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Minimal position and critical martingale convergence

in branching random walks,

and directed polymers on disordered trees

by

Yueyun Hu and Zhan Shi

Université Paris XIII & Université Paris VI

Summary. We establish an unusual second-order almost sure limit theo-
rem for the minimal position in a one-dimensional super-critical branching
random walk, and also prove a martingale convergence theorem which an-
swers a question of Biggins and Kyprianou [7]. Our method applies further-
more to the study of directed polymers on a disordered tree. In particular,
we give a rigorous proof of a phase transition phenomenon for the partition
function (from the point of view of convergence in probability), already
described by Derrida and Spohn [14]. Surprisingly, this phase transition
phenomenon disappears in the sense of upper almost sure limits.
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1 Introduction

1.1 Branching random walk and martingale convergence

We consider a branching random walk on the real line R. Initially, a particle sits at the

origin. Its children form the first generation; their displacements from the origin correspond

to a point process on the line. These children have children of their own (who form the

second generation), and behave – relative to their respective positions – like independent

copies of the initial particle. And so on.
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We write |u| = n if an individual u is in the n-th generation, and denote its position by

V (u). (In particular, for the initial ancestor e, we have V (e) = 0.) We assume throughout

the paper that there exists a constant C > 0 such that sup|u|=1 |V (u)| ≤ C. For technical

reasons, we also assume that

E
{( ∑

|u|=1

1
)1+δ }

<∞, for some δ > 0,(1.1)

where E denotes expectation with respect to P, the law of the branching random walk.

Let us define the (logarithmic) moment generating function

ψ(t) := logE
{ ∑

|u|=1

e−t V (u)
}
, t ≥ 0.

Following Biggins and Kyprianou [7], we assume

ψ(0) > 0, ψ(1) = ψ′(1) = 0.(1.2)

Since the number of particles in each generation forms a Galton–Watson tree, the assumption

ψ(0) > 0 in (1.2) says that this Galton–Watson tree is super-critical.

In the study of the branching random walk, there is a fundamental martingale, defined

as follows:

Wn :=
∑

|u|=n

e−V (u), n = 0, 1, 2, · · ·(1.3)

Since Wn ≥ 0, it converges almost surely.

When ψ′(1) < 0, it is proved by Biggins and Kyprianou [5] that there exists a sequence

of constants (an) such that Wn

an
converges in probability to a non-degenerate limit which is

(strictly) positive upon the survival of the system. This is called the Seneta–Heyde norming

in [5] for branching random walk, referring to Seneta [30] and Heyde [18] on the rate of

convergence in the classic Kesten–Stigum theorem for Galton–Watson processes.

The case ψ′(1) = 0 is more delicate. In this case, it is known (Lyons [24]) that Wn → 0

almost surely. The following question is raised in Biggins and Kyprianou [7]: are there

deterministic normalizers (an) such that Wn

an
converges?

We aim at answering this question.

Theorem 1.1 Assume (1.1) and (1.2). There exists a deterministic positive sequence (λn)

with 0 < lim infn→∞
λn

n1/2 ≤ lim supn→∞
λn

n1/2 < ∞, such that conditionally on the system’s

survival, λnWn converges in distribution to W, with W > 0 a.s. The distribution of W is

given in (9.6).

The almost sure behaviour of Wn is described in Theorem 1.3 below. The two theorems

together give a clear image of the asymptotics of Wn.
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1.2 The minimal position in the branching random walk

A natural question in the study of branching random walks is about inf |u|=n V (u), the position

of the leftmost individual in the n-th generation. In the literature, the concentration (in terms

of tightness or even weak convergence) of inf |u|=n V (u) around its median/quantiles had been

studied by many authors. See for example Bachmann [3], Bramson and Zeitouni [11], as well

as Section 5 of the survey paper by Aldous and Bandyopadhyay [2]. We also mention the

recent paper of Lifshits [21], where an example of branching random walk is constructed

such that inf |u|=n V (u) − median({inf |u|=n V (u)}) is tight but does not converge weakly.

We are interested in the asymptotic speed of inf |u|=n V (u). Under assumption (1.2), it is

known that, conditionally on the system’s survival,

1

n
inf
|u|=n

V (u) → 0, a.s.(1.4)

inf
|u|=n

V (u) → +∞, a.s.(1.5)

The “law of large numbers” in (1.4) is a classic result, and can be found in Hammersley [15],

Kingman [19], Biggins [4]. The system’s transience to the right, stated in (1.5), follows from

the fact that Wn → 0, a.s.

A refinement of (1.4) is obtained by McDiarmid [26]. By assuming

E
{( ∑

|u|=1

1
)2 }

<∞,(1.6)

it is proved in [26] that for some constant c1 <∞ and conditionally on the system’s survival,

lim sup
n→∞

1

log n
inf
|u|=n

V (u) ≤ c1, a.s.

We intend to determine the exact rate at which inf |u|=n V (u) goes to infinity.

Theorem 1.2 Assume (1.2) and (1.6). Conditionally on the system’s survival, we have

lim sup
n→∞

1

logn
inf
|u|=n

V (u) =
3

2
, a.s.(1.7)

lim inf
n→∞

1

logn
inf
|u|=n

V (u) =
1

2
, a.s.(1.8)

lim
n→∞

1

logn
inf
|u|=n

V (u) =
3

2
, in probability.(1.9)
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Remark. (i) The most interesting part of Theorem 1.2 is (1.7)–(1.8). It reveals, surprisingly,

the presence of fluctuations of inf |u|=n V (u) on the logarithmic level, which is in contrast with

known results of Bramson [10] and Dekking and Host [13] stating that for a class of branching

random walks, 1
log logn

inf |u|=n V (u) converges almost surely to a finite and positive constant.

(ii) Some brief comments on (1.2) are in order. In general (i.e., without assuming ψ(1) =

ψ′(1) = 0), the law of large numbers (1.4) reads 1
n

inf |u|=n V (u) → c, a.s. (conditionally on

the system’s survival), where c := inf{a ∈ R : g(a) ≥ 0}, with g(a) := inft≥0{ta+ ψ(t)}. If

t∗ψ′(t∗) = ψ(t∗)(1.10)

for some t∗ ∈ (0, ∞), then the branching random walk associated with the point process

V̂ (u) := t∗V (u) + ψ(t∗)|u| satisfies (1.2). That is, as long as (1.10) has a solution (which is

the case for example if ψ(1) = 0 and ψ′(1) > 0), the study will boil down to the case (1.2).

It is, however, possible that (1.10) has no solution. In such a situation, Theorem 1.2

does not apply. For example, we have already mentioned a class of branching random walks

exhibited in Bramson [10] and Dekking and Host [13], for which inf |u|=n V (u) has an exotic

log logn behaviour.

(iii) Under suitable assumptions, Addario-Berry [1] obtains a very precise asymptotic

estimate of E[inf |u|=n V (u)], which implies (1.9).

(iv) In the case of branching Brownian motion, the analogue of (1.9) was proved by

Bramson [9], by means of some powerful explicit analysis.

1.3 Directed polymers on a disordered tree

The following model is borrowed from the well-known paper of Derrida and Spohn [14]:

Let T be a rooted Cayley tree; we study all self-avoiding walks (= directed polymers) of n

steps on T starting from the root. To each edge of the tree, is attached a random variable

(= potential). We assume that these random variables are independent and identically

distributed. For each walk ω, its energy E(ω) is the sum of the potentials of the edges

visited by the walk. So the partition function is

Zn :=
∑

ω

e−βE(ω),

where the sum is over all self-avoiding walks of n steps on T, and β > 0 is the inverse

temperature.

More generally, we take T to be a Galton–Watson tree, and observe that the energy E(ω)

corresponds to (the partial sum of) the branching random walk described in the previous

sections. The associated partition function becomes

Wn,β :=
∑

|u|=n

e−βV (u), β > 0.(1.11)
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Clearly, when β = 1, Wn,1 is just the Wn defined in (1.3).

If 0 < β < 1, the study of Wn,β boils down to the case ψ′(1) < 0 which was investigated

by Biggins and Kyprianou [5]. In particular, conditionally on the system’s survival,
Wn,β

E{Wn,β}

converges almost surely to a (strictly) positive random variable.

We study the case β ≥ 1 in the present paper.

Theorem 1.3 Assume (1.1) and (1.2). Conditionally on the system’s survival, we have

Wn = n−1/2+o(1), a.s.(1.12)

Theorem 1.4 Assume (1.2) and (1.6), and let β > 1. Conditionally on the system’s sur-

vival, we have

lim sup
n→∞

logWn,β

logn
= −

β

2
, a.s.(1.13)

lim inf
n→∞

logWn,β

logn
= −

3β

2
, a.s.(1.14)

Wn,β = n−3β/2+o(1), in probability.(1.15)

Again, the most interesting part in Theorem 1.4 is (1.13)–(1.14), which describes a new

fluctuation phenomenon. Also, there is no phase transition any more for Wn,β at β = 1 from

the point of view of upper almost sure limits.

The remark on (1.2), stated after Theorem 1.2, applies to Theorems 1.3 and 1.4 as well.

An important step in the proof of Theorems 1.3 and 1.4 is to estimate all small moments

of Wn and Wn,β, respectively. This is done in the next theorems.

Theorem 1.5 Assume (1.1) and (1.2). For any γ ∈ [0, 1), we have

0 < lim inf
n→∞

E
{

(n1/2Wn)
γ
∣∣∣ S

}
≤ lim sup

n→∞
E

{
(n1/2Wn)

γ
∣∣∣ S

}
<∞,(1.16)

where S denotes the event that the system survives ultimately.

Theorem 1.6 Assume (1.2) and (1.6), and let β > 1. For any 0 < r < 1
β
, we have

E
{
W r
n,β

}
= n−3rβ/2+o(1), n→ ∞.(1.17)

The rest of the paper is as follows. In Section 2, we introduce a change-of-measures

formula (Proposition 2.1) in terms of spines on marked trees. This formula will be of frequent

use throughout the paper. Section 3 contains a few preliminary results of the lower tail

probability of the martingale Wn. The proof of the theorems is organized as follows.
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• Section 4: Theorem 1.6.

• Section 5: Theorem 1.5.

• Section 6: Theorem 1.3, as well as parts (1.14) and (1.15) of Theorem 1.4.

• Section 7: Theorem 1.2.

• Section 8: part (1.13) of Theorem 1.4.

• Section 9: Theorem 1.1.

Sections 4 and 5 are the technical part of the paper, where a common idea is applied in two

different situations.

Throughout the paper, we write

q := P{the system’s survival} ∈ (0, 1).

Also, the letter c with a subscript denotes finite and (strictly) positive constants. We also

use the notation
∑
∅ := 0 and

∏
∅ := 1.

2 Marked trees and spines

This section is devoted to a change-of-measures result (Proposition 2.1) on marked trees in

terms of spines. The material of this section has been presented in the literature in various

forms, see for example Chauvin et al. [12], Lyons et al. [25], Biggins and Kyprianou [6],

Hardy and Harris [16].

There is a one-to-one correspondence between branching random walks and marked trees.

Let us first introduce some notation. We label individuals in the branching random walk by

their line of descent, so if u = i1 · · · in ∈ U := {∅} ∪
⋃∞
k=1(N

∗)k (where N
∗ := {1, 2, · · ·}),

then u is the in-th child of the in−1-th child of . . . of the i1-th child of the initial ancestor e.

It is sometimes convenient to consider an element u ∈ U as a “word” of length |u|, with ∅

corresponding to e. We identify an individual u with its corresponding word.

If u, v ∈ U , we denote by uv the concatenated word, with u∅ = ∅u = u.

Let U := {(u, V (u)) : u ∈ U , V : U → R}. Let Ω be Neveu’s space of marked trees,

which consists of all the subsets ω of U such that the first component of ω is a tree. [Recall

that a tree t is a subset of U satisfying: (i) ∅ ∈ t; (ii) if uj ∈ t for some j ∈ N
∗, then u ∈ t;

(iii) if u ∈ t, then uj ∈ t if and only if 1 ≤ j ≤ νu(t) for some non-negative integer νu(t).]

Let T : Ω → Ω be the identity application. According to Neveu [27], there exists a

probability P on Ω such that the law of T under P is the law of the branching random walk

described in the introduction.

Let us make a more intuitive presentation. For any ω ∈ Ω, let

T
GW(ω) := the set of individuals ever born in ω,(2.1)

T(ω) := {(u, V (u)), u ∈ T
GW(ω), V such that (u, V (u)) ∈ ω} .(2.2)
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[Of course, T(ω) = ω.] In words, T
GW is a Galton–Watson tree, with the population members

as the vertices, whereas the marked tree T corresponds to the branching random walk. It is

more convenient to write (2.2) in an informal way:

T = {(u, V (u)), u ∈ T
GW} .

For any u ∈ T
GW, the shifted Galton–Watson subtree generated by u is

T
GW

u := {x ∈ U : ux ∈ T
GW} .(2.3)

[By shifted, we mean that T
GW
u is also rooted at e.] For any x ∈ T

GW
u , let

|x|u := |ux| − |u|,(2.4)

Vu(x) := V (ux) − V (u).(2.5)

As such, |x|u stands for the (relative) generation of x as a vertex of the Galton–Watson tree

T
GW
u , and (Vu(x), x ∈ T

GW
u ) the branching random walk which corresponds to the shifted

marked subtree

Tu := {(x, Vu(x)), x ∈ T
GW

u } .

Let Fn := σ{(u, V (u)), u ∈ T
GW, |u| ≤ n}, which is the σ-algebra induced by the first n

generations of the branching random walk. Let F∞ be the σ-algebra induced by the whole

branching random walk.

We assume (1.2). Let Q be a probability on Ω such that for any n ≥ 1,

Q|Fn := Wn • P|Fn.(2.6)

Fix n ≥ 1. Let w
(n)
n be a random variable taking values in {u ∈ T

GW, |u| = n} such that for

any |u| = n,

Q
{
w(n)
n = u

∣∣∣F∞
}

=
e−V (u)

Wn
.(2.7)

We write [[e, w
(n)
n ]] = {e =: w

(n)
0 , w

(n)
1 , w

(n)
2 , · · · , w

(n)
n } for the shortest path in T

GW relating

the root e to w
(n)
n , with |w

(n)
k | = k for any 1 ≤ k ≤ n.

For any individual u ∈ T
GW\{e}, let

←
u be the parent of u in T

GW, and

∆V (u) := V (u) − V (
←
u).

For 1 ≤ k ≤ n, we write

I
(n)
k :=

{
u ∈ T

GW : |u| = k,
←
u = w

(n)
k−1, u 6= w

(n)
k

}
.(2.8)
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In words, I
(n)
k is the set of children of w

(n)
k−1 except w

(n)
k , or equivalently, the set of the

brothers of w
(n)
k , and is possibly empty. Finally, let us introduce the following sigma-algebra:

Gn := σ
{ ∑

x∈I
(n)
k

δ∆V (x), V (w
(n)
k ), w

(n)
k , I

(n)
k , 1 ≤ k ≤ n

}
.(2.9)

We present the main result of the section, with δ denoting the Dirac measure. For any

marked tree T, we define its truncation T
n at level n by T

n := {(x, V (x)), x ∈ T
GW, |x| ≤ n}.

Proposition 2.1 Assume (1.2) and fix n ≥ 1. Under probability Q,

(i) the random variables (
∑

x∈I
(n)
k
δ∆V (x), ∆V (w

(n)
k )), 1 ≤ k ≤ n, are i.i.d., distributed as

(
∑

x∈I
(1)
1
δ∆V (x), ∆V (w

(1)
1 ));

(ii) conditionally on Gn, the truncated shifted marked subtrees T
n−|x|
x , for x ∈ ∪nk=1I

(n)
k ,

are independent; the conditional distribution of T
n−|x|
x (for any x ∈ ∪nk=1I

(n)
k ) under Q given

Gn, identical to the distribution of T
n−|x| under P.

e

x

T
n−|x|
x

y

T
n−|y|
y

w
(n)
1

w
(n)
2

z

T
n−|z|
z

w
(n)
3

w
(n)
4

w
(n)
n

Figure 1: Spine;

The truncated shifted subtrees T
n−|x|
x ,T

n−|y|
y , T

n−|z|
z ,... are actually rooted at e.

For the sake of self-containedness, we present an elementary proof of Proposition 2.1 as

an appendix in Section 10.
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In general, the (non-truncated) shifted marked subtrees Tx, for x ∈ ∪nk=1I
(n)
k , are not

conditionally independent under Q given Gn.

Throughout the paper, let ((Si, σi), i ≥ 1) be such that (Si − Si−1, σi − σi−1), for i ≥ 1

(with S0 = σ0 =: 0), are i.i.d. random vectors under Q and distributed as (V (w
(1)
1 ), #I

(1)
1 ).

Corollary 2.2 Assume (1.2) and fix n ≥ 1.

(i) Under Q, ((V (w
(n)
k ),#I

(n)
k ), 1 ≤ k ≤ n) is distributed as ((Sk, σk), 1 ≤ k ≤ n). In

particular, under Q, (V (w
(n)
k ), 1 ≤ k ≤ n) is distributed as (Sk, 1 ≤ k ≤ n).

(ii) We have EQ{S1} = 0. More generally, for any measurable function F : R → R+,

EQ {F (S1)} = E
{ ∑

|u|=1

e−V (u)F (V (u))
}
.(2.10)

Proof. The first part of the corollary is an immediate consequence of Proposition 2.1 (i). To

prove (2.10), we observe that by (2.7),

EQ

{
F (V (w

(1)
1 ))

}
= EQ

{ ∑

|u|=1

F (V (u)) 1
{w

(1)
1 =u}

}
= EQ

{ ∑

|u|=1

e−V (u)

W1
F (V (u))

}
,

which is E{
∑
|u|=1 e−V (u)F (V (u))} by the definition of Q. This implies (2.10). The fact that

EQ(Si) = 0 follows from (1.2) and (2.10).

We mention that (2.10) can also be found in Biggins and Kyprianou [7]. �

Corollary 2.3 Assume (1.1) and (1.2). Let δ > 0 be as in (1.1). Then for any n ≥ k ≥ 1,

EQ

{
(#I

(n)
k )δ

}
= EQ

{
(#I

(1)
1 )δ

}
<∞.

Proof. The identity follows from Proposition 2.1 (i). It remains to check EQ{(#I
(1)
1 )δ} <∞.

By definition, EQ{(
∑
|u|=1 1)δ} = E{(

∑
|u|=1 1)δW1} = E{(

∑
|u|=1 1)δ

∑
|v|=1 e−V (v)} ≤

eC E{(
∑
|u|=1 1)1+δ} <∞ (by (1.1)). Since #I

(1)
1 = (

∑
|u|=1 1) − 1 Q-a.s., we are done. �

3 Preliminary: small values of Wn

This preliminary section is devoted to the study of the small values of Wn. We define two

important events:

S := { the system’s ultimate survival } ,(3.1)

Sn := { the system’s survival after n generations } = {Wn > 0} .(3.2)

9



Clearly, S ⊂ Sn. Recall (see for example Harris [17], p. 16) that for some constant c2 and

all n ≥ 1,

P {Sn\S } ≤ e−c2n.(3.3)

Here is the main result of the section.

Proposition 3.1 For any ε > 0, there exists κ > 0 such that for all sufficiently large n,

P
{
n1/2Wn < n−ε

∣∣∣ S

}
≤ exp (−nκ) .(3.4)

The proof of Proposition 3.1 relies on Neveu’s multiplicative martingale. Recall that

under assumption (1.2), there exists a non-negative random variable ξ∗, with P{ξ∗ > 0} > 0,

such that

ξ∗
law
=

∑

|u|=1

ξ∗ue
−V (u),(3.5)

where, given {(u, V (u)), |u| = 1}, ξ∗u are independent copies of ξ∗, and “
law
= ” stands for

identity in distribution. Moreover, there is uniqueness of the distribution of ξ∗ up to a scale

change (see Liu [22]); in the rest of the paper, we take the version of ξ∗ as the unique one

satisfying E{e−ξ
∗
} = 1

2
.

Let us introduce the Laplace transform of ξ∗:

ϕ∗(t) := E
{
e−tξ

∗}
, t ≥ 0.(3.6)

Let

W ∗
n :=

∏

|u|=n

ϕ∗(e−V (u)), n ≥ 1.(3.7)

The process (W ∗
n , n ≥ 1) is also a martingale (Liu [22]). Following Neveu [28], we call W ∗

n

an associated “multiplicative martingale ”.

The martingale W ∗
n being bounded, it converges almost surely (when n → ∞) to, say,

W ∗
∞. Let us recall from Liu [22] that

log
1

W ∗
∞

law
= ξ∗,(3.8)

log

(
1

ϕ∗(t)

)
∼ t log

(
1

t

)
, t→ 0.(3.9)

We first prove the following estimates:

Lemma 3.2 There exist κ > 0 and a0 ≥ 1 such that

E {(W ∗
∞)a |W ∗

∞ < 1} ≤ exp (−aκ) , ∀a ≥ a0,(3.10)

E {(W ∗
n)a 1Sn} ≤ e−a

κ

+ e−c2n, ∀n ≥ 1, ∀a ≥ a0.(3.11)
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Proof of Lemma 3.2. [The best possible value of κ is given by Liu [23], under the additional

assumption that {u, |u| = 1} contains at least two elements almost surely.]

We first prove (3.10). In view of (3.8), it suffices to show that

E
{
e−aξ

∗

| ξ∗ > 0
}
≤ exp (−aκ) , a ≥ a0.(3.12)

Recall that q = P{ξ∗ = 0} is the system’s extinction probability. It is well-known for

Galton–Watson trees that q satisfies E(qN) = q, see for example Harris [17], p. 7. Then

ϕ∗(t) = E
{
e−tξ

∗}
= q + (1 − q)E

{
e−tξ

∗

| ξ∗ > 0
}
.

Let ξ̂ be a random variable such that E{e−tξ̂} = E{e−tξ
∗
| ξ∗ > 0} for any t ≥ 0. Let Y be a

random variable independent of everything else, such that P{Y = 0} = q = 1 − P{Y = 1}.

Then ξ∗ and Y ξ̂ have the same law, and by (3.5), so do ξ∗ and
∑
|u|=1 e−V (u)Yuξ̂u, where,

given {u, |u| = 1}, (Yu, ξ̂u) are independent copies of (Y, ξ̂), independent of {V (u), |u| = 1}.

Since {
∑
|u|=1 e−V (u)Yuξ̂u > 0} = {

∑
|u|=1 Yu > 0}, this leads to:

E
{

e−tξ̂
}

= E
{

e−t
∑
|u|=1 e−V (u)Yuξ̂u

∣∣∣
∑

|u|=1

Yu > 0
}
, t ≥ 0.

Let ψ̂(t) := − log E{e−tξ̂}, t ≥ 0; thus e−ψ̂(t) = E{e−tξ̂}. Since V (u) ≤ C for |u| = 1, we

have

e−ψ̂(t) ≤ E
{

e−te
−C

∑
|u|=1 Yuξ̂u

∣∣∣
∑

|u|=1

Yu > 0
}

= E
{

e−
∑
|u|=1 ψ̂(tYue−C)

∣∣∣
∑

|u|=1

Yu > 0
}
.

Note that ψ̂(0) = 0, thus
∑
|u|=1 ψ̂(tYue

−C) = ψ̂(te−C)
∑
|u|=1 Yu. As a consequence, by

writing h(t) := − log E{e−t
∑
|u|=1 Yu |

∑
|u|=1 Yu > 0}, t ≥ 0, we have e−ψ̂(t) ≤ e−h(ψ̂(te−C )), i.e.,

ψ̂(t) ≥ h(ψ̂(te−C)), ∀t ≥ 0.(3.13)

The function h is smooth and convex on R+, with h(0) = 0. Thus h(t) ≥ h′(0)t for

all t ≥ 0. Since P{
∑
|u|=1 Yu > 0} = P{

∑
|u|=1 e−V (u)Yuξ̂u > 0} = P{ξ∗ > 0} = 1 − q,

we have h′(0) = E{
∑
|u|=1 Yu |

∑
|u|=1 Yu > 0} = m

1−q
, where m := E{

∑
|u|=1 1}. This yileds

h(t) ≥ mt, t ≥ 0. In view of (3.13), we get ψ̂(t) ≥ mψ̂(te−C), ∀t ≥ 0. Iterating the inequality,

we see that ψ̂(t) ≥ mnψ̂(te−Cn), for n ≥ 1 and t ≥ 0. In particular, ψ̂(eCn) ≥ mnψ̂(1). Since

m > 1 (assumption (1.2)), this yields (3.12) and thus (3.10).

It remains to check (3.11). Let a ≥ 1. Since ((W ∗
n)a, n ≥ 0) is a bounded submartingale,

E{(W ∗
n)
a 1Sn} ≤ E{(W ∗

∞)a 1Sn}. Recall that W ∗
∞ ≤ 1; thus

E {(W ∗
n)a 1Sn} ≤ E {(W ∗

∞)a 1S } + P {Sn\S } .
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By (3.3), P{Sn\S } ≤ e−c2n. On the other hand, since S = {W ∗
∞ < 1}, we have

E{(W ∗
∞)a 1S } = E{(W ∗

∞)a 1{W ∗∞<1}}, which, according to (3.10), is bounded by e−a
κ
, for

a ≥ a0. Lemma 3.2 is proved. �

We are now ready for the proof of Proposition 3.1.

Proof of Proposition 3.1. Let c3 > 0 be such that P{ξ∗ ≤ c3} ≥ 1
2
. Then ϕ∗(t) = E{e−tξ

∗
} ≥

e−c3tP{ξ∗ ≤ c3} ≥ 1
2
e−c3t, and thus log( 1

ϕ∗(t)
) ≤ c3t+ log 2. Together with (3.9), this yields,

on the event Sn,

log

(
1

W ∗
n

)
=

∑

|u|=n

log

(
1

ϕ∗(e−V (u))

)

≤
∑

|u|=n

1{V (u)≥1}c4V (u)e−V (u) +
∑

|u|=n

1{V (u)<1}

(
c3e
−V (u) + log 2

)
.

Since Wn =
∑
|u|=n e−V (u), we obtain, on Sn, for any λ ≥ 1,

log

(
1

W ∗
n

)
≤ c5 λWn + c4

∑

|u|=n

1{V (u)≥λ}V (u)e−V (u),(3.14)

where c5 := c3 + c4 + e log 2. Note that c4 and c5 do not depend on λ.

Let 0 < y ≤ 1. Since S ⊂ Sn, it follows that for c6 := c4 + c5,

P
{
λWn < y

∣∣∣ Sn

}

≤ P

{
log

(
1

W ∗
n

)
< c6y

∣∣∣ Sn

}
+ P

{ ∑

|u|=n

1{V (u)≥λ}V (u)e−V (u) ≥ y
∣∣∣Sn

}

=: RHS1
(3.15) + RHS2

(3.15),(3.15)

with obvious notation.

Recall that P(Sn) ≥ P(S ) = 1 − q. By Chebyshev’s inequality,

RHS1
(3.15) ≤ ec6 E

{
(W ∗

n)1/y |Sn

}
≤

ec6

1 − q
E

{
(W ∗

n)1/y 1Sn

}
.

By (3.11), for n ≥ 1 and 0 < y ≤ 1
a0

,

RHS1
(3.15) ≤

ec6

1 − q

[
e−1/yκ

+ e−c2n
]
.(3.16)

To estimate RHS2
(3.15), we use the trivial inequality V (u) ≤ Cn for |u| = n, to see that

RHS2
(3.15) ≤

1

1 − q
P

{
Cn

∑

|u|=n

1{V (u)≥λ}e
−V (u) ≥ y

}

≤
Cn

(1 − q)y
E

{ ∑

|u|=n

1{V (u)≥λ}e
−V (u)

}
.

12



By definition, E{
∑
|u|=n 1{V (u)≥λ}e

−V (u)} = EQ{
∑
|u|=n 1{V (u)≥λ}

e−V (u)

Wn
} = Q{V (w

(n)
n ) ≥

λ}, which, according to Corollary 2.2 (i), equals P{Sn ≥ λ}. Therefore, if λ ≥ n1/2,

then E{
∑
|u|=n 1{V (u)≥λ}e

−V (u)} ≤ e−c7λ
2/n for some constant c7. Accordingly, RHS2

(3.15) ≤

Cn e−c7λ2/n

(1−q)y
. Together with (3.15) and (3.16), it yields that, for 0 < y ≤ 1

a0
and λ ≥ n1/2 ≥ 1,

P
{
λWn < y

∣∣∣ Sn

}
≤

ec6

1 − q

[
e−1/yκ

+ e−c2n
]
+
Cn e−c7λ

2/n

(1 − q)y
.

Let y := x2/(κ+2) and λ := n1/2x−κ/(κ+2). The inequality becomes: for 0 < x ≤ 1 and n ≥ 1,

P
{
n1/2Wn < x

∣∣∣ Sn

}
≤

ec6

1 − q

[
e−1/x2κ/(κ+2)

+ e−c2n
]

+
Cn e−c7/x

2κ/(κ+2)

(1 − q)x2/(κ+2)
.(3.17)

This readily yields Proposition 3.1. �

Remark. Recall that Wn ≥ e−Cn on Sn. A consequence of (3.17) (noting that we can

replace Cn exp(−c7/x2κ/(κ+2))

(1−q)x2/(κ+2) by Cn exp(−c7/x2κ/(κ+2))

(1−q)x2/(κ+2) ∧ 1 on the right-hand side) is that for any

0 < s < c2
C

,

E
{ 1

W s
n

1Sn

}
≤ n(s/2)+o(1), n→ ∞.(3.18)

This estimate will be used in the proof of Theorem 1.5 (Section 5). �

We complete this section with the following estimate which will be useful in the proof of

Theorem 1.5.

Lemma 3.3 For any 0 < s < 1,

sup
n≥1

E
{(

log
1

W ∗
n

)s }
<∞.(3.19)

Proof of Lemma 3.3. Let x > 1. By Chebyshev’s inequality, P{log( 1
W ∗n

) ≥ x} = P{exW ∗
n ≤

1} ≤ eE{e−exW ∗n}. Since W ∗
n is a martingale, it follows from Jensen’s inequality that

E{e−exW ∗n} ≤ E{e−exW ∗∞} ≤ P{W ∗
∞ ≤ e−x/2} + exp(−ex/2). Therefore,

P
{

log(
1

W ∗
n

) ≥ x
}
≤ eP{W ∗

∞ ≤ e−x/2} + exp
(
1 − ex/2

)
.(3.20)

On the other hand, by integration by parts,
∫∞
0

e−tyP(ξ∗ ≥ y) dy = 1−E(e−tξ∗ )
t

= 1−φ∗(t)
t

,

which, according to (3.8), is ≤ c8 log(1
t
) for 0 < t ≤ 1

2
. Therefore, for a ≥ 2, c8 log a ≥∫∞

0
e−y/aP(ξ∗ ≥ y) dy ≥

∫ a

0
e−y/aP(ξ∗ ≥ a) dy = (1 − e−1)aP(ξ∗ ≥ a). That is, P(ξ∗ ≥ a) ≤

c9
log a
a

, or equivalently, P(W ∗
∞ ≤ e−a) ≤ c9

log a
a

, for a ≥ 2. Substituting this in (3.20) gives

that, for any x ≥ 4,

P
{

log(
1

W ∗
n

) ≥ x
}
≤ c10

log(x/2)

x
+ exp

(
1 − ex/2

)
,

where c10 := 2e c9. Lemma 3.3 follows immediately. �
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4 Proof of Theorem 1.6

Before proving Theorem 1.6, we need two preliminary results.

Lemma 4.1 Let X1, X2, · · ·, XN be independent non-negative random variables, and let

TN :=
∑N

i=1Xi. For any non-increasing function F : (0, ∞) → R+, we have

E
{
F (TN) 1{TN>0}

}
≤ max

1≤i≤N
E {F (Xi) |Xi > 0} .

Moreover,

E
{
F (TN) 1{TN>0}

}
≤

N∑

i=1

bi−1E
{
F (Xi) 1{Xi>0}

}
,

where b := max1≤i≤N P{Xi = 0}.

Proof. Let τ := min{i ≥ 1 : Xi > 0} (with min ∅ := ∞). Then E
{
F (TN) 1{TN>0}

}
=∑N

i=1 E
{
F (TN) 1{τ=i}

}
. Since F is non-increasing, we have F (TN) 1{τ=i} ≤ F (Xi) 1{τ=i} =

F (Xi) 1{Xi>0} 1{Xj=0, ∀j<i}. By independence, this leads to

E
{
F (TN) 1{TN>0}

}
≤

N∑

i=1

E
{
F (Xi) 1{Xi>0}

}
P {Xj = 0, ∀j < i} .

This yields immediately the second inequality of the lemma, since P{Xj = 0, ∀j < i} ≤ bi−1.

To prove the first inequality of the lemma, we observe that E{F (Xi) 1{Xi>0}} ≤ P{Xi >

0}max1≤k≤N E{F (Xk) |Xk > 0}. Therefore,

E
{
F (TN) 1{TN>0}

}
≤ max

1≤k≤N
E{F (Xk) |Xk > 0}

N∑

i=1

P{Xi > 0}P {Xj = 0, ∀j < i} .

The
∑N

i=1 · · · expression on the right-hand side is =
∑N

i=1 P{Xi > 0, Xj = 0, ∀j < i} =∑N
i=1 P{τ = i} = P{TN > 0} ≤ 1. This yields the first inequality of the lemma. �

To state our second lemma, let w(n) ∈ [[e, w
(n)
n [[ be a vertex such that

V (w(n)) = min
u∈[[e,w

(n)
n [[

V (u).(4.1)

[If there are several such vertices, we choose, say, the oldest.] The following estimate gives a

(stochastic) lower bound for 1
Wn,β

under Q outside a “small” set. We recall that Wn,β > 0,

Q-almost surely (but not necessarily P-almost surely).
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Lemma 4.2 Let β > 0 and K > 0. There exist θ > 0 and n0 < ∞ such that for n ≥ n0

and z ∈ R,

Q
{e−βV (w(n))

Wn,β
> z, En

}
≤

1

1 − q
max
1≤k<n

P
{ nθ

Wk,β
> z, Sk

}
,

where En is a measurable event such that

Q{En} ≥ 1 −
1

nK
, n ≥ n0.

Remark. We insist on the fact that n0 does not depend on z. As a consequence, for any

non-decreasing function G : (0,∞) → (0,∞) and n ≥ n0,

EQ

{
G

(e−βV (w(n))

Wn,β

)
1En

}
≤

1

1 − q
max
1≤k<n

E
{
G

(
nθ

Wk,β

)
1Sk

}
.(4.2)

We will later apply the lemma to a function G depending on n.

Proof of Lemma 4.2. Recall from (2.8) that I
(n)
k is the set of the brothers of w

(n)
k . For any

pair 0 ≤ k < n, we say that the level k is n-good if

I
(n)
k 6= ∅, and T

GW
u survives at least n− k generations, ∀u ∈ I

(n)
k ,

where T
GW
u is the shifted Galton–Watson subtree generated by u (see (2.3)). By T

GW
u sur-

viving at least n− k generations, we mean that there exists v ∈ T
GW
u such that |v|u = n− k

(see (2.4) for notation).

In words, k is n-good means any subtree generated by any of the brothers of w
(n)
k has

offspring for at least n− k generations.

Let Gn be the sigma-algebra defined in (2.9). By Proposition 2.1,

Q {k is n-good |Gn} = 1
{I

(n)
k 6=∅}

(P{Sn−k})
#I

(n)
k ,

where Sn denotes the system’s survival after n generations (see (3.2)). Since P{Sn−k} ≥

P{S } = 1− q, whereas #I
(n)
k and #I

(1)
1 have the same distribution under Q (Proposition

2.1), we have

Q {k is n-good} ≥ EQ

{
1
{#I

(1)
1 ≥1}

(1 − q)#I
(1)
1

}
= c11 ∈ (0, 1).

As a consequence, for all sufficiently large n and all 1 ≤ ℓ < n, by Proposition 2.1 again,

Q
{ n−ℓ⋃

k=1

k+ℓ−1⋂

j=k

{j is not n-good}
}
≤

n−ℓ∑

k=1

k+ℓ−1∏

j=k

Q {j is not n-good}ℓ ≤ n(1 − c11)
ℓ,
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which is bounded by ne−c11ℓ (using the inequality 1 − x ≤ e−x, for x ≥ 0). Let K > 0. We

take ℓ = ℓ(n) := ⌊c12 log n⌋ with c12 := K+2
c11

, and write

En :=

n−⌊c12 logn⌋⋂

k=1

k+⌊c12 logn⌋−1⋃

j=k

{j is n-good}.(4.3)

Thus, for large n,

Q {En} ≥ 1 − ne−c11(c12 logn−1) = 1 −
ec11

nK+1
≥ 1 −

1

nK
.(4.4)

By definition,

Wn,β =

n∑

j=1

∑

u∈I
(n)
j

e−βV (u)
∑

x∈TGW
u , |x|u=n−j

e−βVu(x) + e−βV (w
(n)
n )(4.5)

≥
∑

j∈L

∑

u∈I
(n)
j

e−βV (u)
∑

x∈TGW
u , |x|u=n−j

e−βVu(x)

for any L ⊂ {1, 2, · · · , n}. We choose L := {1 ≤ j ≤ n :
∣∣j − |w(n)|

∣∣ ≤ c12 log n}.

For u ∈ I
(n)
j with some j ∈ L , we have V (u) ≤ V (w(n)) + C(c12 logn+ 2) ≤ V (w(n)) +

2Cc12 log n (for large n). Writing θ := 2βCc12, this leads to:

Wn,β ≥
e−βV (w(n))

nθ

∑

j∈L

∑

u∈I
(n)
j

∑

x∈TGW
u , |x|u=n−j

e−βVu(x) =:
e−βV (w(n))

nθ

∑

j∈L

∑

u∈I
(n)
j

ξu.

On the event En, we have
∑

j∈L

∑
u∈I

(n)
j
ξu > 0. Therefore,

e−βV (w(n))

Wn,β

1En ≤
nθ∑

j∈L

∑
u∈I

(n)
j
ξu

1{
∑

j∈L

∑
u∈I

(n)
j

ξu>0}.

Let Gn be the sigma-algebra in (2.9). We observe that L and I
(n)
j are Gn-measurable.

Moreover, an application of Proposition 2.1 tells us that under Q, conditionally on Gn, the

random variables ξu, u ∈ I
(n)
j , j ∈ L , are independent, and distributed as Wn−j,β under P.

We are thus entitled to apply Lemma 4.1, to see that

Q
{e−βV (w(n))

Wn,β

> z, En

∣∣∣ Gn

}
≤ max

j∈L

P
{ nθ

Wn−j,β
> z

∣∣∣ Wn−j,β > 0
}

≤ max
0≤k≤n

P
{ nθ

Wk,β
> z

∣∣∣ Wk,β > 0
}
.
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Since P{Wk,β > 0} = P{Sk} ≥ P{S } = 1 − q, this yields Lemma 4.2. �

We are now ready for the proof of Theorem 1.6. For the sake of clarity, the upper and

lower bounds are proved in distinct parts. Let us start with the upper bound.

Proof of Theorem 1.6: the upper bound. Fix β > 1. For any Z ≥ 0 which is Fn-measurable,

we have E{Wn,βZ} = EQ{
∑
|u|=n

e−βV (u)

Wn
Z} = EQ{

∑
|u|=n 1

{w
(n)
n =u}

e−(β−1)V (u)Z}, and thus

E{Wn,βZ} = EQ{e
−(β−1)V (w

(n)
n )Z}.(4.6)

Let s ∈ (β−1
β
, 1), and λ > 0. Then

E
{
W 1−s
n,β

}
≤ n−(1−s)βλ + E

{
W 1−s
n,β 1{Wn,β>n−βλ}

}

= n−(1−s)βλ + EQ

{e−(β−1)V (w
(n)
n )

W s
n,β

1{Wn,β>n−βλ}

}
.

Since e−βV (w
(n)
n ) ≤Wn,β, we have e−(β−1)V (w

(n)
n )

W s
n,β

≤ 1

W
s−(β−1)/β
n,β

; thus on the event {Wn,β > n−βλ},

we have e−(β−1)V (w
(n)
n )

W s
n,β

≤ n[βs−(β−1)]λ.

Let K := [βs − (β − 1)]λ + (1 − s)βλ, and let En be the event in Lemma 4.2. Since

Q(Ec
n) ≤ n−K for all sufficiently large n (see Lemma 4.2), we obtain: for large n,

E
{
W 1−s
n,β

}
≤ n−(1−s)βλ + n[βs−(β−1)]λ−K + EQ

{e−(β−1)V (w
(n)
n )

W s
n,β

1{Wn,β>n−βλ}∩En

}

= 2n−(1−s)βλ + EQ

{e−(β−1)V (w
(n)
n )

W s
n,β

1{Wn,β>n−βλ}∩En

}
.(4.7)

We now estimate the expectation expression EQ{· · ·} on the right-hand side of (4.7). Let

a > 0 and ̺ > b > 0 be constants such that (β−1)a > sβλ+ 3
2

and [βs− (β−1)]b > 3
2
. (The

choice of ̺ will be precised later on.) We recall that w
(n)
n ∈ [[e, w

(n)
n [[ satisfies V (w(n)) =

min
u∈[[e,w

(n)
n [[

V (u), and consider the following events:

E1,n :=
{
V (w(n)

n ) > a logn
}
∪

{
V (w(n)

n ) ≤ −b log n
}
,

E2,n :=
{
V (w(n)) < −̺ log n, V (w(n)

n ) ≥ −b log n
}
,

E3,n :=
{
V (w(n)) ≥ −̺ log n, −b log n < V (w(n)

n ) ≤ a logn
}
.

Clearly, ∪3
i=1Ei,n covers the whole space.

On the event E1,n ∩ {Wn,β > n−βλ}, we have either V (w
(n)
n ) > a log n, in which case

e−(β−1)V (w
(n)
n )

W s
n,β

≤ nsβλ−(β−1)a, or V (w
(n)
n ) ≤ −b log n, in which case we use the trivial inequality
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Wn,β ≥ e−βV (w
(n)
n ) to see that e−(β−1)V (w

(n)
n )

W s
n,β

≤ e[βs−(β−1)]V (w
(n)
n ) ≤ n−[βs−(β−1)]b (recalling that

βs > β − 1). Since sβλ− (β − 1)a < −3
2

and [βs− (β − 1)]b > 3
2
, we obtain:

EQ

{e−(β−1)V (w
(n)
n )

W s
n,β

1E1,n∩{Wn,β>n−βλ}

}
≤ n−3/2.(4.8)

At this stage, it is convenient to mention that the tail probability of inf |u|=n V (u) has

been studied by McDiarmid [26] (this is the only place we need (1.6) instead of (1.2)). In

view of the inequality Wn,β ≥ exp{−β inf |u|=n V (u)}, McDiarmid’s result yields the existence

of positive constants c13, c14 and c15 such that

E
{ 1Sn

W c13
n,β

}
≤ c14 n

c15 , n ≥ 1.(4.9)

We now study the integral on E2,n ∩ {Wn,β > n−βλ} ∩ En. Since s > 0, we can chose

s1 > 0 and 0 < s2 ≤ c13 such that s = s1 + s2. We have, on E2,n ∩ {Wn,β > n−βλ},

e−(β−1)V (w
(n)
n )

W s
n,β

=
eβs2V (w(n))−(β−1)V (w

(n)
n )

W s1
n,β

e−βs2V (w(n))

W s2
n,β

≤ n−βs2̺+(β−1)b+βλs1
e−βs2V (w(n))

W s2
n,β

.

Therefore, by an application of Lemma 4.2 (or rather, by an application of (4.2) to G(x) :=

xs2 , x > 0), we obtain: when n→ ∞,

EQ

{e−(β−1)V (w
(n)
n )

W s
n,β

1E2,n∩{Wn,β>n−βλ}∩En

}
≤

n−βs2̺+(β−1)b+βλs1

1 − q
max
1≤k<n

E
{ ns2θ

W s2
k,β

1Sk

}

≤ c16 n
−βs2̺+(β−1)b+βλs1+s2θ+c15 ,

the last inequality being a consequence of (4.9). We choose (and fix) the constant ̺ so large

that −βs2̺+ (β − 1)b+ βλs1 + s2θ + c15 < −3
2
. Therefore, for all large n,

EQ

{e−(β−1)V (w
(n)
n )

W s
n,β

1E2,n∩{Wn,β>n−βλ}∩En

}
≤ n−3/2.

Combining this with (4.8) yields that for all large n,

2∑

i=1

EQ

{e−(β−1)V (w
(n)
n )

W s
n,β

1Ei,n∩{Wn,β>n−βλ}∩En

}
≤ 2n−3/2.

Substituting this in (4.7), we see that

E
{
W 1−s
n,β

}
≤ 2n−(1−s)βλ + 2n−3/2 + EQ

{e−(β−1)V (w
(n)
n )

W s
n,β

1E3,n∩{Wn,β>n−βλ}

}
.
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We make a partition of E3,n: let M ≥ 2 be an integer, and let ai := −b+ i(a+b)
M

, 0 ≤ i ≤M .

By definition,

E3,n =
M−1⋃

i=0

{
V (w(n)) ≥ −̺ log n, ai logn < V (w(n)

n ) ≤ ai+1 logn
}

=:
M−1⋃

i=0

E3,n,i.

Let 0 ≤ i ≤ M − 1. There are two possible situations. First situation: ai ≤ λ. In

this case, we argue that on the event E3,n,i, we have Wn,β ≥ e−βV (w
(n)
n ) ≥ n−βai+1 and

e−(β−1)V (w
(n)
n ) ≤ n−(β−1)ai , thus e−(β−1)V (w

(n)
n )

W s
n,β

≤ nβai+1s−(β−1)ai = nβais−(β−1)ai+βs(a+b)/M ≤

n[βs−(β−1)]λ+βs(a+b)/M . Accordingly, in this situation,

EQ

{e−(β−1)V (w
(n)
n )

W s
n,β

1E3,n,i

}
≤ n[βs−(β−1)]λ+βs(a+b)/MQ(E3,n,i).

Second (and last) situation: ai > λ. We have, on E3,n,i ∩ {Wn,β > n−βλ}, e−(β−1)V (w
(n)
n )

W s
n,β

≤

nβλs−(β−1)ai ≤ n[βs−(β−1)]λ; thus, in this situation,

EQ

{e−(β−1)V (w
(n)
n )

W s
n,β

1E3,n,i∩{Wn,β>n−βλ}

}
≤ n[βs−(β−1)]λQ(E3,n,i).

We have therefore proved that

EQ

{e−(β−1)V (w
(n)
n )

W s
n,β

1E3,n∩{Wn,β>n−βλ}

}
=

M∑

i=1

EQ

{e−(β−1)V (w
(n)
n )

W s
n,β

1E3,n,i∩{Wn,β>n−βλ}

}

≤ n[βs−(β−1)]λ+βs(a+b)/MQ(E3,n).

By Corollary 2.2, Q(E3,n) = P{min0≤k<n Sk ≥ −̺ log n, 0 ≤ Sn ≤ a logn} = n−(3/2)+o(1).

As a consequence,

E
{
W 1−s
n,β

}
≤ 2n−(1−s)βλ + 2n−3/2 + n[βs−(β−1)]λ+βs(a+b)/M−(3/2)+o(1) .

We choose λ := 3
2
. Since M can be as large as possible, this yields the upper bound in

Theorem 1.6 by posing r := 1 − s. �

Proof of Theorem 1.6: the lower bound. Let β > 1 and s ∈ (1 − 1
β
, 1). By means of (4.5)

and the elementary inequality (a+ b)1−s ≤ a1−s + b1−s (for a ≥ 0 and b ≥ 0), we have

W 1−s
n,β ≤

n∑

j=1

∑

u∈I
(n)
j

e−(1−s)βV (u)
( ∑

x∈TGW
u , |x|u=n−j

e−βVu(x)
)1−s

+ e−β(1−s)V (w
(n)
n )

≤ c17

n∑

j=1

e−(1−s)βV (w
(n)
j )

∑

u∈I
(n)
j

( ∑

x∈TGW
u , |x|u=n−j

e−βVu(x)
)1−s

+ e−β(1−s)V (w
(n)
n ),
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where c17 := e(1−s)βC ≥ 1. Let Gn be the sigma-algebra defined in (2.9). Since V (w
(n)
j ) and

I
(n)
j , for 1 ≤ j ≤ n, are Gn-measurable, it follows from Proposition 2.1 (ii) that

EQ

{
W 1−s
n,β |Gn

}
≤ c17

n∑

j=1

e−(1−s)βV (w
(n)
j )E{W 1−s

n−j,β}(#I
(n)
j + 1).

Let ε > 0 be small, and let r := 3
2
(1− s)β− ε. By means of the already proved upper bound

for E(W 1−s
n,β ), this leads to:

EQ

{
W 1−s
n,β |Gn

}
≤ c18

n∑

j=1

e−(1−s)βV (w
(n)
j )(n− j + 1)−r(#I

(n)
j + 1).(4.10)

Since E(W 1−s
n,β ) = EQ{

e−(β−1)V (w
(n)
n )

W s
n,β

} (see (4.6)), we have, by Jensen’s inequality (noticing

that V (w
(n)
n ) is Gn-measurable),

E
(
W 1−s
n,β

)
≥ EQ

{ e−(β−1)V (w
(n)
n )

{EQ(W 1−s
n,β |Gn)}s/(1−s)

}
,

which, in view of (4.10), yields (with c19 := c
−s/(1−s)
18 )

E
(
W 1−s
n,β

)
≥ c19EQ

{ e−(β−1)V (w
(n)
n )

{
∑n

j=1 e−(1−s)βV (w
(n)
j )(n− j + 1)−r(#I

(n)
j + 1)}s/(1−s)

}
.

By Corollary 2.2 and in its notation, this leads to

E
(
W 1−s
n,β

)
≥ c19 EQ

{ e−(β−1)Sn

{
∑n

j=1(n− j + 1)−re−(1−s)βSj (σj + 1)}s/(1−s)

}

= c19 EQ

{ e[βs−(β−1)]S̃n

{
∑n−1

k=0(k + 1)−re(1−s)βS̃k(σ̃k + 1)}s/(1−s)

}
,

where

S̃k := Sn − Sn−k, σ̃k := σn−k, 0 ≤ k ≤ n− 1,

and S̃n := Sn. Let c20 > 0 be a small constant, and define

ES̃
n,1 :=

⌊nε⌋−1⋂

k=1

{
S̃k ≤ −c20 k

1/3
}
∩

{
− 2nε/2 ≤ S̃⌊nε⌋ ≤ −nε/2

}
,

ES̃
n,2 :=

n−⌊nε⌋−1⋂

k=⌊nε⌋+1

{
S̃k ≤ −[k1/3 ∧ (n− k)1/3]

}
∩

{
− 2nε/2 ≤ S̃n−⌊nε⌋ ≤ −nε/2

}
,

ES̃
n,3 :=

n−1⋂

k=n−⌊nε⌋+1

{
S̃k ≤

3

2
log n

}
∩

{3 − ε

2
log n ≤ S̃n ≤

3

2
log n

}
.
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Let

Eσ̃
n,1 :=

⌊nε⌋⋂

k=0

{
σ̃k ≤ n3ε/δ

}
,

Eσ̃
n,2 :=

n−⌊nε⌋⋂

k=⌊nε⌋+1

{
σ̃k ≤ en

ε/4
}
,

Eσ̃
n,3 :=

n−1⋂

k=n−⌊nε⌋+1

{
σ̃k ≤ n3ε/δ

}
.

On ∩3
i=1(E

S̃
n,i ∩ Eσ̃

n,i), we have
∑n−1

k=0(k + 1)−re(1−s)βS̃k(σ̃k + 1) ≤ c21 n
2ε+(3ε/δ), whereas

e[βs−(β−1)]S̃n ≥ n(3−ε)[βs−(β−1)]/2 (recalling that βs > β−1). Therefore, with c22 := c19/c
s/(1−s)
21

and c23 := (2 + 3
δ
) s

1−s
,

E
(
W 1−s
n,β

)
≥ c22 n

−c23 ε n(3−ε)[βs−(β−1)]/2 Q{∩3
i=1(E

S̃
n,i ∩ E

σ̃
n,i)}.(4.11)

We need to bound Q(∩3
i=1(E

S̃
n,i∩E

σ̃
n,i)) from below. For j ≤ n, let G̃j be the sigma-algebra

generated by (S̃k, σ̃k), 1 ≤ k ≤ j. Then ES̃
n,1, E

S̃
n,2, E

σ̃
n,1 and Eσ̃

n,2 are G̃n−⌊nε⌋-measurable,

whereas Eσ̃
n,3 is independent of G̃n−⌊nε⌋. Therefore,

Q(∩3
i=1(E

S̃
n,i ∩ E

σ̃
n,i) | G̃n−⌊nε⌋) ≥ [Q(ES̃

n,3 | G̃n−⌊nε⌋) + Q(Eσ̃
n,3) − 1] 1

ES̃
n,1∩E

S̃
n,2∩E

σ̃
n,1∩E

σ̃
n,2
.

It is easy to estimate Q(Eσ̃
n,3): since c24 := EQ(σδ1) < ∞ (Corollary 2.3), we have Q{σ1 >

n3ε/δ} ≤ c24 n
−3ε, and thus Q(Eσ̃

n,3) = (Q{σ1 ≤ n3ε/δ})⌊n
ε⌋−1 ≥ (1 − c24 n

−3ε)⌊n
ε⌋−1 ≥

1 − c25 n
−2ε. To estimate Q(ES̃

n,3 | G̃n−⌊nε⌋), we use the Markov property to see that, if

S̃n−⌊nε⌋ ∈ In := [−2nε/2, −nε/2], the conditional probability is (writing N := ⌊nε⌋)

≥ inf
z∈In

Q
{
Si ≤

3

2
log n− z, ∀1 ≤ i ≤ N − 1,

3 − ε

2
log n− z ≤ SN ≤

3

2
logn− z

}
,

which is greater than N−(3/2)+o(1). Therefore,

Q(ES̃
n,3 | G̃n−⌊nε⌋) + Q(Eσ̃

n,3) − 1 ≥ n−(3ε/2)+o(1) − c25 n
−2ε = n−(3ε/2)+o(1).

As a consequence,

Q{∩3
i=1(E

S̃
n,i ∩ E

σ̃
n,i)} ≥ n−(3ε/2)+o(1)Q(ES̃

n,1 ∩ E
S̃
n,2 ∩ E

σ̃
n,1 ∩E

σ̃
n,2).(4.12)

To estimate Q(ES̃
n,1 ∩ E

S̃
n,2 ∩ E

σ̃
n,1 ∩ E

σ̃
n,2), we condition on G̃⌊nε⌋, and note that ES̃

n,1 and

Eσ̃
n,1 are G̃⌊nε⌋-measurable, whereas Eσ̃

n,2 is independent of G̃⌊nε⌋. Since Q(ES̃
n,2 | G̃⌊nε⌋) ≥
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n−(3/2)+o(1), whereas Q(Eσ̃
n,2) = [Q{σ1 ≤ en

ε/4
}]n−2⌊nε⌋ ≥ [1 − c24 e−δn

ε/4
]n−2⌊nε⌋ ≥ 1 − e−n

ε/5

(for large n), we have

Q(ES̃
n,1 ∩E

S̃
n,2 ∩ E

σ̃
n,1 ∩ E

σ̃
n,2 | G̃⌊nε⌋) ≥ [Q(ES̃

n,2 | G̃⌊nε⌋) + Q(Eσ̃
n,2) − 1] 1

ES̃
n,1∩E

σ̃
n,1

≥ n−(3/2)+o(1) 1
ES̃

n,1∩E
σ̃
n,1
.

Thus, Q(ES̃
n,1 ∩ ES̃

n,2 ∩ Eσ̃
n,1 ∩ Eσ̃

n,2) ≥ n−(3/2)+o(1) Q(ES̃
n,1 ∩ Eσ̃

n,1). Going back to (4.12), we

have

Q{∩3
i=1(E

S̃
n,i ∩E

σ̃
n,i)} ≥ n−(3ε/2)−(3/2)+o(1)Q(ES̃

n,1 ∩ E
σ̃
n,1)

≥ n−(3ε/2)−(3/2)+o(1) [Q(ES̃
n,1) + Q(Eσ̃

n,1) − 1].

We choose the constant c20 > 0 sufficiently small so that Q(ES̃
n,1) ≥ n−(3ε/2)+o(1), whereas

Q(Eσ̃
n,1) = Q(Eσ̃

n,3) ≥ 1 − c25 n
−2ε. Accordingly,

Q{∩3
i=1(E

S̃
n,i ∩E

σ̃
n,i)} ≥ n−3ε−(3/2)+o(1), n→ ∞.

Substituting this into (4.11) yields

E
(
W 1−s
n,β

)
≥ c22n

−c23ε n(3−ε)[βs−(β−1)]/2n−3ε−(3/2)+o(1).

Since ε can be as small as possible, this implies the lower bound in Theorem 1.6. �

5 Proof of Theorem 1.5

The basic idea in the proof of Theorem 1.5 is the same as in the proof of Theorem 1.6.

Again, we prove the upper and lower bounds in distinct parts, for the sake of clarity.

Proof of Theorem 1.5: the upper bound. Clearly, n1/2Wn ≤ Yn, where

Yn :=
∑

|u|=n

(
n1/2 ∨ V (u)+

)
e−V (u).

Recall W ∗
n from (3.7). Applying (3.14) to λ = 1, we see that Yn ≥ c26 log( 1

W ∗n
), with

c26 := 1
c4+c5

. Thus P{Yn < x, Sn} ≤ P{log( 1
W ∗n

) < c26 x, Sn} ≤ ec26E{(W ∗
n)1/x1Sn}, which,

according to (3.11), is bounded by ec26(e−1/xκ
+ e−c2n) for 0 < x ≤ 1

a0
. Since Yn ≥ e−Cn on

Sn, this yields

sup
n≥1

E
{ 1

Y
s

n

1Sn

}
<∞, ∀s ∈ (0,

c2
C

).(5.1)
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We now fix 0 < s < min{1
2
, c2
C
}. Let K ≥ 1 and let En be the event in (4.3), satisfying

Q{En} ≥ 1 − n−K for large n (say n ≥ n0). We write

E
{
(n1/2Wn)

1−s 1Sn

}
≤ E

{
(n1/2Wn)

1−s 1Sn∩En

}
+ E

{
(n1/2Wn)

1−s 1Ec
n

}
.

For n ≥ n0, E{W 1−s
n 1Ec

n
} ≤ [E{W 1−2s

n }]1/2[E{Wn 1Ec
n
}]1/2 = [E{W 1−2s

n }]1/2[Q{Ec
n}]

1/2 ≤

[E{Wn}]
(1/2)−sn−K/2, which equals n−K/2 (since E{Wn} = 1). Therefore, for n→ ∞,

E
{
(n1/2Wn)

1−s 1Sn

}
≤ E

{
Y

1−s

n 1Sn∩En

}
+ o(1).

Exactly as in (4.6), we have E{Y
1−s

n 1Sn∩En} = EQ{(n
1/2 ∨ V (w

(n)
n )+)Y

−s

n 1En}. Thus, for

n→ ∞,

E
{
(n1/2Wn)

1−s 1Sn

}
≤ EQ

{
(n1/2 + V (w(n)

n )+)Y
−s

n 1En

}
+ o(1).(5.2)

Recall that w(n) ∈ [[e, w
(n)
n [[ is such that V (w(n)) = min

u∈[[e,w
(n)
n [[

V (u). We have, for any

subset L ⊂ {1, 2, · · · , n},

Yn ≥
∑

j∈L

∑

u∈I
(n)
j

∑

x∈TGW
u , |x|u=n−j

max
{
n1/2, V (x)+

}
e−V (u)

=
∑

j∈L

∑

u∈I
(n)
j

e−V (u)
∑

x∈TGW
u , |x|u=n−j

max
{
n1/2, [V (u) + Vu(x)]

+
}

e−Vu(x).

We choose L := {1 ≤ j ≤ n :
∣∣j − |w(n)|

∣∣ ≤ c12 log n} (c12 being the constant in En, defined

in (4.3)), and observe that for any u ∈ I
(n)
j (with j ∈ L ), we have |V (u) − V (w(n))| ≤

C(c12 log n+ 2) ≤ 2Cc12 logn (for n ≥ 2).

We now distinguish two possible situations, depending on whether V (w(n)) ≥ −c27 log n,

where c27 := 1
s
+2Cc12. In both situations, we consider a sufficiently large n and an arbitrary

u ∈ I
(n)
j (with j ∈ L ).

On {V (w(n)) ≥ −c27 log n}, we have max{n1/2, [V (u)+Vu(x)]
+} ≥ 1

2
(n1/2∨Vu(x)

+) (this

holds trivially in case Vu(x) ≤ n1/2; otherwise [V (u)+Vu(x)]
+ ≥ Vu(x)−(c27 +2Cc12) log n ≥

1
2
Vu(x)

+), and thus

Yn ≥
1

2

∑

j∈L

∑

u∈I
(n)
j

e−V (u)
∑

x∈TGW
u , |x|u=n−j

max
{
(n− j)1/2, Vu(x)

+
}

e−Vu(x)

≥
e−2C

2

∑

j∈L

e−V (w
(n)
j )

∑

u∈I
(n)
j

∑

x∈TGW
u , |x|u=n−j

max
{
(n− j)1/2, Vu(x)

+
}

e−Vu(x)

=:
e−2C

2

∑

j∈L

e−V (w
(n)
j )

∑

u∈I
(n)
j

ξu.
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If, however, V (w(n)) < −c27 logn, then V (u) ≤ −1
s
logn, and since max{n1/2, [V (u) +

Vu(x)]
+} ≥ n1/2, we have, in this case,

Yn ≥ n(1/s)+(1/2)
∑

j∈L

∑

u∈I
(n)
j

∑

x∈TGW
u , |x|u=n−j

e−Vu(x) =: n(1/s)+(1/2)
∑

j∈L

∑

u∈I
(n)
j

ηu.

Therefore, in both situations, we have (c28 := 2se2sC)

Y
−s

n 1En ≤ c28

( ∑

j∈L

e−V (w
(n)
j )

∑

u∈I
(n)
j

ξu

)−s
1En + n−(s/2)−1

( ∑

j∈L

∑

u∈I
(n)
j

ηu

)−s
1En.(5.3)

[By definition, on the event En, we have
∑

j∈L

∑
u∈I

(n)
j

∑
x∈TGW

u , |x|u=n−j 1 > 0, so the (· · ·)−s

expressions on the right-hand side are well-defined.]

Recall Gn from (2.9). We observe that by Proposition 2.1, under Q and conditionally on

Gn, the random variables ξu, for u ∈ I
(n)
j and j ∈ L , are i.i.d. and are distributed as Yn−j

under P. By applying the second part of Lemma 4.1, we obtain:

EQ

{( ∑

j∈L

e−V (w
(n)
j )

∑

u∈I
(n)
j

ξu

)−s
1En

∣∣∣ Gn

}

≤
∑

j∈L

b|j−j0|EQ

{ esV (w
(n)
j )

[
∑

u∈I
(n)
j
ξu]s

1{
∑

u∈I
(n)
j

ξu>0}

∣∣∣ Gn

}
,

for any j0 ∈ L , with b := maxj∈L max
u∈I

(n)
j

Q{ξu = 0} ≤ max1≤j≤nP{S c
n−j} ≤ P{S c} =

q. [We mention that Lemma 4.1 applies to any (deterministic) permutation of the random

variables X1, · · ·, XN , which allows us to choose an arbitray j0 here.]

The first part of Lemma 4.1 tells us that for any j ∈ L ,

EQ

{ 1

[
∑

u∈I
(n)
j
ξu]s

1{
∑

u∈I
(n)
j

ξu>0}

∣∣∣ Gn

}
≤

1

1 − q
max
u∈I

(n)
j

EQ

{ 1

ξsu
1{ξu>0}

∣∣∣ Gn

}
,

which equals 1
1−q

E{ 1
Y

s
n−j

1Sn−j
} (Proposition 2.1), and is hence bounded in n and j (by (5.1)).

Summarizing, we have proved that

EQ

{( ∑

j∈L

∑

u∈I
(n)
j

e−V (w
(n)
j )ξu

)−s
1En

∣∣∣ Gn

}
≤ c29

∑

j∈L

q|j−j0|esV (w
(n)
j ),

where the constant c29 does not depend on the choice of j0. We choose j0 := |wn| ∈ L . Then

V (w
(n)
j ) ≤ V (wn) + C|j − j0|. For s < 1

C
log(1

q
), we have

∑
j∈L

q|j−j0|esV (w
(n)
j ) ≤ c30e

sV (wn).
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As a consequence,

EQ

{
(n1/2 + V (w(n)

n )+)
( ∑

j∈L

e−V (w
(n)
j )

∑

u∈I
(n)
j

ξu

)−s
1En

}

≤ c31EQ

{
(n1/2 + V (w(n)

n )+)esV (wn)
}

= c31EQ

{
(n1/2 + S+

n ) exp
(
s min

1≤j<n
Sj

)}
≤ c32.

Similarly, using (3.18) in place of (5.1), we have

EQ

{
(n1/2 + V (w(n)

n )+)
( ∑

j∈L

∑

u∈I
(n)
j

ηu

)−s
1En

}
≤ n(1/2)+(s/2)+o(1).

In view of (5.3), we obtain: for 0 < s < s0 := min{1
2
, c2
C
, 1
C

log(1
q
)},

EQ

{
(n1/2 + V (w(n)

n )+)Y
−s

n 1En

}
≤ c28c32 + n−(1/2)+o(1).

Substituting this in (5.2), we see that supn≥1 E{(n1/2Wn)
1−s 1Sn} < ∞ for any s ∈ (0, s0).

This yields the last inequality in (1.16) when γ is close to 1. By Hölder’s inequality, it holds

for all γ ∈ [0, 1). �

Proof of Theorem 1.5: the lower bound. We start with

n1/2Wn ≥ Yn :=
∑

|u|=n

(
n1/2 ∧ V (u)+

)
e−V (u).

Let s ∈ (0, 1). Exactly as in (4.6), we have

E
{
Y 1−s
n 1Sn

}
= EQ

{
(n1/2 ∧ V (w(n)

n )+)Y−sn
}
.(5.4)

By definition,

Yn =
n∑

j=1

∑

u∈I
(n)
j

e−V (u)
∑

x∈TGW
u , |x|u=n−j

min
{
n1/2, [V (u) + Vu(x)]

+
}

e−Vu(x)

+ min
{
n1/2, V (w(n)

n )+
}

e−V (w
(n)
n )

≤ eC
n∑

j=1

e−V (w
(n)
j )

∑

u∈I
(n)
j

∑

x∈TGW
u , |x|u=n−j

[V (w
(n)
j )+ + C + Vu(x)

+]e−Vu(x)

+V (w(n)
n )+e−V (w

(n)
n ).
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By means of the elementary inequality (
∑

i ai)
−s ≥ (

∑
i a

s
i )
−1 and (

∑
i bi)

s ≤
∑

i b
s
i for non-

negative ai and bi, this leads to, on Sn (writing Θn := (V (w
(n)
n )+)se−sV (w

(n)
n ) for brevity):

Y −sn ≥
e−sC

∑
j e−sV (w

(n)
j ) ∑

u{(V (w
(n)
j )+)s + Cs)(

∑
x e−Vu(x))s + (

∑
x Vu(x)

+e−Vu(x))s} + Θn

,

where, as before,
∑

j :=
∑n

j=1,
∑

u :=
∑

u∈I
(n)
j

, and
∑

x :=
∑

x∈TGW
u , |x|u=n−j. We now

condition upon Gn, and note that V (w
(n)
j ) and I

(n)
j are Gn-measurable. We apply Jensen’s

inequality E{ 1
Z
|Gn} ≥ 1

E{Z |Gn}
(for positive random variables Z). By Proposition 2.1, we

have

E{Y−sn |Gn} ≥
e−sC

∑
j e−sV (w

(n)
j ) ∑

u{(V (w
(n)
j )+)s + Cs)E(W s

n−j) + E(Us
n−j)} + Θn

,

where, for any k ≥ 0, Uk :=
∑
|y|=k V (y)+e−V (y). By Jensen’s inequality, E(W s

n−j) ≤

[E(Wn−j)]
s = 1. On the other hand, by (3.9), Uk ≤ c33 log 1

W ∗k
, and thus by Lemma 3.3,

E(Us
k) ≤ cs33E{[log 1

W ∗j
]s} ≤ c34. Therefore,

E{Y−sn |Gn} ≥
c35

∑n
j=1 e−sV (w

(n)
j ){(V (w

(n)
j )+)s + 1}(#I

(n)
j + 1)

.

As a consequence (in the notation of Corollary 2.2),

EQ

{
(n1/2 ∧ V (w(n)

n )+)Y −sn
}

≥ c35 EQ

{ n1/2 ∧ S+
n∑n

j=1 e−sSj [(S+
j )

s
+ 1](σj + 1)

}

≥ c35 EQ

{ (n1/2 ∧ Sn) 1{min1≤j≤n Sj>0}∑n
j=1 e−sSj(Ssj + 1)(σj + 1)

}
.

Note that if Sj > 0, then e−sSj [Ssj + 1] ≤ c36 e−tSj with t := s
2
. Therefore, by writing

Q(n) { · } := Q
{

·
∣∣∣ min

1≤j≤n
Sj > 0

}
,

and E
(n)
Q the expectation with respect to Q(n), and σ̂j := σj + 1 for brevity, we get that

EQ

{
(n1/2 ∧ V (w(n)

n )+)Y −sn
}

≥ c37 Q

{
min

1≤j≤n
Sj > 0

}
E

(n)
Q

{ n1/2 ∧ Sn∑n
j=1 e−tSj σ̂j

}

≥ c37 Q

{
min

1≤j≤n
Sj > 0

}
E

(n)
Q

{εn1/2 1{Sn>εn1/2}∑n
j=1 e−tSj σ̂j

}
.
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Since Q{min1≤j≤n Sj > 0} ≥ c38 n
−1/2, this leads to

EQ

{
(n1/2 ∧ V (w(n)

n )+)Y−sn
}

≥ c39 εE
(n)
Q

{ 1{Sn>εn1/2}∑n
j=1 e−tSj σ̂j

}

≥ c39 ε
[
E

(n)
Q

{ 1∑n
j=1 e−tSj σ̂j

}
− Q(n){Sn ≤ εn1/2}

]
.

Of course, 1∑n
j=1 e−tSj σ̂j

≥ 1

1+
∑n

j=1 e−tSj σ̂j
. By Corollary 2.3, EQ{σ̂

δ
1} <∞; we are thus entitled

to apply Lemma 9.1 (proved in the forthcoming Section 9) to see that E
(n)
Q { 1

1+
∑n

j=1 e−tSj σ̂j
} ≥

c40 for some c40 ∈ (0, ∞) and all n ≥ n0. On the other hand, it is known that Sn/n
1/2

under Q(n) converges weakly to the terminal value of a Brownian meander; in particular,

limε→0 limn→∞Q(n){Sn ≤ εn1/2} = 0. We can thus choose (and fix) a small ε > 0 such that

Q(n){Sn ≤ εn1/2} ≤ c40
2

for all n ≥ n1. Therefore, for n ≥ n0 + n1,

EQ

{
(n1/2 ∧ V (w(n)

n )+)Y −sn
}
≥ c39 ε

[
c40 −

c40
2

]
.

As a consequence, we have proved that for 0 < s < 1,

lim inf
n→∞

EQ

{
(n1/2 ∧ V (w(n)

n )+)Y −sn
}
> 0,

which, in view of (5.4), yields the first inequality in (1.16), and thus completes the proof of

the lower bound in Theorem 1.5. �

6 Proof of Theorem 1.3 and (1.14)–(1.15) of Theorem

1.4

In this section, we prove Theorem 1.3, as well as parts (1.14)–(1.15) of Theorem 1.4. We

assume (1.2) and (1.6).

Proof of Theorem 1.3. We start with the proof of the upper bound. Fix γ ∈ (0, 1). Since

W γ
n is a non-negative supermartingale, the maximal inequality tells that for any n ≤ m and

any λ > 0,

P
{

max
n≤j≤m

W γ
j ≥ λ

}
≤

E(W γ
n )

λ
≤

1

λn(γ/2)+o(1)
,

the last inequality being a consequence of Theorem 1.5, and o(1) being uniform in (n, m, λ).

Let ε > 0 and let nk := ⌊k2/ε⌋. Then
∑

k P{maxnk≤j≤nk+1
W γ
j ≥ n

−(γ/2)+ε
k } < ∞. By the

Borel–Cantelli lemma, almost surely for all large k, we have maxnk≤j≤nk+1
Wj < n

−(1/2)+(ε/γ)
k .

Since ε
γ

can be arbitrarily small, this yields the desired upper bound: Wn ≤ n−(1/2)+o(1) a.s.
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To prove the lower bound in Theorem 1.3, we recall the Paley–Zygmund inequality: for

any non-negative random variable ξ, P{ξ > 1
2
E(ξ)} ≥ 1

4
(Eξ)2

E(ξ2)
. Therefore, by Theorem 1.5,

for any 0 < γ < 1
2
,

P
{
W γ
n >

1

2
E(W γ

n )
}
≥

1

4

{E(W γ
n )}2

E{W 2γ
n }

= no(1);

thus P{Wn > n−(1/2)+o(1)} ≥ no(1). [Clearly, n−(1/2)+o(1) can be replaced by a constant

multiple of n−1/2, and no(1) by a constant; but since we are going to apply the same argument

in the proof of Theorems 1.4 and 1.2, we stay with the weaker version of the inequality.]

By the elementary inequality 1 − x ≤ e−x (for x ≥ 0), we get

P
{
Wn ≤ n−(1/2)+o(1)

}
≤ e−n

o(1)

.(6.1)

Let ε > 0 and let τn := inf{k ≥ 1 : #{u : |u| = k} ≥ n2ε}. We have

P
{
τn <∞, min

k∈[ n
2
, n]
Wk+τn ≤ e−Cτnn−(1/2)−ε

}

≤
∑

k∈[ n
2
, n]

P
{
τn <∞, Wk+τn ≤ e−Cτnn−(1/2)−ε

}

≤
∑

k∈[ n
2
, n]

(
P

{
Wk ≤ n−(1/2)−ε

})⌊n2ε⌋
.

By (6.1), maxk∈[ n
2
, n] P{Wk ≤ n−(1/2)−ε} ≤ e−n

−ε
for all sufficiently large n, say n ≥ n0.

Therefore, for n ≥ n0,

P
{
τn <∞, min

k∈[ n
2
, n]
Wk+τn ≤ e−Cτnn−(1/2)−ε

}
≤ n exp

(
−n−ε⌊n2ε⌋

)
,

which is summable in n. By the Borel–Cantelli lemma, almost surely for all large n, we have

either τn = ∞, or mink∈[ n
2
, n]Wk+τn > e−Cτnn−(1/2)−ε.

Recall that the number of particles in each generation forms a Galton–Watson tree, which

is super-critical under assumption (1.2) (because m := E{
∑

u:|u|=1 1} > 1). In particular,

conditionally on the system’s ultimate survival, #{u:|u|=j}
mj converges a.s. to a (strictly) positive

random variable when j → ∞, which implies τn ∼ 2ε logn
logm

a.s., n → ∞. As a consequence,

upon the system’s survival, we have, almost surely for all large n,

Wn ≥ min
k∈[ n

2
, n]
Wk+τn > e−Cτnn−(1/2)−ε ≥ n−(1/2)−ε−3Cε/ logm.

This yields the desired lower bound in Theorem 1.3. �

Proof of Theorem 1.4: parts (1.14) and (1.15). Let β > 1. Along exactly the same lines of

the proof of the lower bound in Theorem 1.3 — but using Theorem 1.6 instead of Theorem
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1.5 —, we have, conditionally on the system’s survival, Wn,β ≥ n−(3β/2)+o(1) almost surely

(and a fortiori, in probability). This is the claimed lower bound in (1.14) and (1.15).

Let ε > 0. By Theorem 1.6 and Chebyshev’s inequality, P{Wn,β > n−(3β/2)+ε} → 0.

Therefore, Wn,β ≤ n−(3β/2)+o(1) in probability, yielding the upper bound in (1.15).

The upper bound in (1.14) follows trivially from the upper bound in (1.15). �

7 Proof of Theorem 1.2

Assume (1.2) and (1.6). Let β > 1. We trivially have Wn,β ≤Wn exp{−(β−1) inf |u|=n V (u)}

and Wn,β ≥ exp{−β inf |u|=n V (u)}. Therefore, 1
β

log 1
Wn,β

≤ inf |u|=n V (u) ≤ 1
β−1

log Wn

Wn,β
on

Sn. Since β can be as large as possible, by means of Theorem 1.3 and of parts (1.14)–(1.15)

of Theorem 1.4, we immediately get (1.7) and (1.9).

Since Wn ≥ exp{− inf |u|=n V (u)}, the lower bound in (1.8) follows immediately from

Theorem 1.3. The rest of this section is devoted to proving the upper bound in (1.8):

conditionally on the system’s survival,

lim inf
n→∞

1

log n
inf
|u|=n

V (u) ≤
1

2
, a.s.(7.1)

The proof borrows some ideas from Bramson [9]. We fix b > a > 1
2

and ε > 0, and let

nj := 2j, j ≥ j0 (with a sufficiently large integer j0). Consider j ≥ j0 and n ∈ [nj , nj+1]∩Z.

Let

gn(k) := min
{
c20 k

1/3, c20(n− k)1/3 + a log nj, n
ε
}
, 0 ≤ k ≤ n.

Let Ln be the set of individuals x ∈ T
GW with |x| = n such that

V (xk) ≥ gn(k), ∀0 ≤ k ≤ n, and a lognj ≤ V (x) ≤ b lognj ,

where x0 := e, x1, · · ·, xn := x are the vertices on the shortest path in T
GW relating the root

e and the vertex x, with |xk| = k for any 0 ≤ k ≤ n. We consider the measurable event

Fj :=

nj+1⋃

n=nj

⋃

|x|=n

1{x∈Ln}.

We start by estimating the first moment of #Fj : E(#Fj) =
∑nj+1

n=nj
E{

∑
|x|=n 1{x∈Ln}}. Since

E{
∑
|x|=n 1{x∈Ln}} = EQ{

∑
|x|=n

e−V (x)

Wn
eV (x)1{x∈Ln}} = EQ{e

V (w
(n)
n )1

{w
(n)
n ∈Ln}

}, we can apply

Corollary 2.2 to see that

E(#Fj) =

nj+1∑

n=nj

EQ

{
eSn 1{Sk≥gn(k), ∀0≤k≤n, a lognj≤Sn≤b lognj}

}
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≥ (nj+1 − nj)n
a
j Q

{
Sk ≥ gn(k), ∀0 ≤ k ≤ n, a log nj ≤ Sn ≤ b log nj

}

≥ (nj+1 − nj)n
a
j n
−(3/2)+o(1)
j

= n
a−(1/2)+o(1)
j .

We now proceed to estimate the second moment of #Fj . By definition,

E[(#Fj)
2] =

nj+1∑

n=nj

nj+1∑

m=nj

E
{ ∑

|x|=n

∑

|y|=m

1{x∈Ln, y∈Ln}

}

≤ 2

nj+1∑

n=nj

nj+1∑

m=n

E
{ ∑

|x|=n

∑

|y|=m

1{x∈Ln, y∈Ln}

}
.

We look at the double sum
∑
|x|=n

∑
|y|=m on the right-hand side. By considering z, the

youngest common ancestor of x and y, and writing k := |z|, we arrive at:

∑

|x|=n

∑

|y|=m

1{x∈Ln, y∈Ln} =
n∑

k=0

∑

|z|=k

∑

(u,v)

1{zu∈Ln, zv∈Ln}

where the double sum
∑

(u,v) is over u, v ∈ T
GW
z such that |u|z = n− k and |v|z = m− k and

that the unique common ancestor of u and v in T
GW
z is the root. Therefore,

E[(#Fj)
2] ≤ 2

nj+1∑

n=nj

nj+1∑

m=n

n∑

k=0

E
{ ∑

|z|=k

∑

(u,v)

1{zu∈Ln, zv∈Ln}

}
=: 2

nj+1∑

n=nj

nj+1∑

m=n

n∑

k=0

Λk,n,m.

We estimate Λk,n,m according to three different situations.

First situation: 0 ≤ k ≤ nε. Let Vz(u) := V (zu) − V (z) as in Section 2. We have

0 ≤ gn(k) ≤ V (z) ≤ C nε, and V (zui) ≥ a lognj for 0 ≤ i ≤ n− k and V (zun−k) ≤ b log nj ,

where u0 := e, u1, · · ·, un−k are the vertices on the shortest path in T
GW
z relating the root

e and the vertex u, with |ui|z = i for any 0 ≤ i ≤ n − k. Therefore, Vz(ui) ≥ −C nε for

0 ≤ i ≤ n− k, and Vz(u) ≤ b log nj. Accordingly,

Λk,n,m ≤ E
{ ∑

|z|=k

∑

v∈TGW
z , |v|z=m−k

1{zv∈Ln}Bn−k

}
,

where

Bn−k := E
{ ∑

|x|=n−k

1{V (xi)≥−C nε, ∀0≤i≤n−k, V (x)≤b lognj}

}

= EQ

{
eV (w

(n−k)
n−k )1

{V (w
(n−k)
i )≥−C nε, ∀0≤i≤n−k, V (w

(n−k)
n−k )≤b lognj}

}
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= EQ

{
eSn−k1{Si≥−C nε, ∀0≤i≤n−k, Sn−k≤b lognj}

}

≤ nbjQ
{
Si ≥ −C nε, ∀0 ≤ i ≤ n− k, Sn−k ≤ b log nj

}

≤ nbj n
−(3/2)+ε+o(1)
j ≤ n

b−(3/2)+2ε
j .

Therefore,

Λk,n,m ≤ n
b−(3/2)+2ε
j E

{ ∑

|z|=k

∑

v∈TGW
z , |v|z=m−k

1{zv∈Ln}

}
= n

b−(3/2)+2ε
j E

{ ∑

|x|=n

1{x∈Ln}

}
,

and thus

nj+1∑

n=nj

nj+1∑

m=n

⌊nε⌋∑

k=0

Λk,n,m ≤ n
b−(3/2)+2ε
j (nj+1 − nj)n

εE(#Fj) = n
b−(1/2)+3ε
j E(#Fj).(7.2)

Second situation: nε + 1 ≤ k ≤ n− nε. In this situation, since V (z) ≥ gn(k) = c20 n
ε, we

simply have Vz(u) ≤ b log nj − c20 n
ε. Exactly as in the first situation, we get

Λk,n,m ≤ E
{ ∑

|x|=n

1{x∈Ln}

}
E

{ ∑

|x|=n−k

1{V (x)≤b lognj−c20 nε}

}
.

The second E{· · ·} on the right-hand side is

= EQ

{
eSn−k1{Sn−k≤(a+ε) lognj−c20 nε}

}
≤ nbje

−c20 nε

,

and thus

nj+1∑

n=nj

nj+1∑

m=n

n−⌊nε⌋∑

k=⌊nε⌋+1

Λk,n,m ≤ nbje
−c20 nε

(nj+1 − nj)nj+1E(#Fj) = o(1)E(#Fj).(7.3)

Third and last situation: n− nε + 1 ≤ k ≤ n. This time, we use Vz(u) ≤ (b− a) log nj −

c20 (m− k)1/3, to arrive at

Λk,n,m ≤ E
{ ∑

|x|=n

1{x∈Ln}

}
E

{ ∑

|x|=n−k

1{V (x)≤(b−a) lognj−c20 (m−k)1/3}

}

≤ nb−aj e−c20 (m−k)1/3

E
{ ∑

|x|=n

1{x∈Ln}

}
.

Therefore,

nj+1∑

n=nj

nj+1∑

m=n

n∑

k=n−⌊nε⌋+1

Λk,n,m =

nj+1∑

n=nj

( n+⌊nε⌋∑

m=n

+

nj+1∑

m=n+⌊nε⌋+1

) n∑

k=n−⌊nε⌋+1

Λk,n,m

≤ nb−aj nεj+1n
ε
j+1E(#Fj) + nb−aj e−c20 n

ε/3
j nj+1n

ε
j+1E(#Fj)

≤ n
(b−a)+3ε
j E(#Fj).
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Combining this with (7.2) and (7.3), and since E[(#Fj)
2] ≤ 2

∑nj+1

n=nj

∑nj+1

m=n

∑n
k=0 Λk,n,m, we

obtain: for j ≥ j0,

E[(#Fj)
2]

[E(#Fj)]2
≤

3n
b−(1/2)+3ε
j

E(#Fj)
≤ n

(b−a)+4ε
j ,

by recalling that E(#Fj) ≥ n
a−(1/2)+o(1)
j . By the Paley–Zygmund inequality,

P{Fj 6= ∅} ≥
1

4

[E(#Fj)]
2

E[(#Fj)2]
≥ n

−(b−a)−5ε
j , j ≥ j0.

A fortiori, P{minnj≤n≤nj+1
min|x|=n V (x) ≤ b log nj} ≥ n

−(b−a)−5ε
j . Of course, we can take

ε > 0 even smaller to see that for any b > 1
2

and any ε > 0, there exists j0 sufficiently large

such that

P
{

min
nj≤n≤nj+1

min
|x|=n

V (x) ≤ b lognj

}
≥ n−εj , j ≥ j0.(7.4)

This is the analogue of (6.1) for min|x|=n V (x). From here, the argument follows the lines

in the proof of the upper bound in Theorem 1.3 in Section 6, and goes as follows: let

τj := inf{k : #{u : |u| = k} ≥ n2ε
j }. Then

P
{

min
τj+nj≤|x|≤τj+nj+1

V (x) ≥ C τj + b lognj

}
≤

(
P

{
min

nj≤|x|≤nj+1

V (x) ≥ b lognj

})⌊n2ε
j ⌋

,

which is, according to (7.4), bounded by (1 − n−εj )⌊n
2ε
j ⌋ (for j ≥ j0), and thus summable

in j. By the Borel–Cantelli lemma, almost surely for all sufficiently large j, we have

minτj+nj≤|x|≤τj+nj+1
V (x) < C τj + b log nj . Since τj ∼ 2ε

lognj

logm
a.s. (j → ∞), and b can

be as close to 1
2

as possible, this readily yields (7.1), and completes the proof of Theorem

1.2. �

8 Proof of part (1.13) of Theorem 1.4

The upper bound follows from Theorem 1.3 and the elementary inequality Wn,β ≤ W β
n , the

lower bound from (1.8) and the relation Wn,β ≥ exp{−β inf |u|=n V (u)}. �

9 Proof of Theorem 1.1

The proof of Theorem 1.1 relies on Theorem 1.5 and a preliminary result, stated below as

Proposition 9.2. Theorem 1.5 ensures the tightness of (n1/2Wn, n ≥ 1), whereas Proposition

9.2 implies that Wn+1

Wn
converges to 1 in probability (conditionally on the system’s survival).

We start with a lemma, which is a very simple variant of a result of Kozlov [20].
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Lemma 9.1 Assume that {(Xk, ηk), k ≥ 1} is a sequence of i.i.d. random vectors defined

on (Ω,F ,P), with P{η1 ≥ 0} = 1 and E{ηθ1} < ∞ for some θ > 0. We assume that X1 is

non-degenerate and bounded with E(X1) = 0, and set Sn := X1 + · · ·+Xn (for n ≥ 1). Then

lim
n→∞

E

{ 1

1 +
∑n

k=1 ηke
−Sk

∣∣∣ min
1≤k≤n

Sk > 0
}

= c41 ∈ (0, ∞).(9.1)

Proof. The lemma is an analogue of the identity (26) of Kozlov [20], except that the dis-

tribution of our η1 is slightly different from that of Kozlov’s, which explains the moment

condition E{ηθ1} <∞: this condition will be seen to guarantee

lim
j→∞

lim sup
n→∞

E

{ 1

1 +
∑j

k=1 ηke
−Sk

−
1

1 +
∑n

k=1 ηke
−Sk

∣∣∣ min
1≤k≤n

Sk > 0
}

= 0.(9.2)

The identity (9.2), which plays the role of Kozlov’s Lemma 1 in [20], is the key ingredient

in the proof of (9.1). Since the rest of the proof goes along the lines of [20] with obvious

modifications, we only prove (9.2) here.

Without loss of generality, we assume θ ≤ 1 (otherwise, we can replace θ by 1). We

observe that for n > j, the integrand in (9.2) is non-negative, and is

≤

∑n
k=j+1 ηke

−Sk

1 +
∑n

k=1 ηke
−Sk

≤
( ∑n

k=j+1 ηke
−Sk

1 +
∑n

k=1 ηke
−Sk

)θ
≤

( n∑

k=j+1

ηke
−Sk

)θ
,

which is bounded by
∑n

k=j+1 η
θ
ke
−θSk . Since P{min1≤k≤n Sk > 0} ∼ c42/n

1/2 (Bingham [8]),

we only need to check that

lim
j→∞

lim sup
n→∞

n1/2

n∑

k=j+1

E

{
ηθke
−θSk 1{min1≤i≤n Si>0}

}
= 0.(9.3)

Let j < k < n. Then {min1≤i≤n Si > 0} ⊂ {mink≤i≤n(Si − Sk) > −Sk}. By boundedness

of X1, we have Sk−1−C ≤ Sk ≤ Sk−1+C for some constant C > 0. Recall that Sk =
∑k

i=1Xi

and that (Xi, ηi) are i.i.d. Therefore, the expectation term in (9.3) is bounded by

eθC E{ηθk}E

{
e−θSk−1 1{min1≤i<k Si>0, mink≤i≤n(Si−Sk)>−Sk−1−C}

}
.

By assumption, E{ηθk} = E{ηθ1} < ∞. Let (Yi, i ≥ 1) be i.i.d. random variables distributed

as X1, independent of (Xi, i ≥ 1). Since Y1 is non-degenerate with E(Y1) = 0, there

exists ε > 0 such that P{Y1 > ε} > 0. Let N := ⌊1
ε
⌋ + 1. Then c43 := P{min1≤i≤N Yi >

0, Y1 + · · · + YN > C} ≥ P{min1≤i≤N Yi > ε} > 0. By independence,

E

{
e−θSk−1 1{min1≤i<k Si>0, mink≤i≤n(Si−Sk)>−Sk−1−C}

}

=
1

c43
E

{
e−θSk−1 1{min1≤i<k Si>0, mink≤i≤n(Si−Sk)>−Sk−1−C} 1{min1≤i≤N Yi>0, Y1+···+YN>C}

}

≤
1

c43
E

{
e−θSk−1 1{min1≤i≤n+N−1 Si>0}

}
.
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Therefore,

lim sup
j→∞

lim sup
n→∞

n1/2
n∑

k=j+1

E

{
ηθke
−θSk 1{min1≤i≤n Si>0}

}

≤ c44 lim sup
j→∞

lim sup
n→∞

n1/2
n−1∑

k=j

E

{
e−θSk 1{min1≤i≤n+N−1 Si>0}

}
,

which equals 0 by Lemma 1 of Kozlov [20] (applied to ηi = 1, ∀i). This yields (9.3). �

Proposition 9.2 For any γ ∈ (0, 1), we have n→ ∞,

P
{∣∣∣
Wn+1

Wn
− 1

∣∣∣ ≥ n−γ
∣∣∣ S

}
≤ n−(1−γ)/2+o(1), n→ ∞.(9.4)

Proof. Let 1 < β ≤ 2. We use a probability estimate of Petrov [29], p. 82: for centered

random variables ξ1, · · ·, ξℓ with E(|ξi|
β) < ∞ (for 1 ≤ i ≤ ℓ), we have E{|

∑ℓ
i=1 ξi|

β} ≤

2
∑ℓ

i=1 E{|ξi|
β}.

By definition, on the set Sn, we have

Wn+1

Wn
− 1 =

∑

|u|=n

e−V (u)

Wn

( ∑

x∈TGW
u : |x|u=1

e−Vu(x) − 1
)
,

where T
GW and |x|u are as in (2.1) and (2.4), respectively. Conditioning on Fn, and applying

Petrov’s probability inequality recalled above, we see that on Sn,

E
{∣∣∣
Wn+1

Wn

− 1
∣∣∣
β ∣∣∣ Fn

}
≤ 2

∑

|u|=n

e−βV (u)

W β
n

E
{∣∣∣

∑

|y|=1

e−V (y) − 1
∣∣∣
β}

= c45
Wn,β

W β
n

,(9.5)

where c45 := 2E{|
∑
|v|=1 e−V (v) − 1|β}, and Wn,β is as in (1.11).

Fix 0 < γ < 1. Let ε > 0 and b > 0. Let s ∈ (β−1
β
, 1) and s < c2

C
(which is possible if β is

close to 1). Define Dn := {Wn ≥ n−(1/2)−ε}∩{Wn,β ≤ n−(3β/2)+b}. By Proposition 3.1, there

exists κ = κ(ε) such that P{Wn < n−(1/2)−ε, S } ≤ exp(−nκ) for all large n, whereas by

Theorem 1.6, P{Wn,β > n−(3β/2)+b} ≤ n3β(1−s)/2−(1−s)b E{W 1−s
n,β } = n−(1−s)b+o(1). Therefore,

P {S \Dn} ≤ e−n
κ

+ n−(1−s)b+o(1) = n−(1−s)b+o(1), n→ ∞.

On the other hand, since S ⊂ Sn, it follows from (9.5) and Chebyshev’s inequality that for

n→ ∞,

P
{∣∣∣
Wn+1

Wn

− 1
∣∣∣ ≥ n−γ, Dn, S

}
≤ nγβ E

{
c45

Wn,β

W β
n

1Dn∩Sn

}

≤ nγβ−(3β/2)+b+[(1/2)+ε]β+o(1).
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As a consequence, when n→ ∞,

P
{∣∣∣
Wn+1

Wn
− 1

∣∣∣ ≥ n−γ , S

}
≤ n−(1−s)b+o(1) + nγβ−β+b+εβ+o(1).

We choose b := 1−γ
2

. By sending ε→ 0, β → 1 and then s→ 0, we obtain (9.4). �

We now have all of the ingredients needed for the proof of Theorem 1.1.

Proof of Theorem 1.1. Let λn > 0 be such that E{(λnWn)
1/2} = 1. That is,

λn :=
{
E(W 1/2

n )
}−2

.

By Theorem 1.5, we have 0 < lim infn→∞
λn

n1/2 ≤ lim supn→∞
λn

n1/2 <∞, and (λnMn) is tight.

Let W be any possible (weak) limit of (λnWn) along a subsequence. By Theorem 1.5 and

dominated convergence, E(W 1/2) = 1. We now prove the uniqueness of W .

By definition,

Wn+1 =
∑

|u|=n+1

e−V (u) =
∑

|v|=1

e−V (v)
∑

x∈TGW
v , |x|v=n

e−Vv(x).

By assumption, λnWn → W in distribution when n goes to infinity along a certain sub-

sequence. Thus λnWn+1 converges weakly (when n goes along the same subsequence) to∑
|v|=1 e−V (v)Wv, where, conditionally on (v, |v| = 1), Wv are independent copies of W .

On the other hand, by Proposition 9.2, λnWn+1 also converges weakly (along the same

subsequence) to W . Therefore,

W
law
=

∑

|v|=1

e−V (v)
Wv.

This is the same equation for ξ∗ in (3.5). Since (3.5) has a unique solution up to a scale

change, and since E(W 1/2) = 1, we have

W
law
= c46 ξ

∗,(9.6)

where c46 := [E{(ξ∗)1/2}]−2. The uniqueness (in law) of W shows that λnWn converges

weakly to W when n → ∞. Since by (3.3), P{Wn > 0} = P{Sn} → P{S } = P{ξ∗ > 0},

it follows that W > 0 a.s., conditionally upon the system’s survival. �
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10 Appendix: proof of Proposition 2.1

We start with a simple preliminary result. For any individual u ∈ T
GW, we write [[e, u]] =

{e =: u0, u1, u2, · · · , u|u| := u}, with |uk| = k, ∀0 ≤ k ≤ |u|. Recall U , Ω and Fn from

Section 2. Let Uk := {u ∈ U : |u| = k}, k ≥ 1.

Lemma 10.1 Fix n ≥ 1. For 1 ≤ k ≤ n, let fk : Uk × Ω → R+ be such that ∀u ∈ Uk,

fk(u, •) is Fn-measurable. Then

EQ

{ n∏

k=1

fk(w
(n)
k )

}
= E

{ ∑

|u|=n

e−V (u)
n∏

k=1

fk(uk)
}
.(10.1)

Proof. The expectation expression on the left-hand side is

= EQ

{ ∑

|u|=n

1
{w

(n)
n =u}

n∏

k=1

fk(w
(n)
k )

}
= EQ

{ ∑

|u|=n

1
{w

(n)
n =u}

n∏

k=1

fk(uk)
}
,

which, by the definition of w
(n)
n , equals EQ{

∑
|u|=n

e−V (u)

Wn

∏n
k=1 fk(uk)}. This implies the

lemma using the definition of Q. �

We now proceed to the proof of Proposition 2.1.

Proof of Proposition 2.1. We start with the proof of (i). It suffice to check that

EQ

{ n∏

k=1

exp
(
−

∑

u∈I
(n)
k

ϕk(∆V (u)) − λk∆V (w
(n)
k )

)}

=

n∏

k=1

EQ

{
exp

(
−

∑

x∈I
(1)
1

ϕk(∆V (x)) − λk∆V (w
(1)
1 )

)}
,(10.2)

for any positive Borel functions ϕ1, ϕ2, · · ·, ϕn, and any real numbers λ1, λ2, · · ·, λn.

For any individual |v| ≥ 1, let

I (v) := {x :
←
x =

←
v , x 6= v},(10.3)

Φk(v) := exp
(
−

∑

x∈I (vk)

ϕk(∆V (x)) − λk∆V (vk)
)
, 1 ≤ k ≤ |v|.(10.4)

[In words, I (v) is the set of the brothers of v; in particular, I (w
(n)
k ) = I

(n)
k .] Thus (10.2)

can be rewritten as

EQ

{ n∏

k=1

Φk(w
(n)
k )

}
=

n∏

k=1

EQ

{
exp

(
−

∑

x∈I
(1)
1

ϕk(∆V (x)) − λk∆V (w
(1)
1 )

)}
.(10.5)
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To prove (10.5), we observe that by (10.1),

EQ

{ n∏

k=1

Φk(w
(n)
k )

}
= E

{ ∑

|u|=n

e−V (u)
n∏

k=1

Φk(uk)
}
.

Of course,

∑

|u|=n

e−V (u)
n∏

k=1

Φk(uk) =
∑

|v|=n−1

e−V (v)
n−1∏

k=1

Φk(vk)
∑

u:
←
u=v

e−[V (u)−V (v)]Φn(u).

By the branching property (see Neveu [27]),

E
{ ∑

|u|=n

e−V (u)

n∏

k=1

Φk(uk)
∣∣∣Fn−1

}
= bn

∑

|v|=n−1

e−V (v)

n−1∏

k=1

Φk(vk),

where

bn := E
{ ∑

|x|=1

e−V (x) exp
(
−

∑

|y|=1, y 6=x

ϕn(∆V (y)) − λn∆V (x)
)}
.

Therefore,

EQ

{ n∏

k=1

Φk(w
(n)
k )

}
= bn E

{ ∑

|v|=n−1

e−V (v)
n−1∏

k=1

Φk(vk)
}

= bn EQ

{ n−1∏

k=1

Φk(w
(n−1)
k )

}
,

the last identity being a consequence of (10.1). By induction, we obtain: EQ{
∏n

k=1 Φk(w
(n)
k )} =∏n

k=1 bk, where

bk := E
{ ∑

|x|=1

e−V (x) exp
(
−

∑

|y|=1, y 6=x

ϕk(∆V (y)) − λk∆V (x)
)}

= EQ

{
exp

(
−

∑

y∈I
(1)
1

ϕk(∆V (y)) − λk∆V (w
(1)
1 )

)}
.

(We used (10.1) again in the last equality.) This yields (10.5), thus part (i) of Proposition

2.1.

We now turn to the proof of part (ii) of the proposition. Recall that the vertices of the

Galton–Watson tree T
GW are elements of U := {∅} ∪

⋃∞
n=1(N

∗)n. We need to check that

EQ

{ n∏

k=1

∏

x∈I
(n)
k

hx(T
n−k
x )

n∏

k=1

Gk(
∑

x∈I
(n)
k

ϕk(∆V (x)),∆V (w
(n)
k ), w

(n)
k ,I

(n)
k )

}

= EQ

{ n∏

k=1

∏

x∈I
(n)
k

Hn−k(x)
n∏

k=1

Gk(
∑

x∈I
(n)
k

ϕk(∆V (x)),∆V (w
(n)
k ), w

(n)
k ,I

(n)
k )

}
,(10.6)
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where ϕ1, ϕ2, · · ·, ϕn are positive Borel functions, (hx, x ∈ U ) measurable functions Ω →

R+, G1, · · ·, Gn positive Borel functionals on R+ × R × U × ∪∞j=0U
⊗j , and Hj(x) :=∫

Ω
hx(T

j(ω)) dP(ω) (for j ≥ 0 and x ∈ U ).

To check (10.6), we see by Lemma 10.1 that the expression on the left-hand side is

E
{ ∑

|u|=n

e−V (u)
n∏

k=1

∏

x∈I (uk)

hx(T
n−k
x )

n∏

k=1

Gk(
∑

x∈I (uk)

ϕk(∆V (x)),∆V (uk), uk,I (uk))
}
,

where I (·) is defined in (10.3). The integrand within E{· · ·} on the left-hand side is (vz

being the concatenated word of v ∈ U and z ∈ U )

∑

|v|=1

e−V (v)
∏

x∈I (v)

hx(T
n−1
x )G1(

∑

x∈I (v)

ϕ1(∆V (x)),∆V (v), v,I (v)) ×

×
∑

y∈TGW
v , |y|v=n−1

e−Vv(y)
n−1∏

ℓ=1

∏

z∈Iv(yℓ)

hvz(T
n−ℓ−1
vz ) ×

×
n−1∏

ℓ=1

Gℓ+1(
∑

z∈Iv(yℓ)

ϕℓ+1(∆Vv(z)),∆Vv(yℓ), vyℓ, vIv(yℓ)),

where, for y ∈ T
GW
v with |y|v = n− 1, {e =: y0, y1, · · · , yn−1 := y} denotes the shortest path

on T
GW
v relating e and y, with |yℓ|v = ℓ for 1 ≤ ℓ ≤ n − 1, Iv(yℓ) := {z ∈ T

GW
v :

←
z =

yℓ−1, z 6= yℓ}, and vIv(yℓ) := {vx : x ∈ Iv(yℓ)} = I (vyℓ).

The conditional expectation (under P) of the above expression given F1 is, by the branch-

ing property,

∑

|v|=1

e−V (v)
∏

x∈I (v)

Hn−1(x)G1(
∑

x∈I (v)

ϕ1(∆V (x)),∆V (v), v,I (v))Ψn−1(v),

where, for any x ∈ U ,

Ψn−1(x) := E
{ ∑

|y|=n−1

e−V (y)

n−1∏

ℓ=1

∏

z∈I (yℓ)

hxz(T
n−ℓ−1
xz ) ×

×
n−1∏

ℓ=1

Gℓ+1(
∑

z∈I (yℓ)

ϕℓ+1(∆V (z)),∆V (yℓ), xyℓ, xI (yℓ))
}
.

Using the argument backwards, we obtain:

EQ

{ n∏

k=1

∏

x∈I
(n)
k

hx(T
n−k
x )

n∏

k=1

Gk(
∑

x∈I
(n)
k

ϕk(∆V (x)),∆V (w
(n)
k ), w

(n)
k ,I

(n)
k )

}
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= EQ

{ ∏

x∈I
(n)
1

Hn−1(x)G1(
∑

x∈I
(n)
1

ϕ1(∆V (x)),∆V (w
(n)
1 ), w

(n)
1 ,I

(n)
1 ) ×

×
n∏

k=2

∏

x∈I
(n)
k

Hn−k(x)
n∏

k=2

Gk(
∑

x∈I
(n)
k

ϕk(∆V (x)),∆V (w
(n)
k ), w

(n)
k ,I

(n)
k )

}
.

Iterating the procedure by gradually conditioning on F2, F3, · · ·, and Fn, this yields (10.6),

and thus part (ii) of Proposition 2.1. �

Acknowledgement

We are grateful to Bruno Jaffuel for pointing out an error in the first draft of the manuscript.

References

[1] Addario-Berry, L. (2006). Ballot theorems and the heights of trees. PhD thesis, McGill
University.

[2] Aldous, D.J. and Bandyopadhyay, A. (2005). A survey of max-type recursive distribu-
tional equations. Ann. Appl. Probab. 15, 1047–1110.

[3] Bachmann, M. (2000). Limit theorems for the minimal position in a branching random
walk with independent logconcave displacements. Adv. Appl. Probab. 32, 159–176.

[4] Biggins, J.D. (1976). The first- and last-birth problems for a multitype age-dependent
branching process. Adv. Appl. Probab. 8, 446–459.

[5] Biggins, J.D. and Kyprianou, A.E. (1997). Seneta-Heyde norming in the branching
random walk. Ann. Probab. 25, 337–360.

[6] Biggins, J.D. and Kyprianou, A.E. (2004). Measure change in multitype branching. Adv.
Appl. Probab. 36, 544–581.

[7] Biggins, J.D. and Kyprianou, A.E. (2005). Fixed points of the smoothing transform:
the boundary case. Electron. J. Probab. 10, Paper no. 17, 609–631.

[8] Bingham, N.H. (1973). Limit theorems in fluctuation theory. Adv. Appl. Probab. 5,
554–569.

[9] Bramson, M.D. (1978). Maximal displacement of branching Brownian motion. Comm.
Pure Appl. Math. 31, 531–581.

[10] Bramson, M.D. (1978). Maximal displacement of branching random walk. Z. Wahrsch.
Gebiete 45, 89–108.

39



[11] Bramson, M.D. and Zeitouni, O. (2006+). Tightness for a family of recursion equations.
(preprint available at ArXiv math.PR/0612382)

[12] Chauvin, B., Rouault, A. and Wakolbinger, A. (1991). Growing conditioned trees. Stoch.
Proc. Appl. 39, 117–130.

[13] Dekking, F.M. and Host, B. (1991). Limit distributions for minimal displacement of
branching random walks. Probab. Theory Related Fields 90, 403–426.

[14] Derrida, B. and Spohn, H. (1988). Polymers on disordered trees, spin glasses, and
traveling waves. J. Statist. Phys. 51, 817–840.

[15] Hammersley, J.M. (1974). Postulates for subadditive processes. Ann. Probab. 2, 652–
680.

[16] Hardy, R. and Harris, S.C. (2004+) A new formulation of the spine approach to branch-
ing diffusions. Mathematics Preprint, University of Bath.

[17] Harris, T.E. (1963). The Theory of Branching Processes. Springer, Berlin.

[18] Heyde, C.C. (1970). Extension of a result of Seneta for the super-critical Galton–Watson
process. Ann. Math. Statist. 41, 739–742.

[19] Kingman, J.F.C. (1975). The first birth problem for an age-dependent branching pro-
cess. Ann. Probab. 3, 790–801.

[20] Kozlov, M.V. (1976). The asymptotic behavior of the probability of non-extinction of
critical branching processes in a random environment. Theory Probab. Appl. 21, 791–
804.

[21] Lifshits, M.A. (2007+). Some limit theorems on binary trees. (in preparation)

[22] Liu, Q.S. (2000). On generalized multiplicative cascades. Stoch. Proc. Appl. 86, 263–286.

[23] Liu, Q.S. (2001). Asymptotic properties and absolute continuity of laws stable by ran-
dom weighted mean. Stoch. Proc. Appl. 95, 83–107.

[24] Lyons, R. (1997). A simple path to Biggins’ martingale convergence for branching ran-
dom walk. In: Classical and Modern Branching Processes (Eds.: K.B. Athreya and
P. Jagers). IMA Volumes in Mathematics and its Applications 84, 217–221. Springer,
New York.

[25] Lyons, R., Pemantle, R. and Peres, Y. (1995). Conceptual proofs of L logL criteria for
mean behavior of branching processes. Ann. Probab. 23, 1125–1138.

[26] McDiarmid, C. (1995). Minimal positions in a branching random walk. Ann. Appl.
Probab. 5, 128–139.

40



[27] Neveu, J. (1986). Arbres et processus de Galton-Watson. Ann. Inst. H. Poincaré Probab.
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