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in branching random walks,

and directed polymers on disordered trees
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Summary. We establish a second-order almost sure limit theorem for
the minimal position in a one-dimensional super-critical branching random
walk, and also prove a martingale convergence theorem which answers a
question of Biggins and Kyprianou [[{]. Our method applies furthermore to
the study of directed polymers on a disordered tree; in particular, we give a
rigorous proof of a phase transition phenomenon for the partition function,
described by Derrida and Spohn [[[J].
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1 Introduction

1.1 Branching random walk and martingale convergence

We consider a branching random walk on the real line R. Initially, a particle sits at the
origin. Its children form the first generation; their displacements from the origin correspond
to a point process on the line. These children have children of their own (who form the
second generation), and behave — relative to their respective positions — like independent
copies of the initial particle. And so on.

We write |u| = n if an individual w is in the n-th generation, and denote its position by
V(). (In particular, for the initial ancestor e, we have V(e) = 0.) We assume throughout



the paper that there exists a constant C' > 0 such that sup,_; [V (u)| < C. For technical
reasons, we also assume that

(1.1) E{( Z I)H(S } < 00, for some 6 > 0,

lul=1

where E denotes expectation with respect to P, the law of the branching random walk.
Let us define the (logarithmic) moment generating function

P(t) = logE{ Z e_tv(“)}, t>0.

lul=1

Following Biggins and Kyprianou [[], we assume

(1.2) G0) >0, B(1)=¥/(1)=0.

Since the number of particles in each generation forms a Galton-Watson tree, the assumption
¥(0) > 0 in ([.2) says that this Galton-Watson tree is super-critical.

In the study of the branching random walk, there is a fundamental martingale, defined
as follows:

(1.3) Wy=>Y V™ n=0,12---
|ul=n
Since W,, > 0, it converges almost surely.

When /(1) < 0, it is proved by Biggins and Kyprianou [[]] that there exists a sequence
of constants (a,) such that IZ—: converges in probability to a non-degenerate limit which is
(strictly) positive upon the survival of the system. This is called the Seneta—Heyde norming
in [{] for branching random walk, referring to Seneta [R9] and Heyde [[[7] on the rate of
convergence in the classic Kesten—Stigum theorem for Galton—Watson processes.

The case ¢/(1) = 0 is more delicate. In this case, it is known (Lyons [BJ]) that W,, — 0
almost surely. The following question is raised in Biggins and Kyprianou [[]: are there
deterministic normalizers (a,) such that ZV—: converges?

We aim at answering this question.

Theorem 1.1 Assume (1) and (.Y). There erists a deterministic positive sequence (\,)
with 0 < liminf,,_ o % < limsup,,_, ., n);’;g < 00, such that conditionally on the system’s
survival, \,W,, converges in distribution to W, with # > 0 a.s. The distribution of W is

gwen in (6.11)).

The almost sure behaviour of W), is described in Theorem [.3 below. The two theorems
together give a clear image of the asymptotics of W,,.
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1.2 The minimal position in the branching random walk

A natural question in the study of branching random walks is about inf|,|—, V'(u), the position
of the leftmost individual in the n-th generation. In the literature, the concentration (in terms
of tightness or even weak convergence) of inf ,—, V' (u) around its median/quantiles had been
studied by many authors. See for example Bachmann [], Bramson and Zeitouni [[L1], as well
as Section 5 of the survey paper by Aldous and Bandyopadhyay [f]. We also mention the
recent paper of Lifshits [2(], where an example of branching random walk is constructed
such that infj,—, V (u) — median({infj,—, V' (u)}) is tight but does not converge weakly.

We are interested in the asymptotic speed of inf|,—, V(u). Under assumption ([.9), it is
known that

1

(1.4) — ‘i?f V(u) — 0, a.s.
n |ul=n

(1.5) inf V(u) — o0, a.s.

[ul=n

The “law of large numbers” in ([[.4) is a classic result, and can be found in Hammersley [[4],
Kingman [[[§], Biggins [fl]. The system’s transience to the right, stated in ([[.5), follows from
the fact that W,, — 0, a.s.

A refinement of ([.4)) is obtained by McDiarmid [B5]: there exists a constant ¢; < oo such
that

lim sup inf V(u) < ¢y, a.s.
n—oo 10gMN |ul=n

We intend to determine the exact rate at which inf},—, V' (u) goes to infinity.

Theorem 1.2 Assume ([J]) and ([.F). Conditionally on the system’s survival, we have

a.s.

Some brief comments on ([[.2) are in order. In general (i.e., without assuming (1) =
¢/(1) = 0), the law of large numbers ([4) reads + inf},—, V(u) — ¢, a.s. (conditionally on
the system’s survival), where ¢ := inf{a € R : g(a) > 0}, with g(a) := inf;>o{ta + ¢(¢)}. If

(1.6) () = (")
for some ¢, € (0, c0), then the branching random walk associated with the point process
V(u) :=t*V(u) + ¥(t*)|u| satisfies ([.3). That is, as long as ([[.G) has a solution, the study
will boil down to the case ([.).

It is, however, possible that ([.6)) has no solution. In such a situation, Theorem [[.9 does

not apply. For example, a class of branching random walks is exhibited in Bramson [[{], for
which inf|,—, V' (u) has an exotic loglogn behaviour.
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We also mention that Addario-Berry [l] obtains a very precise asymptotic estimate of
E[inf},)=, V (u)] under suitable assumptions.

In the case of branching Brownian motion, the analogue of Theorem [[. was proved by
Bramson [fJ], by means of some powerful explicit analysis.

1.3 Directed polymers on a disordered tree

The following model is borrowed from the well-known paper of Derrida and Spohn [[3]:
Let T be a rooted Cayley tree; we study all self-avoiding walks (= directed polymers) of n
steps on T starting from the root. To each edge of the tree, is attached a random variable
(= potential). We assume that these random variables are independent and identically
distributed. For each walk w, its energy E(w) is the sum of the potentials of the edges
visited by the walk. So the partition function is

Ly 1= Z e PEW),

where the sum is over all self-avoiding walks of n steps on T, and > 0 is the inverse
temperature.

More generally, we take T to be a Galton—Watson tree, and observe that the energy E(w)
corresponds to (the partial sum of) the branching random walk described in the previous
sections. The associated partition function becomes

(1.7) Wagi=> eVt g0
|u|=n

Clearly, when § =1, W, ; is just the W, defined in (L.3).

If 0 < B < 1, the study of W, g boils down to the case ¢'(1) < 0 which was investigated
by Biggins and Kyprianou [ff]. In particular, conditionally on the system’s survival, E{WT%
converges almost surely to a (strictly) positive random variable. ’

We study the case § > 1 in the present paper.

Theorem 1.3 Assume ([1)) and ([.2). Conditionally on the system’s survival, we have
(1.8) W, = n /e a.s.
(1.9) Wos = n38/2te) a.s. (B>1)

Thus, there is a phase transition of the partition function at g = 1.
The remark on ([.9), stated after Theorem [L.9, applies to Theorem [.3 as well.



The rest of the paper is as follows. In Section P, we introduce a change-of-measures
formula (Proposition P.)) in terms of spines on marked trees. This formula will be of frequent
use throughout the paper, its proof being postponed until Section []. Section [J contains a
few preliminary results of the lower tail probability of the martingale W,,. Theorems [[.3, [.2
and [[.] are proved in Sections [, {§ and [, respectively.

Throughout the paper, we write ¢ := P{the system’s survival} € (0, 1). The letter ¢
with a subscript denotes finite and (strictly) positive constants. We also use the notation

Yp:=0and]J[,:=1

2 Marked trees and spines

This section is devoted to a change-of-measures result (Proposition R.1) on marked trees in
terms of spines. The material of this section has been presented in the literature in various
forms, see for example Chauvin et al. [[J], Lyons et al. 4], Biggins and Kyprianou [f,
Hardy and Harris [[5]. Our approach has the the advantages of: (1) allowing the branching
random walk to die out; (2) allowing multiple points in the point process governing the
branching random walk; and (3) defining the spines backwards.

There is a one-to-one correspondence between branching random walks and marked trees.
Let us first introduce some notation. We label individuals in the branching random walk by
their line of descent, so if u = i1+, € % = {0} U, (N*)* (where N* := {1,2,---}),
then v is the 4,-th child of the ,,_;-th child of ... of the ¢;-th child of the initial ancestor e.
It is sometimes convenient to consider an element u € % as a “word” of length |u|, with ()
corresponding to the initial ancestor e; by an abuse of notation, we identify an individual u
with its corresponding word.

If u, v € %, we denote by uv the concatenated word, with ul) = Qu = u.

Let 7 = {(u,V(u)): w€ %,V :% — R}. Let Q be Neveu's space of marked trees,
which consists of all the subsets w of % such that the first component of w is a tree. [Recall
that a tree ¢ is a subset of % satisfying: (i) 0 € ¢; (ii) if uj € t for some j € N*, then u € ¢;
(iii) if w € t, then uj € t if and only if 1 < j < 1, (¢) for some non-negative integer v,(t).]

Let T : Q — Q be the identity application. According to Neveu [f], there exists a
probability P on €2 such that the law of T under P is the law of the branching random walk
described in the introduction.

Let us make a more intuitive presentation. For any w € €, let

(2.1) T“V(w) := the set of individuals ever born in w,
(2.2) T(w) = {(u,V(w)), u€ TVw), V such that (u,V(u)) € w}.
[Of course, T(w) = w.] In words, TY is a Galton—Watson tree, with the population members

as the vertices, whereas the marked tree T corresponds to the branching random walk. It is
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more convenient to write (2.2) in an informal way:
T ={(u,V(u)), ueT"}.
For any u € TV, the shifted Galton—Watson subtree generated by w is
(2.3) TV :={rx € % : ux € TV}
[By shifted, we mean that TSW is also rooted at e.] For any x € TSV, let
(2.4) 2l = [uz] - |ul,
(2.5) Vu(z) = V(uz)—V(u).

As such, |z, stands for the (relative) generation of = as a vertex of the Galton—-Watson tree
TSW, and (Vi (x), = € TSY) the branching random walk which corresponds to the shifted

u )

marked subtree
T, = {(z,Vu(x)), x € TSV} .
Let Z#, .= c{(u,V(u)), u € TV, |u] < n}, which is the o-algebra induced by the first n
generations of the branching random walk. Let .., be the o-algebra induced by the whole

branching random walk.
We assume ([.2). Let Q be a probability on € such that for any n > 1,

(2.6) Qlz, =W, eP|z,..

Fix n > 1. Let wY" be a random variable taking values in {u € TV, |u| = n} such that for
any [u] = n,

) — oyl F. b= e V'

2.7 { n) ‘ oo} - .

(2.7) Qiw,) =u W

We write [e, wr(L")]] ={e = wé"),wgn),wén), . ~,w7(1")} for the shortest path in TSW relating

the root e to w\”, with |w,(€")| =k forany 1 <k <n.

For any individual u € TV\{e}, let u be the parent of u in TV, and

For 1 < k < n, we write
(2.8) FARES {u eTV: |ul=k, u=uwl, u wlg")} :

In words, fk(") is the set of children of w,(:_)l except w,(gn), or equivalently, the set of the

)

brothers of w,g" , and is possibly empty. Finally, let us introduce the following sigma-algebra:

(2.9) 9= of 3 davirn V), wf?, £ 1<k <n).

mefk(”)



We present the main result of the section, with § denoting the Dirac measure. For any
marked tree T, we define its truncation T™ at level n by T™ := {(x, V (z)), x € TV, || < n}.

Proposition 2.1 Assume ([.3) and fiz n > 1. Under probability Q,
(i) the random variables (3 _ ) dav(a), AV(w,gn))), 1 <k <n, arei.i.d., distributed as

“k
(% davian AV(uiV));
(ii) conditionally on %,, the truncated shifted marked subtrees T;‘““", forx € nglfk(n),
are independent; the conditional distribution of Th "™ (for any x € Up_, 2™ ) under Q given

4, , identical to

the distribution of T" 1l under P.

The proof of Proposition P.1] is postponed to Section [q.

\ z (n) [ \
| VRN w2 | |
| | | | / \ | n |y‘ |
| — | | / \ (| A
I Te I / \ I( ) 1Y |
| | \ n I |
[ I rn—|z| | ws [ [
[ | Tz | : |
| | | /—\ |
| | | =< — | |
| | , /7 (n) t ,
/ \ w
’I | | | \ 4 \l ’1
| | I I | - \ |
k | ] [ | et \ /
\ / \ / | I o’ \ /
\ / \ / -
\\ // \ / \ / w(”) \\ //
Nl N N L B T N

The truncated shifted subtrees TZ_W,TZ_M, T

Figure 1: Spine;

are actually roo

ted at e.

In general, the (non-truncated) shifted marked subtrees T, for = € Uzzlfk(n), are not

conditionally independent under Q given ¥,,.
Throughout the paper, let ((S;, 0;), ¢ > 1) be such that (S; — S;_1, 0; — 0;_1), for i > 1
(with Sy = 0¢ =: 0), are i.i.d. random vectors under Q and distributed as (V(wgl)), #fl(l)).



Corollary 2.2 Assume ([.3) and fiz n > 1.

(i) Under Q, (V(w™),#2™), 1 < k < n) is distributed as ((Sy,0x), 1 < k <n). In
particular, under Q, (V(w,(cn)), 1 <k <n) is distributed as (Sk, 1 <k <mn).

(ii) We have Eq{S1} = 0. More generally, for any measurable function F: R — R,

(2.10) Eq {F(5))} = E{ S e’v(“)F(V(u))}.

lul=1

Proof. The first part of the corollary is an immediate consequence of Proposition -] (i). To
prove (B.10), we observe that by (B.7),

Bq {FV(u")} =Bo{ 30 FV() 1p_,)} =Ba{ 3 PV},

lul=1 Ju|=1

which is E{}_, _, e VW F(V(u))} by the definition of Q. This implies (2.I(). The fact that

Eq(S;) = 0 follows from ([[.3) and (B.10).
We mention that (E-I0) can also be found in Biggins and Kyprianou [ O

Corollary 2.3 Assume ([.T) and ([.3). Let 6 > 0 be as in (L.1)). Then for anyn >k > 1,

Eq {(#4")} =Eq {(#4")'} <.

Proof. The identity follows from Proposition B.]] (i). It remains to check EQ{(#Jl(l))‘S} <
By definition, EQ{(Z\U|:1 1)5} = E{(Z|u\:1 1)5W1} = E{(Z\u|:1 1)5 Z|v|:1 er(v)}
e¢ E{(> .= 1)1} < oo (by (). Since #fl(l) = (2ju=1 1) — 1, we are done.
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3 Preliminary: small values of IV,

This preliminary section is devoted to the study of the small values of W,,. We define two
important events:

(3.1) & = {the system’s ultimate survival } ,
(3.2) “n = {the system’s survival after n generations } = {W,, > 0}.

Clearly, ./ C .. Recall (see for example Harris [[[d], p. 16) that for some constant ¢, and
alln > 1,
(3.3) P{s/\7} <e "

Here is the main result of the section.



Proposition 3.1 For any € > 0, there exists k > 0 such that for all sufficiently large n,

(3.4) P {n1/2wn <n

y} <exp (—n").

The proof of Proposition B.J] relies on Neveu’s multiplicative martingale. Recall that
under assumption ([[.2), there exists a non-negative random variable £*, with P{¢* > 0} > 0,
such that

(3.5) I Z gre~V W),
Ju|=1
where, given {(u,V(u)), |u| = 1}, & are independent copies of £*, and W2 stands for

identity in distribution. Moreover, there is uniqueness of the distribution of £* up to a scale
change (see Liu [B1]); in the rest of the paper, we take the version of £* as the unique one
satisfying E{e "} = 1.

Let us introduce the Laplace transform of &*:

(3.6) e (t) =E{e ™}, t>0.

Let

(3.7) Wy .= H ©*(e”V W), n > 1.
|u|=n

The process (W, n > 1) is also a martingale (Liu [21)). Following Neveu 7], we call W*
an associated “multiplicative martingale”.

The martingale W being bounded, it converges almost surely (when n — 00) to, say,
W2 . Let us recall from Liu 2] that

(3.9) log (@1@)) ~ tlog G) —

We first prove the following estimates:

Lemma 3.2 There exist k > 0 and ag > 1 such that for any a > ag,

(3.10) E{(WL)*| WL <1} <exp(—a"), Va > ay.

Lemma 3.3 Let k > 0 and ag > 1 be as in Lemma B.3. Then

E{(W1,} <e ™™ +e 2 Vn > 1, Ya > a.



Proof of Lemma [3.3. [The best possible value of x is given by Liu [RZ], under the additional
assumption that {u, |u| = 1} contains at least two elements almost surely.|
In view of (B.§), it suffices to show that

(3.11) E{e ™ & >0} <exp(—a"), a > ap.

Recall that ¢ = P{&* = 0} is the system’s extinction probability. It is well-known for
Galton-Watson trees that ¢ satisfies E(¢") = ¢, see for example Harris [[f], p. 7. Then

et =E{e ™} =g+ (1—-qE{e ¢ >0}.

Let € be a random variable such that E{e_tg} =E{e % |¢&* >0} forany t > 0. Let Y be a
random variable independent of everything else, such that P{Y =0} =¢=1—-P{Y =1}.
Then £* and Y¢ have the same law, and by (B.5), so do &* and EM:le*V(“)Yufu, where,
given {u, |u| =1}, (Y,, &) are independent copies of (Y, ), independent of {V'(u), |u| = 1}.
Since {1, e”VWY,E, > 0} = {>_)u=1 Yu > 0}, this leads to:

E{e”f} _ E{e_tz\“\:le_w“m& Z Y, > 0}’ t>0.

|u|=1

Let 1(t) := —log E{e_tg}, t > 0; thus e ¥ = E{e_tg}. Since V(u) < C for |u| =1, we
have

e*@(t) < E{e*tefc ¥ juj=1 Yubu

R 0} _ E{e*Zwuw:ﬁ(tYue’C) ’ SV, > 0}.

lul=1 lul=1

~

Note that 121\(0) = 0, thus >Z,_; @(tYue—C) (te=©) > juj=1 Yu- As a consequence, by

writing h(t) := — log E{e X =1 Yv | > juj=1 Yu > 0}, £ >0, we have eVt < e=h(Bte™ ) e
(3.12) () > h(p(te™©)), Vi > 0.

The function h is smooth and convex on Ry, with A(0) = 0. Thus h(t) > K'(0)t for
all t > 0. Since P{Y,_, Yy > 0} = P{Y,_, e VY,§, > 0} = P{¢" > 0} = 1 —¢,
we have 7/(0) = E{>_,,_; Yu | 2 u=1 Y >,\0} = %2\’ where m := E{}_,,_; 1}. This yileds
h(t) > mt, t > 0. In view of (B13), we get () > ma)(te=), Vt > 0. Iterating the inequality,
we see that () > m™(te=™), for n > 1 and ¢ > 0. In particular, 1)(e“™) > m™(1). Since
m > 1 (assumption (L)), this yields (B.11), and completes the proof of Lemma B.2. O

Proof of Lemma [B.3. Let a > 1. Since (W), n > 0) is a bounded submartingale,
E{W )1y } <E{(W%)*1y, }. Recall that W2 < 1; thus

E{W;)" 15} SE{(WL)" 15} + P{S\T}.
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By B3), P{.\} < e " On the other hand, since .¥ = {W% < 1}, we have
E{(W%)*15} = E{(W%)" Lyws <13}, which, according to (B-I0), is bounded by e™*", for
a > ag. Lemma .3 is proved. O

We are now ready for the proof of Proposition B.1].

Proof of Proposition [5-1. Let cs > 0 be such that P{¢* < ¢3} > 1. Then ¢*(t) = E{e *"} >
e P{E* < ¢z} > e ", and thus log(@%(t)) < c3t +log 2. Together with (B.9), this yields,
on the event .%,,,

n(i) - Zve(oom)

< Z 1{V(u)21}C4V(u)eiv(u) + Z 1{V(u)<1} (Cgeiv(u) + log 2) .

|ul=n |u|l=n
Since Wy, = 7,1, V() we obtain, on .7, for any A > 1,
1 —V(u
(313) lOg (W;) < Cs )\Wn + ¢4 ; 1{V(u)2)\}v<u)e V( )’

where c¢5 := ¢3 + ¢4 + elog 2. Note that ¢4 and ¢5 do not depend on .
Let 0 <y < 1. Since .¥ C ., it follows that for ¢g := ¢4 + cs,

P{AWn<y)yn}
< P{log(ml/><c6y’y}+P{ZI{VU)>)\}V( ) “)Zy’yn}
" lul=

(3.14) = RHS{g + RHSFD),

with obvious notation.
Recall that P(.#,) > P(.¥) = 1 — q. By Chebyshev’s inequality,

RHS]L@<eCGE{ l/y\y}<—E{ 1/yl/}
An application of Lemma B.3 yields that for n > 1 and 0 <y < =
(3.15) RSk 1) < — [V +een]

—q

11



To estimate RHS?@), we use the trivial inequality V(u) < Cn for |u| = n, to see that

1 —V(u
RHSED < 1—_qP{Cn > Lwwsne ™ > y)

|ul=n

{ > Lvsne “)}-

|ul=n

(1—q)y

s “V(u (u n
By definition, E{3",,_, Livws>re Vi = EQ{> = Livw=xn M‘; '} = QV(w) >
A}, which, according to Corollary B3 (i), equals P{S > A\}. Therefore, if A > n'/?
then E{Z\m:n 1{‘/(“)2,\}6*‘/(”)} < e=<\/n for some constant ;. Accordingly, RHS@) <

—e7A2/n
%. Together with (B.14) and (B.17), it yields that, for 0 < y < % and A > n'/?2 > 1,

e“s . Cne c¥*/n
e o] T
q (1—q)y

Let y := 2%+ and X := n'/227%/+2) The inequality becomes: for 0 < 2 < 1 and n > 1,

P{AWn<y)yn}g

Cc6 C’I’L 8707/1.211/(1%%2)
I~ (1= qa?l

This readily yields Proposition B.1]. O

(3.16) P {nl/QWn <u ] ,Vn} < [efl/x2~/<~+2>

+ e*””] +

Remark. Recall that W, > e “" on .%,. A consequence of (B.1f) (noting that we can

replace C"e)((f ( q;gﬁiﬁ; ) by C"e)((f ( q;gﬁiﬁ; ) A1 on the right-hand side) is that for any
0<s <@,
1
(3.17) E{ o 1%} < p/Dre) oo
We will make use of this estimate several times. O

We complete this section with the following estimate which will be useful in the proof of
Proposition .2

Lemma 3.4 For any 0 <s <1,

(3.18) il;}il)E{(log WL;)S } < 0.

Proof of Lemma [7]. Let x > 1. By Chebyshev’s inequality, P{log(5=) > 2} = P{e"W; <
1} < eE{e®""}. Since W} is a martingale, it follows from Jensen’s inequality that
E{e Wi} < E{e "W} < P{W} < e %2} + exp(—e®/?). Therefore,

(3.19) P{ log(%) > a:} <eP{W: <e™®?} +exp (1 - em/2>.

n
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On the other hand, by integration by parts, [~ e WP (&* > y)dy = le(‘th&*) = lf‘i* ®
which, according to (Bg), is < cslog(}) for 0 < t < 1. Therefore, for a > 2, csloga >
[ Te VP& > y)dy > [ eV P(&* > a)dy = (1 — e 1)aP(* > a). That is, P(¢* > a) <

Cy 105 % or equivalently, P(W2 < e™%) < ¢ %% for a > 2. Substituting this in (BT9) gives

a

that, for any = > 4,

P{ log(%) > :1:} < ¢io % + exp (1 — em/2>,

n

where ¢ := 2e ¢g. Lemma B.4 follows immediately. O

4 Proof of Theorem

This section is devoted to the proof of Theorem [.3. Let W, 5:= 3", _, e V(W as in (7).
The main step in the proof of Theorem [[.J is the following moment estimate.

Theorem 4.1 Assume (1)) and (T2). Let 3 > 1. For any 0 <1 < %, we have
(4.1) E {W;B} = p3r8/2 1), n — oo.
Before proving Theorem [, we need two preliminary results.
Lemma 4.2 Let X, Xs, ---, Xy be independent non-negative random variables, and let
Ty = le\il X;. For any non-increasing function F : (0, co) — R, we have

E{F(Tx) l{ry>01} < max E{F(X;)|X; > 0}.

1<i<N

Moreover,
N
E{F(Tn)l{ry>01} < Z VE{F(X) 1ix,505 }
i=1
where b := maxXj<i<n P{XZ = 0}
Proof. Let 7 := min{i > 1 : X; > 0} (with min@ := oo). Then E{F(Ty)l{ry>01} =

Ziil E {F(Ty)1{—y}. Since F is non-increasing, we have F(Ty) 1i;— < F(X;) 1y =
F(X;) 1(x,50y 1{x,=0, vj<i}- By independence, this leads to

N
E{F(Ty) Lirys0} < Y E{F(X) Lixs0 } P{X; =0, V) < i}

i=1

13



This yields immediately the second inequality of the lemma, since P{X; =0, Vj < i} < b1
To prove the first inequality of the lemma, we observe that E{F (X;) 11x,501} < P{X; >
0} max;<x<y E{F(X%) | X > 0}. Therefore,

E {F(Ty) Lizys0p} < max B{F(X})| X}, >0} ) P{X; > 0}P{X; =0, Vj < i}.

1<k<N -
i=1

The ZN -+ expression on the right-hand side is = Zf\il P{X;,>0, X;=0,Vj<i}=

i=1"

Zﬁvzl P{r =i} =P{Tx > 0} < 1. This yields the first inequality of the lemma. O

To state our second lemma, let w™ € [e, w,(ln)[ be a vertex such that

(4.2) V(w™)= min V(u).

o ue[[e,wgln)[[
[If there are several such vertices, we choose, say, the oldest.] The following estimate gives a
(stochastic) lower bound for =*— under Q outside a “small” set. We recall that W, 5 > 0,

Wy
Q-almost surely (but not necessarily P-almost surely).

Lemma 4.3 Let 3 > 0 and K > 0. There exist 0 > 0 and ng < oo such that for n > ny

and z € R,
0

{ e AV (™)
Wy

where E,, is a measurable event such that

1
> z, En} < —— max P{
1 — q1<k<n

>z, y/ﬁ})
k.8

1
n

Remark. We insist on the fact that ng does not depend on z. As a consequence, for any
non-decreasing function G : (0,00) — (0,00) and n > ny,

e AV (™) 1 n?
- < -
(43) EQ{G( W s )1E} =1_¢ @?an{G (Wkﬂ) 15@}-

We will later apply the lemma to a function G depending on n.

Proof of Lemma [[.3. Recall from (R.§) that fk(") is the set of the brothers of w,(gn). For any
pair 0 < k < n, we say that the level k is n-good if

fk(") # (0, and TSY survives at least n — k generations, Yu € fk("),

14



where TSW is the shifted Galton—Watson subtree generated by u (see (2:3)). By TSW sur-
viving at least n — k generations, we mean that there exists v € TSV such that |v|, =n —k
(see (B-4) for notation).

In words, k is n-good means any subtree generated by any of the brothers of w,gn) has

offspring for at least n — k generations.
Let ¢, be the sigma-algebra defined in (£.9). By Proposition -],

Q {k is n-good |%,} = 1 P{s *

o

where ., denotes the system’s survival after n generations (see (B.2)). Since P{.7, ,} >
P{.} = 1—¢q, whereas #fk(n) and #fl(l) have the same distribution under ) (Proposition

R1)), we have
. (1)
Q {k is n-good} > EQ{l{#jl(l)Zl} (1—¢q)*" } =cpy € (0, 1).

As a consequence, for all sufficiently large n and all 1 < ¢ < n, by Proposition again,

n—L k+0—1 n—{ k+£—1
Q{ U n {j is not n—good}} < Z H Q {j is not n-good}’ < n(1 — ¢y,
k=1 j=k k=1 j=k

which is bounded by ne=¢1* (using the inequality 1 — 2 < e2, for > 0). Let K > 0. We

take ¢ = {(n) := |c12logn]| with ¢5 1= %, and write

n—|ci2logn]| k+|ciz2logn]—1

(4.4) E, = ﬂ U {j is n-good}.

k=1 j=k

Thus, for large n,

(4.5) Q {En} >1— ne—cu(czlogn=1) _ 1 _ e

By definition,

n
us 3
j=1 uéfj-(n) 2€TGY, |zlu=n—j
LTy e e
S g PETGW, luznj

for any £ C {1,2,---,n}. We choose £ :={1<j<n: ‘j — \w(")\‘ < cpplogn}.

15



For u € ﬂj(") with some j € %, we have V(u) < V(w™) + C(eplogn +2) < V(w™) +
2Cc1zlogn (for large n). Writing 6 := 23C'cy, this leads to:

e V™) —BV (w™) e V™) —BV (w™)

Wi = > 2 >, M= > b
JEZL uE. f(”) :L'GTGW |m|u—nfj JEZL uE. f(”)

On the event E,,, we have Zje_g) Zue s & > 0. Therefore,
<7

e BV (™) n?
— o 1E. = Iiyicex 1y Eu>0}-
Wnﬁ Zje,% Zuefj(") &y jez uEKV; )

Let 9, be the sigma-algebra in (R.9). We observe that .Z and fj(") are ¢,-measurable.
Moreover, an application of Proposition P.1] tells us that under Q, conditionally on ¥,, the
random variables &,, u € fj("), J € 2, are independent, and distributed as W),,_; g under P.
We are thus entitled to apply Lemma (.3, to see that

e BV (™) 0
- < ,
Q{ W s >z, by, n} < %@(P{anﬁ >z ‘ Wa_jp > 0}
n?
< .
< o?l?anP{Wkﬂ > 2 ’ Wi > 0}
Since P{W}, 5 > 0} = P{.%;} > P{.¥} = 1 — ¢, this yields Lemma [L.3. O

We are now ready for the proof of Theorem [L.1. For the sake of clarity, the upper and
lower bounds are proved in distinct parts. Let us start with the upper bound.

Proof of Theorem [{.1: the upper bound. Fix 3 > 1. For any Z > 0 which is .#,-measurable,
e  PYViY) BV (u) —(B— u
we have E{W, 52} = Eq{}_ ., w2} = Bo{ X jy—n L@ B=DV) 71 and thus
(4.7) E{W, 52} = EQ{e*W*lW(w%"))Z}.
Let s € (%, 1), and A > 0. Then
1-s —(1—s)BX 1-s
E{Wnﬂ} < +E{Wnﬂ 1{Wn”3>n*ﬁ%}}

o~ (B=DV (w{”)
W

)

— n—(l—s)ﬁ)\ + EQ{ 1{Wn,ﬁ>n7BA}}'

BV (@w{™) 1

s — s—(B—
W 8 Wn,ﬁ

: (n)
Since e AV (wn) < W, 5, we have ; thus on the event {W,, 5 > n=},

e (

GOV g (DA

we have
Was

16



Let K := [3s — (6 — 1D]A+ (1 — s)BA, and let E, be the event in Lemma [.J. Since
Q(E¢) < n~K for all sufficiently large n (see Lemma [F3)), we obtain: for large n,

e~ (B—1)V (i)

E {Wé? < p (1798h 4 plBs=(B-DIA-K EQ{—S 1{Wn,5>n*f3>‘}ﬁEn}
n,p
~(B-1)V (wi”)
€
(48) = 20 Bo{ T Lo s,
n,p

We now estimate the expectation expression Eq{- - -} on the right-hand side of ({L.§). Let
a > 0and ¢ > b > 0 be constants such that (8—1)a > sfA+3 and [8s— (3—1)]b > 3. (The
choice of ¢ will be precised later on.) We recall that wﬁ{‘) € [e, wfln)[ satisfies V(y(”)) =

min, e o0 V' (u), and consider the following events:

B, = {V(w)>alogn} U {V(w) < -blogn},
Ey., {V(w ") < —plogn, V(w®™) > —blogn},
Esn {V(w™) > —plogn, V(w() <0},

Ey, = {V(Q(")) > —plogn, 0 < V(w™) < alogn} .

Clearly, U!_, E; ,, covers the whole space.
On the event E;,, N {W, 5 > n~"*}, we have either V(w,(ln)) > alogn, in which case

o= (B—DV(wi™)
Wi,
n _(B—1)V (™ n
Whp > e BV i) 16 see that % < elBs—(B-1)]V (i) < n~Bs=B=D (recalling that
n,B
fs > [ —1). Since sfA — (8 — 1)a < —3 and [Bs — (6 —1)]b > 2, we obtain:

< psA=(B-Da oy V(w,(ln)) < —blogn, in which case we use the trivial inequality

—(B-1)V (wi™)
e —
Q{—s 1E1,nﬂ{Wn’5>n76>‘}} S n 3/2.
n76

(4.9)

We now study the integral on E,, N {W, g > n_m} N E,. Since s > 0, we can chose

51> 0and 0 < sy < & such that s = s; + s55. We have, on Ey,, N {W, 3 > n=},

—(B-1)V (w V(w™)—(B—1)V (W) \—BsaV (w™ —BsaV (w(™
e BV V) GOV @ BVl et )

Wes W W Wi

Therefore, by an application of Lemma (or rather, by an application of (.3) to G(z) :=
x*2, x > (), we obtain: when n — oo,

o= (B=1)V (w) 1~ B520+(B=1)b+BAs1 520
Q{— 1g, .n{w, s>n-5 ﬂEn} < max E{—ly }
er,ﬁ 2 { BT } 1 — q 1<k<n W]:?ﬁ k
< pBs20+(B—1)b+BAs1+520+(s2/2)+0(1)
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the last inequality being a consequence of (B.17). We choose (and fix) the constant p so large
that —fs,0 + (8 — 1)b+ BAsy + 520 + % < —%. Therefore, for all large n,

B-1)V (wi™)

(410) EQ{—WS 1E2,nﬂ{Wn,B>n_ﬁ>‘}ﬂEn} S 7’1,_3/2.
n7ﬁ
n -1V (w( n
On Es,, since W, g > e*ﬁv(w% )), we have % < e Bs=(B-D]V(wn 2) < 1 (recalling
n,8

that Bs > [ —1). Therefore, by Corollary .3,

o~ (B—DV (W)
EQ{—S 1E3n} < Q(Esn) = Q{ min S, > —plogn, S, < 0}.
n,3 ’ 0<k<n

Since (Sg) is a centered random walk, the probability expression Q{---} on the right-hand
side is n~= /2 for n — co. Therefore,

~(B-1)V (wy")
(4.11) EQ{GW—S 1E3’n} < p~(/2+o(1),
n7ﬁ

Combining (£.9), (E.10) and (.11]) yields
(8- 1>V(w(">)
> ko’

Substituting this in (f.§), we see that

1Ei’nm{Wn B>n_m}ﬂEn} < n_(3/2)+0(1)’ 1 — 00,

W™
e A IR e WL
n,B =~ 4n +n + Q W Eyn{W, g>n—0A} (-
n7ﬁ

We make a partition of Ey,: let M > 2 be an integer, and let a; := iﬁa, 0<:< M. By
definition,

M-1

U {V(w™) > —plogn, a;logn < V(w™) < a4 logn} =: U Eyni.
i=0

Let 1 < i < M. There are two possible situations. First 81tuat10n a; < A. In this case,
(n)
we argue that on the event Ey,;, we have W, 5 > oAV (i) > Pt gnd e~ (B-DV(wn’) <

n_(g_l)(h’ thus © —(B ml/)SV( (n)y < ngaz_,_ls—(ﬁ—l)a, — nﬁals—(ﬁ—l)a,-‘rﬁsa/M < n[ﬁs—(ﬁ—l)])\-l—ﬁsa/M. Ac-

cordingly, in this situéution,

e~ (V@) [Bs5—(B—1)]\+Bsa/M
EQ{ Ws 1E4,n,i} <n ° o Q<E4,n,i)'
n76

18



e~ (B-DV (i)

Second (and last) situation: a; > A. We have, on Ey,; N {W, 5 > n=#}, ¢ W

pPrs=(B-1a:i < plBs—(B-DIA- thus, in this situation,

BV (wi™)

EQ{—S 1E4,n,m{wn,ﬁ>nfm}} < B -DNQ(E, ).
n76

We have therefore proved that

—(B-DV (wi”) —(B-1V (wi”)
EQ{ s 1E4,nﬁ{Wn,ﬁ>n*m}} - Z EQ{ W 1E4,n,iﬂ{Wn,ﬁ>"’m}}
n76 7[3

< n[ﬁs (8- 1)P\+ﬁsa/Mq<E4n).

By Corollary B2, Q(E,,) = P{ming<x<, Sp > —plogn, 0 < 5, < alogn} = n—(3/2)+o(1)
As a consequence,

E {W15°} < 2n707900 4 pp=(/2)+o(1) 4 plBs—(8=D\+isa/M—(3/2+o(1)

We choose \ := % Since M can be as large as possible, this yields the upper bound in
Theorem {.1 by posing 7 := 1 — s. O

Proof of Theorem [[.1: the lower bound. Let B > 1 and s € (1 — %, 1). By means of ({.4)
and the elementary inequality (a + b)'™* < '™ +b'~* (for a > 0 and b > 0), we have

Wiz < i Z e—(l—s)ﬁV(u)( Z e—ﬁvu(x)>ls

=1 ues™ 2€TGW, [z]u=n—j

CBie(ls)ﬁvwﬁ”)) 3 ( 3 e—ﬁvm))”,
j=1

ues ™ TETGY, lelu=n—j

IA

where ¢13 := e178¢ Let 4, be the sigma-algebra defined in (£J). Since V(w§")) and fj(")
for 1 < j <n, are ¥,,-measurable, it follows from Proposition P.J] (ii) that

EQ{W1;|g¢}<clgz (A=8V @ R A ),

7j=1

Let € > 0 be small, and let r := %(1 — )3 —e. By means of the already proved upper bound
for E(Wigs), this leads to:

n

—(1-s w(-n) . - n
(4.12) Eq {W!5' 1%} <cud e 09V m —j 4 1)

j=1
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DV (wi™)

Since E(Wé?) = EQ{e_(B_WT} (see (B7)), we have, by Jensen’s inequality (noticing
that V(wi") is &,-measurable),
o—(B=DV (W)

{Eq(W,, 5" | %)}/ }

E(W15) > Eq{

which, in view of ({.19), yields (with ¢;5 := 0;43/(175))

o~ (B=1)V ()

{En le—(l—s)ﬁ\/(w
]:

By Corollary .2 and in its notation, this leads to

E (W) > cisB { }
nB ) = Q (n) _ "
i M n—j+ 1)*”#%( J}a/(-2)

E (Wl ) E ef(ﬁfl)sn

nfs > c15 Q{ T - —— v — }

? {2(n—j+1)e (1-5)85; g, } s/ (1=5)

olBs—(3-1)]5,
= 615EQ{ o - — —— - }’
(S0 (k + 1)7re1=)85k ) } s/ (1)
where
Sk 1= Sn — Sn—k, Ok = Onr, 0<k<n-—1,

and §n = S,,. Let c16 > 0 be a small constant, and define

[n°)

Ef,l = m {gkg—clﬁkl/g}ﬂ{—Zna/QggmsJ S—TLE/Q},
k=1
N n—|n¢|—1 _ _
B, = {Sk < —[K3A(n— k)1/3]} N { — 2 < 5, e < —na/Q},
k=|n®]+1
n—1
5 ~ 3 3— ~ 3
Eig = - OEJH {Sk < §logn} N { 5 c logn < 5, < ilogn}.

Let
[n°]

Eil = n {5k < n3€/5}

k=0
n—|n®|
En, = n {5k < 6"6/4},
k=|nf]+1
n—1
Eig = ﬂ {5k < n35/6}.
k=n—|nc|+1
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On ﬂg’zl(EgiﬁEgi), we have 17 (k++1) 7"el=985:F, < ¢, n2HB/9) whereas el#s— (3115 >
nB3=)Bs=(B=I/2 (recalling that Bs > 3 — 1). Therefore, with cjg := 015/0%(1_5) and cig :=
2+ 2)=, i
(4.13) E (W, ) > cign e n@ -0 Qind_ (B, N E],)}.

We need to bound Q(ﬂg’zl(EEiﬂEii)) from below. For j < n, let E% be the sigma-algebra
generated by (Sy, 3x), 1 < k < j. Then Eﬁl, E;?’Q, EZ, and EJ, are {%L_Lnaj—measurable,

whereas E;ig is independent of ¢, ine|- Therefore,
Q(mig:l(E;iz N Efm) ‘ gnf Lnﬂ) Z [Q(Es,?) ‘ g”* L"ﬂ) + Q(EZ,?)) - 1] 1E§’10E§’20E5’10E;2'

It is easy to estimate Q(EJ3): since ¢y := Eq(0?) < oo (Corollary B-3), we have Q{o; >
n3%} < cyyn™%, and thus Q(Egg) = (Q{oy < N1 > (1 — cyen= 37 I-1 >
1 — cyyn~ 2. To estimate Q(E;%\g?_tnsj), we use the Markov property to see that, if
§n,LnEJ € I, := [-2n°/2, —n*/?], the conditional probability is (writing N := |[n¢])

3—¢

3 3
> inf Q{Sigilogn—z, Vi<i<N-—-1, logn—zgSNgilogn—z},

z€ly,

which is greater than N~(3/2+e(1)  Therefore,

Q(Ef,g | gT_WJ) + Q(E,i?)) 1 > Bere) _ 2 = = (3e/2F0(1)
As a consequence,
(4.14) QN (B N 7)Y = n G 0QUES N B, 0BT, NEY).

To estimate Q<E§,1 N E§,2 NEZ, NE7,), we condition on E?Lnfjv and note that E;ﬁl and
E;i1 are f%ns |-measurable, whereas EZ? is independent of ?gtns . Since Q(E§2|g~ms 1) =
n~ 32 “whereas Q(ET,) = [Q{o1 < en MY n2nt] > 1 — gyg e 2t > ) g
(for large n), we have

Q<E51 M ES,2 M Eg@ N Eg,2 | géVLnEJ) > [Q<E52 | g%nEJ) + Q(Efm) - 1] 1E§10Eg L
S p-/2400) 1 -

= 3 > .
EZ 1 NET 4

Thus, Q(E;i1 N E§72 NEZ, NES,) > n G2+ Q(Eﬁ1 N EZ,). Going back to (E14), we
have

n*(?’f—?/2)*(3/2)+0(1)Q(Ei1 N Eg,l)

> RERWQET ) + QUE],) — 1]

v

Q{Ni(En; N E7,)}
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We choose the constant ¢;6 > 0 sufficiently small so that Q( Efl) > = Be/2+o)  whereas
Q(Egl) = Q(E;fg) > 1 — cgy n%. Accordingly,

QN (ES,NE7)} > n 3@/t oo,

Substituting this into ({.13) yields

E (Wﬁgs) > c1gn~19¢ nB-oBs—(8-1)]/2), ~3e—(3/2)+o(1)
Since ¢ can be as small as possible, this implies the lower bound in Theorem [.]]. O

We now have all of the ingredients needed for the proof of Theorem [.3.

Proof of Theorem [[.3. We start with the proof of the upper bound in ([.9). Fix § > 1 and
e>0. Let 7 :=inf{j > 1: #{u: |u| =j} > 2}. On {7 < oo}, we have e #V(") > =" for
lu| = 7, and thus by (E8), Wy, > e 7 D ul=r 2oz eTOW, |alumn e #Vu(*) By the branching
property, this leads to:

P {7_ < 00, Wyirg > eCﬁrn—?,ﬁ/Q—i—e} < (P {Wn,g > n—36/2+6})3/€.
By the upper bound in (I and Chebyshev’s inequality, P{W,, 5 > n=3%/2*¢} < n=¢/2 for
large n; thus Y. (P{W, 3 > n=38/2+})3/¢ < oo. The upper bound in ([9) follows by an
application of the Borel-Cantelli lemma, and the fact that {r < o0} D .7.

To prove the lower bound in ([.9), we recall the Paley-Zygmund inequality: for any

non-negative random variable £, P{¢ > 1E({)} > igjéf) Therefore, if 0 < r < g, then

1 1 {E(W; 5)}°
P{W?" “E(W! }>_7”7: o(1)

the last identity being a consequence of (f1). Accordingly, P{W, 3 > n=3%/2FoM)} > pol),
Thus, by the elementary inequality 1 — 2 < e™* (for z > 0), we get

(4.15) P {W, 5 < n-38/2M) < o
Let ¢ > 0 and let 7, := inf{k > 1: #{u: |u] = k} > n*}. We have

P{T" <oo, min Wiyr, 5 < e_CﬁT”n_?’ﬁ/Q—E}
2

ke[Z,n]

Z P {7, <00, Wiir,p < e_CﬁT”n_?’ﬁ/Q_E}
ke[, n]

S (P {Wis < ¥ pt

ke[Z,n]

IN

IN
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By (L13), maxgen,  P{W}, 5 < n~38/27¢} < e for all sufficiently large n, say n > n.
Therefore, for n > ny,
P{Tn < 00, Ir#n ] Wiirns < e’CBT"n’?’ﬁ/Q’s} < nexp (—n"°[n*]),
5777/

which is summable in n. By the Borel-Cantelli lemma, P-almost surely for all large n, we
have either 7,, = oo, or minke[%vn} Wiir,.8 > e~ CPmnp—38/2—¢

Recall that the number of particles in each generation forms a Galton—-Watson tree, which
is super-critical under assumption ([L.2) (because m := E{}_ ,_;1} > 1). In particular,

conditionally on the system’s ultimate survival, %ﬁ‘:j} converges P-almost surely to a
2e logn
logm
almost surely. As a consequence, upon the system’s survival, we have, P-almost surely for

(strictly) positive random variable when j — oo, which implies 7, ~ (n — o0) P-

all large n,

Wn,ﬁ > H[lln | WkJrTn,B > efCﬁTnn735/2f€ > n735/27673055/10gm.
ke[g,n

This yields the desired lower bound in ([.9).
The proof of ([.§) goes along exactly the same lines, by means of Proposition (which
is going to be proved in Section fi) instead of Theorem [L.3. O

5 Proof of Theorem

Assume ([1)) and ([.7). Let 1 < 4 < By Since W, g, < W, 5, exp{— (82 — B1) infjyj= V (u) },
it follows from Theorem [[.J that, conditionally on the system’s survival,

|11L\n=fn V(u) < (g + 0(1)) logn, P-as.

On the other hand, W, 3 > exp{—ginf},—, V(u)}, so by the upper bound in Theorem
[[.3, we have, conditionally on the system’s survival,

inf V(u) > (g + 0(1)) logn, P-a.s.

lul=n

Theorem is proved. O

6 Proof of Theorem g1

The proof of Theorem [[.1] relies on two results, stated below as Propositions [6.9 and [b.3,

respectively. Proposition yields the tightness of (n'/2W,,, n > 1), whereas Proposition

b.d implies that WWL:T converges to 1 in probability (conditionally on the system’s survival).
We start with a lemma, which is a very simple variant of a result of Kozlov [I9].
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Lemma 6.1 Assume that {(Xg, nx), k > 1} is a sequence of i.i.d. random vectors defined
on (0, Z,P), with P{n > 0} =1 and E{n{} < oo for some 0 > 0. We assume that X, is
non-degenerate and bounded with E(X;) = 0, and set S,, :== X1+---+ X,, (forn >1). Then

. 1 .
(6.1) nanOlo E{ T S min Sk > O} = cg9 € (0, 00).
Proof. The lemma is an analogue of the identity (26) of Kozlov [[J], except that the dis-
tribution of our 7; is slightly different from that of Kozlov’s, which explains the moment
condition E{n?} < co: this condition will be seen to guarantee

1 1
6.2)  lim limsup E{ . _ _
02 ‘ L4+>0 me Sy 14370 mre

The identity (p-3), which plays the role of Kozlov’s Lemma 1 in [[J], is the key ingredient
in the proof of (6.1). Since the rest of the proof goes along the lines of [I9] with obvious
modifications, we only prove (6.2) here.

min S > 0} =0.
1<k<n

J—7X0  n—oo

Without loss of generality, we assume 6 < 1 (otherwise, we can replace 6 by 1). We
observe that for n > j, the integrand in (6.9) is non-negative, and is

n —Sk n —Sk n
. e . e [% [%
< Zkfj-f—l Tk < ( Zk7]+1 Tk ) < < Z T}ke_s'“> ’

T4 ke 1+ > nre Sk

which is bounded by >/ nfe=0 . Since P{minj<z<, Sy > 0} ~ cy3/n'/? (Bingham [{)),
we only need to check that

k=j+1

(63) hm lim sSup n1/2 Z E{nze_GSk 1{min1<i<n Si>0}} = 0.
J—70 n—oo h=j+1 -
Let j < k < n. Then {min;<;<, S; > 0} C {ming<;<,(S; — Sk) > —Sk}. By boundedness
of X1, we have S;,_1—C < 5, < S,._1+C for some constant C' > 0. Recall that S, = Ele X;
and that (X;, n;) are i.i.d. Therefore, the expectation term in (p.3) is bounded by

oC 0 —0S,_
€ E{%} E{e M 1{min1Si<k S;>0, minkSiSn(si_Sk)>_Sk—1_C}}'

By assumption, E{n!} = E{n} < co. Let (Y;, i > 1) be i.i.d. random variables distributed
as X, independent of (X;, ¢ > 1). Since Y] is non-degenerate with E(Y;) = 0, there
exists € > 0 such that P{Y; > ¢} > 0. Let N := Léj + 1. Then ¢y := P{min;<;<y ¥; >
0, i+ -+ Yy > C} > P{minj<;<y Y; > ¢} > 0. By independence,

—60Sk_1 . .
E{e 1{m1n1§i<k S;>0, ming<;<y (S;—Sk)>—SKL_1—C} }

= —1 EQ e k11 1
c € {min1<i<k S;>0, mink<¢<n(Si*Sk)>*Sk,170} {min1<i<N Y; >0, Y1+---+YN>C}
24 - T T
1

—0S,_
_E{e b 1{min1<i<n+N71 Si>0}}'
C24 -

IN
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Therefore,

lim sup lim sup nl/? Z E{T} e 05k Liming <<, S >0}}

j—oo n—o00 h=j+1
n—1
< o5 lim sup lim sup nl/? Z E{ —0Sk 1{m1n1<z<n+N LS >0}}
j—o00 n—00 k=)
which equals 0 by Lemma 1 of Kozlov [I9] (applied to n; = 1, V4). This yields (B.3)). O

Proposition 6.2 For any v € [0, 1), we have

(6.4) 0 < liminf E {(nlﬂwn)'y

n—0o0

} < limsup E {(nl/QWn)“’

n—oo

<o

Proof. The basic idea in the proof of Proposition .2 is the same as in the proof of Theorem

g

We first prove the upper bound, via n'/?2W,, <Y,,, where

Y, = Z (n1/2 vV (u)t) eV,

lul=n

Recall W* from (B7). Applying (BI3) to A = 1, we see that Y, > cs6log(3 ), with
C26 = +c . Thus P{Y, < z, .7,} < P{log(5= ) <oy It < eC%E{(W*)l/mlyn} which,
according to Lemma B.3, is bounded by e (e 1/ +e @) for 0 < x < 2 o oince Y, >e "
on .%,, this yields

(6.5) sup E{?ls ]_yn} < 00, Vs e (0

n>1

Co
)

We now fix 0 < s < min{3, 2}. Let K > 1 and let E, be the event in ([£4), satisfying
Q{E,} >1—n"¥ for large n (say n > ng). We write

E{(n'?W,)' 15} SE{(n*W,) *1snp, } +E{(n"*W,)" 15 }.

For n > no, B{W,*1p.} < [E{W, >} 2 [B{W, 15 }]'* = [E{W,">}]'2[Q{E;}]'? <
[E{W,}]1/2)=sn=K/2 which equals n=%/2 (since E{W,,} = 1). Therefore, for n — oo,

B{(n2 W) 10} BV, Lyom, b +o(1).

Exactly as in , we have E Ylfs 1y gt = Eqg{(n/2 VvV wﬁln) A 1z }+. Thus, for
n n n Q n n
n — 00,

(6.6) B{(n'*W,)"" 1,,} < Eq {(n/* + V({"))¥, "1z, } + (L)
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Recall that w™ € e, wgn)[[ is such that V(w™) = min
subset .Z C {1,2,---,n},

Y, > Z Z Z max {n'/?, V(z)*} e V™

JEZ ye ™) ETGW, [olu=n—j

XX max V@) V@) e,

I yeg(™ ZE€TGW, Jalu=n—j

n)[V(u). We have, for any

u€le,w

We choose .Z :={1<j<n: ’j - |w(")|’ < ciplogn} (¢12 being the constant in F,, defined
in (f4)), and observe that for any u € ﬂj(") (with j € £), we have |V (u) — V(w™)] <
C(crzlogn +2) < 2Ccplogn (for n > 2).

We now distinguish two possible situations, depending on whether V(w™) > —c,;logn,
where co7 = %JrZC'clg. In both situations, we consider a sufficiently large n and an arbitrary
we 7" (with j € £).

On {V(w(™) > —cyrlogn}, we have max{n'/2, [V (u)+ ( )N} > 4(n'/2vV,(2)T) (this
holds trivially in case V,,(z) < n'/?; otherwise [V (u)+V,(2)]* > Vi.(z) — (ca7 +2Cc12) logn >
iVu(2)"), and thus

Y, > _Z Z Y Z max{(n—j)l/Q, Vu(x)+}e_vu($)

je& ue.s; (n) 2€TSW, |z|y=n—j
- (n)
S LA LD SIS SR (TR AR Tl
je& ue. y(") 2€TSW, |z|y=n—j
e
= e )
=3 ueﬁ
If, however, V(w™) < —cyrlogn, then V(u) < —llogn, and since max{n'/?, [V (u) +

Vo(z)]*} > n'/2, we have, in this case,

Y, >0+ 3§ S e e 3N

€L ye s (M 2€TGW, |zlu=n—j I€Z ues™

Therefore, in both situations, we have (cog := 2°e?)

—S

6.7) Y. °1p < 028<Z DY gu)_len n n7<s/2>71<z 3 nu) 1p..

i€z ue.s\" J€Z ues ™

1>0,s0the(---)~*

=n—j

[By definition, on the event F,,, we have 3, Euejj(n) D2 eTOW, ]

expressions on the right-hand side are well-defined.]
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Recall ¢, from (.9). We observe that by Proposition .}, under Q and conditionally on
%, the random variables &,, for u € f] and j € £, are i.i.d. and are distributed as Yn,]
under P. By applying the second part of Lemma .3, we obtain:

Eq {(Ze*”wi’n)) 3 §u> T gn}

JjeZL . 7@
lj | sV(w( ))
< pli—dolg { 1 ; ’ %L},
]EZiﬂ @ [Z Eﬂ(n) gu] {ZUEJ;") &u>0}

for any jo € £, with b := maxjc» Max, ¢y Q{&u = 0} < maxy<j<, P{77 ;} < P{S°} =
q. [We mention that Lemma [.3 applies to any (deterministic) permutation of the random

variables Xy, - - -, Xy, which allows us to choose an arbitray jo here.]
The first part of Lemma [.] tells us that for any j € %,
1

1
E{—l u ’gn}<—maXE{ 1pe, ’g}
Q [Zuefj(n) gu]s {Zueﬂ;n) &u.>0} 1 e y(n) Q gs {€,>0}

which equals %_qE{?% 1y, ,} (Proposition 1)), and is hence bounded in n and j (by (B.3)).
n—j

Summarizing, we have proved that

(n - .. (n
EQ{ ( Z Z e_V(wj ))£u> 1En ’gn} < ¢g9 Z q\J*JO\eSV(wj ))’

JEL g™ jeL
J
where the constant o9 does not depend on the choice of j,. We choose jy := |w,| € Z.
- (n)
Then V( " < V(w,)+Clj—jol. Aslong as s < ¢ log(;), we have 3°, gli=dolesV(w;7) <
cpe®V (n As a consequence,
(n —s
Eq{(n? + V(@) (e 3 &) g}
jeZ uEJ].(")

< cuBo{ ('’ + V(w)y e}

= CglEQ{( /2+S+)exp (s min S)} < ¢39.

1<j<n

Similarly, using (B.I7) in place of (6.9), we have

Ba{(* + V)N (E 3 m) an } st

J€ZL uefj(")

In view of (E7), we obtain: for 0 < s < s := min{3, 2, élog(%)},

EQ{(nl/z + V(wﬁln))Jr)?n*S 1En} < Coglgy 4+ (/D H)
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Substituting this in (F-8), we see that sup,~; E{(n'/2W,)!"*14,} < oo for any s € (0, so).
This yields the last inequality in (p.4) when ~ is close to 1. By Hoélder’s inequality, it holds
for all v € [0, 1).

We now turn to the proof of the first inequality in (6.4). We start with

nl/QWn > }_/n — Z (n1/2 A V(U)Jr) er(u).

|u|=n
Let s € (0, 1). Exactly as in ({l.7), we have
(6.8) E{Y) "1y} =Eq{(n'? AV(w{)")Y, *}.

By definition,

3

v, = > > e 3T min{nt? [V(w) + V@) e

j=1 uefj(n) $ET§W7 |$|u:n ]

< eCieWw“” S Y V@) O Vi) e

ue.s (™ e€TFW, |zlu=n—j

By means of the elementary inequality (3. a;)™* > (32,af)™" and (32, 0,)° < Y., b (for

11

positive a; and b;), this leads to, on .7,:

efsC

z eV S LV (W) H)s 4 Co) (X, e Vel@)s 4 (X, Vi(a)HeVa@)s}

where, as before, >, == >77 |, >0, = Euejjgn), and ) = erTSW, eluen_j- We now

condition upon ¥,,, and note that V(w§n)) and %(n) are ¢,-measurable. We apply Jensen’s
inequality E{+ |¥4,} > m (for positive random variables Z). By Proposition P.1], we

have
efsC

it w(n) n s S S S ’
e VISV () )+ COBW) + B )
where, for any k > 0, Uy = >, _; V(y)te™V®. By Jensen’s inequality, E(W;_ ;) <
[E(W,—;)]* = 1. On the other hand, by B9), Uy < ¢s3log 7=, and thus by Lemma B4,
k
E(U;) < ¢53E{[log 77=)°} < c34. Therefore,
J

E{Y,* 9.} >

B{Y, "%} 2 V(™ - (M1
S e LV (W) )+ 1
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As a consequence (in the notation of Corollary B.3),

T

nl/2 +
EQ {<n1/2 A V<w1(1n))+)}_/—s} > a5 EQ{ A Sn ] }
9;

Zj 1€ 55 [(S;r)s+1
> ¢ EQ{<"1/2ASn)l{min1<j<nsj>0}}
- 35 n —sS;[Qs

S e[S + 110,

Note that if S; > 0, then e=% [S7 +1] < cs36 et with t := 2. Therefore, by writing

QW {-}:=0f -

and Eg) the expectation with respect to Q™ we get that

min S; >O}

1<j<n

1/2 /\S
Eq {(n'2 A V(™) Y} > 037Q{ min S > 0} E&){Sﬁ}
J

J=1

1/2

n/ 1{Sn>€n1/2}}
n —tS' . M

Zj:le 10

€
> 037Q{ mm S; > O}Eg){
Since Q{min;<;<, S; > 0} > css n~1/2, this leads to

1
EQ{(n1/2/\V(w1(1n))+)}_/;s} > 039€Eg) {Sn>enl/?} }

{ Zni e 19 0;j

7j=1
1 n
{sremg )~ Qs ety
j=1 j

> C39€ [Eg)

Of course, — 1_tsj > > L ——. By Corollary B3, Eq{c?} < oo; we are thus entitled
j=1 aj j=1¢ 0
to apply Lemma [.] to see that Eg){ﬁ} > ¢y for some ¢y € (0, 00) and all
j=1¢ 9j

n > ng. On the other hand, it is known that S,/n'/? under Q™ converges weakly to the
terminal value of a Brownian meander; in particular, lim._qlim, .., Q™{S, < en'/?} = 0.
We can thus choose (and fix) a small & > 0 such that Q{S, < en!'/?} < < for all n > n;.
Therefore, for n > ng + nq,

EQ {(n1/2 A V<w1(1n))+)}_/;s} Z C39 & [640 — %} .

As a consequence, we have proved that for 0 < s < 1,

lim inf Eq {( n2 AV (w™) )Y, %) >0,

n—oo

which, in view of (£.§), yields the first inequality in (6.4), and thus completes the proof of
Proposition (.2 O
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Proposition 6.3 For any v € (0,1), we have n — oo,

Wn+1

n

(6.9) P{’

_1’ >n7

5/} </

Proof. Let 1 < 3 < 2. We use a probability estimate of Petrov [B], p. 82: for centered
random variables &, - - -, & with E(|&|%) < oo (for 1 < i < ¢), we have E{| Y.L, &%} <

25 B{|&|°}

By definition, on the set .7, we have

W, —V(u) V(s
W:1_1:ZGW< > evu()_l)’

lu|l=n " z€TGW: |z],=1

where TV and |z|, are as in (R.1]) and (B.4), respectively. Conditioning on .%,,, and applying
Petrov’s probability inequality recalled above, we see that on .7,

(6.10) E{ ”;;ﬂ _1’ﬁ ’ yn} <2y ¢ V() {’ Z V) _ ’ }:%%’

lu|=n lyl=

where cqy 1= 2E{| 32, ; eV — 1|7}, and W, 5 is as in ([7).

Fix 0 <y <1 Lete>0and b> 0. Let s € (%, 1) and s < & (which is possible if 3 is
close to 1). Define D,, := {W,, > n~1/2=¢1n {W 5 < n~B8/2+0Y By Proposition B.1], there
exists kK = k() such that P{W, < n= (/2= #} < exp(—n”) for all large n, whereas by

Theorem f1], P{W,, 5 > n~8/2+b1 < 5360- /2 (- E{W,;°} = n~(1=90+) Therefore,
P {y\Dn} < efnn + n—(lfs)bJro(l) _ nf(lfs)bJro(l)’ n — 0o.
On the other hand, since . C ., it follows from (p.1() and Chebyshev’s inequality that

for n — oo,

W,
n?? E{C41 Wg 1Dnm,,¢n}

< pB=B/2)+b+[(1/2)+elB+o(1)

p{[%et 20 0, 7)

IN

As a consequence, when n — oo,

W, - -

We choose b := =<%. By sending ¢ — 0, # — 1 and then s — 0, we obtain (£.9). O

We now have all of the ingredients needed for the proof of Theorem [[.]].
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Proof of Theorem [[]. Let A\, > 0 be such that E{(\,W,,)"/?} = 1. That is,
A = {BWY)} 2

By Proposition 6.4, we have 0 < liminf,_ n);’/g < limsup,,_, % < 00, and (A, M,) is

tight. Let # be any possible (weak) limit of (A,W,,) along a subsequence. By Proposition
and dominated convergence, E(#1/2) = 1. We now prove the uniqueness of #.
By definition,

W1 = Z eV = Z eV Z e V(@)
ful=n-+1 =1 <eTEW, [zl,=n

By assumption, \,W,, — # in distribution when n goes to infinity along a certain sub-
sequence. Thus A\, W, 11 converges weakly (when n goes along the same subsequence) to
D pol=1 e VW%, where, conditionally on (v, |v| = 1), #, are independent copies of # .

On the other hand, by Proposition -3, A\,W,+1 also converges weakly (along the same
subsequence) to # . Therefore,

W e VW

[ul=1

This is the same equation for £* in (B.f). Since (B.J) has a unique solution up to a scale
change, and since E(#1/2) = 1, we have

(6.11) VA

where ¢y = [E{(¢*)Y/2}]72. The uniqueness (in law) of # shows that \,W, converges
weakly to # when n — oo. Since by (B.3), P{W,, > 0} = P{.¥,,} — P{.¥} = P{&" > 0},

it follows that # > 0 a.s., conditionally upon the system’s survival. O

7 Proof of Proposition 271]

We start with a simple preliminary result. For any individual v € TV, we write [e, u] =
{e =1 ug,uy, ug, -+, up = u}, with |uy| = &k, V0 < k < |ul. Recall 7, Q and %, from
Section B Let %, :=={ue % : |u| =k}, k> 1.

Lemma 7.1 Fizn > 1. For1 <k <mn, let fr : % xQ — Ry be such that Yu € %, fr(u,e)
1s F,-measurable. Then

(7.1) EQ{ f[fk(wfj))} - E{ 3 e_v(“)f[fk(uk)}.

lul=n
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Proof. The expectation expression on the left-hand side is

~ Eaf |Z L) Hfm,i"’)} =Eo{ Y 1,00, ]kawk)},

|u|l=n

which, by the definition of w{"”, equals EQ{ZM:n# [Ti—; fx(ug)}. This implies the
lemma using the definition of Q. O

We now proceed to the proof of Proposition R.1].

Proof of Proposition [2.1. We start with the proof of (i). It suffice to check that

EQ{ﬁeXp (= X eravw) - nave™)}

k=1 ues™
(7.2) = [IEefew (= X wrlavie) - rave?))},
k=1 xejfn
for any positive Borel functions @1, s, - -+, ¢,, and any real numbers Ay, Ao, - -+, \,.

For any individual |v| > 1, let

(7.3) I) = {z:z="10,z#v}
(74)  @(v) = exp ( - or(AV (2)) — AkAV(vk)>, 1< k< ol.

[In words, .#(v) is the set of the brothers of v; in particular, f(w,gn)) = fk(n)] Thus ([72)
can be rewritten as

(7.5) EQ{ ﬁ¢k<w,g">)} - f[EQ{ exp ( - Y aAV(@) - AkAww;”)) }

$€Jp)
To prove ([(.]), we observe that by ([.]]),
EQ{ 11 q)k(w/(gn))} = E{ d e "O]] (I)k(uk)}
k=1 lul=n k=1
Of course,
n n—1
|u|=n k=1 |v|=n—1 k=1 w u=v



By the branching property (see Neveu [Bf]),

DS CYNIESERAD SIS (X
k=1

lul=n k=1 |v|=n—1

where
b, = E{ Z e V@ exp ( - Z on(AV (y)) — )\HAV(x)> }
|z|=1 ly|=1, y#x
Therefore,
EQ{ ﬁ q»k<w,<:>>} _ bnE{ Y eV ﬁ@k(vk)} — b, EQ{ H oy (w" ™V }
k=1 [v|=n—1 k=1

the last identity being a consequence of ([-1]). By induction, we obtain: Eq{[[,_, ® (wlg"))} =
[15_, bk, where

b, = E{ Z V@ exp < — Z wr(AV (y)) — )\kAV(x)>}

|z|=1 lyl=1,y#x
= Eofew (- X auaviy) - nave)}.

yeﬂl(l)

(We used ([7.1) again in the last equality.) This yields (7.5), thus part (i) of Proposition P.1.
We now turn to the proof of part (ii) of the proposition. Recall that the vertices of the
Galton-Watson tree TV are elements of % := {0} UJ,_,(N*)". We need to check that

n

EQ{H IT re(mo ) [T en S gpk(AV(x)),AV(w,@),w;"),fé"’)}

k=1 e 50 F=1 e g™
(76) = Eaf H [T #et) TI G 3 eV, AV i), wf®, 7"},
Lees( k=1 pepl™

where 1, @9, - -+, @, are positive Borel functions, (h,, © € %) measurable functions Q0 —
R4, Gl, -+, Gy, positive Borel functionals on Ry x R x % x U % ®!, and Hj(zx) =
Jo dP( ) (for j > 0and z € %).

To Check ([.6), we see by Lemma that the expression on the left-hand side is

E{ S eVOTT [T k(T H or(AV (7)), AV(uk),uk,f(uk))},
|u|=n k=1ze.9 (uy) k=1 xE€S (ug)
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where #(-) is defined in ([.3). The integrand within E{---} on the left-hand side is (vz

being the concatenated word of v € % and z € %)

D e VO T halTr G DY wi(AV(2), AV (v),v, 7 (v)) x

lv[=1 z€I (v) z€.7 (v)
P | (LR
yGTUGWJyIv=n 1 l= 136]1)(3![)
n—1
X [ Gen( ) e (AVi(2)), AV, (ye), vye, v-2u(ye)),
2€ Iy (ye)

where, for y € TSY with |y|, =n — 1, {e =: yo,¥1, -, Yn_1 := y} denotes the shortest path

on TJ™W relating e and y, with |y, = ¢ for 1 < ¢ < n—1, F(y) = {z € TV : z

Ye1, 2 # Yo}, and v.I,(ye) == {ve : x € F,(yo)} = S (vye).

The conditional expectation (under P) of the above expression given . is, by the branch-

ing property,

SO ] Haan)Gi Y ar(AV(), AV (), 0,7 ()W a(0),

lv]=1 zeS (v) z€S(v)
where, for any = € %,

U, () = E{ eV H | )

ly|=n— t=1 z€7(ye)

TG YD en(AVE), AV (ye),aye, 2.5 () -

2€5 (Ye)

~
|

Using the argument backwards, we obtain:

Bo{ ] I hu(m* Hak > eav), V), A"}

k=1 e 50 ves(™
Eq{ [] Hir(@)Gi( Y wi(aV(), AV (wf”),ul”, 7" x
zes™ zes ™
<TT TI Hosl HGk > enavi@), AV ), w”, 7"}
k=2 e 5 () €™

Iterating the procedure by gradually conditioning on %5, Z3, - - -, and .%,, this yields ([(.§),

and thus part (ii) of Proposition P.1].
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