w,gn)ﬂ be a vertex such that

(5.6) Vw™)= min V(u).

o uE[[e,w;n)]]
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[If there are several such vertices, we choose, say, the oldest.] The following

estimate gives a (stochastic) lower bound for Wl 5 under Q outside a “small”

set. We recall that W, g > 0, Q-almost surely (but not necessarily P-almost
surely).

LEMMA 5.3. Assume (1.1), (1.2) and (1.3). For any K > 0, there exist
0 >0 and ng < oo such that, for any n > ng, any G >0, and any nonde-
creasing function G:(0,00) — (0,00),

67 E {G<6‘W”>1 [ E{Gwﬁ)l |
. —_— — Inax p—
Q W3 2 — 1 —qo0<k<n Wi s T [

where E,, is a measurable event such that

1
Q{En}Zl—n—K7 n 2 ng.

PROOF. Recall from (2.8) that fk(n) is the set of the brothers of w,(cn).
For any pair 0 < k < n, we say that the level k is n-good if

fk(n) +@ and TSY survives at least n — k generations, Vu € ﬂk(n),

where T$W is the shifted Galton—Watson subtree generated by u [see (2.3)].
By Tgw surviving at least n — k generations, we mean that there exists
v € TSW such that |v]|, =n — k [see (2.4) for notation].

In words, k is n-good means any subtree generated by any of the brothers

of w,(:) has offspring for at least n — k generations.

Let ¥, be the sigma-field defined in (2.9). By Proposition 2.1,
. o #cy(")
Q{k 18 n—good|€¢n} - 1{]2")7&@}(P{yn—k‘}) k ’

where .#, denotes the system’s survival after n generations [see (3.2)]. Since
P{Y, 1} >P{¥} =1—q, whereas #fk(n) and #fl(l) have the same dis-
tribution under Q (Proposition 2.1), we have

Q{k is n-good} > Eq{1 (1- q)#‘ﬂl(l)} =cg4 € (0,1).

(#rV>1)
As a consequence, for all 1 </ < n, by Proposition 2.1 again,
n n

Q{ U ﬂ {Jj is not n—good}} < Z H Q{J is not n-good}

k=1j:1<j<n,|j—k|<¢ k=1j:1<j<n,|j—k|<t

<n(l—caq)t,

which is bounded by ne—¢s+(¢+1) (using the inequality 1 —z <e™?, for z > 0).
Let K > 0. We take £ = £(n) := |c35logn] with ¢35 := BE2. Let ¢34 := £12

c34 c6
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[where cg is as in (2.17)] and c37 := max{ 1(02'2,035} [c3 being the constant in

(2.12)]. Let
n

(5.8)  EW .= ﬂ U {j is n-good},

k=1:1<j<n,|j—k|<|csslogn]

(:9) B ={ max sup [Via) - V(w{)| < culogn

S el]j(n)

5.10) E®) = { Viw™) = Viw™)| < csrl }
(5.10)  Bx OSJ’,kgn,lrJr'l%s%logn’ (w;™) = V(w )l < carlogn
We have

1
Q{ET(LI)} Z 1— 7167634635 logn =1- W

On the other hand, by Corollary 2.2,

Q{(ER)} < nq{ sup |V(u)] > cse 1ogn} < nq{ sup [V ()] > eso 1ogn}.
wes) ful=1
Applying (2.17) yields that

C5

Q{EP} >1—csn(eavcomt) =1 — pEsE

To estimate Q{Ey({g’)}, we note that, by Corollary 2.2,

EPY)} = { S — Sl > e }
Q{(E)}=Q OSj,kSn,\I}I—angc;gﬂogn’ i — Sk| > cgrlogn ¢,

which, in view of (2.15), is bounded by 2c35n~(%3¢37=1) logn. Consequently,
if
(5.11) E,=EMNEPNE®,
then Q{E,} >1— nLK for all large n.
It remains to check (5.7). By definition,

W, ﬁzi T WY ) el

I=lye g™ z€TSW |z|u=n—j
J
(5.12)
S RIS S
IEZ e g™ 2 €TGW Jol =n—j
J

for any .2 € {1,2,...,n}. We choose .2 := {1 < j <n:|j—|w™|| < c35logn}.
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On the event E,,, for u € fj(n) with some j € .2, we have V (u) <V (w™)+
(c36 +c37)logn. Writing 6 := c36 + c37, this leads to W), 3 > n=08e=BV w™)
%je Ty s s where

— Vu
&y = Z e BVul@),
z€TSW |z|u=n—j
Since Y ic o Zue 4 & >0 on Ey, we arrive at
i

676‘/(2(”)) nglg
Wn,,@ Z]Eg Zueyj(n) é‘u {Z]eg Z’ILEEV;") £u>0}

Let ¢, be the sigma-field in (2.9). We observe that £ and ﬂj(n) are %,-
measurable. Moreover, an application of Proposition 2.1 tells us that under
Q, conditionally on ¥,,, the random variables &,, u € fj(n), jeZ, are in-
dependent, and are distributed as W,,_; 3 under P. We are thus entitled to

apply Lemma 5.2 to see that, if G is nondecreasing,

=BV (w™) 98
Bo{ (g 1l | < meB{ 6 (g )W > 0]

n_]vﬂ

nfs
< — )
- OréllgnE{G<Wk /3> (W, > 0}

)

Since P{W}, 3 >0} =P{.7,} > P{.¥} =1 — ¢, this yields Lemma 5.3. [

We are now ready for the proof of Theorem 1.6. For the sake of clarity,
the upper and lower bounds are proved in distinct parts. Let us start with
the upper bound.

PROOF OF THEOREM 1.6. The upper bound. We assume (1.1), (1.2)
and (1.3), and fix 5> 1.
For any Z > 0 which is %, —measurable, we have E{W, 37} =

e PV\%) u) _(A_ u
EQ{Z‘M EV( Z} EQ{ZW\ =n { (n) _ } (6 Hv( )Z} and, thus,

(5.13) E{W, 32} = Eq{e" - DV 7},
Let s € (%, 1), and A > 0. (We will choose A= 2.) Then
E{W, 5*} <n P L B{W) 1 pmony}

—(B-1)V (wi™)
e
=n~079P EQ{ W—sl{Wn,ﬁ>n_ﬁ>‘}}'

n?/B
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. _ (n) —(B=1)V( ’EL"))
Since e AV(wn’) < W,.3, we have & ( W)S ﬁw < WS_(E_U/B; thus, on the
mn, n,ﬁ
(n)
_ —(B=1)V(wy ") —(B—
event {W,, 5 >n"9}, we have & "= < plfs—(6-DIA,
b W"’L7B

Let K:=[08s— (8 —1)]A+ (1 —s)8A, and let E,, be the event in Lemma
5.3. Since Q(ES) < n~K for all sufficiently large n (see Lemma 5.3), we
obtain, for large n,

E{W! 5"} < n~(1-99% 4 plds—(3-DA-K

e~ (B=DV (™)
+ Eq { B Liw, s>n-r2)nE, }

n76

(5.14)

—(B-DV (wiM)
o —(1—8)BA €
=2n (1-9)8 + EQ{TS’B]'{Wn,B>TLBA}ﬂEn}'

We now estimate the expectation expression Eq{-} on the right-hand
side. Let a > 0 and o > b > 0 be constants such that (8 —1)a > s\ + % and
[Bs—(B—1)]b> 2. (The choice of p will be made precise later on.) We recall

that w” € [[e,w,gn)ﬂ satisfies V (w™) = minue[[&w%n)] V(u), and consider the
following events:

By = {V(w™) > alogn} U{V(w™) < —blogn},

By = {V(w™) < —glogn, V(w) > —blogn},

B3, = {V(w™) > —plogn, —blogn < V(w{™) < alogn}.

Clearly, QUL Bin) = 1.
On the event By, N{W, 3>n"5"}, we have either V(wgn)) > alogn, in
(n)
o= (B—DV(w{™)

n

which case “—ps—— < nsBA=(B=1a_ op V(wgn)) < —blogn, in which case
n,

L : () ~(B-)V (i
we use the trivial inequality W,, 53 > e~ BV (") to see that <2 V[l,);/( )
n,B

elBs—(B=DIV (i) < n~Bs=B=DIb (recalling that Bs > 6 — 1). Since s\ —
(B—1)a<—3 and [8s — (B —1)]b> 3, we obtain

(5.15) E {e—W—”V(wﬁ"))
: Q

—-3/2
—WS 1E1,nm{Wn,ﬁ>n_5/\}} <n / .

n713

We now study the integral on Es,, N {W,, g > n~PA}N E,. Since s > 0, we
can choose 51> 0 and 0 < sy < <& [where ¢z is the constant in (5.1)] such

that s =s1 + s2. We have, on Ey,, N {W,, 3> n=},
e~ (B-DV @) BV (@)= (B-1)V (") —BsaV (™)
Wis Wos Wi
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—Bs2V (w™
< pBs20+(B=1)b+PAs1 66827@)
> T

n7ﬂ

Therefore, by an application of Lemma 5.3 to G(z) := z*2, x > 0, we obtain,
for all sufficiently large n,

o~ (B-DV (i)
Q{ WS 1E2,nﬁ{Wn,5>nB>‘}ﬂEn}

n7ﬂ

n76329+(ﬁ71)b+6)\51 nSQGB

E{—1

e

By definition, WLS? < exp(fBszinfiy—, V()); thus, by (5.1), E{?;/Q—seflyk} <
k.3 k.8

c§§2/022n5295+(3+5)/2552 for all 0 <k < n. We choose (and fix) the constant o

so large that —(so0+ (8 —1)b+ BAs1 + s200 + %Bsz < —%. Therefore, for

’

all large n,
—(B-D)V (™)
e _
(516) EQ{W—81E2,nﬂ{Wn,B>nBA}mEn} S n 3/2.

n76
We make a partition of E3,: let M > 2 be an integer, and let a; :=
—b+ %, 0 <i < M. By definition,

M—1
Es,, = U {V(w(")) > —plogn,a;logn < V(wﬁl")) < a;41logn}
i=0
M-1
= U E3,n,i-
i=0

Let 0 <7< M — 1. There are two possible situations. First situation: a; < .
. (n)
In this case, we argue that, on the event E3,, ;, we have W, 3 > e AV (wn”) >

n —(B— w(n)
nPaie1 gnd e~ (B=DV (i) <n~B-Dai thys, e~ v Vll,)sV( n )

n.8
pBsai—(B-1)ai+Bs(a+b)/M < p[Bs—(B—DIA+B5(a+b)/M = Accordingly, in this situa-
tion,

< pPsaiv1—(6-1a; —

e~ (B=DV (w™)
o{ =, —

W 1E3,n,i} < MBS?(Bil)]AJFBS(aij)/MQ(ESJM)'

n7ﬁ
Second (and last) situation: a; > X\. We have, on E3,; N {W, g > n*w‘},

BV (™
% < pfrs=(B-Dai < plBs=(B=DIA; thus, in this situation,
n,B

~(B-1)V (i)
€ —(B-1)]A
Q{ We 1E3,n,im{Wn,B>n_ﬁ>\}} Sn[ﬁs (B-1)] Q(E?;,n,i)-

n7ﬂ
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We have therefore proved that

e~ (B-DV (™)
EQ{ WSB 1E3,nﬂ{Wn’@>n_5/\}}

n,

M-1 —(B-1)V (wi™)
= Z E { W 5 1E3’n’iﬂ{Wnﬁ>nﬁ>‘}}

IN

n[ﬁsf(ﬁfl)}MLﬁS(aer /MQ(Egm).

By Corollary 2.2, Q(Es3 ) = P{ming<x<, Sy > —ologn,—blogn < 5, <a x

logn} =n~/2+e() Combining this with (5.14), (5.15) and (5.16) yields
E{Wégs} < 2n7(lfs)ﬁ)\ + 2n73/2 + n[Bsf(671)]>\+Bs(a+b)/Mf(3/2)+o(1).

We choose \ := % Since M can be as large as possible, this yields the upper
bound in Theorem 1.6 by posing r:=1—s. 0O

PROOF OF THEOREM 1.6. The lower bound. Assume (1.1), (1.2) and
(1.3). Let 4 >1and s€ (1 — E’ 1). By means of (5.12) and the elementary

inequality (a +b)'"* <a'™* +b'=* (for @ >0 and b >0), we have

1-s
Wl s SZ Z o~ (1=5)8V (u) ( Z eﬁw(:::)) +67(1fs)5\/(w51">)

Jj= 1uef.(") x€TEW |z|=n—j

n

Z ~(1-9)BV (w{™) 3 o—(1=9)B[V () =V (w{™))]

- uefj(")

1-s
X < Z eﬁvu(m)>

xET(u;WJ‘T'U:n*j
1o (1=9BV (W)
Let ¢, be the sigma-field defined in (2.9), and let

(")

—_ — (1— |4 .

Z2,=25(n,s,0) = E e~ (1=8)BIV )=V (w; )] 1<j<n.
uefj(")

Since V(wj(-n)) and fj(n), for 1 <j <n, are ¥,-measurable, it follows from
Proposition 2.1 that

EQ{Wl S’g }SZ (1—s)BV (w Hj {Wl s }+€_(1 s)ﬁV(w(n))_
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Let € > 0 be small, and let r := %(1 — s) — e. By means of the already
proved upper bound for E(Wﬁ%s), this leads to, with c3g > 1,
Eq{W, 5.}
(5.17)
n
<ewd e~ =BV @(™) iy 1)7E; 4 e (-)V i),
j=1

—(B-)V (i)

Since E(Wi,_ﬁs) = EQ{STSB} [see (5.13)], we have, by Jensen’s
(n)y

inequality [noticing that V(wy ') is %,-measurable],

e~ (B=DV (w;) }
{Bq(W, 519}/ 0= ]°

E(W, ") > EQ{

which, in view of (5.17), yields

1
1-s >
E(Wnu@ ) - Cs/(l—s)
38

« EQ{(emnvw)))

n (n

j=1
) s/(1—s)\ —1
ety

By Proposition 2.1, if (S; — S;-1,§;), for j > 1 (with Sy :=0), are i.i.d. ran-
dom variables under Q and distributed as (V(wgl)),z e~ (1=9)BV (),
then the Eq{-} expression on the right-hand side is
67(671)‘5‘”
= EQ{ : . }
{Z;‘L:l(n —j+ 1)7re—(1—s)651_1§j 4 ef(lfs)BSn}s/(lfs)

olBs—(B-1)]5n
— EQ{ _ }7
(kg krell=9)85k gy 4 1}5/(1=9)

ueﬂfl)

where
S = Sp— Sp—s, &= &nt1-14 1<{<n.
Consequently,

1
EEE

elBs—(B-1)]Sn }

E(ngs) > { 3.z
’ {30 k—re(l=9)8Sk g, 4 1}s/(1-s)

s/
C38
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Let ¢39 > 0 be a constant, and define

- [n®)—1

Er‘s;l = ﬂ {Sk < —ngk‘l/g} N {—2716/2 < SLnEJ < _na/Z},
k=1

- n—[n]-1 _

Eiy= () {Sk<—EPAm—k)Pn{-2n"2<8, |, <—n?},
k=|nf]+1

- n—1 o _

E;??,:: ﬂ {Sk§§logn}ﬂ{3 glognSSn§§logn}.
7 k=n—|n®]+1 2 2 2

Let p:= p((1 — s)3) be the constant in Corollary 2.4, and let
~ n®)
Efm = m {& < nZs/p}7
k=1

~ n—[n]

Ey= () {&<e',
k=|n®|+1

Eai= () {&<n™/)
k=n—|n®|+1

On ﬂf’zl(E;i N E,é;l), we have > ), k‘_re(l_s)ﬁg’fgk +1 < eyon?t2e/P) | while
elBs—(B-1)]5x > nB=aBs=(6-11/2 (recalling that s > 3 — 1). Therefore, with
can = (24 %)r‘gs,

E(Wrﬁis) > (038040)—8/(1—8)n—C416n(3—6)[68—(6—1)}/2

X Q{ﬁ(EgﬂEf:)}

i=1

(5.18)

We need to bound Q( ?:1(E§:i N Efz,z)) from below. Let Sp := 0. Note
that, under Q, (§g — §g,1,§~g), 1</{¢<n,areii.d., distributed as (S1,&1). For
j<mn,let E% be the sigma-field generated by (§k,§k), 1<k<j. Then E;il,

ES

n,2»

“n—|n<|- Therefore,

3 ~ = ~
Q (ﬂ (ES:N Eg,z)WnLneJ)

i=1

Ef%l and Ef%z are 4, _ |ne |-measurable, whereas Efl,3 is independent of

> (QUES 3|9, e)) + QUES ) — 1)1

S AES.AES AEE.
En,lmEn,QOEn,lmEn,Q
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We have cgo := Eq(&f) < oo [by (2.16)]; thus, Q{&; > n%/P} < cyon™2,
which entails Q(Ef:g.) = (Q{&; <n®/PH*] > (1—con=2) ") > 1 —eygn—e.
To estimate Q(E§ 3\%,@5 1), we use the Markov property to see that, if
gn_LnaJ € I,, := [—2n/2, —n?/?], the conditional probability is (writing N :=

[n°])

3
> 1nlf Q{S <—logn—z V1<i<N -1,
z€ln

33—

3
Elogn—zgSN < §logn—z},
which is greater than N—(1/2+o(1) Therefore,

Q(E;j?)@ —lne)) + Q(Ef%g) — 1> n EDFM) _ ¢y — = (6/2)+0(1)

As a consequence,

3 ~ ~ - - ~ ~
(5.19) Q{ ﬂ (Ersu N Efu)} > n’(€/2)+0(1)Q(E,f71 N ErSL,2 N Efm N ESL,Q)'
i=1
To estimate Q(E 3 Eg Eg N E5 5), we condition on %NWEJ, and

note that ES 1 and E 1 are gl_ns |-measurable, whereas E5 2 1s independent
of Gne . Since Q(ES 5| @jne)) > n~B=2)/2+0) whereas Q(Ef;z) =[Q{¢& <

e 2t > 1 - 64267’)"6/4]"72L"8J >1— el (for large n), we have

QUES, N B350 By 1 ES o)) > [QUES (%)) + QUES ) — 111 55 ok
,1

> n*(3*€)/2+0(1)1 ~ .
- By A0E;

Thus, Q(ES, N ES, N ES, N ES,) > n~3-9/2+00Q(ES | N ES,). Going
back to (5.19), we have

3 - ~
{ﬂ S, NES, } n=OANQES N E,)

>0 CRTWIQEL ) + QE,) — 1.
We choose the constant c3g > 0 sufficiently small so that Q(E;?:l) > n~(&/2)Fo(1),
whereas Q(Efl,l) = Q(Ef%?)) > 1 — cqzn™¢. Accordingly,

3 - ~
Q{ ﬂ(ESZ N Ef”)} > n7(3+6)/2+o(1)’ N — oo,

i=1
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Substituting this into (5.18) yields
E(Wé—ﬁs) > n70416n(375)[,Bsf(,@f1)}/2n7(3+€)/2+0(1).

Since € can be as small as possible, this implies the lower bound in Theorem
1.6. O

6. Proof of Theorem 1.5. The basic idea in the proof of Theorem 1.5
is the same as in the proof of Theorem 1.6. Again, we prove the upper
and lower bounds in distinct parts, for the sake of clarity. Throughout the
section, we assume (1.1), (1.2) and (1.3).

PROOF OF THEOREM 1.5: The upper bound. Clearly, n'/?W, <Y,,
where

Y, = Z (n'2 v V(u)Fe VW,

lul=n

Recall W* from (3.7). Applying (3.14) to A = 1, we see that Y, > i log (75 ),

with c4q = c12 + c13. Thus, P{Y,, < z,.%,} < P{log(w}*) < g, I} <
U B{(W;)Y*1, }, which, according to (3.11), is bounded by e (2" +
e~ for 0 <z < %. Thus, for any fixed ¢ >0 and 0 < s <min{<, s}, we

have sup,,>4 E{V_lsl{?n%*cn}myn} < 00. On the other hand, let c3; and c39
be as in (5.5); since Y,, > exp{—inf},—, V(u)}, it follows from (5.5) that
SUP;,>1 E{ﬁl{?n@—%l"}m;@} < 00. As a consequence,

1
(6.1) supE{_—Slyn} < 00, O<s<min{032,cﬂ,ﬂ}.
n>1 Y, €31

We now fix 0 < s < min{%, c30, 49 k}. Let K > 1 and let E, be the event

c31’

in (5.11), satisfying Q{E,} > 1 —n"% for n >ng. We write
E{(n'/?W,)' ="} = E{(n'*W,)' 15, } + B{(n'* W)~ 15, }.

For n > no, B{W,*1g. } < [E{W,*}]'2[E{W, 15 }]'/? = [E{W,;>}]'/* x
[Q{EC}Y? < [E{W,,}](/2=5n=K/2 which equals n~%/? (since E{W,,} = 1).

Therefore, for n — oo,
E{(n'/*W,)'~*} <B{Y, "1g,} +o(1).

Exactly as in (5.13), we have E{?:;SIER} =Eq{(n'/? \/V(wgln))ﬂ?;slp;n}.
Thus, for n — oo,

(6.2)  E{(n'?W,)'"} <Eq{(n' + V(w")")Y, 1p,} + o(1).
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For any subset . C {1,2,...,n}, we have

Y, > Z Z Z max{n'/2,V(z)Tle V@

jes ueﬂ].(") 2€TGW, |zly=n—j

= Z Z e V(W Z max{n1/2 [V(u)—l—Vu(x)]‘L}e*V“(m).

JEZL e s 2€TGW Jalu=n—j

Recall that w(™ is the oldest vertex in [e, wl ]] such that V(w™) =
min ) V(u). Let ¢35 be the constant in (5.8). We choose

u€le,w

{g<nﬂ #Q]w )| <j < |w™|+ecs5logn},

@ . if n— \w )| > 2¢35logn,
{j<n: f ) % @, lw™| - ezslogn < j < [w™ |},
otherw1se

On the event FE,, it is clear that . # @ and that, for any u € <fj(n) (with
jeZ),

(6.3) IV (u) = V(w™)| < ey logn,

where ¢y5 := 36 + 37, with c3g and c37 as in (5.9) and (5.10), respectively.
We distinguish two possible situations, depending on whether V(w(")) >
—cy6logn, where cy6 := % + ¢45. In both situations, we consider a sufficiently
large n and an arbitrary u € ﬂj(n) (with j € .2).
On {V(w™) > —cyslogn} N E,, we have max{n'/2 [V (u) + V,(x)]T}
L(n'/2 vV, (z)*) [this holds trivially in case V,,(z) < n'/?; otherwise [V (u)
Vi(2)]" > Vi(z) = (cag + c15) logn > £V, ()] and, thus,

Z Z e V) Z max{(n—j)l/Q,Vu(x)Jr}e*V“(x)

]Efue V(n) 2€TGW, |z|u=n—j

P IE

]ezueﬂ(n)

>
+

If, however V(w™) < —¢g6logn, then on Ey,, V(u) < V(w™) + ¢y5logn <
—Llogn and, since max{n'/2, [V (u) + V,(z)]*} > n'/2, we have, in this case,

Y, > n(/0+1/2) 3§ T o Val(@)

IEZ ye 5 G€TGW Jalu=n—j

n(1/5)+(1/2) Z Z -

jes uefj(")
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Therefore, in both situations we have

?;flEngzs(z 5 ewm) s,

j€ZL uejj(")
(6.4)

n—(S/Q)—1<Z Z 77u> 1g,.

jeZL ueﬂ(")

[Since 3¢ o Zuej(n) D 0eTOW [g],—n—j 1 > 0 on Ej,, the ()™ expressions on

the right-hand 51de are well defined.]
We claim that there exists 0 < sg < 1 such that, for any € >0 and s €

(OaSO),

EQ{< V2 4y (z DR )m}

1€ZL ue.s™
J
(6.5)
< 48,
EQ{( V24V (w (Z > m) 1En}
j€ZL uefj(”)
(6.6)
< 047n1/2+(3+5)/25.

We admit (6.5) and (6.6) for the time being. In view of (6.4), we obtain,
for 0 < s < sy:= min{%,so,c;g,g, %,/{},

EQ{(nl/2 + V(wﬁln))jL)?;SlEn} < 2%c48 4+ 0(1).

Substituting this in (6.2), we see that sup,>; E{(n'/?W,,)!~*} < co for any
s € (0,s4). This yields the last inequality in (1.16) when = is close to 1. By
Jensen’s inequality, it holds for all v € [0,1). This will complete the proof of
the upper bound in Theorem 1.5.

It remains to check (6.5) and (6.6). We only present the proof of (6.5),
because the proof of (6.6) is similar and slightly easier, using (5.2) in place
of (6.1).

Recall 4, from (2.9). By Proposition 2.1, under Q and conditionally on
“,. the random variables &,, for u € 7" (n ) and j € £, are independent.
We write . :={j(1),...,5(N)}, with j(1) <--- < j(N). Tt follows from the
second part of Lemma, 5. 2 that

pa{ (¥ ¥ ) 1

jeZL ue(yj(”)
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N —s
< sz—lEQ{< Z —V(U)§u> 1{2 L Je V(u)£u>0}‘g }
n)

i=1 ( 7
ues, i)

where b := maxjcy Q{Eueﬁ(n) e Ve, = 0/4,}. We note that b <

J
maxi<j<, P{7;_;} < ¢, and that, for any i <N, the Eq{-} expression on
the right-hand side is, according to the first part of Lemma 5.2, bounded by

1 B {esV(u)l |g}
T= g SU g @0

By Proposition 2.1, EQ{gisl{gu>0}\%n} = E{V%lynij}, which is bounded
u ’VL—]

in n and j [by (6.1)]. Summarizing, we have proved that

s N
{(Z Z 7V(” ) lEn‘%n} < 49 Zqiil max e*V ()

je& uegyj(”)

As a consequence, the expression on the left-hand side of (6.5) is bounded
by cigEq{Ay}, where

N
Api= (2 V(i) 3™ max eV gy ) o))<ers togn)
i=1 uefj(i)
~ N .
< An — (’I’L1/2 + V(,w?(ln))-l—) qufl masc) eSV(u)‘
i=1 uc s

The proof of (6.5) now boils down to verifying the following estimates: there
exists 0 < sg < 1 such that, for any s € (0, sg),

(67) SngQ{Anl{nﬂg(")EQC% logn}} < 00,
(68) nh_{go EQ{Anl{n—\Q(")|<2035 logn}} =0

Let us first check (6.7). Let Sp:=0 and let (S; — Sj—1,05,4;), j > 1,

be ii.d. random variables under Q and distributed as (V(w(l)),#ﬂl(l),
max,_ eV, Let
uesy

S, := min S;, Uy :=inf{k >0:S,=S5,}.

[The random variable ¥,, has nothing to do with the constant ¢ in Propo-
sition 3.1.] Writing LHS g 7y for EQ{Anl{n—@(”)\Z%% logn}}7 it follows from
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Proposition 2.1 that

M
LHS 5.7y = Eq { 2+ ST ¢ e S -1 A gy L g, 5200 logn}}
iz

M
_ EQ{[nl/Q + SrﬂeSﬁn Zqi_les[sai)_l_sao)}Ak(i)l{n—ﬁnZQC% 1Ogn}}’
i=1
where £(i) :=1inf{k > {(i—1): 04 > 1} with £(0) := 3,,, and M :=sup{i: £(i) <
Up + ¢35 logn}.
At this stage, we use a standard trick for random walks: let 5 :=0 and
let

vii=infdk>v,_1:S, < min S; 1>1.
) { i—1 k 0<j<vi_1 7 (> =

In words, 0 =vy < vy <--- are strict descending ladder times. On the event

{vk <n <wpy} (for k£ >0), we have ¥, = vy and S,, = Sy, . Thus, LHSg.7)
equals

00
Z EQ{l{n—ukZZC% logn}l{uk§n<uk+1} [’I’L1/2 + S:]essuk
k=0

M
x Z qifles[Sg(i)71*S£(0)]Ag(i) } X

i=1
For any k, we look at the expectation Eq{-} on the right-hand side. By con-
ditioning upon (S;,0;,A;,1 <j <wy), and since S;7 = [S,, + (S, — Sy,)] " <
(Sp = Sy,)T =5, =S, on {vy <n <k}, we obtain

(6.9) LHS 6.7y < > EQ{1lnv,>20s 10gn}e™>* fu(n — i)},
k=0

where, for any 1 <j <n,

M/
fn(]) = EQ{I{V1>j}[n1/2 + S]] Zqz—lessm(i)—l Am(z)}’
i=1
and m(i) ;= inf{k >m(i—1):04 > 1} with m(0) := 0, and M’ :=sup{i:m(i) <

i—1

cs5logn}. For brevity, we write Ly, := f\ill qi_leSSm(i)—lAm(i) =372,¢" %

essm(iFlAm(i)l{m(ichs logn} for the moment. By the Cauchy—Schwarz in-
equality,
Fu(@) < [Q{m > G} P Bo{(n'? + 8))% > 1} [Ba{LiLp, -}

By (2.13), Q{v1 > j} < es0j /2 for some c50 >0 and all j > 1. On the
other hand, (n'/% +S;)? <2(n+ SJZ), and it is known (Bolthausen [11]) that
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S2
Eq{—[n > j} — ¢s51 € (0,00) for j — oo. Therefore, Eq{(n'/? + 8;)?|v1 >
j} < esomn for some cze > 0 and all n > j > 1. Accordingly, with csz3 :=

1/2 1/2
C0 Cry » We have

FnlG) < sz An'PEq{L2 1{u1>]}}] 1<j<n.
By the Cauchy—Schwarz inequality, L2 < (322, ¢* 1) 2 g e Imm-1 A2 (i) X
1¢m(iy<css logn} - Therefore, for j > 2c35logn,

1 — i— SSm(i
EQ{L727,1{V1>j}}§ Ezq 1EQ{62 m(l)_lAzn(i)l{m(i)<cg5logn}l{l/1>j}}

1 i— s
< —Zq 1EQ{€2 Sin(i)— 1A ()1{m(i)§j/2}1{yl>j}}'
=1

For any ¢ > 1, to estimate the expectation Eq{-} on the right-hand side, we
apply the strong Markov property at time m(i) to see that

Eq{-} =Eq{e™ 01 A% ) Lim()<j/2) Lipa sm(0)}9(Smiiy: 5 — m(i)},

where g(z,k) :=Q{z+5; > 0,V1 <i <k} for any z >0 and k> 1. By (13)
of Kozlov [24], g(z, k) < es4(z 4+ 1)/k'/? for some ¢54 >0 and all z >0 and
k> 1. Since z + 1 < ¢55e®* for all z > 0, this yields, with czg := %,

, $5m(i)
2 i—1 258 ()— 2
EQ{Li1y>j} < cs6 2: q EQ{e O Abn (i) Limi)<i/2) G —m(i)/? }

< G S0 Bl A )
21/2056 1,255 s 2
1/2 Eq z;qz 8Sm(i)—1F55m(i) A m(i)
1=

We observe that 53¢, ¢/~ L2 S-S AZ < 370 | g RIS £a5. A7
where R(k) :=#{1 < j <k:0; > 1}. Therefore, with c57 := /2004

o
Cs7 —
Eq{Li1l,-p} < v ) Eq{qiM eSSk ALY
k=1

¢ - - S S
< T Y [Ba(qH0 ) A Bq et A,
k=1

By definition, Eq {2~} = ¢=2rF with r := Q0 = 0) + ¢*’Q(01 > 1) <
1 [because ¢ <1 and Q(o; =0) < 1]. On the other hand,

EQ{e4sSk_1 +25Sg A%} _ EQ{GGSSk_l }EQ{QQS(Sk_Sk_l)Ai}
— [Eq{c® - Eq{e>% Al}.
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By (2.11), there exists sy > 0 sufficiently small such that Eq{e%1} < 1 for
all 0 < s < sg. On the other hand, Eq{A$} < oo for 0 <s <% [by (2.17)],
and Eq{e**51} < oo for 0 < s <2 [by (2.11)]; thus, Eq{e**' At} < oo for
0 <s<min{¢, 7} As a consequence, for any 0 < s < min{sy, T, 7}, we
have Eq{L;1p,~51} < jﬁ%, for some c5g >0 and all n >35> 1 with j >

2c35 logn, which yields
Falj) < esaes’ =1/ 2nl/2,
Going back to (6.9), we obtain, for any 0 < s < min{sy, €, ?} and c59 :=
053céé27
. 550,
LHS .7) < cson'/? 3 EQ{l{n—ukzzc% 1ogn}m}-
k=0

By (2.13) again, ]1% < c6oQ{v1 > j} for all j > 1. Thus, with cg1 := cz9c60,

oo
LHS(67) < Cﬁlnl/2 Z EQ{]-{nfl/k22035 logn}essyk l{l/k+1 >n}}
k=0

)
< Cﬁlnl/2 Z EQ{I{Vk§n<Vk+1}essyk }a
k=0

which equals cﬁlnl/QEQ{esminoiiin i1, and, according to (2.14), is bounded
in n. This completes the proof of (6.7).
It remains to check (6.8). By definition,

N
A < [0 + V(@) HpsessesV @) §7 g1,
i=1
Since Zi]\il ¢1< l%q’ this leads to, by an application of Proposition 2.1,

nSC45

EQ{Anl{n—@(") |<2cs5 logn}} < EQ{[n1/2 + SVJ{]GS§” 1(n—9,<2cs5logn} |

l—gq
where (.5;) is as in Proposition 2.1 and, as before, S, :=ming<;<y, S, ¥y, :=
inf{k >0:S,=5,}.

Let 0 <e < 3;let A, :={S, > n'/?*eY and B, := {8, <n'/?te} = A¢.

Since Eq{e®1} < oo for |a] < ¢z [see (2.11)] and Q(A,,) < 2exp(—c3n?)
[see (2.12)], the Cauchy-Schwarz inequality yields n**sEq{[n!/? + S;] x
e®5nly,} — 0, n — oo.

On B,, we have n'/2 + S < 2n!/2%¢; thus, Eq{[n'/? + S}|e®n x
1Bnﬂ{n7ﬁn<2035logn}} < 2n1/2+€EQ{eS§n1{n719n<2035 logn}}' It is clear that
S, < 8|p/2| = MiNg<i<pn 2 Siy and that {n =9, <2czslogn} C {5 — 5,1/2 <
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2¢35logn}, where 73”/2 ;= min{k > 0:5;, = ming<j<p—|n/2| S;}, with S ==
Sit|n/2) — Sns2)s ¢ = 0. Since SLn/QJ and EH/Q are independent, we have

EQ{B _n]-{n In<2c35 logn}} < EQ{B Sin2) }Q{ n/2 <235 logn} By (2 14),
Eq{e’ Sn/21} < cgon~Y/2; on the other hand, Q{5 — 19n/2 < 235 logn} <

63 % (see Feller [18], page 398). Therefore, Eq{[n'/? + S;]|e*Sn
1Bnﬁ{n In<2c35 1ogn}} < C64n71/2+€(10g ’I’L)l/2
Summarizing, we have proved that, for any s >0 and 0 <e < 1 5, When

n — o0,

EQ{Anl{n—\Q(")KQC% logn}} <o log ’I’L)l/2,

(1)+ 1064 nSC4571/2+€(

which yields (6.8), as long as 0 < s < O

2045

PrROOF OF THEOREM 1.5. The lower bound. We start with
nPW, >y, = Z (2 AV (u) e VW),

|u|=n
Let s € (0,1). Exactly as in (5.13), we have
(6.10) E{Y, "} =Eq{(n'? AV (w{)")Y,"}.
By definition,

Y, _Z SooeVw 3 min{n'/? [V (u) + V()] " }e V(@)

j= 1u€ﬂj(n) 2€TGW |z|y=n—j

+min{n'/2, V(w)*}e~ Vi)

x e Vul@) 4 On,

where Ay :=V (u) — V(wyi)l) [for u e fj(n)], and O, :=V(w (")) V(w)

By means of the elementary inequality (3, a;)™* > (3;af) " and (32, 6;)° <
> ; b7 for nonnegative a; and b;, we obtain Y, * > ZLn on .%,, with Z,, being
defined as

e e ) s i (Zew)s

J u

lZV )TemVule r}jt@;,
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where Z] = Z;‘L:h Zu = Zueﬁm)’ and Z:}: = ZxETSW,\x\u:nfj' We now
J
(n)

condition upon ¥%,,, and note that V(wj ) and fj(n) are ¢¥,-measurable. By

Proposition 2.1,
—s w(.n) —sAy n K] s
EQ{Zul%,} = e V=) S e A f(V (™)) + (A})%)
j U

xEW,_;)+EWU,_;)} + 65,
where, for any k>0, Ug = > V(y)te=V®. By Jensen’s inequality,
E(W,_;) < [E(W,—;)]* =1. On the other hand, by (3.9), Uy < cs5 logWLg
and, thus, by Lemma 3.3, E(U}) < cisE{[log 7i=]°} < cgs. Therefore, the

k
>, sum on the right-hand side (without ©;, of course) is

< DAV Z) )+ (AL + ot}
= V()Y e B £ 3 e A (AT + car}

There exists cgs = cgs(s) < oo such that e **{(a™)® + cg7} < cee(e™* +
e%%2) for all a € R. As a consequence,

N svw™ n) \+1s
EQ{Zn’gn}SCGQZe VI 1—1){[V(w§,_)1)+] +1}
j=1
« Z [G_SA“—FG_S/ZA"]‘F@Z-

(n)
ueﬂj

By Jensen’s inequality again, EQ{Z%’%L} > m. Since Y ® > Z% on
Y, this leads to

Eq{Y,,"|%.}
> C70
o n fsV(w(,Ti) ) (n) +1s —sA —5Ay s .
j=1€ V(w2 P+ 13 et e 2] + O
J

We apply Proposition 2.1: if (S; —S;j_1,7;), for j > 1 (with S :=0), arei.i.d.
random variables (under Q) and distributed as (V (w®), >} [e=sV () ¢

e5/2V(]), then

uefl(l)

Eq{(n'/? AV (wi”) )Y, "}

n'/2 A St }

> croE {
702Q n le—SSj_l[(Sj_l)s_i_l]nj_i_efssn(s;i’)s

j=
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(n/? A Sn)Limin,<; <, 8,50} }

>coE
= Q{ jo1 €518y + Ly + e Sy

Note that if S; > 0, then e=*% [S7+1] < crie” ™97 with ¢ := 5. Therefore, by
writing

QM {1} = Q{| 1I§nji£nsj > 0},

and Eg ) the expectation with respect to Q™ and 7 :==mn; + 1 for brevity,
we get that

Zn-i-l —tSJ 77j

enl/? 1{5n>€n1/2}}

Z;lill eftijl 7’7\]

Since Q{minj<;j<, S; >0} > cr3n~1/2 [see (2.13)], this leads to
Eq{(n'? AV (") ")y}

) [ YSu>entr2y
> craeEQ {Zn+11 e 1517,
]:

Eq{(n'* AV (w()")Y,*} >C72Q{ mm S; >0}E("){

>c72Q{ mln S; >O}E(n){

n 1 n
2 CT4€ |:E(Q){Zn+1 —tS— 1,,7 } - Q( ){Sn < €n1/2} :
Let p(s) > 0 be as in Corollary 2.4. We have Eq{(}_ s e —sV(W)r(9)} < 0o
by (2.16). Since p(s) < p(%), we also have Eq{(} eﬂ(l) e S/QV( wW)P$)} < 0.
ueSy
Therefore, EQ {7} (S)} < 00. We are thus entitled to apply Lemma 6.1 (stated

and proved below) to see that Eg){ 1 —} > ¢y5 for some c75 €

n+l —tS.
. 1+2j: e 177]'1
>
n+1 —tS;_ - n+1 —tS
e n

Eq{(n'? AV (W)Y} > erselers — QU{S, < an”?}], n>ng.

(0,00) and all n > ng. Since —, this yields

On the other hand, Sn/nl/2 under Q™ converges weakly to the terminal
value of a Brownian meander (see Bolthausen [11]); in particular,
lime o lim, oo Q{S, <en'/?} =0. We can thus choose (and fix) a small
€ > 0 such that Q("){Sn < 6n1/2} < ¢ for all n > ny. Therefore, for n >
no +ni,

Eq{(n'? AV (w(V)")Y "} > crae [075 - %] :
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As a consequence, we have proved that, for 0 < s <1,

liminf Eq{(n'/? AV (w{”)")Y;*} >0,
which, in view of (6.10), yields the first inequality in (1.16), and thus com-
pletes the proof of the lower bound in Theorem 1.5. [

We complete the proof of Theorem 1.5 by proving the following lemma,
which is a very simple variant of a result of Kozlov [24].

LEMMA 6.1.  Let {(Xk,nk), k> 1} be a sequence of i.i.d. random vectors
defined on (Q,.7,P) with P{n; >0} =1, such that E{nf} < oo for some
0 >0. We assume E(X1) =0 and 0 < E(X?) < oco. Let Sp:=0 and S,, :=
Xi+---+ X, forn>1. Then

1
6.11 lim E

121}%1715]? > O} =C76 € (O, OO)

PrOOF. The lemma is an analogue of the identity (26) of Kozlov [24],
except that the distribution of our 7; is slightly different from that of Ko-
zlov’s, which explains the moment condition E{nf{} < oc: this condition will
be seen to guarantee

1
lim limsupE{ ,
J—0 n—oo 1+ Zi:l nke*Sk—l

1
14 St ppe Sk

The identity (6.12), which plays the role of Kozlov’s Lemma 1 in [24], is the
key ingredient in the proof of (6.11). Since the rest of the proof goes along
the lines of [24] with obvious modifications, we only prove (6.12) here.

Without loss of generality, we assume 6 < 2 (otherwise, we can replace
by 2). We observe that, for n > j, the integrand in (6.12) is nonnegative,
and is

(6.12)

min Sj > O} =0.
1<k<n

—Sk-1

+1 +1 —Sj_ 1
< ZZ=]'+1 Tk€ < ( ZZ:J'Jrl ke )0/2 < ( "z"": nke—sk—l)G/Q
Tl e Sk T N P e Skt 7

k=j+1

which is bounded by ZZ;IJFI 772/26_0/251“_1. Since P{minj<j<, Sy > 0} ~

ca/n/? [see (2.13)], we only need to check that

n+1
(6.13)  lim limsup nl/? Z E{nz/ze_e/QSk—l1{min1SiSn Si>0}} =0.

]/ n—oo k=j+1
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Let LH§(6.1§) denote the n'/? ZZI}H E{-} expression on the left-hand
side. Let S; = Si(k) := Siyr — Sk, @ > 0. It is clear that (S;,7 > 0) is inde-
pendent of (g, X1,...,Xy), and is distributed as (S;,7 > 0). Write S;_; :=
minlgjgk_l Sj and ﬁn—k = minlgisn_k Sz Then

n+1
LHS .13, <n'/* 37 E{n/%e /%1

et {§k_1>0,§n_k>—5k—1—xk}}'

To estimate E{-} on the right-hand side, we first condition upon (ng, Sk—1,Sk_1,
X} ), which leaves us to estimate the tail probability of S,, . At this stage,

it is convenient to recall (see (13) of Kozlov [24]) that P{S, , > —y} <

+

054(71_1;'% for some c54 > 0 and all y € R. Accordingly,

n+1 N
0/2 — 1+ (Sp-1+X
LHS6.13) < czan'/? 3 E{m/ Pt g g LBt X }

k=j+1 (n—k+1)12
n+1 +
_ 1+S5.1+ X,

< e yn/? E{n€/26 012501y, —}
k:%rl k {8)-1>0} (n—k+ 1)1/2

On the right-hand side, (nx, Xy) is independent of (S},_;, Sk—1). We condi-
tion upon (Sj,_1,Sk_1): for any z > 1, an application of the Cauchy—Schwarz
inequality gives

0/2
E{ny* (= + X))} < B2 E{(z + X)) 212
Of course, E(n}) =E(n{) < oo by assumption, and E{(z + X;")?} < 2E(2? +

X?2)=2[z2 +E(X?)]. Thus, E{nz/z(z—i—X,j)} < ¢y7z for z > 1. Consequently,
with crg 1= c54077,

. k=j+1 217 (p — k+1)1/2
12 n+1 035 .
< cr9n E{e F=11 g 0 —},
k;i—l S5>0 (1 1)1/2

the last inequality following from the fact that sup,-(1 + 2)e %% < oo.
We use once again the estimate (2.13), which implies m < cgolP{S; >
Sk—1,Vk <i<n}.Since (S;— Sk_1,k <i <n)isindependent of (Si_1,S5:_1),
this implies, with cg := crgcso,
n+1

LHS(6-13) ScSlnl/Q Z E{e_g/gsk_l1{§k71>075i>5k—1,Vkﬁiﬁn}}
k=j+1
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n+1
<egn'? 37 B{ePN g gy},
k=j+1

where S,, := minj<;<, S;. It remains to check that

n+1
(6.14) hﬂrgo lim supn'/? Z E{e_g/gsk—11{§n>o}} =0.
J n—oo k=j+1

This would immediately follow from Lemma 1 of Kozlov [24], but we have
been kindly informed by Gerold Alsmeyer (to whom we are grateful) of a flaw
in its proof, on page 800, line 3 of [24], so we need to proceed differently. Since
E{e=0/3%-1 s S0} < n~B/2)+e() (n — k4 2)~1/2 (for n — oo) uniformly in
k€ [2,n+ 1], we have n!/2 Ziin/% E{e_e/gsk—11{§n>0}} — 0, n — oo. On
the other hand, (36) of Kozlov [24] (applied to § = 3 and 7; =1 there)
- o 2 _

implies that lim;limsup,, n'/2 Z}EZ/]_JH E{e0/3%-1 1(s >0y} = 0. Therefore,
(6.14) holds: Lemma 6.1 is proved. [

7. Proof of Theorem 1.3 and (1.14)—(1.15) of Theorem 1.4. In this sec-
tion we prove Theorem 1.3, as well as parts (1.14)—(1.15) of Theorem 1.4.
We assume (1.1), (1.2) and (1.3) throughout the section.

PROOF OF THEOREM 1.3 AND (1.14) AND (1.15) OF THEOREM 1.4.
Upper bounds. Let € > 0. By Theorem 1.6 and Chebyshev’s inequality, P{W,, 3 >
n_(35/2)+5} — 0. Therefore, W,, g < n~(36/2)+o(1) in probability, yielding the
upper bound in (1.15).

The upper bound in (1.14) follows trivially from the upper bound in
(1.15).

It remains to prove the upper bound in Theorem 1.3. Fix v € (0, 1). Since
W, is a nonnegative supermartingale, the maximal inequality tells that, for
any n<m and any A > 0,

W) €82

A = An/2’

the last inequality being a consequence of Theorem 1.5. Let ¢ > 0 and
let ny := |k*/¢]. Then ¥, P{maxy, <j<n,., W] > n,;(y/QHE} < 00. By the

Borel-Cantelli lemma, almost surely for all large k, maxp, <j<n,,, W; <
n;(1/2)+(€/v)

P{ max Wj“/ 2)\} < E(

n<j<m

. Since £ can be arbitrarily small, this yields the desired up-

per bound: W,, <n~-1/2+e) 35 O

PROOF OF THEOREM 1.3 AND (1.14) AND (1.15) OF THEOREM 1.4.
Lower bounds. To prove the lower bound in (1.14) and (1.15), we use the
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Paley-Zygmund inequality and Theorem 1.6 to see that
(7.1) P{W, 5 >n" G821y > pe®) o0,

This is the analogue of (4.5) for W,,. From here, the argument follows the
lines in the proof of the upper bound in (1.8) of Theorem 1.2 (Section 4),
and goes as follows: let ¢ >0 and let 7, :=inf{k > 1:#{u:|u| = k} > n?*}.
Then

P{Tn < 00, i r[n}r21 ]WkJrng <n~ B0/ exp [—6 ‘H‘laX V(x)} }
en/2,n x|=Tn

< Z P{Tn <00, Wiir, 8 < n~GA/2)=¢ exp {—ﬁ ‘n‘lax V(m)] }
k€[n/2,n]| TI=Tn

< S (P{Wig<n G8/2—epn™)
k€[n/2,n]

which, according to (7.1), is bounded by nexp(—n=¢[n%*]) (for all suffi-
ciently large n), thus summable in n. By the Borel-Cantelli lemma, almost
surely for all sufficiently large n, we have either 7, = 0o, or minge(,/2,n) We+,,8 >
n~(8/2)—¢ exp[—Bmax|y—., V(z)]. Conditionally on the system’s ultimate
survival, we have %max‘x‘:n V(z) — co1 a.s., 7y~ Qfolﬂ a.s., n — 00, and
W > mingep, /2,0 Wi+r,,5 for all sufficiently large n. This readily yields
lower bounds in (1.14) and (1.15): conditionally on the system’s survival,
W5 > n~BF/2)+o(1) almost surely (and a fortiori, in probability).

The lower bound in Theorem 1.3 is along exactly the same lines, but using
Theorem 1.5 instead of Theorem 1.6. [

8. Proof of Theorem 1.2. Assume (1.1), (1.2) and (1.3). Let 5> 1. We
trivially have W, s < W, exp{—(8 — 1)inf}, =, V(u)} and W), g > exp{—03 x
inf|,—, V' (u)}. Therefore, %logﬁﬁ <infj,—, V(u) < ﬁlog W, on I
Since § can be as large as possible, by means of Theorem 1.3 and of parts
(1.14) and (1.15) of Theorem 1.4, we immediately get (1.7) and (1.9).

Since W), > exp{—inf,—, V' (u)}, the lower bound in (1.8) follows imme-
diately from Theorem 1.3, whereas the upper bound in (1.8) was already
proved in Section 4.

9. Proof of part (1.13) of Theorem 1.4. The upper bound follows from
Theorem 1.3 and the elementary inequality W, 5 < W#, the lower bound
from (1.8) and the relation W, g > exp{—Sinf,—, V(u)}.

10. Proof of Theorem 1.1. The proof of Theorem 1.1 relies on Theorem
1.5 and a preliminary result, stated below as Proposition 10.1. Theorem
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1.5 ensures the tightness of (nl/ 2W,,,n > 1), whereas Proposition 10.1 im-

plies that Wm’}zl converges to 1 in probability (conditionally on the system’s

survival).

PROPOSITION 10.1.  Assume (1.1), (1.2) and (1.3). For any vy > 0, there
exists v1 > 0 such that, for all sufficiently large n,

(10.1) P{‘%—l‘zn—vw}gn—%.

PrOOF. Let 1 < <min{2,1+ p(1)}, where p(1) is the constant in
Corollary 2.4.

We use a probability estimate of Petrov [34], page 82: for centered random
variables €1, ..., & with E(|&]?) < oo (for 1 <4 < £), we have E{| Y¢_, &%} <
25 Efl6)7).

By definition, on the set .#,, we have

Wn+1 _ 67‘/(“) —Vu(z)
Wn—1_zw< > ooe -1,

|u|=n " 2€TSW:|z|,=1

where TSV and |z|, are as in (2.1) and (2.4), respectively. Conditioning
on .#,, and applying Proposition 2.1 and Petrov’s probability inequality
recalled above, we see that, on .%,,

B}

W1 s e~V
E{ W —1‘ |%}§2|Z 5 E
where cg3 1= 2E{| >0}y e VW) — 118} < o [see (2.16)], and W}, 5 is as in
(1.11).

Let e >0 and b> 0. Let s € (%, 1). Define D,, :== {W,, >n~-(1/2=¢1n
(W, 5 <n~B8/2+01 By Proposition 3.1, P{W,, <n~(1/2=¢ 7} <n= for
some ¥ > 0 and all large n, whereas, by Theorem 1.6, P{W,, 3 > n~ (/2401 <
n35(1*5)/2*(1*5)bE{W71_65} = p—(1=s)b+o(1) Therefore,

Z eV _1

ly|=1

10.2
(10.2) e
= (€83 ;
Wy

P{.7\ D,} <n~ 7 4 p-(1=s)btoll), n — oo.
On the other hand, since . C ., it follows from (10.2) and Chebyshev’s

inequality that, for n — oo,

Wit _ w,
P{‘WLJF _1’ >n V,Dn,Y} SnwE{CS?, W;Lﬁ’;ﬁanﬂe%}

n n

< cgan 13/ +b+(1/D+18



MINIMAL POSITION, BRANCHING RANDOM WALKS 47

As a consequence, when n — o0,

P{ Wn+1

n

We choose ¢ and b sufficiently small such that v — 3+ b+ ¢8 < 0. Propo-
sition 10.1 is proved. [

— 1‘ > n—’\/’y} < n=? + n—(l—s)b-l—o(l) + 083n75_5+b+55,

We now have all of the ingredients needed for the proof of Theorem 1.1.

PrOOF OoF THEOREM 1.1. Once Proposition 10.1 is established, the
proof of Theorem 1.1 follows the lines of Biggins and Kyprianou [7].
Assume (1.1), (1.2) and (1.3). Let A, > 0 satisfy E{(\,W,)"/?} = 1. That
is,
A= {B(W,/2)} 2
By Theorem 1.5, we have 0 < liminf,, n){’}g <limsup,, n){’}g < 00, and

(A Wy,) is tight. Let # be any possible (weak) limit of (A, W,,) along a
subsequence. By Theorem 1.5 and dominated convergence, E(#1/2) = 1.

We now prove the uniqueness of V.

By definition,
Wi = Z eV Z e V(@)

[v|=1 z€TSW |z|o=n

By assumption, A\, W,, — # in distribution when n goes to infinity along a
certain subsequence. Thus, A\,,W,, 11 converges weakly (when n goes along the
same subsequence) to 3°), e~V %, where, conditionally on (v, V(v),|v| =
1), “/Z are independent copies of v .
On the other hand, by Proposition 10.1, A\,W,,+1 also converges weakly
(along the same subsequence) to # . Therefore,
Vi e*V(”)%.
vl=1
This is the same equation for £* in (3.5). Recall that (3.5) has a unique
solution up to a scale change (Liu [27]), and since E(771/ 2) =1, we have
Vs cgaf*, with cgy := [E{(€*)'/?}]72. The uniqueness (in law) of W shows

—~

that A, W,, converges weakly to # when n — oo.

By (3.3), P{W,, >0} =P{“,} = P{S} =P{* > 0}. Let # >0 be a
random variable such that
(10.3) E(e)=E(c|# >0), Va>0.

It follows that, conditionally on the system’s survival, \,W,, converges in
distribution to #. O
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