N

N

Minimal position and critical martingale convergence in
branching random walks, and directed polymers on
disordered trees.

Yueyun Hu, Zhan Shi

» To cite this version:

Yueyun Hu, Zhan Shi. Minimal position and critical martingale convergence in branching random
walks, and directed polymers on disordered trees.. 2007. hal-00133596v2

HAL Id: hal-00133596
https://hal.science/hal-00133596v2

Preprint submitted on 5 Apr 2007 (v2), last revised 22 Jun 2009 (v4)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00133596v2
https://hal.archives-ouvertes.fr

hal-00133596, version 2 - 5 Apr 2007
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Summary. We establish an unusual second-order almost sure limit theo-
rem for the minimal position in a one-dimensional super-critical branching
random walk, and also prove a martingale convergence theorem which an-
swers a question of Biggins and Kyprianou [d. Our method applies further-
more to the study of directed polymers on a disordered tree. In particular,
we give a rigorous proof of a phase transition phenomenon for the partition
function (from the point of view of convergence in probability), already
described by Derrida and Spohn [[[4]. Surprisingly, this phase transition
phenomenon disappears in the sense of upper almost sure limits.
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1 Introduction

1.1 Branching random walk and martingale convergence

We consider a branching random walk on the real line R. Initially, a particle sits at the
origin. Its children form the first generation; their displacements from the origin correspond
to a point process on the line. These children have children of their own (who form the
second generation), and behave — relative to their respective positions — like independent
copies of the initial particle. And so on.



We write |u| = n if an individual w is in the n-th generation, and denote its position by
V(u). (In particular, for the initial ancestor e, we have V(e) = 0.) We assume throughout
the paper that there exists a constant C' > 0 such that sup,_; [V (u)| < C. For technical
reasons, we also assume that

(1.1) E{( Z I)H(S } < 00, for some ¢ > 0,

Jul=1

where E denotes expectation with respect to P, the law of the branching random walk.
Let us define the (logarithmic) moment generating function

P(t) = logE{ Z e_tv(“)}, t>0.

lul=1

Following Biggins and Kyprianou [[]], we assume

(1.2) $0) >0, (1) =/(1) = 0.

Since the number of particles in each generation forms a Galton-Watson tree, the assumption
¥(0) > 0 in ([.F) says that this Galton—-Watson tree is super-critical.

In the study of the branching random walk, there is a fundamental martingale, defined
as follows:

(1.3) Wy=>Y eV™  n=0,12---
|u|=n
Since W,, > 0, it converges almost surely.

When /(1) < 0, it is proved by Biggins and Kyprianou [H] that there exists a sequence
of constants (a,) such that 12/—: converges in probability to a non-degenerate limit which is
(strictly) positive upon the survival of the system. This is called the Seneta—Heyde norming
in [{] for branching random walk, referring to Seneta [BQ] and Heyde [[§] on the rate of
convergence in the classic Kesten—Stigum theorem for Galton—-Watson processes.

The case ¢'(1) = 0 is more delicate. In this case, it is known (Lyons [P4]) that W,, — 0
almost surely. The following question is raised in Biggins and Kyprianou [[]: are there
deterministic normalizers (a,) such that ‘;V—: converges?

We aim at answering this question.

Theorem 1.1 Assume ([L1)) and (L.2). There exists a deterministic positive sequence ()
with 0 < liminf,,_ o % < limsup,,_,, % < 00, such that conditionally on the system’s
survival, \,W,, converges in distribution to #, with # > 0 a.s. The distribution of W is

giwen in (0.9).

The almost sure behaviour of W), is described in Theorem [.3 below. The two theorems
together give a clear image of the asymptotics of W,,.
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1.2 The minimal position in the branching random walk

A natural question in the study of branching random walks is about inf|,|—, V'(u), the position
of the leftmost individual in the n-th generation. In the literature, the concentration (in terms
of tightness or even weak convergence) of inf ,—, V' (u) around its median/quantiles had been
studied by many authors. See for example Bachmann [], Bramson and Zeitouni [[L1], as well
as Section 5 of the survey paper by Aldous and Bandyopadhyay [f]. We also mention the
recent paper of Lifshits [2I]], where an example of branching random walk is constructed
such that infj,—, V (u) — median({infj,—, V' (u)}) is tight but does not converge weakly.

We are interested in the asymptotic speed of inf|,—, V(u). Under assumption ([.9), it is
known that, conditionally on the system’s survival,

1
(1.4) - ‘iﬁf V(u) — 0, a.s.
(1.5) ‘i?_f V(u) — oo, a.s.

The “law of large numbers” in ([.4) is a classic result, and can be found in Hammersley [[F],
Kingman [[[J], Biggins [f]. The system’s transience to the right, stated in ([[.5), follows from
the fact that W,, — 0, a.s.

A refinement of ([[.4) is obtained by McDiarmid [2§]. By assuming

(1.6) E{(Z 1)2} < 0,

Jul=1

it is proved in [R6] that for some constant ¢; < oo and conditionally on the system’s survival,

lim sup inf V(u) <¢y, a.s.
n—o00 ogn lul=n

We intend to determine the exact rate at which inf},—, V' (u) goes to infinity.

Theorem 1.2 Assume ([.3) and ([L4). Conditionally on the system’s survival, we have

3
(1.7 lglﬂs;}p Ognhﬂl:n (u) 2’ a.8
1
(1.8) liminf =0 inf V() = 3, as
3
(1.9) Jim lognﬁ\n:fn‘/(u) = 5 in probability.



Remark. (i) The most interesting part of Theorem [.9is ([.7)—(L.§). It reveals, surprisingly,
the presence of fluctuations of inf|,|—, V' (u) on the logarithmic level, which is in contrast with
known results of Bramson [[(] and Dekking and Host [[[J] stating that for a class of branching
random walks, @
(i) Some brief comments on ([.7) are in order. In general (i.e., without assuming ¢ (1) =

inf), =, V(u) converges almost surely to a finite and positive constant.

¢/(1) = 0), the law of large numbers ([[F) reads + inf},—, V(u) — ¢, a.s. (conditionally on
the system’s survival), where ¢ := inf{a € R : g(a) > 0}, with g(a) := inf;>o{ta + ¢(¢)}. If
(1.10) Y () = p(t7)
for some ¢, € (0, co), then the branching random walk associated with the point process
?(u) =tV (u) + ¢ (t*)|u| satisfies ([.F). That is, as long as ([LI() has a solution (which is
the case for example if ¢/(1) = 0 and ¢'(1) > 0), the study will boil down to the case ([.2).

It is, however, possible that ([.I() has no solution. In such a situation, Theorem [.2
does not apply. For example, we have already mentioned a class of branching random walks
exhibited in Bramson [[0] and Dekking and Host [I3], for which inf},—, V' (u) has an exotic
log logn behaviour.

(iii) Under suitable assumptions, Addario-Berry [] obtains a very precise asymptotic
estimate of E[inf|,—, V' (u)], which implies ([C9).

(iv) In the case of branching Brownian motion, the analogue of ([.9) was proved by
Bramson [J], by means of some powerful explicit analysis.

1.3 Directed polymers on a disordered tree

The following model is borrowed from the well-known paper of Derrida and Spohn [[4]:
Let T be a rooted Cayley tree; we study all self-avoiding walks (= directed polymers) of n
steps on T starting from the root. To each edge of the tree, is attached a random variable
(= potential). We assume that these random variables are independent and identically
distributed. For each walk w, its energy E(w) is the sum of the potentials of the edges
visited by the walk. So the partition function is

Ly = Z e PEW),

where the sum is over all self-avoiding walks of n steps on T, and 3 > 0 is the inverse
temperature.

More generally, we take T to be a Galton—Watson tree, and observe that the energy E(w)
corresponds to (the partial sum of) the branching random walk described in the previous
sections. The associated partition function becomes

(1.11) Wagi=> eVt g0

[ul=n



Clearly, when 5 =1, W, is just the W, defined in (L.3).

If 0 < @ < 1, the study of W, s boils down to the case ¢'(1) < 0 which was investigated
by Biggins and Kyprianou [fJ]. In particular, conditionally on the system’s survival, %
converges almost surely to a (strictly) positive random variable.

We study the case § > 1 in the present paper.

Theorem 1.3 Assume (L)) and (L.2). Conditionally on the system’s survival, we have
(1.12) W, =n /2 g

Theorem 1.4 Assume (L.2) and ([LG), and let 3 > 1. Conditionally on the system’s sur-
vival, we have

log W,
(1.13) hin—igp % = —g, a.s.
log W, 3
(1.14) liminf 28Wes _ 30
n—0o0 ogn 2
(1.15) Wy = n38/2te) in probability.

Again, the most interesting part in Theorem [.4 is ([.13)—([.14)), which describes a new
fluctuation phenomenon. Also, there is no phase transition any more for W, 3 at 3 = 1 from
the point of view of upper almost sure limits.

The remark on ([.2), stated after Theorem [[.3, applies to Theorems [[.J and [.4 as well.

An important step in the proof of Theorems and [L.4 is to estimate all small moments
of W,, and W, 3, respectively. This is done in the next theorems.

Theorem 1.5 Assume (1)) and (.Y). For any v € [0, 1), we have

(1.16) 0 < liminf E {(nlﬂwn)'y

n—0o0

y} < limsup E {(nl/QWn)“’

n—oo

S } < 00,
where . denotes the event that the system survives ultimately.

Theorem 1.6 Assume ([.2) and ([LG), and let § > 1. For any 0 <r < %, we have

(1.17) E{W,;} = n~3r8/2 (1), n — oo.

The rest of the paper is as follows. In Section P, we introduce a change-of-measures
formula (Proposition P.)) in terms of spines on marked trees. This formula will be of frequent
use throughout the paper. Section B contains a few preliminary results of the lower tail
probability of the martingale W,,. The proof of the theorems is organized as follows.
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e Section f]: Theorem [[.6.

e Section [f: Theorem [[3.

e Section ff: Theorem [13, as well as parts ([.I4) and ([.I5) of Theorem [4.
e Section []: Theorem [[.7.

e Section §: part ([ZI3) of Theorem [4).

e Section [J: Theorem [].

Sections [ and [| are the technical part of the paper, where a common idea is applied in two
different situations.
Throughout the paper, we write

q := P{the system’s survival} € (0, 1).

Also, the letter ¢ with a subscript denotes finite and (strictly) positive constants. We also
use the notation ), := 0 and [[, := 1.

2 Marked trees and spines

This section is devoted to a change-of-measures result (Proposition B.1) on marked trees in
terms of spines. The material of this section has been presented in the literature in various
forms, see for example Chauvin et al. [[J], Lyons et al. 27|, Biggins and Kyprianou [,
Hardy and Harris [[[g].

There is a one-to-one correspondence between branching random walks and marked trees.
Let us first introduce some notation. We label individuals in the branching random walk by
their line of descent, so if u = iy i, € % = {0} U U, (N*)* (where N* := {1,2,---}),
then v is the %,-th child of the 4,,_{-th child of ... of the ¢;-th child of the initial ancestor e.
It is sometimes convenient to consider an element u € % as a “word” of length |u|, with ()
corresponding to e. We identify an individual u with its corresponding word.

If u, v € %, we denote by uv the concatenated word, with ul) = Qu = u.

Let 7 = {(u,V(u)): w€ %,V :% — R}. Let Q be Neveu’s space of marked trees,
which consists of all the subsets w of % such that the first component of w is a tree. [Recall
that a tree ¢ is a subset of % satisfying: (i) 0 € ¢; (ii) if uj € t for some j € N*, then u € ¢;
(iii) if u € t, then uj € t if and only if 1 < j < 1,(¢) for some non-negative integer v, (t).]

Let T : Q — Q be the identity application. According to Neveu 7], there exists a
probability P on €2 such that the law of T under P is the law of the branching random walk
described in the introduction.

Let us make a more intuitive presentation. For any w € €2, let

(2.1) TY(w) := the set of individuals ever born in w,

(2.2) T(w) = {(u,V(w)), u€ TVw), V such that (u,V(u)) € w}.
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[Of course, T(w) = w.] In words, TV is a Galton—Watson tree, with the population members
as the vertices, whereas the marked tree T corresponds to the branching random walk. It is
more convenient to write (£:3) in an informal way:

T ={(u,V(u)), ue TWV}.
For any u € TV, the shifted Galton—Watson subtree generated by w is
(2.3) TV :={z € % : ux € TV} .
[By shifted, we mean that TSW is also rooted at e.] For any x € TSV, let

|zl = Juz] = Jul,

Vu(z) = V(uz)—V(u).

As such, |z|, stands for the (relative) generation of = as a vertex of the Galton-Watson tree
TSY, and (Vi(x), x € TSY) the branching random walk which corresponds to the shifted

u )

marked subtree
T, = {(z,Vu(x)), x € TSV} .
Let %, .= c{(u,V(u)), u € TV, |u] < n}, which is the o-algebra induced by the first n
generations of the branching random walk. Let .%,, be the o-algebra induced by the whole

branching random walk.
We assume ([.2). Let Q be a probability on €2 such that for any n > 1,

(2.6) Qlz, =W, eP|z,.

Fix n > 1. Let wY" be a random variable taking values in {u € TV, |u| = n} such that for

any Ju| = n,

2.7 I PR S
27) Q{u =u|7) - W,
We write [e, wr(Ln)]] ={e= wé"’,w§"’,w§”’, S wfln)} for the shortest path in TV relating

the root e to wr(L"), with |w,(§")| =kforany 1 <k <n.

For any individual u € T“%\{e}, let u be the parent of u in TV, and

For 1 < k < n, we write

(2.8) AR {u ET: |ul =k, u=uwl), us w,(gn)} .



In words, fk(") is the set of children of w,(:_)l except w,(gn), or equivalently, the set of the

brothers of w,i"), and is possibly empty. Finally, let us introduce the following sigma-algebra:

(2.9) G, = a{ Z OAV (2)s V(w,gn)), wlin), fk(n), 1<k< n}
aﬁefk(n)

We present the main result of the section, with ¢ denoting the Dirac measure. For any
marked tree T, we define its truncation T™ at level n by T™ := {(x, V (z)), x € TV, |x| < n}.

Proposition 2.1 Assume ([.3) and fiz n > 1. Under probability Q,
(i) the random variables (3 _ ) dav(a), AV(w,gn))), 1 <k <n, arei.i.d., distributed as
“k

(X s Savie, AV (wi));
(ii) conditionally on %,, the truncated shifted marked subtrees T;‘“’”‘, forx € Uﬁzlfk(n),

are independent; the conditional distribution of Tl (for any x € Uzzlfk(n)) under Q given
4, , identical to the distribution of T2l ynder P.

| \ z (n) l \
| | / A\ U}z | |
I | / \ I |
Kyl / \ | P lvl
| L I / \ = Y I
I | | \ n I I
[ [ I rmn—|z| | ws [ [
| | | Tz | | |
‘| 'l | | /—\‘ ‘| 'l
I I =
/ N\
| I | | SN w(n) | I
| | | | | \ 4 | |
\ ! \ | | \ - \ '
\ I ‘ ! ' ' et \ /
\ / ! / ‘ ! . \ /
\ / \ I e o
\\ // \ y \ / L w(n) \\ //
. Nl Nl Nl ST LG D o PO N

Figure 1: Spine;

The truncated shifted subtrees Tgf*'m',TZ*'y‘, Tl are actually rooted at e.

For the sake of self-containedness, we present an elementary proof of Proposition P.1 as
an appendix in Section [[{.



In general, the (non-truncated) shifted marked subtrees T,, for = € Uzzlfk("), are not
conditionally independent under Q given %,,.

Throughout the paper, let ((S;, 0;), ¢ > 1) be such that (S; — S;_1, 0; — 0;_1), for i > 1
(with Sy = 0p =: 0), are i.i.d. random vectors under Q and distributed as (V (w!"), #.#).

Corollary 2.2 Assume ([.3) and fix n > 1.

(i) Under Q, (V(w™),#.2™), 1 < k < n) is distributed as ((Sg,01), 1 < k < n). In
particular, under Q, (V(wlg")), 1 <k <n) is distributed as (Sg, 1 < k <n).

(ii) We have Eq{S1} = 0. More generally, for any measurable function F': R — R,

(2.10) Eq{F(S)} = E{ 3 e_v(“)F(V(u))}.

ful=1

Proof. The first part of the corollary is an immediate consequence of Proposition -] (i). To
prove (B.10), we observe that by (B.7),

Bq {FV(u")} =Bo{ 30 FV() 1p_,)} =Ba{ 3 PV},

lul=1 Ju|=1

which is E{}_, _, e"VWF(V(u))} by the definition of Q. This implies (2.1(). The fact that

Eq(S;) = 0 follows from ([[.3) and (B.1I0).
We mention that (E-I0) can also be found in Biggins and Kyprianou [f]. O

Corollary 2.3 Assume (L)) and (L.2). Let 6 > 0 be as in (LA). Then for anyn >k > 1,

Eq {(#4")} =Eq {(#.4")"} < .

Proof. The identity follows from Proposition E7] (i). It remains to check Eq{(#.2")%} < .
By defnition, Bq{(X,-; 1%} = B{(S ey Wi} = B{(S,0y 1P Xy eV ) <
e’ E{<E|u\:1 1)1} < oo (by (). Since #fl(l) = (Z\u|=1 1) — 1 Q-a.s., we are done. [J

3 Preliminary: small values of W,

This preliminary section is devoted to the study of the small values of W,,. We define two
important events:

(3.1) & = {the system’s ultimate survival },
(3.2) = {the system’s survival after n generations } = {WW,, > 0}.
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Clearly, . C .%,. Recall (see for example Harris [[7]], p. 16) that for some constant ¢y and
alln > 1,
(3.3) P{7\7} <e "

Here is the main result of the section.

Proposition 3.1 For any ¢ > 0, there exists k > 0 such that for all sufficiently large n,

(3.4) P {nl/ZWn <n

y} <exp (—n").

The proof of Proposition B.J] relies on Neveu’s multiplicative martingale. Recall that
under assumption ([[.9), there exists a non-negative random variable £*, with P{¢* > 0} > 0,
such that

(3.5) I Z gre~V W),
|u|=1
where, given {(u,V(u)), |u| = 1}, & are independent copies of *, and <2 stands for

identity in distribution. Moreover, there is uniqueness of the distribution of £* up to a scale
change (see Liu [B9]); in the rest of the paper, we take the version of £* as the unique one
satisfying E{e "} = 1.

Let us introduce the Laplace transform of &*:

(3.6) e (t) =E{e ™}, t>0.

Let

(3.7) Wy .= H ©*(e7VW), n>1.
|ul=n

The process (W}, n > 1) is also a martingale (Liu [29]). Following Neveu [Bg], we call W}
an associated “multiplicative martingale”.

The martingale W being bounded, it converges almost surely (when n — 00) to, say,
W2 . Let us recall from Liu [29] that

1 law
3.8 1 = &

(3.9) log (w*l(t)) ~ tlog G) —

We first prove the following estimates:

Lemma 3.2 There exist k > 0 and ag > 1 such that

(3.10) E{WL)*|WL <1} < exp(—a"), Ya > ag,
(3.11) E{(W"1,} < e e 2", Vn > 1, Va > ay.
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Proof of Lemma [3.3. [The best possible value of x is given by Liu [R3], under the additional
assumption that {u, |u| = 1} contains at least two elements almost surely.|
We first prove (BI0). In view of (B.§), it suffices to show that

(3.12) E{e ™ |& >0} <exp(—a"), a > ap.

Recall that ¢ = P{&* = 0} is the system’s extinction probability. It is well-known for
Galton-Watson trees that ¢ satisfies E(¢"V) = ¢, see for example Harris [[7], p. 7. Then

et =E{e ) =g+ (1—-qE{e ¢ >0}.

Let € be a random variable such that E{e_tg} =E{e % |¢&* >0} forany t > 0. Let Y be a
random variable independent of everything else, such that P{Y =0} =¢=1—-P{Y =1}.
Then £* and Y¢ have the same law, and by (B.5), so do &* and E‘M:le_v(“)Yuéu, where,
given {u, |u| =1}, (Y,, &) are independent copies of (Y, ¢), independent of {V'(u), |u| = 1}.
Since {>_}, e VWYL, >0} = {>)uj=1 Yu > 0}, this leads to:

E{eité\} — E{e—tz‘u‘:le*‘/(u))fué\u Z Yu > 0}7 t Z 0

ul=1

Let ¢(t) := —log E{e*tg}, t > 0; thus e %0 = E{e*tg}. Since V(u) < C for |u| =1, we
have

e < E{e’te_c 3 juj=1 Yubu

ZYu>o}:E{ TR e | Ny, >0}

|u|=1 |ul=1

~

Note that QZ( 0) = 0, thus >Z,_ 1IZ(tY e “) = Y(te” )ZM LY. As a consequence, by
writing h(t) :== — log E{e "t X =1 Y > juj=1 Yu > 0}, ¢ >0, we have e —0(t) < gt e,

~

(3.13) U(t) > h(d(te @), vt>0.

The function h is smooth and convex on R,, with A(0) = 0. Thus A(t) > h'(0)t for
all t > 0./ Since P{},_, Y > 0} = P{Z‘ulzlfn*"(“}/ufu > 0} = P{¢&* > 0} = 1.— q,
we have 7/(0) = E{>_,_; Yu | > =1 Y >A0} =iy where m := E{}_,,_; 1}. This yileds
h(t) > mt, t > 0. In view of (B-13), we get 1 (t) > myp(te=¢), Vt > 0. Iterating the inequality,
we see that @Z)( ) > m”@/)(te €n), forn > 1 and t > 0. In particular, 1)(e“™) > m™i(1). Since

m > 1 (assumption (L)), this yields (B.13) and thus (B.10).
It remains to check (B.11). Let a > 1. Since ((W;5)*, n > 0) is a bounded submartingale,
E{W )1y } <E{(WX)*1y,}. Recall that W2 < 1; thus

E{W;)" 17} SE{(WL) 15} + P{S\T}.

11



By B3), P{.\} < e " On the other hand, since .¥ = {W% < 1}, we have
E{(W%)*15} = E{(W%)" Lyws <13}, which, according to (B-I0), is bounded by e™*", for
a > ag. Lemma B.9 is proved. O

We are now ready for the proof of Proposition B.1].

Proof of Proposition [5-1. Let c3 > 0 be such that P{¢* < ¢3} > 1. Then ¢*(t) = E{e "} >
e P{&* < ¢z} > se7 ", and thus log (- ()) < c3t + log 2. Together with (B.9), this yields,
on the event .%,,,

() = 2o (em)

lul=n
< D LwwznaV@e 4 D Ly (e +log2).
jui=n jui=n

Since W,, = Zlu\: ~V() we obtain, on .7, for any A > 1,

1
(3.14) log (W) <cs AW, + ¢4 Z Liviwysn V(we V™),

|lu|=n
where c5 := ¢3 + ¢4 + elog 2. Note that ¢4 and ¢5 do not depend on .
Let 0 <y < 1. Since .¥ C .%,, it follows that for ¢g := ¢4 + cs,

P{)\Wn <y)yn}

< P{log (V[lfn) <c6y)y }+P{ > LwenV(w)e V™ zy)%}

|ul=n

(3.15) = RHS{ + RHSFD),
with obvious notation.
Recall that P(.#,) > P(.) = 1 — ¢q. By Chebyshev’s inequality,
c *\1/ e *\1/
RHS(fg) < e E{(W)"¥ |7} < - _qE{(Wn) Y1g,}.

1
By (B.1)), forn > 1and 0 <y < o,

C6

(316) RHS%3.15) < e_ ; [e—l/y"€ +e—czn} )

To estimate RHS?@), we use the trivial inequality V' (u) < Cn for |u| = n, to see that
1

RHS@) < 1—P{C’n Z Livwsaye Vi) > y}

— 4 ful=n

= (1—q {Zl{v Z¢ U)}'

|ul=n

12



-V (u)

By definition, E{3,_, Lyvwsne "™} = Eq{¥ -, lyvwen ) = QV(w”) >
A}, which, according to Corollary B3 (i), equals P{S, > A}. Therefore, if A > n'/2,
then E{>_,,_, Lywsae VW) < e~/ for some constant ¢;. Accordingly, RHS@) <

Cne—cr?/n Together with (B.15) and (B.I(), it yields that, for 0 < y < % and A > n'/2>1,

(1-q)y

ecs . Cpecr3*/n
— [ e+
q (I—q)y

Let y := 2%+ and X := n'/227%/+2) The inequality becomes: for 0 < 2 < 1 and n > 1,

P{AWn<y)yn}g -

2k/(k+2)

c —cr/x
1/ e [ 12w/ (42) —m] Cne
(3.17) P {n W, <z ‘ 5””} < g e t+e + (1= a2/

This readily yields Proposition B.1l. O

Remark. Recall that W, > e “" on .%,. A consequence of (B.17) (noting that we can

replace C"e)((f:)cgf(iﬂ; ) by C"e)((f:)cgf(iﬂ; ) A1 on the right-hand side) is that for any
0<s <@,
1
(3.18) E{W 1%} < p/Dre) oo,
This estimate will be used in the proof of Theorem [.5 (Section [). U

We complete this section with the following estimate which will be useful in the proof of

Theorem [L.5.

Lemma 3.3 Forany 0 <s <1,

(3.19) il;}il)E{(log WL;)S } < 0.

Proof of Lemma [F3. Let 2 > 1. By Chebyshev’s inequality, P{log(s=) > 2} = P{e"W; <
1} < eE{e=*""=}. Since W is a martingale, it follows from Jensen’s inequality that

E{e*Wi} < B{e W} < P{WZ < o/} + exp(—c/?). Therefore,

(3.20) P{ log(%) > x} < eP{W* < e ™2} +exp (1 - e”C/Z).

n

On the other hand, by integration by parts, [~ e WP (&* > y)dy = le(‘th&*) = lf‘i* ®
which, according to (Bj), is < cslog(}) for 0 < t < 1. Therefore, for a > 2, csloga >
[ VP(E > g)dy > e VP(E > a)dy = (1— e )aP(E 2 a). That is, PE" > 0) <
Cy 105“, or equivalently, P(W% < e %) < ¢ k’%, for a > 2. Substituting this in (B:20)) gives
that, for any = > 4,

P{ log(%) > :1:} < c1o % + exp (1 — em/2>,

n

where ¢ 1= 2e ¢g. Lemma B.3 follows immediately. O
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4 Proof of Theorem 1.6

Before proving Theorem [[.§, we need two preliminary results.

Lemma 4.1 Let X, Xs, ---, Xy be independent non-negative random variables, and let
Ty = El]\il X;. For any non-increasing function F : (0, co) — Ry, we have

E {F(TN) 1{TN>0}} < max E {F(Xl) ‘ X; > O} .

1<i<N

Moreover,
N
E{F(Tn) s} < )V EB{F(X) Lixsoy}
i=1

where b := max;<;<y P{X; = 0}.

Proof. Let 7 := min{i > 1 : X; > 0} (with min@ := oo). Then E{F(Ty)l{ry>01} =
Ziil E {F(Ty)1{—y}. Since F is non-increasing, we have F(Ty) 1i;— < F(X;) 1y =
F(X;) 1(x,50y 1{x,=0, vj<i}- By independence, this leads to

N
E {F(Iy) Lizys01} < Y B{F(X;) Lix0} P{X; =0, Vj <i}.
i=1

This yields immediately the second inequality of the lemma, since P{X; =0, Vj <} < b L.
To prove the first inequality of the lemma, we observe that E{F(X;) 11x,50} < P{X; >
0} maxy <<y E{F(X%) | X > 0}. Therefore,

E {F(Ty) 1{zy>0)} < max B{F(X)| X; >0} Y P{X; > 0}P {X; =0, Vj < i}.

1<k<N
i=1
The SV, -+ expression on the right-hand side is = S0, P{X; > 0, X; =0, Vj < i} =
Zﬁil P{r =1} = P{Tx > 0} < 1. This yields the first inequality of the lemma. O

To state our second lemma, let w™ € [e, w,(L")[[ be a vertex such that

(4.1) V(iw™)= min V(u).

o u€le, wﬁﬁ)[[

[If there are several such vertices, we choose, say, the oldest.] The following estimate gives a
(stochastic) lower bound for ﬁ under Q outside a “small” set. We recall that W, 5 > 0,
Q-almost surely (but not necess’arily P-almost surely).

14



Lemma 4.2 Let 3 > 0 and K > 0. There exist 6 > 0 and ng < oo such that for n > nyg

and z € R,
0

e BV (™)
{ >z, yk}

Whs

where E,, is a measurable event such that

1
> 2, En} < —— max P{

1— q 1<k<n Wk,,@

1
n

Remark. We insist on the fact that ng does not depend on z. As a consequence, for any
non-decreasing function G : (0,00) — (0,00) and n > ny,

42 Eol G e V™) 1 Vet wla(\1

We will later apply the lemma to a function G depending on n.

Proof of Lemma [[.3. Recall from (R.§) that fk(") is the set of the brothers of wlg"). For any
pair 0 < k < n, we say that the level k is n-good if

fk(") # (0, and TSY survives at least n — k generations, Yu € fk(n),

where TSW is the shifted Galton—Watson subtree generated by u (see (2:3)). By TSW sur-
viving at least n — k generations, we mean that there exists v € TS such that |v|, =n —k

(see (B.4) for notation).
In words, k is n-good means any subtree generated by any of the brothers of w,i") has

offspring for at least n — k generations.
Let %, be the sigma-algebra defined in (£.9). By Proposition B.1],

Q {k is n-good |¥4,} =1 (P{Yn—k})#j’in) )

{70}

where .7, denotes the system’s survival after n generations (see (B.2)). Since P{.7,_} >
P{.”} = 1—q, whereas #fk(n) and #fl(l) have the same distribution under ) (Proposition

P1), we have
: &)
Q {k is n-good} > EQ{l{#jl(l)Zl} (1—¢q)*" } =c11 € (0, 1).

As a consequence, for all sufficiently large n and all 1 < ¢ < n, by Proposition R.]] again,

n—L k+0—1 n—{ k+£—1
Q{ U n {j is not n—good}} < Z H Q {j is not n-good}’ < n(1 —¢1y)’,
k=1 j=k k=1 j=k

15



which is bounded by ne=¢1¢ (using the inequality 1 — 2 < e™2, for > 0). Let K > 0. We
take ¢ = {(n) := |[ci12logn] with ¢5 1= K+2 , and write

n—|ci2logn]| k+|ciz2logn]—1

(4.3) E, = ﬂ U {j is n-good}.

k=1 j=k

Thus, for large n,

(4.4) Q{E.} > 1 — ne-enastozn-n) _q _ ©

By definition,

(4.5) Wys = i Z e BV () Z e BVu(@) 4 =BV (wi)

j:1 ueff(") $ETSW7 leu:n_]
> 3% e D
€L e g™ z€TGW, |z|u=n—j
J

for any 2 C {1,2,---,n}. We choose & :={1<j<n: [j—|w™| <czlogn}.
For u € fj(n) with some j € .2, we have V(u) < V(w™) + C(eplogn +2) < V(w™) +
2Cc191ogn (for large n). Writing 6 := 23C ¢4, this leads to:

_5‘/ w(™) _gv(w(n)

Wsz—5—2 > > eMU=—0G—) ) L
JEZL u€. f(”) $ET |$|u n—j jJEZL ue. f(”)

On the event E,,, we have Eje_g) Euey(n) &. > 0. Therefore,
i

e BV ™) n?
—— 1g, < LS ica S n €0}
Wnﬂ Zjei’ Zuefj(") gu jeZL uey]( )

Let ¢, be the sigma-algebra in (.9). We observe that £ and %(n) are ¢,-measurable.
Moreover, an application of Proposition P.]] tells us that under Q, conditionally on ¥, the
random variables &,, u € %(n), Jj € Z, are independent, and distributed as W),,_; g under P.
We are thus entitled to apply Lemma [.]), to see that

e BV (™) 0

— >z F,
af T

n} < maXP{

>z | W,_; >0}
je& ‘ n=jp

3

anj,ﬁ

0
n
< max P{
0<k<n k8

16



Since P{W;, 3 > 0} = P{.%;} > P{.¥} = 1 — ¢, this yields Lemma [[.2. O

We are now ready for the proof of Theorem [[.. For the sake of clarity, the upper and
lower bounds are proved in distinct parts. Let us start with the upper bound.

Proof of Theorem [1.§: the upper bound. Fix 3 > 1. For any Z > 0 which is .#,-measurable,
we have B{W,, 37} = Eq{¥ |, - 2} = BQ{ X ujmn Liygr_ye PV 2}, and thus

(4.6) E{W, 2} = Eq{e"#-DV i) 7},
Let s € (%, 1), and A > 0. Then

E{WI} < n 090 LB WIS 1 oo}

—(B-1)V (wi")
_ . —(1-s)BA €
= n +EQ{—S 1{Wn >n—5,\}}.
Wnyﬁ A

: (n)
Since e AV (wn) < W, 5 we have ¢

~e-hvei) ! —75; thus on the event {W,, 5 > n=%*}
Ws s = Wz:@(ﬁ—l)/ﬁv n,B )

o (B-DVw{Y)
WS
Let K := [ﬁs —(B—=1D]A+ (1 —s)BA, and let E, be the event in Lemma [.3. Since
Q(ES) < n™F for all sufficiently large n (see Lemma [£3), we obtain: for large n,

we have < plBs—(B-1Ix,

wl®
1 < -(9A | B (UK | | e 7N )1
{ ,8 } — n + n + Q WS {Wn,ﬁ>n_ﬁ/\}mEn
n7ﬁ

~(B-1)V (wi)
(1—s e
(4.7) = op @ W+EQ{W—51{Wn,B>n-m}mEn}-
n,8

We now estimate the expectation expression Eq{- - -} on the right-hand side of ({.7). Let
a >0 and ¢ > b > 0 be constants such that (3—1)a > sgA+2 and [s— (6—1)]b > 3. (The
choice of ¢ will be precised later on.) We recall that w(” € [e, wi”[ satisfies V(w™) =

min () V(u), and consider the following events:

u€le, wy,
Ei, = {V( w™) >alogn}U{Vw") < —blogn},
By, = {V(w™) < —plogn, V(w{M) > —blogn},
Es, = {V(w( )) > —plogn, —blogn < V(w™) < alogn} .

Clearly, U?_, E; ,, covers the whole space.

On the event E;,, N {W, 5 > n~"*}, we have either V(wﬁl")) > alogn, in which case
o)
% < psA=(B-Da oy V(w,(ln)) < —blogn, in which case we use the trivial inequality
n.s

17



n w( n
Whp > efﬁv(wg ) to see that % < e[ﬁs*(ﬁflﬂv(wg ) < p~PBs=(B-1b (recalling that

n
Bs > [ —1). Since sfA — (8 — 1)a < —3 and [fs — (8 — 1)]b > 2, we obtain:

e—(B=1)V (V)
(4.8) Eo{ i Loniw,on-oy | <0702
n,B
At this stage, it is convenient to mention that the tail probability of inf},—, V' (u) has
been studied by McDiarmid [2§] (this is the only place we need ([.G) instead of ([.3)). In
view of the inequality W,, g > exp{—pFinfj,—, V (u)}, McDiarmid’s result yields the existence
of positive constants ci3, c14 and ¢5 such that

1
(4.9) E{ 7o } < cpyn® n > 1.

C13

n,

We now study the integral on E,, N {W, 3 > n_m} N E,. Since s > 0, we can chose
51> 0 and 0 < sy < ¢13 such that s = s; + s5. We have, on Ey,, N {W, 53 > n=},

DV (0™ v DV @)~ BV (w™
e—(B=1)V (wy, ): B2V (@)= (B=1)V (i) o=Bs2V (™) < - Bs20H(B=1b+AAs1
Ws S1 52 — S92
nﬁ nvﬁ nvﬁ n76

)

e*ﬁSQV(w("))

Therefore, by an application of Lemma (or rather, by an application of (.J) to G(z) :=
x°2, x > 0), we obtain: when n — oo,

o= (B=DV (w(”) n—Bs20+(B=1)b+BAs1 52
E {—1 - } < max E{ 1 }
Q Wy s Fan W gz P08 [ = 1—g¢q 1<k<n LW 7

—Bs20+(B—1)b+BAs1+s20+c15
< cign (B-1) ;

the last inequality being a consequence of (.9). We choose (and fix) the constant o so large
that —(Gse0+ (8 — 1)b+ BAsy + s20 + 15 < —%. Therefore, for all large n,

BV @) n
EQ{ s 1E27nﬁ{Wn’5>n*B>‘}ﬂEn} S n .
n76

Combining this with ([.§) yields that for all large n,

ZEQ{

Substituting this in (f.7), we see that

—(B- 1>V(w<">>

—3/2
1E'L,nm{Wn,B>n_B>\}mEn} S 2n / °

1-s —(1—5)BA —3/2 e—(ﬁ—l)\/(wﬁf’))
E{Wn,ﬁ } S 2n + 2n + EQ{—WS 1E3,nﬂ{Wn’@>n_5A}}'
n7ﬁ
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We make a partition of E5,,: let M > 2 be an integer, and let a; := b+Z (a+b) ,0<1i<M.

By definition,

M-1

U {V ) > —plogn, a;logn < V(w ")) < ajiq logn} =: U Es ;.

i=0
Let 0 < ¢ < M — 1. There are two possible situations. First situation: a; < A. In
this case, we argue that on the event Ej,;, we have W, > efﬁv(wg)) > p~P%t and
e~ (B-DV@) < p=(0-Dai ]y *W(“ < pfassis-(B-Dai — pfais—(B-Daits(atb)/M <
plBs=(B=DA+0s(a+b)/M — Accordingly, in tnffis situation,

e~ (B=1)V (V) N b
EQ{— 1E3’w_} < plBs—(B-DIMBs@r)/M ().

S

n76

e~ (B-DV (i)
WS

Second (and last) situation: a; > A\. We have, on Fs,,; N {W,5 > n=}
pfrs=(B=Dai < plBs=(F=DIA: thus, in this situation,

BV (wi™)

EQ{—S 1E3,n7iﬁ{Wn,5>n*5>‘} } S n[BS*(Bfl)])\Q<E37n,i).
n76

We have therefore proved that

—(B-1)V (wiM) —(B-1)V (wi")
EQ{ s 1E3,nm{Wn,B>"7BA}} = Z EQ{ Ws 1E37n,,ﬂ{Wn”3>n*5>‘}}
n76 7[3

< n[ﬁs (B—1)|A+Bs(a+d) /MQ(Eg n)

By Corollary 23, Q(E3,,) = P{ming<j<, Sy > —ologn, 0 < S, < alogn} = n=/2+e),
As a consequence,

E { W15} < 2n (=9 4 9p=3/2 4 pls=(B=Dss(art)/M—(3/2+0(1)

We choose )\ := % Since M can be as large as possible, this yields the upper bound in

Theorem by posing r :=1 — s. O

Proof of Theorem [I.G: the lower bound. Let B > 1 and s € (1 — %, 1). By means of ({.9)
and the elementary inequality (a + b)'™* < ' +b'~* (for a > 0 and b > 0), we have

W;,ES < Z Z —(1-5)8V( u)( Z e—ﬁvu(a:)>1 s+e B(1—s)V (wi™)

=1 g™ 2E€TGW, [e]u=n—j

< 6172 (1—s) BV(w(n) Z < Z e—ﬁVu(m))

ues ™ €TV, Jalu=n—j

L eV l)
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where cj7 := e8¢ > 1. Let ¢, be the sigma-algebra defined in (2.9). Since V(w](»")) and
fj("), for 1 < j <mn, are ¥,-measurable, it follows from Proposition P.] (ii) that

S S w(n) S n
Eq{W, @|g}<0172 SOV @SR Y (# +1).

Let € > 0 be small, and let r := %(1 — 5)3 — . By means of the already proved upper bound
for E(Wigs), this leads to:

(4.10) Eq {W, " |%,} <018Z —(1=5)BV (w (n_j+1)—r(#fj<n>+1)'

W)
Since E(Wégs) EQ{M} (see (F.4)), we have, by Jensen’s inequality (noticing
that V(wﬁln)) is ¢,,-measurable),
o~ (B-DV(@w{)

Bl B g )

1—s
E(W,;") >
which, in view of (f.I0), yields (with cjg := 0183/ (- s))

e—(B=1)V (i)

n —(1—s w( n) . _ n _ }
{ijle (1-5)BV (w; )(n —j+1) r(#%( )+ 1)}s/0-9)
By Corollary .3 and in its notation, this leads to

E(W,5) > 019EQ{

7(671) n
e
E (W) > E { }
( nﬂ) = Ci9 LLqQ {E;L:l<n_j_'_1)77"67(173),55]'(0-‘7_'_1)}3/(173)
olBs—(6-1)15,
ClQEQ{ — _ }
{1k 4 1)—re-9)85k (5, + 1) }/(1-9)

where
Sy =S, — Sh_k, Ok = Op_k, 0<k<n-1,

and §n :=.5,. Let co9 > 0 be a small constant, and define

[nf]—1

Eg,l = ﬂ {gk§—020k1/3}ﬂ{—2n5/2§§msj S—n€/2},
k=1
N n—|n®|—1 _ _
ESQ = n {Skg —[kl/?’/\(n—k)l/?’]}ﬂ{—2n5/2 < Spne) < —na/Z},
k=|n®]|+1
n—1
5 ~ 3 —
E;jg = ﬂ {Sk < glogn} N { 1ogn < Sn < 3logn}
k=n—|nc|+1
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Let

k=0
n—|nc|
EE,Q = ﬂ {Eﬂc < 6n5/4},
k=|n=|+1
n—1
Eig = ﬂ {Hk < n3€/5}.
k=n—|n®|+1

On m§=1(E§,i N E7,), we have S0 (k + 1)""e0=9)85 (5, + 1) < o n2%+G/) | whereas
elFs=(B=1]% > nB-e)Bs=(6-1)1/2 (recalling that s > 3—1). Therefore, with coy := clg/cg{(l_s)
and Co3 ‘= (2 + %)%_S,

(4.11) E (Wé?) > cop 2 BRI/ Q{ﬂ§=1(ESz N Egz)}

We need to bound Q(ﬂ?zl(Eg,iﬂEii)) from below. For j < n, let g] be the sigma-algebra
generated by (Sy, 5x), 1 < k < j. Then E,, E, EJ, and E7, are %,an—measurable,

whereas E;ig is independent of G, ine|- Therefore,
Q(m§:1(E§7i N Egz) | 9 —LnEJ) > [Q(Es?, | 9, —LnEJ) + Q(EZ?,) - 1] 1E§10E§20E;‘MHE;‘12'

It is easy to estimate Q(EJ3): since ¢y 1= Eq(09) < oo (Corollary B-3), we have Q{o; >
n*} < cyn7*, and thus Q(E;) = (Q{oy < n* /P I=l > (1 — cyyn=3) "=t >
1 — cosn~ 2. To estimate Q(E;%\g_tnsj), we use the Markov property to see that, if
§n,LnEJ € I, := [-2n°/2, —n®/?], the conditional probability is (writing N := |n°|)

3—¢

> inf Q{Sigglogn—z, Vi<i< N -1, logn—zSSNgglogn—z},

ZEIn

which is greater than N—(3/2+e(1)  Therefore,

QUES 3| o)) + QUE ) — 12 (/400 _ gy =2 — G/t
As a consequence,
(4.12) QN (B, NE] )} = n 2 0QE], N EY, N E] N EY,).

To estimate Q(Eﬁ1 N E§72 NEZ, NE7,), we condition on gﬁ,ﬂ, and note that Eﬁl and
E;i1 are ¥|,-|-measurable, whereas EZ? is independent of %,,-. Since Q(E],| Y ne)) >
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n7(3/2)+o(1)’ whereas Q(Egg) — [Q{Ol < en5/4}]n72LnEJ > [1 — oy ef5n5/4]n72LnEJ >1— e—n5/5
(for large n), we have
Q(Efl A ES,2 A Eg@ N Eg,2 | E?WJ) 2 [Q<E52 | E?WJ) + Q(Efm) — 1] 1E§,10E§,1

—(3/2)40(1) 1 _
= Los e,

Thus, Q(EE1 N E§72 NEZ, NES,) > n~3/2Q) Q(ES1 N EZ,). Going back to (E13), we
have

QUNL(ELNEL)} 2 n COmeiQUes n B )
> RERWQE ) + QUE],) — 1)

We choose the constant cyy > 0 sufficiently small so that Q( E§1) > n~Be/2+e()  whereas
Q(E;‘;—J) = Q(EE,?,) > 1 — co5n%. Accordingly,

QN (ES,NET)} > n 3@/t g,

Substituting this into (f-17]) yields

E (W;%s) > Cpon €238 3-9)Bs—(B-1)]/2)) =32 (3/2)+o(1)

Since € can be as small as possible, this implies the lower bound in Theorem [L.4. O

5 Proof of Theorem [5

The basic idea in the proof of Theorem [[.] is the same as in the proof of Theorem [[.G.
Again, we prove the upper and lower bounds in distinct parts, for the sake of clarity.

Proof of Theorem [[.5: the upper bound. Clearly, n'/?W,, <Y, where

Y, = Z (n1/2 vV (u)t) eV,

lul=n

Recall W from (B7). Applying (BI4) to A = 1, we see that Y, > c¢ylog(5), with
Co6 = i Thus P{Y, <=, 7} < P{log(Wiﬁ) <y, S}t < eSE{(WHY"1, Y, which,

according to (B.11), is bounded by e (e=1/*" 4 e=") for 0 < 2 < % Since Y,, > ¢=“" on
S, this yields
Co

1
(5.1) sup E{? ].yn} < 00, Vs € (0, 5)

n>1
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We now fix 0 < s < min{3, 2}. Let K > 1 and let E, be the event in ([£3), satisfying
Q{E,} >1—n"X for large n (say n > ng). We write

E{(n'?W,) 15} <E{(n*W,)' *1snp, } +E{n*W,) 15 }.
For n > no, B{W,*1p.} < [E{W, >} [B{W, 15, }]'* = [E{W,">}]'2[Q{E;}]? <
[E{W,}]1/2)=sn=K/2 which equals n=%/2 (since E{W,,} = 1). Therefore, for n — oo,

E{(n W) 1, } < E{V, " 10, } + (1),

Exactly as in (.§G), we have E{an_s 1ynp,} = Eq{(n'/? Vv V(wr(Ln))J“)?n_s 1g,}. Thus, for
n — 0o,
(5.2) E{(n'*W,) " 1,,} <Eq {(n1/2 + V(wMHY, ” 1En} +0(1).

Recall that w™ € [e, wi"[ is such that V(w™) = min
subset £ C {1,2,---,n},

Y, > Z Z Z max {n'/2, V(z)*} e V™

jeZ uc. y(”) 2€TSW, |z|y=n—j

XX Y max V@) V@) e,

JjeZL ue.s, (n) z€TSW, |z|y=n—j

(n)[[V(U/). We have, for any

u€le, wy,

We choose .Z :={1<j<n: ’j - @(”)H < ciplogn} (¢12 being the constant in F,, defined
in ({.3)), and observe that for any u € fj(n) (with j € &), we have |V(u) — V(w™)| <
C(crzlogn +2) < 2Ccpplogn (for n > 2).

We now distinguish two possible situations, depending on whether V(w™) > —c,; logn,
where co7 1= %JrZC'clg. In both situations, we consider a sufficiently large n and an arbitrary
ue 7" (with j € 2).

On {V(w(™) > —cyrlogn}, we have max{n'/2, [V (u)+ ( )T >
holds trivially in case V, (z) < n'/?; otherwise [V (u)+V,(2)]* > Vi.(2)
iVu(2)"), and thus

— 1 . —Vu(z
Y, > 52 Z eV Z max{(n—])l/Q, Vi(@)the Vu(@)

JE e g™ PETGW, [o]u=n—j

—20 .
> ° 5 Z o~V Z Z max {(n — )2 Va(z)*} e~ Vul@)

= ues (") S€TGW, alu=n—j

(n'/2Vv V,(x)*) (this

l
2
—(cg74+2Ce12) logn >

—-2C

_. 62 Zef\/(w]@)) Z £y

jeZ uefj(”)
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If, however, V(w™) < —cyrlogn, then V(u) < —llogn, and since max{n'/?, [V (u) +
Vo(z)]*} > n'/2, we have, in this case,

Y, > n/o)+1/2) Z Z Z o~ Val®) . p(1/5)+(1/2) Z Z .

JjeZL uefj(") z€TEW | |z|y=n—j JjE€ZL uefj(")

Therefore, in both situations, we have (cog := 2°e?¢)

5.3) Y. “1p, g@g(ze—vwﬁ"h 3 §u>_81En+n‘(s/2)‘1<Z 3 m)‘ﬁEn.

jeL ue.s ™ I€Z ue s

1>0,s0the(---)~*°

z€TSW, |z|y=n—j

[By definition, on the event E,,, we have Zjeg Zue ) >
I

expressions on the right-hand side are well-defined. |

Recall ¢, from (£.9). We observe that by Proposition .1}, under Q and conditionally on
¢,, the random variables &,, for u € % ") and j €%, are i.i.d. and are distributed as Y}L_j
under P. By applying the second part of Lemma [.]], we obtain:

Eq{<;e‘ww§”)> 3 §u>_s 1p, %}

ueﬂj(")
| | sV(w( ))
< b=l { 1 ) )%}
2Ry werm &t Fuerm 870

for any jo € &, with b := maxjey max _ o Q{& = 0} < maxi¢;<, P{-S_;} < P{S} =
q. [We mention that Lemma [ applies t(J) any (deterministic) permutation of the random
variables Xy, - - -, Xy, which allows us to choose an arbitray j, here.]

The first part of Lemma []] tells us that for any j € .2,

1

1
E{—l u ’f%}<—maxE{ 1y, ’g}
° e &l s €00 L= qyepm 2lg 1020

(Proposition R.1)), and is hence bounded in n and j (by (B.1))).

Summarizing, we have proved that

EQ{ ( Z Z e*V(wJ(vn))gu>7 15, ’gn} < o Z q‘j_jo\esv(w;vn))’

jEZL U€=7]~(n) jEZL

where the constant cag does not depend on the choice of jo. We choose jy := |w,| € Z. Then
n i . .. s w(n)
V(wj(- N < V(w,) + Clj — jo|. For s < élog(%), we have > .o gli=dolesV(W; ) < a8V wn),

24



As a consequence,

EQ{( V2 4 V(wm)* (Ze (5) > §u>_81En}

e ues ™
cuBo{ (n'/” + V(wf) e |

= 031EQ{( 12 4 SHyexp (3 min S)} < c39.

1<j<n

IN

Similarly, using (B.I§) in place of (5.])), we have

Eo{(n? + V) (X Y n) 1.} < ntvema)

jeZ uefj(")

In view of (f-3), we obtain: for 0 < s < s¢ := min{3, 2, élog(a)},

EQ{(n1/2 + V(wr(zn))Jr)?,;S 1En} < ConCan + n—(1/2)+o(1)

Substituting this in (E:2), we see that sup,-; E{(n'/2W,)'"*1,} < oo for any s € (0, so).
This yields the last inequality in ([[.1f) when + is close to 1. By Holder’s inequality, it holds
for all v € [0, 1). O

Proof of Theorem [I.5: the lower bound. We start with

n?W, >Y, = Z (n1/2 AV (u)*) eV,

|u|l=n
Let s € (0, 1). Exactly as in (f.q), we have
(5.4) E{Y) "1y} =Eq{(n'* AV(w{)")Y, "}

By definition,

n

v, = 3 3 eV 3T min{n V() + Vo) e

J=1 e j(") z€TSW, |z|y=n—j

+ min {n1/2 V(w(n))+} Vi)

< CZe‘V WSS W)+ O+ V() e )

ueﬂ(") z€TSW, |z|u=n—j

Y (wM) eV @),
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By means of the elementary inequality (>, a;)™* > (3, af) and (3, b) < >, b7 for non-
negative a; and b;, this leads to, on .#, (writing 6,, := (V(w (n)) )se sV o) for brevity):

efsC

> e V@S LV (@) 4+ C5) (5, e @) 4 (X, V(a)re et 40,

where, as before, >, == >77 |, >, = Euejjgn), and 3, 1= 3 crow |y n_j- W NOW
condition upon ¥,,, and note that V(w n)) and %(n) are ¢,-measurable. We apply Jensen’s

Y*S

n

inequality E{+ |¥4,} > W (for positive random variables Z). By Proposition P.1], we
have

e—sC

5 e VO SV () ) + COB(W;) + B(U; )} + 6,

where, for any k > 0, Uy == >, V(y)Te VW . By Jensen’s inequality, E(W;_ ;) <
E(W,_:)]® = 1. On the other hand, by , Uy < c33log -1, and thus by Lemma B3,
! W,
k
E(Ulg) S C§3E{[10g #]S} S C34. Therefore,

E{Y, |9} >

E{Y;*|%,} >
S e OV )y 4 1 (#  1)

As a consequence (in the notation of Corollary .9),

1/2 A Sjl* }
Zj =55 [(ij)s +1)(o; + 1)
<n1/2 /\ Sn) 1{min1<-< S>O}
> B N [
= 5 Q{Z?1 e 5% (S2 + 1) (0 + 1)}

Eq {(n'2 AV(wM)Hy,*} > c35EQ{

T

Note that if S; > 0, then e~*% [S7 +1] < c36 e 1% with t := 5 Therefore, by writing
(). 1 .— ) ; A
Q- Q{ ’ 1I§njl£n5] ” O}’

and Eg) the expectation with respect to Q™ and 0j = 0; + 1 for brevity, we get that

1/2 (n)\+\v —s (n) TLl/2 A Sn

€n1/2 1{5 >enl/2} }

£%n S e G,

> 037Q{m1n S >O}E("){
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Since Q{min;<;<, S; > 0} > cas n~1/2, this leads to

1 Sp>enl/2}
Eq {(n? AV(w{")")Y,*} > cae E(n){f{@n—,ﬁ}
{ } Q ijle t 0
(n) 1 (n) 1/2
> C39€[E {n—_.A}—Q {Sn <en/7}|.
Q ijle t i0;
Of course, Z}‘:lel_tsfaj > 1+Z;?:11e‘tsiaj' By Corollary B3, Eq{7{} < oo; we are thus entitled
to apply Lemma P.]] (proved in the forthcoming Section ) to see that Eg ){é} >

" e sy
cqo for some cq9 € (0, 00) and all n > ng. On the other hand, it is known éhat S, /nt/?
under Q™ converges weakly to the terminal value of a Brownian meander; in particular,
lim, o lim, . Q™{S, < en'/?} = 0. We can thus choose (and fix) a small ¢ > 0 such that
QMW{S, < en'/?} < ¢ for all n > ny. Therefore, for n > ng + ny,

EQ {(n1/2 N V<w7(1n))+)}_/n—s} > C39 € [640 — %} .

As a consequence, we have proved that for 0 < s < 1,

liminf Eq { (/2 A V(w{)*)Y,*} > 0,

n—oo

which, in view of (p.4), yields the first inequality in ([.1g), and thus completes the proof of
the lower bound in Theorem [.5. O

6 Proof of Theorem and (i=14)—(3=15) of Theorem
.4

In this section, we prove Theorem [[.3, as well as parts ([L.14)-([.13) of Theorem [[.4. We
assume ([.2) and ([L.G).

Proof of Theorem [[.3. We start with the proof of the upper bound. Fix v € (0, 1). Since
W is a non-negative supermartingale, the maximal inequality tells that for any n < m and

any A > 0,
.
P{ max W > )\} < E(I;\V") < 1

n<j<m — An(¥/2)+o(1)’

the last inequality being a consequence of Theorem [[.5, and o(1) being uniform in (n, m, A).
Let ¢ > 0 and let ng := [k*¢]. Then Y, P{maxy, <j<n,,, W, > n, /Y < oo, By the
Borel-Cantelli lemma, almost surely for all large k, we have max,, <j<p,,, W; < n,:(l/ 2+,
3

Since - can be arbitrarily small, this yields the desired upper bound: W, < n~(1/2+0() 5.
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To prove the lower bound in Theorem [[.3, we recall the Paley—Zygmund inequality: for

any non-negative random variable £, P{¢ > 1E(¢)} > igﬂ(g Therefore, by Theorem [[.5,

forany0<7<%,
Y12
p{w; > 1E(W,;Y)} > LABWDY _ o,

2 —4 B{Wy
thus P{W,, > n~(W/2+eM1 > pe@)  [Clearly, n=(1/2+°() can be replaced by a constant
multiple of n=/2, and n°") by a constant; but since we are going to apply the same argument

in the proof of Theorems [.4 and [[.3, we stay with the weaker version of the inequality.]
By the elementary inequality 1 — x < e™* (for z > 0), we get

(6.1) P {Wn < n—(1/2)+o(1)} < o
Let ¢ > 0 and let 7, := inf{k > 1: #{u: [u| = k} > n**}. We have

P{Tn < oo, min Wiy, < e_CT"n_(l/z)_E}
ke[, n]

= Z p {Tn < 0, WkJrTn < eiCTnn7(1/2)*€}
ke[g,n]

< ¥ (P{Wp < 02ep
ke[g,n]

By (B), maxyen o P{W; < n~(1/2=e} < e for all sufficiently large n, say n > ny.
Therefore, for n > ny,

P{Tn < 00, kmin Wiir, < e*CT”n*(l/Q)*e} < nexp (—n*": LnQEJ) ,
€

27]

which is summable in n. By the Borel-Cantelli lemma, almost surely for all large n, we have
either 7,, = oo, or minke[%,n] Witr, > e Crnp—(1/2)—¢

Recall that the number of particles in each generation forms a Galton—Watson tree, which

is super-critical under assumption ([.3) (because m := E{3> . =11} > 1). In particular,

conditionally on the system’s ultimate survival, W converges a.s. to a (strictly) positive
2elogn
logm
upon the system’s survival, we have, almost surely for all large n,

random variable when j — oo, which implies 7,, ~ a.s., n — 00. As a consequence,

Wn > min Wk—f—r > e—CTnn—(l/Z)—e > n—(1/2)—5—305/10gm'
T ke[Zn " -

This yields the desired lower bound in Theorem [[.3. U

Proof of Theorem [I.: parts (I.1]) and ([.13). Let 8 > 1. Along exactly the same lines of
the proof of the lower bound in Theorem [ — but using Theorem [[.§ instead of Theorem
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[.3 —, we have, conditionally on the system’s survival, W, 3 > n~GB8/2)+e() almost surely
(and a fortiori, in probability). This is the claimed lower bound in ([.14]) and ([.17).

Let ¢ > 0. By Theorem [ and Chebyshev’s inequality, P{W, ; > n~3%/2+} — .
Therefore, W,, 5 < n~%/2+°() in probability, yielding the upper bound in ([.T5).

The upper bound in (-19) follows trivially from the upper bound in ([:I5). O

7 Proof of Theorem

Assume ([.2) and ([L.6). Let 3 > 1. We trivially have an < W,exp{—(6-1) inf|u‘ V( )}
and W, 3 > exp{—finf},—, V(u)}. Therefore, Llog —— W < infjyj—p V(u) < 6 7 log W" on
. Since 3 can be as large as possible, by means of Theorem [[3 and of parts ([.14) (.19
of Theorem [[.4, we immediately get ([.7) and ([.9).

Since W, > exp{—infj, =, V(u)}, the lower bound in ([.§) follows immediately from
Theorem [[.3. The rest of this section is devoted to proving the upper bound in ([L.§):

conditionally on the system’s survival,

(7.1) lim inf inf V(u) <

n—oo  [0g N |u|=n

a.s.

l\DI»—t

The proof borrows some ideas from Bramson [[J]. We fix b > a > 1 and € > 0, and let
n; =27, j > jo (with a sufficiently large integer jo). Consider j > jo and n € [n;, nj1] NZ.
Let
gn (k) := min {cgo kY3 cop(n — k)Y3 4+ alogn;, ne}, 0<k<n.

Let LL,, be the set of individuals € TV with |z| = n such that
V(zg) > gn(k), Y0 < k <mn, and alogn; <V(x) <blogn,,
where g := e, x1, - - -, x, := x are the vertices on the shortest path in T¢YV relating the root

e and the vertex z, with |z;| = k for any 0 < k < n. We consider the measurable event

Tjt1

= U U 1{$6Ln}-

n=n; |al=n

We start by estimating the first moment of #£F;: E(#F})) = > 17 E{>_,|_, 1{zev,}}. Since

E{Z\x\zn LizeL,}} = EQ{ZM Wn eVl )1{ L.} = EQ{e " 1{w;n)emn}}a we can apply
Corollary B.7 to see that

nj4+1

S,
) :EQ{e " 1{Skzgn(k>7vogkgn,alognjssnsznognj}}
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v

(nji1 — n])nj Q{Sk > gn(k), VO <k <mn, alogn; <5, < blognj}

—(3/2)+0(1)

v

(nj41 — ng)njn,
a—(1/2)+o(1)
; .
We now proceed to estimate the second moment of #F;. By definition,

Ti+1 T+l

E[(#FJ)Q] = Z Z E{ Z Z 1{meLn,yeLn}}

n=n; m=n; |z|=n |y|=m
Nj4+1 Nj4+1
<23 Y B[ Y Yt )
n=n; m=n lz|=n |y|=m
We look at the double sum Zm:nzw‘:m on the right-hand side. By considering z, the
youngest common ancestor of x and y, and writing k := |z|, we arrive at:
Z Z ]—{me]Ln, yELn} — Z Z Z ]—{zuELn, zv€ELR }
|z]=n |y|=m k=0 |z|=Fk (u,v)

where the double sum »°, ) is over u, v € T¢™ such that [u|. =n—Fk and |v|. =m —k and
that the unique common ancestor of v and v in T¢Y is the root. Therefore,

Nj+1 Nj+1 n Tj+1 Mj+1 n
< 2 Z Z ZE{ Z Z ]—{zuE]Ln,zve]Ln } =:2 Z Z ZAk,n,m-
n=n; m=n k=0 |z|=k (u,v) n=n; m=n k=0

We estimate Ay, according to three different situations.

First situation: 0 < k < n°. Let V,(u) := V(zu) — V(z) as in Section . We have
0 < gn(k) <V(z) <Cn? and V(zu;) > alogn; for 0 <i <n—k and V(zu,_j) < blogn,,
where uy = e, uy, - -, u,_j are the vertices on the shortest path in T¢"V relating the root
e and the vertex u, with |u;|, = @ for any 0 < i < n — k. Therefore, V,(u;) > —Cn® for
0<i<n-—k, and V,(u) < blogn;. Accordingly,

Ak,n,m < E{ Z Z ]—{zUELn}Bn—k}a
|z|=k veTSW, |v|.=m—k
where

Bk = E{ Z 1{V(x¢)270n5,V0§i§n7k:,V(m)gblognj}}

|z|=n—k

- E V(w(" ’“>)1
o Q {V(w(n k))> Cn=, V0<i<n—k, V(w(" k))<blognj}
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Sn_
= Eq {e "1{$,>—Cne, vo<i<n—k, S, _x<blog nj}}

< HQQ{S@' >—-Cn°,V0<i<n—Fk, S,_ < blognj}
< n] n; ~@/Dtetol) L (3/2)+25
Therefore,
Nppm <1 A O { Z Z 1{zv€Ln}} = b B/2)t2eg { Z 1{x6Ln}}
|2|=k v€TSW | |v|.=m—k |z|=n
and thus

nj+1 41 (1]

(7.2) ZZZAM_ nt O () — ) nFE#E) = nl VT E(#E)).

n=n; m=n k=0

Second situation: n°+1 < k <n —n°. In this situation, since V(z) > g,(k) = coon®, we
simply have V(u) < blogn; — coon®. Exactly as in the first situation, we get

Ak,n,m < E{ Z ]—{me]Ln}}E{ Z ]—{V(m)gblognjfcmnf}}'
|z|=n |z|=n—k

The second E{---} on the right-hand side is

b 7020 n®

S
= EQ{e kl{Sn_kS(a-i-e) log nj—c20 nf}} < 77, )

and thus

Nj+1 nj41 n—[n]

(73) D> > Ak < nle ™ (1 —ny)n (B(#F) = o(DE(#F).

n=nj m=n k=|n¢|+1

Third and last situation: n —n® +1 < k < n. This time, we use V,(u) < (b —a)logn; —
oo (m — k)13 to arrive at

Agm - = E{Zl{rehn}}E{ > 1{V(m)§(b—a>lognj—cm(m—k>1/3}}

|z|=n |z|=n—Fk

b—a, — k) 1/3
< n] @ c20 (Mm— { Z ]—{:re]Ln }

|z|=n

Therefore,
N1 Mj41 nj+1 nt[nf] nj41 n
SD D SRFHIEES oF (5 SIS SHD I SR
n=nj m=n k=n—|nc|+1 n=n;  m=n_  m=n+[n°|+1 k=n—[nc|+1
< 0 'n5ang B (#Fj)+”?_ae_m"73”;‘+1"§+1E(#Fj)
< gb o) +3 g E(#F)).
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Combining this with (7-3) and ([33), and since E[(#F};)?] <23 04 S0t N o Ajnymy We

n=nj

—(1/2)+3¢
Bl(#5)) 3 SR

[E(#E))] (#F ) — ’
by recalling that E(#F}) > o~ (/D Fel), By the Paley—Zygmund inequality,

S LEFE)
4E[(#F;)°]

obtain: for j > jo,

> 00T >

P{F, 0} >

A fortiori, P{min,<,<p,,, minj—, V() < blogn;} > n; ~ma75 - Of course, we can take
€ > 0 even smaller to see that for any b > 3 L and any ¢ > O there exists jp sufficiently large
such that
(7.4) P{ <min min V' (z) < blognj} >n; s, J > Jo-

nj<n<njii |z|=n
This is the analogue of (B.1]) for min|,—, V(x). From here, the argument follows the lines
in the proof of the upper bound in Theorem in Section [, and goes as follows: let
7= inf{k : #{u: |u[ =k} >nZ¥}. Then

P{ min V(z) >Crtj+ blognj} < (P{ min  V(z) > blogm})tn?ﬂ,

7i+n;<|z|<7itnj41 nj<|z|<njiq

which is, according to ([-4), bounded by (1 — nj’s)L"?EJ (for j > jo), and thus summable

in 5. By the Borel-Cantelli lemma, almost surely for all sufficiently large j, we have
MiN; 4, <|z|<r4n,., V(2) < C7; + blogn;. Since 7; ~ Qslgnj a.s. (j — o0), and b can
1

be as close to 5 as possible, this readily yields (1)), and completes the proof of Theorem

2. 0

8 Proof of part (1z13) of Theorem {4

The upper bound follows from Theorem [L3 and the elementary inequality W,, 5 < W/, the
lower bound from ([[.§) and the relation W), g > exp{—3inf |, =, V(u)}. O

9 Proof of Theorem -1

The proof of Theorem [[.] relies on Theorem [[.J and a preliminary result, stated below as

Proposition P Theorem [ ensures the tightness of (n'/2W,,, n > 1), whereas Proposition

D7 implies that Yt L converges to 1 in probability (condltlonally on the system’s survival).
We start Wlth a lemma which is a very simple variant of a result of Kozlov [2{].
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Lemma 9.1 Assume that {(Xg, nx), k > 1} is a sequence of i.i.d. random vectors defined
on (0, Z,P), with P{n > 0} =1 and E{n{} < oo for some 0 > 0. We assume that X, is
non-degenerate and bounded with E(X;) = 0, and set S,, :== X1+---+ X,, (forn >1). Then

i 1 .
(9.1) nanOlo E{ T S min Sk > O} = cq1 € (0, 00).
Proof. The lemma is an analogue of the identity (26) of Kozlov [R(], except that the dis-
tribution of our 7; is slightly different from that of Kozlov’s, which explains the moment
condition E{n?} < co: this condition will be seen to guarantee

1 1
9.2)  lim limsup E{ . _ _
2 ‘ L4+>0 me Sy 14370 mre

The identity (P-3), which plays the role of Kozlov’s Lemma 1 in [P{], is the key ingredient
in the proof of (0.1). Since the rest of the proof goes along the lines of [R0] with obvious
modifications, we only prove (0.2) here.

min S > 0} =0.
1<k<n

J—7X0  n—oo

Without loss of generality, we assume 6 < 1 (otherwise, we can replace 6 by 1). We
observe that for n > j, the integrand in (P.J) is non-negative, and is

n —Sk n —Sk n
. e . e [% [%
< Zkfj-f—l Tk < ( Zk7]+1 Tk ) < < Z T}ke_s'“> ’

T4 ke 1+ > nre Sk

which is bounded by >/ n?e=0% . Since P{minj<z<, Sy > 0} ~ cgo/n'/? (Bingham [{)),
we only need to check that

k=j+1

(9.3) lim lim sup n*/? Z E{nze_es’“ Liming<icn 5i>0}} = 0.
J—70 n—oo h=j+1 -
Let j < k < n. Then {min;<;<, S; > 0} C {ming<;<,(S; — Sk) > —Sk}. By boundedness
of X1, we have S;,_1—C < 5, < S,._1+C for some constant C' > 0. Recall that S, = Ele X;
and that (X;, n;) are i.i.d. Therefore, the expectation term in (P.3) is bounded by

oC 0 —0S,_
€ E{%} E{e M 1{min1Si<k S;>0, minkSiSn(si_Sk)>_Sk—1_C}}'

By assumption, E{n!} = E{n} < co. Let (Y;, i > 1) be i.i.d. random variables distributed
as X, independent of (X;, ¢ > 1). Since Y] is non-degenerate with E(Y;) = 0, there
exists € > 0 such that P{Y; > ¢} > 0. Let N := Léj + 1. Then c¢43 := P{min;<;<y ¥; >
0, i+ -+ Yy > C} > P{minj<;<y Y; > ¢} > 0. By independence,

—60Sk_1 . .
E{e 1{m1n1§i<k S;>0, ming<;<y (S;—Sk)>—SKL_1—C} }

L pleosiq 1
- c € {min; <j< Si>0, ming<;<, (Si—Sk)>—Sk—1—C} +{min;<;< N ¥;>0, Y1+ +YN>C}
43
1

—0S,_
_E{e b 1{min1<i<n+N71 Si>0}}'
C43 o

IN
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Therefore,

lim sup lim sup n'/? Z E{n e 05k 1 fming <<, 5 >0}}

j—00 n—o00 k—j+1

< ¢y limsup lim sup n'/? Z E{ —05k Liming << n—1 Si>0} }a

_] —00 n—0o0

which equals 0 by Lemma 1 of Kozlov 0] (applied to n; = 1, Vi). This yields (P.3). O

Proposition 9.2 For any v € (0,1), we have n — oo,

(9.4) P{‘M;;“ - 1) >

n

y} < p~(1=)/2H0()) N — 0.

Proof. Let 1 < 8 < 2. We use a probability estimate of Petrov [BY], p. 82: for centered
random variables &, -+, & with E(]&|?) < oo (for 1 < i < /), we have E{] Zle &Py <

25" B{|&|°}

By definition, on the set .7, we have

MI;Z:I 1 Z e;/“;(u) < Z o Val@) _ 1)’

|u|=n " 2€TSW: |z|,=1

where TV and |z|, are as in (P.1]) and (R-4), respectively. Conditioning on .%,,, and applying
Petrov’s probability inequality recalled above, we see that on .7,

e —BV (u)

o9 BT -1 [A <2 X e e} e

n
lul=n lyl=

where cg5 1= 2E{| >, _, e V® —1|°}, and W, 4 is as in ([.TT).

Fix0 <y <1 Lete >0and b > 0. Let s € (ﬁﬁl, 1) and s < & (which is possible if 3 is
close to 1). Define D,, := {W,, > n=/2==} 0 {W, 5 < n=GF/2) *b}. By Proposition B.1], there
exists k = k(g) such that P{W, < n=(1/2=¢ &} < exp(—n*) for all large n, whereas by

Theorem [[A, P{W, 5 > n-G/210} < p3fl=a)2=0=sb By sy — p=0-9)b+el) Therefore,
P {y\Dn} < e—nn + n—(l—s)b—l—o(l) — n—(l—s)b—i—o(l)’ n — 0o.
On the other hand, since . C .%,,, it follows from (D.5) and Chebyshev’s inequality that for

n — 00,

W
n? E{C45 “Z1p, ,yn}
wp o

< B-(BB/D+b+H(1/2)+e)5+o(1).

IN
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As a consequence, when n — oo,

P{)WM1 - 1‘ >n77, y} < pm(Amlbtoll) y pyf=frbrefto(l),

n

We choose b := 1_77 By sending ¢ — 0, # — 1 and then s — 0, we obtain (P.4). O
We now have all of the ingredients needed for the proof of Theorem [.1].
Proof of Theorem [[.1. Let A\, > 0 be such that E{(\,W,,)/?} = 1. That is,
A = {BWY)} 2

By Theorem [[.5, we have 0 < liminf,, ., % < limsup,,_, % < 00, and (A, M,,) is tight.
Let # be any possible (weak) limit of (\,W,) along a subsequence. By Theorem [[.5 and
dominated convergence, E(#1/2) = 1. We now prove the uniqueness of #.

By definition,

Wor= 3 eV =F eV $° Vel

|u|=n+1 lv|=1 z€TSW | |z|y=n

By assumption, \,W,, — # in distribution when n goes to infinity along a certain sub-
sequence. Thus A\, W, 1 converges weakly (when n goes along the same subsequence) to
Z\U\:1 e V)9, where, conditionally on (v, |v| = 1), #, are independent copies of # .

On the other hand, by Proposition P.2, A,W, 11 also converges weakly (along the same
subsequence) to # . Therefore,

Wl eV,

[ul=1

This is the same equation for £* in (B.f). Since (B.J) has a unique solution up to a scale
change, and since E(#'/2) = 1, we have

(9.6) W ey £

where ¢y = [E{(¢*)/2}]72. The uniqueness (in law) of # shows that \,W, converges
weakly to # when n — oo. Since by (B.3), P{W,, > 0} = P{.%,} — P{.¥} = P{¢* > 0},

it follows that # > 0 a.s., conditionally upon the system’s survival. O
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10 Appendix: proof of Proposition 2-1

We start with a simple preliminary result. For any individual v € TV, we write [e, u] =
{e =t uo,ur,ug, -+ -, up = u}, with |uy| = k, V0 < k < |uf. Recall 7, Q and %, from
Section B Let %, :={u € % : |u| =k}, k > 1.

Lemma 10.1 Fizn > 1. For 1 < k < mn, let fp : % x Q — R, be such that Yu € %,
fr(u, ®) is F,-measurable. Then

(10.1) Bq{ [T fitwi™} =B{ 3" " ] filu)}-
k=1 |u|l=n k=1
Proof. The expectation expression on the left-hand side is

- EQ{ luznl{wﬁfﬂu} gfk(w,in))} - EQ{ Z 1{w£ﬁ>:u} gfk(uk)}’

|u|l=n

which, by the definition of w{", equals EQ{ZM:N# [I—; fu(ug)}. This implies the
lemma using the definition of Q. O

We now proceed to the proof of Proposition P.1].

Proof of Proposition [2.1. We start with the proof of (i). It suffice to check that

EQ{f[eXp (= X eavw) - nave™)}

(10.2) - ﬁEQ{eXp<— 3 @k(AV(x))—)\kAV(w§1)))},
k=1 zes V)

for any positive Borel functions ¢1, @9, - -+, ¢, and any real numbers A;, Ay, -+ -, Aj.
For any individual |v] > 1, let

(10.3) IW) = {z:z="1,1#0}
(104)  @u(v) = exp ( - or(AV (2)) — )\kAV(vk)>, 1< k< ul.

[In words, .#(v) is the set of the brothers of v; in particular, f(w,gn)) = fk(")] Thus ([0.2)
can be rewritten as

(10.5) EQ{ ﬁ¢k<w,g">)} - f[EQ{ exp ( - Y aAV(@) - AkAV(wi”))}.

JCEJ’I(I)
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To prove ([[0.5), we observe that by ([0.1]),

EQ{ 11 q)k<wl(cn)>} = E{ d e "]] (I)k<uk)}
k=1 lul=n k=1
Of course,
n n—1
Z e~V H Dy (uy,) = Z e V() H @y (vg) e~ [V(w)-V ()] @, ().
|u|=n k=1 |lv|=n—1 k=1 w u=v

By the branching property (see Neveu [27]),

E{ Z e V) H Dy (uy) ‘fn,l} = Z eV H Dy (vg),

3

|ul=n k=1 lu|=n—1
where
b, = E{ Z e V@ exp ( - Z on(AV (y)) — )\HAV(x)> }
2l =1 lyl=1, yz
Therefore,
EQ{Hcpk }_b E{ S e—wwﬁ@k(vk)}_b EQ{chk (n=1)) }
v|=n—1 k=1

the last identity being a consequence of ([[0.1)). By induction, we obtain: Eq{[[_, q)k(w,g"))} =
[T;—, bk, where

o= B{ > e~ D alAVE) - MAV(@)) }
|z|=1 ly|=1, y#x
= Eofew (- X wuavy) - nave)}.
yeﬂl(l)

(We used ([[0.1]) again in the last equality.) This yields ([[0.5), thus part (i) of Proposition
Rl

We now turn to the proof of part (ii) of the proposition. Recall that the vertices of the
Galton-Watson tree TV are elements of % = {0} U |J,~,(N*)". We need to check that

n

EQ{H IT et [T G S gok(AV(x)),AV(w,g")),w,g"),fk("))}

k=1 e g B=1 e

(10.6) = {H [T Hoel) TTGRC Y wr(@V@), AV (™), uf”, .7},

(n) k=1 (n)
TES, " mefk”

:]:
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where 1, @9, - -+, @, are positive Borel functions, (h,, © € %) measurable functions Q0 —
R,, Gl, -+ @, positive Borel functionals on R, x R x % x U?’;O?/@, and H;(z) :=
Jo ha dP( ) (for j > 0and x € %).

To Check ([0.G), we see by Lemma [0.]] that the expression on the left-hand side is

B{ S T II ™ I6d 3 aave ) AV (i), un, () }.
|u|=n k=1zec.9 (uy) k=1 z€S (ug)

where .#(-) is defined in ([0.3). The integrand within E{---} on the left-hand side is (vz
being the concatenated word of v € % and z € %)

> e H ha(T DG Y @i(AV (@), AV (v),0, 7 (v)) x

lv|=1 zeS (v xeﬂ(v)

DS ) e
yeTGW, Jylo=n—1 l=1 27 (ye)

CTLGen( S en(AVi(=)), AVa(we), vy v.70(e)).
= ZGﬂU(yg)

where, for y € TSY with |y|, =n — 1, {e =: Yo, Y1, -, Yn—1 := y} denotes the shortest path
on TSV relating e and y, with |y, = £ for 1 < £ < n—1, F(y) = {z € TSV : 7 =
Yo-1, 2 # Yo}, and vI(ye) = {va : © € I(ye)} = I (vye).-

The conditional expectation (under P) of the above expression given % is, by the branch-
ing property,

SV [T Hoa@)Gi( Y @i AV(), AV(), 0, 7 (0) Ty 1 (0),

lv|=1 zeS (v) z€SF(v)
where, for any x € %,

U, () = E{ Y eV H ] he- (T2

|y\*n 1 =1 z€.7(yy)

xHGM S° era(AV(), AV (ye), 2y, .5 () }-

2€5(ye)

Using the argument backwards, we obtain:

Bq{ [T IT h.(ms" 6 Y alav DAV (), w”, 7))

k=1 g p™ k=1 pepl™
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= Eo{ [ Hual@)Gi( Y er(AV (@), AV (") wf”, 7)) x

ze.s{™ zes{™
T T Hoste Hak > eav@), av(),ul, 2"}
k=2 pep(™ zes™

Iterating the procedure by gradually conditioning on %y, %3, - - -, and .%,, this yields ([[0.9),
and thus part (ii) of Proposition P.1]. O
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