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SEMI-CLASSICAL SCHRODINGER EQUATIONS WITH
HARMONIC POTENTIAL AND NONLINEAR PERTURBATION

REMI CARLES

ABSTRACT. Solutions of semi-classical Schrédinger equation with isotropic har-
monic potential focus periodically in time. We study the perturbation of this
equation by a nonlinear term. If the scaling of this perturbation is critical,
each focus crossing is described by a nonlinear scattering operator, which is
therefore iterated as many times as the solution passes through a focus. The
study of this nonlinear problem is made possible by the introduction of two
operators well adapted to Schrodinger equations with harmonic potential, and
by suitable Strichartz inequalities.

RESUME. Les solutions de I’équation de Schrodinger semi-classique avec poten-
tiel harmonique isotrope focalisent périodiquement en temps. Nous étudions
la perturbation de cette équation par un terme non-linéaire. Pour une échelle
critique de cette perturbation, chaque traversée de foyer est décrite par un
opérateur de diffusion non-linéaire, qui est par conséquent itéré autant de fois
que la solution traverse une caustique. Cette étude est permise par I'usage de
deux opérateurs qui s’averent bien adaptés a I’équation de Schrédinger avec
potentiel harmonique, et par des estimations de Strichartz adéquates.

1. INTRODUCTION

Consider the initial value problem,

1 x|?
(1.1) 1€0i0° + 552Av5 = %ve, (t,z) € Ry x R™,
U\EISZO = f('r)v

where ¢ €]0,1] is a parameter going to zero and f is a smooth function, say f €
S(R). The potential is the isotropic harmonic potential,
|z[? _ 1

(1.2) V($)5725($§+“'+$i)-

The case of anisotropic harmonic potentials is discussed in Sect. E Even though no
(rapid) oscillation is present in the initial data, the solution v¢ is rapidly oscillating
(at frequency 1/¢) for any positive time, and focuses at time ¢t = Z (Section f).
This can be seen by a stationary phase argument applied to the Mehler’s formula

(see [L2),
(1.3) vs(t,z):;/ et (2 cont )
R

(2ime sint)™/2

fy)dy = U*(t)f ().

Perturbations of the harmonic potential by other potentials (sub-quadratic per-
turbation, see [B{], [@], [@], or super-quadratic perturbation, see [@]) have been
studied, and in particular the role of these perturbations on the singularities of the
fundamental solution of the Schrodinger equation.

2000 Mathematics Subject Classification. 35B40, 35Q55, 81Q20, 35P25.
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2 R. CARLES

In physics, nonlinear perturbations are considered, for Bose-Einstein condensa-
tion (see [E]), where the harmonic potential is used for its confining properties,

|z
Tl/fh + Nyl 9",
where N stands for the number of particles and g is a coupling constant (in A2).
We study precisely the perturbation of ) with a nonlinear term,
. € 1 2 € |$|2 € no|, |20, € n
ie0wu +§€Au:7u + e Pt (t,x) € Ry x R™,
Wy = F(2) + (o),

with o > 1/n if n = 1,2, and nL+2 <o < % if n > 3. We assume that the

perturbation r¢ of the initial data is small in
(1.5) Y:=H'[R")NF(H"(R"),

where the Fourier transform is defined by

Fo(€) =€) = / e~y (z)d,

n

1
ihou" + §h2A¢h =

(1.4)

and that f € ¥. The space X is equipped with the norm
[flls = flle2 + Ve fllLz + o fll L2,

and we assume ||r¢||x — 0.
e—0

Remark. Initial data with plane oscillations. Let &y € R™, and introduce
W (t, x) = uS(t, x — & sint)ei (7~ % sint)€ocost/z

Then u® solves the Schrédinger equation ([L4), with initial data

;280

Wi=o = (f(2) +7°(2)) " =
Therefore, describing the solution of (@) is enough to describe the solution when
the initial data have plane oscillations.

We can also prove some results with a focusing critical nonlinearity (20 = 4/n),

1 2
ie0u® + 552Au8 = %ue — 2l Mus, (K, x) € Ry x R™,

Uy = f (x).
We will consider the focusing case only in the one-dimensional situation, and state
the corresponding results at the end of this introduction. Similar results for the
multi-dimensional case would be easy to prove.

The idea of this paper is the following. Initially, the nonlinear term is negligi-
ble, essentially because the term |u¢|?? is uniformly bounded in suitable Lebesgue
spaces, therefore it vanishes in the limit ¢ — 0 because of the factor €"?. Mean-
while, the harmonic potential makes the solution focus near the origin at time
t = /2, as in the linear case ([.1). When the focusing effects become relevant,
that is when u® becomes of order e~™/2, the nonlinear term is no longer negligible.
On the other hand, if u¢ is localized near = = 0, the term 22u® becomes negligible;
only the nonlinear term is relevant near the focus. When the nonlinearity is de-
focusing (Eq. (m)), the solution u® passes through the focus, and the crossing is
given by the (nonlinear) scattering operator associated to the unscaled Schrodinger
equation,

(1.7) 10 + %Aw = |[¢]?7.

(1.6)
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Since the nonlinearity is defocusing, dispersive effects in ([L.7) are the same as for
the free equation. Therefore, the solution u® leaves the focus along dispersive rays.
When rays are dispersed, the energy is no longer localized, the nonlinear term
becomes negligible again and the harmonic potential makes the rule, as before the
focus (Th. E) This process can be iterated indefinitely, and each focus crossing
is described by the scattering operator (Cor. [L.4).

When the nonlinearity is focusing (Eq. (JL.{)), and when the mass of f is critical
(see [24]), the solution blows up near t = 7/2 (before or after, see Prop. [L.5). The
focusing effects of the harmonic potential first, then of the nonlinear term, cumulate
and ruin the existence of the solution (Prop. [L.j).

In both situations (focusing or defocusing nonlinearity), two distinct régimes
occur. First, the harmonic potential leads the evolution of the solution, next the
nonlinear term does so. The two dynamics superpose: they balance each other
in the case of a defocusing nonlinearity, and cumulate in the case of a focusing
nonlinearity. The matching of these two régimes occurs in a boundary layer of size
e around the focus, as in [{f], [L3]

Formal WKB expansions suggest that with our choice no > 1, the nonlinear
term is negligible so long as no focusing occurs. We prove that this holds true.
It would not be so with the choice no = 1; the nonlinear term would be nowhere
negligible, and we leave out this case.

On the other hand, we show that the nonlinear term alters the asymptotics of
the exact solution near and past the (first) focus. More precisely, we prove that the
caustic crossing is measured by the scattering operator associated to (m) This
phenomenon is to be compared with the results of [E], where focusing is caused
by initial oscillations, and with the results of [f] (see also [[i], [H]), where such a
behavior was first noticed, for the wave equation. In the present case, focusing is
caused by the oscillations created by the harmonic potential, but the description of
the phenomena near the focal point is similar.

The asymptotic state for (B) we will consider is defined by

1 ~
(18) V- (2) = a7 @)

We assume that f € ¥ and that the scattering operator S acts on ¢_, with ¢, =
St € % (see Proposition B.1(), which is verified in either of the following cases,
o o> 2—n+vn24+12n+4 or

4n
o || f|lx is sufficiently small.

Assumption 1.1. Our hypotheses are the following:
e 1 <n<5ando > 1/2, so that the nonlinearity |z|?°z is twice differen-
tiable.
If n =1, we assume moreover that o > 1.
o If3<n<5H, we takeo<%2.
n
If n <2, we assume

, 2—n++vVn2+12n+4
— either o > ,

4n
— or ||flls <9 sufficiently small.

Remark. We could treat the case n > 6 if we replaced the nonlinear term ™ |u® |7 u®
by F(e"|uf|?)uf, with F smooth and

F(|z) S 1+ 2.

Theorem 1.2. Let 2 <71 < % If n = 1, take r = oo. Then under Assump-

tions , the following asymptotics holds in L2 N L",
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o IfO<t<m/2 then
ein%

—~ —x |2
e(t ~ _ —thant.
u( ’x)aeo (27r|cost|)"/2w (cost) ¢

o Ifm/2 <t < 3m/2, then
miTing —- 71"3”2 tant
~ 2e
e—0 (27| cos t|)"/? Y+ (cost) ‘ ’
where ¥_ is defined by @) and Py = SP_.

Remark. We will prove actually that these asymptotics hold in a stronger sense

(see Corollary P.9, Propositions B.9 and B.29).

u(t, x)

We can restate this result when time ¢ = 7/2 is considered as the initial time, in
place of t = 0.

Corollary 1.3. Let ¢ € ¥. Assume that u® solves
|z

1
iedu® + §€2Au5 = Tus + e ufPuf,  (t,x) € R x R™,

e _ 1 (£)+L(£)
u‘tzoi 571/280 € En/QT e/’

with [|7¢]|s —>OO, and ¢ satisfies the same assumptions as f. Denote hy = Wi tp,
E—

where Wy are the wave operators (see Proposition ) Then with r as in Th. @
and under Assumptions Iﬂ, the following asymptotics holds in L2 N L™,

o IfO<t<m, then

i \?~ 2 af?
ut(t,x) ~ - (—) e'Zetant,
( )a—>0 (27r smt) v+ sint

o If —m <t <0, then

() ~ (5 ) () e
us(t,z) ~ _[—— ) e'zEvanc.
" e—0 \ 2sint sint

Remark. In [@], the author considers equations which can be compared to (D),
that is

(1.9)

1
ie0pv® + §€2Av€ =V(x)w* +U (g) v,

o= e ()
’U‘tzof&_n/2(ﬁ c ’

where U is a short range potential. The potential V in that case cannot be the
harmonic potential, for it has to be bounded as well as all its derivatives. In that
paper, the author proved that under suitable assumptions, the influence of U occurs
near ¢t = 0 and is localized near the origin, while only the value V(0) of V at the
origin is relevant in this régime. For times ¢ < |t| < T, the situation is different:
the potential U becomes negligible, while V' dictates the propagation. As in our
paper, the transition between these two régimes is measured by the scattering
operator associated to U.

Our assumption no > 1 makes the nonlinear term short range. With our scaling
for the nonlinearity, this perturbation is relevant only near the focus, where the
harmonic potential is negligible, while the opposite occurs for ¢ < [t| < 7. In
this perspective, a new point in our paper (besides the fact that the problem is
nonlinear) is that we can tell what happens for any time, as stated in the following
corollary.

(1.10)
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Corollary 1.4. Suppose the Assumption @ are satisfied. Let k € N*. Then, with
r as in Th. [[.3, the asymptotics of u® for m/2 + (k — 1)w <t < w/2 + kr is given,
in LN L7, by

einz—ink% /k-\ —x L tant
€ t S _ —t 5 an
u( ’x)szo (27| cos t|)n/? v (cost) c - ’

where S* denotes the k-th iterate of S (which is well defined under our assumptions
on f).

Remark. The phase shift e™%~™F% is present in the linear case, for Eq. (D),
and is explained in ] On the contrary, the presence of the scattering operator
S is typically a nonlinear phenomenon, as in @ The new point here is that this
operator is iterated, at each focus crossing.

Remark. If the nonlinear perturbation was of the form "7t |uf|?72v¢, with o1 >
o2 > 0 (no additional assumption on o2) and noq > 1, the nonlinear term would be
everywhere negligible, that is, S¥ should be replaced by the identity in Corollary D
This can be seen by an easy adaptation of the proof of Theorem @ This shows
that the scaling (D) is critical for the nonlinearity to have a leading order influence
near the singularities (t = 7/2 + k).

We conclude this introduction by stating our result when the nonlinearity is

focusing (Eq. ([L.6)).

Proposition 1.5. Let n = 1 and let R be the unique solution (up to translation
and sign change) of —;R” + R = R?, given by,

31/4
(1.11) R(z) = ———.
cosh (2z\/§)

For t, e R, define f by f(x) = R(z)ei%zz, and the approximate solution by

. c . |2
(112) o (ta) = ——t R (W - ) ¢RI gl B e
VE+et, — 1 \E+et,—t

Let u® be the solution of ) Then for any A > 0,

lim sup sup 1B(t) (u(t) = v ()l 2 . — 0,
e—0 Z—Ae<t<Z+et.—Ae A—too

where BE(t) is either of the operators Id, €0, or /e +i(t — 7/2)0,. In particular,

lim inf sup ledsu®(t)|| 2 — +oo,
=0 o<i<n/2+t,e—Ae A—0+

lim inf sup |Veus (t)||pe — +oo.
=0 o<t<m/24te— e A—0+

Remark. The blow up occurs at t = § + &t., no matter the sign of ¢.. This means

that u® can blow up before or after the focus.

This paper is organized as follows. In Sect. E, we study the linear equation ([L.1])
using WKB methods, and introduce two operators (J¢ and H¢) whose role is crucial
in the nonlinear setting. In Sect. E, we analyze the nonlinear equation (B), and
we prove Th. . In Sect. E, we prove Prop. @ Finally, Sect. E addresses the case
of anisotropic harmonic potentials.

Some of the results presented in this paper were announced in [ﬂ]

Acknowledgment. The idea of studying such equations as (B) arose from discus-
sions with L. Miller, after an invitation by P. Gérard and N. Mauser at the Erwin
Schrédinger Institut in Vienna. This work was partially supported by the ACI grant
“Equations des ondes : oscillations, dispersion et controle” and the START project
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“Nonlinear Schrodinger equations” of N. Mauser. The preliminary version of the
manuscript was improved thanks to remarks made by F. Castella and B. Bidégaray.

2. WKB EXPANSION FOR THE LINEAR EQUATION

We seek an approximate solution of the linear equation (D) of the form,

(2.1) Vapp(t, ) = vo(t, z)et?Br)/e,

To cancel the term £ when plugging this approximate solution in (m), the phase
o must satisfy the eikonal equation,

jz* _

5 = 0.

To cancel the term !, the amplitude vy must satisfy the transport equation,

1
(2.2) o+ 5 Vael +

1
(2.3) Oyvg + Ve - Vivg + Q'UOA(P =0.

To solve the eikonal equation, one computes the bicharacteristic curves associated
to the classical Hamiltonian

&7, l=?
pt,z,7,8) =7+ o + uE
given by
t = 1,
r = &
T o= 0,
£ = -z
Therefore,

z(t) = xgcost+ Eosint,  &(t) = & cost — xgsint.
Since no oscillation is present in the initial data, {g = 0, and the rays of geometric
optics are sinusoids,

(2.4) x(t) = xg cost.

They all meet at the origin at time ¢ = /2, and periodically at time ¢ = 7/2 + k=«
for any k € N* (Fig. [[).
Given &(t) = V,(t), one can solve (R-3) for 0 <t < 7/2, by
|=[?
o(t,z) = - tant,

and (R.3) is solved by

vo(t, ) = L f( v ),

(cost)™/2" \cost
therefore
2 shonlt:2) = fare (o) %
Recall that V(z) = % The approximate solution solves
(2.6) €0V, + %g2AU;pp = V(2)vg,, + %52@w<t*z)/€Av0,

’ngp|t:O = f(.’L')

Denote the remainder w® := v® — vS__. It solves,

app’

1 1 .
@7) iedyw® + 552Aw6 =V(x)w® — 5526“0(’5’””)/8AUO,

g —
w‘tzo =0.
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x
FIGURE 1. Rays of geometric optics.
Recall that
1 1 T
Avo(t, z) = A ( ) .
vo(t,2) cos?t (cost)/? ! cost
Recall the classical result,
Lemma 2.1. Assume a function w® satisfies
1
(2.8) iedpw® + 552Aw6 =U(t,x)w® + S°(t,x), (t,z) € IxR",

where U is a real-valued potential, I is an interval, and S¢ € Cy(I, L?). Then the
following estimate holds fort € I,

e0;||w(t)[[ L2 < 2[|5° (1) -

Applying this lemma, it follows,

1
A .
Al 2

With the idea of a nonlinear perturbation in mind, it is natural to seek estimates
in other spaces than L2, in particular Sobolev like spaces. In geometrical optics, it
is classical to assess e-derivatives to get nonlinear estimates (see for instance [R6]).
This is because e-oscillating solutions are studied. This approach is sharp for multi-
phase problems, but it contains no geometric information (given by the phase(s)).
In our case, only one phase is present, and in the nonlinear setting (m), it remains

so. In the linear case, this means that controlling v, in Lebesgue’s spaces L is

(2.9) 20ulwr ()llz» < €=



8 R. CARLES

equivalent to controlling vy in LP. With Gagliardo-Nirenberg inequalities in mind,
it is therefore natural to introduce the operator

(2.10) JE(t) = —i(cost)ei®/EV, (e /%) = gsint — icostV,.

Given the dynamics of the harmonic potential, it is also natural to introduce the
“orthogonal” operator,

(2.11) ‘Hg(t) = xcost + iesintV,.

When n > 2, we write, for 1 < j < n,

H5(t) = xj cost +iesintd,,,

2.12 ;
(2.12) Ji(t) = %sintficostaij.
We now state all the properties we will need, including the action on nonlinear
terms.

Lemma 2.2. The operators H® and J¢ satisfy the following properties.
e The commutation relation,
|z

2

lzf?

5 =0.

(2.13) HS(t),ied; + 52A ] = { (1), 258t+ A

.| T 2 .
e Denote Me(t) = e’z%tant, and Q°(t) = e 2emnt then Je(t) and HE(t)
read, for t ¢ 57,

(2.14) JE(t) = —icostMe(t)V . M*(—t), HE(t) =iesintQ®(t)V, Q" (—t)
e The modified Sobolev inequalities. Forn =1 and t & 57,

c c
()]~ < WHM DI I @ (b1,

(2.15)
1/2 1/2
le@le= < - Smﬂmn w(b)||2 | HE (Dw(t)| 2"
Forn >2, and 2 <r < = define 6(r) by
1 1
o(r) = - — =
(r)=n (2 r)
Then for any 2 <r < =5, there exists C, such that, fort & 57,
T o(r S(r
lw®llzr < WH D" 17 @I,
(2.16)
Cr S(r S(r
Jw(®)]|Lr < W” wt)|[ 522 HE @) |20

e For any function F € C*(C,C) satisfying the gauge invariance condition
3G € C(R4,R), F(z) = 2G(|z]%),
one has, fort & Z7,
HE(§)F (w) = 0. () H (tyw — 9 F(w) T (D,

(2.17)
JE)F(w) = 0, F(w)J® (t)w — 0z F(w)Je(t)w.

Remarks.
e Estimates (R.15) are easy consequences of the conjugation properties (R.14).
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With the WKB approximation (2.3) in mind, the |cos¢|~!/2 term in (%)
gives optimal time dependence of the L2° estimates of the solution of (|L.1))
away from the focus. This is the main advantage of this operator over all
the others one could think of (such as V, in particular).

The e sint|~1/2 term in (R.15)) gives optimal L° estimates of the solution
of (ﬁ) near the focus (where |sint| ~ 1).

The operator J¢ can be considered as the modification of the Galilean
operator x + itV,, which is very useful in scattering theory (see [E], [E],
[@) For semi-classical problems where focusing at the origin occurs, it
was used in [[] and [{], with the rescaling 2 +i(t — t.)Vy, where t, is the
focusing time. The operator J¢ is that operator, transported to the case of
a harmonic potential.

Property () states that H¢ and J¢ act on nonlinearities satisfying the
gauge invariance condition like derivatives (Eq. (.17) holds for the operator
iVy).

The fact that all these identities, except the first one, hold only for almost
all t € R is not a problem, since in any case integrations with respect to
time will be performed.

The operators J¢ and H® are known in quantum mechanics, as Heisenberg
observables (metaplectic transforms, see [[9], [L)),

JE(t) Us(t)(—iV,)U®(—t)
— (-2 (T _
= U (t 2) EU (2 t) ’
He(t) = U (t)aU(-t)
_ € _ ﬁ : € E —
- U (t 2)(16V1)U (2 t),
where U¢(t) is the propagator defined by Mehler’s formula ([L.3), that is

U (t) = it (Al

) are straightforward consequences of the

conjugation relations (R.1§) and (£.20). Identities between (R.18) and (2.19)
on the one hand, @) and (R.21]) on the other hand, are due to the geo-
metric properties of the harmonic oscillator, that rotates the phase space.
It is easy to check that Sobolev inequalities (R.15) follow from (R.19), (.20)
and the estimate

IU°(0)fllze <

1

Glsni)2 [ fllzs

The most remarkable fact is certainly that in the case of the harmonic
potential, one can estimate the action of these observables of Heisenberg
on a large class of nonlinearities, through (2.17).

Lemma E makes it possible to get more precise estimates of the approximation
given by (the first term of) WKB methods. Denote

H :={f € H}(R"), such that zf € H*(R")}.

Proposition 2.3. Assume f € H. Then there exists C = C(||f||gs, |z fllg2) such
that the remainder v — v satisfies, for 0 <t < /2,

app

1% = vpp) (Ol L2+ 1T (0% = v3pp) ()2 + (1= (0% — v, ) (D)l 22 <

t 2
ds €

<C — .

- (5/0 COS2S+COS2t)
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Remark. As mentioned in the introduction (Eq. ([.3), the expression of v¢ is given
explicitly by an oscillatory integral, and the above result could be proved by sta-
tionary phase methods. Nevertheless, we do not use this approach, and rather
present the approach whose spirit is the same as in the nonlinear setting.

Proof. The first estimate is given by (R.9), with C = ||Af]z2. For the second
estimate, apply J(t) to (@) The commutation property (2.13) yields,

1 1 )
i€ JJ w® + §€2AJ€wE =V(x)J w® — §€2J€(t) (eW(t"z)/EAvo) ,

Jowj_g = 0.

(2.23)

One has explicitly,

JE() (eiap(t,m)/sAvo) - (f Sint — icos tVI) <ei§: tant oo t)ln/2+2 Af (C(;Est)>

€
__o—ilzlany 1 ( r )
= —je "2 costV, ((cost)"/2+2 Af p—
|2 1 T
— ol tantiv A (_)
' (cost)n/2+2 ~* / cost/’
and the same estimate as for the L? case follows, with C' = || f||zs. For the last

estimate of the proposition, apply H®(t) to (R.7). Because of the commutation
property (R.13)), the remainder H¢(t)w® is estimated by the L? norm of

He(t) (ew“’z)/EAvo) = (x cost + iesintV,) (ezzE tant Af( x )>

(cost)n/2+2 cost
_ €z 671.% tant 1 A ( €z )
cost (cost)n/2+2 cost

1 x
) - V.Af(—).
+zgtant(cost)n/2+2 Va f(cost)

The L? norm of the first term is —~||#Af||2, and the L? norm of the second

I £l 75- This completes the proof of Proposition K} O

sint
cos3 t

term is ¢

From Prop. @, WKB methods provide a good approximation of the exact solu-
tion before focusing. More precisely, the remainder will be small up to a boundary
layer of size € around ¢t = 7/2.

The assumption f € JH is necessary to estimate precisely the validity of WKB
approximation, but is not really essential. Since the set of such f is dense in X,
the following lemma shows that this extra regularity can be introduced without
modifying the asymptotics.

Lemma 2.4. Assume f € X, and let v° be the solution of (@) Then for any
t>0,

[o*@)lle = I fllz2s N5 [2 = IV FllLz; [[HZ@)v%]| L2 = [[2f]| 22
Proof. This lemma is a straightforward consequence of Lemma @ and of the com-
mutation property () O

Notice that the L2-norm of v5pp(t) does not depend on time, nor that of J(t)v,,
or H(t)v;,,- We can therefore remove the smoothness assumption of Prop. R.4.

Corollary 2.5. Assume f € X. Then,

. £ € _ o€
hlenjélpogtséu%p—/\a [147() (v° = 0pp) (D) ] 2 Ao

where A®(t) is either of the operators Id, J¢(t) or H®(t).

0,
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3. THE NONLINEAR CASE

The proof for asymptotics in the nonlinear setting relies on Strichartz estimates
(even though we could do without when n = 1). We first recall how we get them
in the present case, then prove a general estimate. Then the proof of Th. is
essentially split into three parts: the asymptotics before the focus (0 < 7/2 — t),
the matching between the two régimes (linear and nonlinear), and the asymptotics
around the focus (|t — /2| < €).

3.1. Strichartz inequalities. First, recall the classical definition (see e.g. [{]),

Definition 3.1. A pair (q,r) is admissible if 2 < r < % (resp. 2 <r < oo if
n=1,2<r<ooifn=2)and

- 3-2)

Strichartz estimates provide mixed type estimates (that is, in spaces of the form
LI(LT) with (¢,r) admissible) of quantities involving the unitary group e'z2 (see

B7, 19, B, B}, B, [L6), [L7). With the scaling of Eq. ([L.4), the natural unitary

group to consider is
(3.1) UE(t) == €32,

Now we can state the Strichartz estimates obtained by a scaling argument from the
usual ones (with e = 1). The notation r’ stands for the Holder conjugate exponent
of r.

Proposition 3.2. (Scaled Strichartz inequalities)
(1) For any admissible pair (q,r), there exists C, such that

(3.2) ea |Us(®ull page;pry < Crllul 2.

(2) For any admissible pairs (q1,71) and (g2,72), and any interval I, there
exists Cy, r, such that

/ Ui (t — s)F(s)ds
IN{s<t}

The above constants are independent of € and 1.

1

(3.3) entm <C,

La(I;L71)

1,72 ||F||Lq/2(I;LTé) .

The proof of this result relies on two properties (see [, or [@] for a more general
statement):
e The group U§ is unitary on L?, ||US(¢)||zz 12 = 1.
e For t # 0, it maps L'(R"™) into L>°(R"),
1
UE t Ny ) < T o~ o
|| O( )HL1 L S (€|t|)n/2
As a matter of fact, these two estimates also hold for the propagator associated to
the Schrodinger equation with a harmonic potential ([.]). Therefore we can obtain
similar Strichartz estimates (see [§)).
If v solves ([L.1]), then Mehler’s formula yields, for ¢ & 7Z (see [[7)),

i (elPul? ooy
v (t,x) = ;/Rne“‘“‘( ’ ' )f(y)dy = U*(t) f ().

(2ime sint)n/2
Therefore:
e The group U€ is unitary on L2, [|[U*(t)f|l2 = || f| L2
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e For t €] — m,0[U]0, 7[, it maps L*(R™) into L>°(R"),

1
UE —],o° < T . o~ o -
10l —r 5 (| sin t[)n/2

Since for [t| < 7/2, [sint| > 2|¢|, the proof of Prop. B.9 still works when Ug is
replaced by U¢, provided that only finite time intervals are considered.

Proposition 3.3. (1) For any admissible pair (q,r), for any finite interval I,
there exists C.(I) such that
1
(3.4) e [|US(O)ull pariLry < Cr(Dllul 2.

(2) For any admissible pairs (q1,71) and (q2,72), and any finite interval I, there
exists Cry ry (I) such that

/ Ui (t — s)F(s)ds
IN{s<t}

The above constants are independent of €.

L_;’_L
(35) ga = a2 < CT17T2(I) HF”

La1(I;L71)

L% (I;L72) "

3.2. A general estimate. We start with an algebraic lemma.

Lemma 3.4. Let n > 2, and assume n%r? <o < % There exists q, r, s and k
satisfying

1 1 20

Tt

r r S
(3.6) 11, 2%

¢ g Kk’

and the additional conditions:
o The pair (q,r) is admissible,
° 0< g <d(s) <1
Ifn =1, we take (q,r) = (00,2) and (k,s) = (20, 00).
Proof. With §(s) = 1, the first part of (B.4) becomes
n
5(r) = (— - 1) ,
(r)=0(3
and this expression is less than 1 for o < % Still with (s) = 1, the second part

of (B.4) yields

g — 1 _ E + l

k 2 o’
which lies in |0, 2[ for n%r? <o < % By continuity, these conditions are still
satisfied for §(s) close to 1 and §(s) < 1. O

From now on, we assume n > 2 and n%r? <o < % We state a general estimate
that can be applied to nonlinear Schrédinger equations with or without harmonic
potential. Let U°(¢) be a group for which Prop. @ holds (typically, U§ or U® in
our situation). We seek a general estimate for the integral equation,

us(t) = US(t — to)uf —ie™ ! /t U®(t — s)F*(u®)(s)ds

(3.7) ;
—z‘e—l/ UE(t — s)h°(s)ds.

to
This equation generalizes the Duhamel formula for Eq. (@)7
e to the case of the same equation without potential (take U§ in place of U®),
e to the case of any initial time and any initial data (u§ and to are general),
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e to the possibility of having a nonlinear term which is not a power, F©(u¢),
e to the possibility of having a source term, h°.

Proposition 3.5. Let t; > to, with [t; — to| < m. Assume that there exists a
constant C' independent of t and € such that for tg <t <y,

C
(|cost| +¢)

t dt 2o /k
A (to, 11) = / @ )
to (| cost|+ E)M(é)

Then there exist C* independent of €, to and t1 such that for any admissible pair
(q,7),

(3:5) 1F= ) )] < gl Ol

and define

_ -1-1_1
(3.9) 14 Lo tasnmy SC*e™ V4 lugllre + Coae™ 2 A Lo 1,050

+ 0*520(6@)7%)146(7&0’tl)”UEHLi(tmtl;Lz)-
We will rather use the following corollary,

Corollary 3.6. Suppose the assumptions of Prop. @ are satisfied. Assume more-
over that C’*sQa(é(ﬁ)_i)As(to, t1) < 1/2, which holds in either of the two cases,

o 0<tg <t <5 —Ae, with A > Ag sufficiently large,

o lo,t1 €[5 — Ae, § + Ae], with % < n sufficiently small.
Then

11
(3.10) 1l 2o (to,t1522) < Cllugllze + Caae ™ ™ 10l Lo 1 0177)-

Proof of Proposition [3.3. Apply Strichartz inequalities (B.4) and (B.3) to (B.7) with
q1 =¢q, 1 =1, and g2 = ¢, ro = r for the term with F*(u®), g2 = ¢, ro = r for the
term with h®, it yields

—_1-2
+C€na 2||F€(u€)||L2'(t0,t1;Lz’)'

Then estimate the space norm of the last term by (@) and apply Holder inequality
in time, thanks to (B.6), it yields (B.9). O
Proof of Corollary |3.4. The additional assumption implies that the last term in
(@) can be “absorbed” by the left-hand side, up to doubling the constants,

_q_1_1
(3.11) 4| Lt trs2z) < Ce™ 2 ugllz + Ce™ 27T |B | s g 0,

Now apply Strichartz inequalities (B4) and (B.5) to (B.7) again, but with ¢ = oo,
r1 = 2, and ¢ = ¢, 72 = r for the term with F*(u®), g2 = ¢, 72 = r for the term
with h®. It yields

—_1-41
Ul oo (t0,41;02) SCllugllre + Ce™ TR || par 40 41,17

141
+C€ng g||1'7‘€(’u’6)||L2'(to,tl;Lz/)'

Like before,
"L | Fe ()

1 _1
o iy < C2e27COR) 42 (10, 11) | Lagrg 0,25

1
< Cet||lullpacto,taLey,

and the corollary follows from (B.11)). O
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3.3. Existence results. Local existence in ¥ stems from the well-known case of
the nonlinear Schrodinger equation (m), once we noticed that the operators H*
and J¢ are the exact substitutes for the usual operators eV and £ +i(t — 3)V, by
Lemma P.4 Duhamel’s formula for ([.4) writes

(3.12) WE () = US(t)(f + 1) — "7~ 1/0 U= (¢ — ) (Juf 7 uf) (s)ds.

Replacing U® with U§ would yield the Duhamel’s formula for the same equation
with no harmonic potential. From the above remark (the essential point is that H¢
and J¢ commute with U¢) and the fact that the same Strichartz inequalities hold
for U® and U§ when tlme is bounded, local existence is actually a byproduct of the
existence theory for (.4) (which relies essentially on the results of Sect. B.d, see
[@ E] [@ E] For (go,70) admissible, introduce the spaces

YE (1) = {uF € C(L, %), 08, Hous, Jou® € Lo (1, L)},

loc

Ye(I) = {u® € C(I,%),Y(q,r) admissible, u*, H*u®, J°u® € L} (I, L)}

Proposition 3.7. Fix e €]0,1], and let f,r® € 3. There exists t© > 0 such that
(1) has a unique solution u® Y5, 15(0,t%). Moreover, this solution belongs to
Y<(0,1¢). The same result holds for Eq. (L&) and for any initial time.

We can take t° = 400 when the nonlinearity is defocusing (Eq. (B)), thanks to
the conservations of mass and energy,

(3.13) [w=(®)]|2 = lu(0)][ 2 = O(1),

na’

st 2042
o)l

L20+2

B0 =5 | O + | V(@l(ta) e+
—E°(0) = O(1).

(3.14)

The conservation of energy provides an a priori estimate for H*u® and J®u® thanks
to the identity,

(3.15) Wt @, |[H*(t)us(t, ) + %5 (t)u" (t,2)|* = |2|*[u (8, 2)* + |eVous (¢, ) .

Proposition 3.8. Fiz ¢ €]0,1] and let f,7° € ¥. Then ([.4) has a unique solution
u® € Y(R) and there exists C such that for any t > 0 and any € €]0, 1],

(3.16) ()l L2 + [eVau® ()2 + lzus (8, 2)l| L2 < C.

3.4. Propagation before the focus. Before the focus, we take as an approximate
solution the solution of the linear problem, that is, v defined by ()

Notice that from Prop. @, we know the asymptotic behavior of v before the
focus. We prove that in the very same region, v° is a good approximation of the
nonlinear problem.

Proposition 3.9. Assume f,r® € ¥. Then

lim sup Sup I\Aa()( W)= g2, — 0,
e—0 0<t<Z A—+o0

where A®(t) is either of the operators Id, J¢(t) or H®(t).
Proof. Define the remainder w® = u® — v=. It solves
1
iedpw® + §€2Aw8 = V(x)w® + " |u|*7us,

g — €
wlt:o =Tr.
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From Duhamel’s principle, this writes,

t
(3.17) WE(t) = U= ()rF — ien7—1 / U=(t — ) (|uPuf) (s)ds.
0
Since v¢ solves the linear equation ([.1)), so does J¢(¢)v%, and
[0 2 = [ fllzzs [Tz = [V 22
From Sobolev inequality (R.14),
(s)
19Ol < remr AUV A1

Therefore there exists Cy such that

(3.18) lo @] < —

~ | cost|0(s)

From Sobolev inequality, for ¢ sufficiently small, [|w®(0)| ;. < Co. From Prop. B.§,
for fixed € > 0, u® € C'(R, X), and the same obviously holds for v*. Therefore, there
exists t > 0 such that

< Co
L& = cost[d(s)”
for any ¢ € [0,¢¢]. So long as (B.19) holds, we have
2C,
(¢ <=0
||u ( )HL- — |COSt|6(§)
and we can apply Prop. B-H. Indeed, take U = U®, h® = &"7|uf|>**v° and F&(wf) =
|uf|>?w®. From Hélder inequality and the above estimate,
17 (w) (Ol o < [l @ONZ2 1w ()] 2

(2Cp)%°
> WH “@)] e

(3.19) [lw® (t)

Assume () holds for 0 <t <T.If0 <t <T <Z — Ae, then ¢ < cost, and the
above estimate shows that F'° satisfies assumption (?@)
From Cor. @, if A is sufficiently large, then for 0 < ¢ < T < 7 — Ae, and for
any (q,r) admissible,
lw® || oo (0,1322) < C|l7°]| 12 + Ce™ ™ 1= H|“E|2UUEHLq’(0,T;Lr’) .
Taking (q,7) = (g,1) yields, from Hélder inequality,

e|2<7 €

116270 | o o ey S NN 0,7 10 20,751

The first term of the right-hand side is estimated through (B.1§) and (B.1d). The
last term is estimated the same way, for () still holds when replacing s with r.
Therefore,

C
11270 L 0.1y pey € et
G
and
no—1—1
(320) i lmoran <Ol + € (£57)
2

Now apply the operator J¢ to () Since J¢ and U¢ commute, it yields,

T (s = U (£)J5(0)r° — iemo /O U=(t — 5)7°(s) (Ju"Pu®) (s)ds.
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Because J° acts on this nonlinear like a derivative, we have an equation which
is very similar to (), with w® replaced by J*w® and r® replaced by —iVre.
Therefore the same computation as above yields

no—1-1

5 q
(321) |‘JEwEHLoc(01T;L2) S CHVTEHLZ + C (E — T) .
2

Combining (B.2() and (B.21)) yields, along with (.16),

C € na—l—é
Yt e [0, T . < —= 1l + [ = _
€0.T) Ol < oo <|r I+ () )

Therefore, choosing e sufficiently small and A sufficiently large, we deduce that we
can take T'= § — Ae. This yields Prop. @ for A* =1d and J¢. The case A* = H®
is now straightforward. (|

3.5. Matching linear and nonlinear régimes. When time approaches 7/2, the
nonlinear term cannot be neglected. On the other hand, since the solution tends
to concentrate at the origin, the potential becomes negligible. It is then natural to
seek an approximate solution ¢ that solves

e Lo 120~
ie0 0% + 552Av5 = e"7|5F| 27 ¢°.

The question that arises naturally is, how can we match 9¢ and v*? With the
results of [E] in mind, we can expect that v° is exactly a concentrating profile,

(3.22) 5 (t,z) = Eﬁ%w (i f) .

9 9

The function 1 must be defined to match the solution u®, or one of its approxi-
mations v or vy, when ¢ = /2 — Ae, for A sufficiently large. Notice that this
problem was already encountered by H. Bahouri and P. Gérard in [H] (see also [EI],
I. Gallagher and P. Gérard [@) We prove that for A > 0 sufficiently large, the
propagation for 7/2 — Ae <t < /2 4 Ae is described by °.

Write ¢ = 7/2 — Ae, and assume from now on that A > 1. For large A, Prop. @

and @ imply
u (5, x) ~ v (5, x) ~ vl (85, 2) = L f z e i c‘:rf/m
7 7 app i (sin(Ag))n/2” \ sin(Ae) '

For Ae close to zero, the following approximation is expected,

1 f T —ig t\w\?A ) 1 f ( T ) *i‘z‘ff)
(sin(Ae))n/27 \ sin(Ae) ‘ (Ae)n/27 \Ae ‘ '
We prove that this approximation is correct in Lemma below. From (B.29),
this should also be close to )
x
5”/2¢ (7A’ g) ’

Recall the classical result,

Proposition 3.10. @], Theorem 1.1; [E], Theorem 4.2) Assume h_ € % and
L<a<—2 ifn>2, 0>1ifn=1. Denote

2
n+2 n—
_2-n+vn?+412n+4
= ™ .
If 0 > oo(n) orif ||[W—||x is sufficiently small, then
o There exists a unique 1 € C(R¢, ) solution of @), such that

Jim [l = Uo(=t)9(t)lls =0, where Up(t) = e'r A,

oo(n) :
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o There exists a unique ¥4 € X such that
i 4y — Uo(~p(t) s = 0.

Recall that the asymptotic state ) was defined in introduction by,

1 ~
Y= Wf,

and the approximate solution (near t = 7/2) is given by

1 t—Z 2z
e - __ 2 =z
’U(tam)_sn/Qw( c ’E)-
We prove,

Proposition 3.11. Assume f,r® € ¥. Take 1_ defined by @) Then

ut (g — Ae, ) - 5"% (Uo(—=A)p_) (_)

€

— 0

lim sup )
L2 A——+o0

e—0

and the same holds when applying either of the operators eV, or £ —iAeV, to the
considered functions.

Proof. From Cor. P.§ (from which v¢ ~ Vgpp) and Prop. B.9 (from which v° ~ u?),

(12, 2) 1 f T —i mfA )
u xXr) — e 2etan(Ae
7 (sin(Ae))/2” \ sin(Ae)

and the same result holds when applying either of the operators J¢(t5) or He(t5).
Notice that applying J¢(t$) or H¢(tS) is not so different from applying £V, or
£ —iAeV,, for when Ae goes to zero,

(3.23)  limsup

e—0

— 0,
L2 A—-+4o0

JE(E) ~ S —iAeV, , HE(£) ~ icV,.
g
Recall that t§ = 7/2 — Ae.

Lemma 3.12. Let a®(t%,.) € X be a family of functions such that there exists C
independent of € €]0, 1] such that,

(3.24) [xa®(t5, z)|| > + [[eVaa® (5, 2)[| L2 < Ci.
Then for any A > 1,
.-

lim sup H (Jg(ti) - g + iAEVI) a®(t3)
= limsup || (H*(t5) — ieVy)a® (t5)]| L2 = 0.
e—0

e—0

e

In particular, we can take a® = u® or a® = vg,,.

Remark. Lemma has a simple geometric interpretation. Near the focus, rays
of geometric optics, given by @), are straightened (Fig. E) Thus in the neighbor-
hood of t = 7/2, rays are almost straight lines, that is, the geometry is nearly the
same as in [ﬁ] In that case, with the natural scaling ), the “good” operators
are eV, and £ +i(t —7/2)V,.

Proof of Lemma [3.13. Fix A > 1.
(Js(ti) - g + iAEVI) a®(ts,z) = ((COS(AE) - 1); — i(sin(Ae) — AE)VI) a®(ts, x).
Taking the L? norm yields,

|(72) - £ +inew.) a()

| =0y Hgaa(ti,x)HLi—l—C(AE)BHVZaE(ti)||L§.
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\\
//

FIGURE 2. Rays of geometric optics are straightened near ¢ = 7.

wol

The assumption (B.24) (which is a consequence of (B.16) for u°, and straightforward
for vZ ) implies

app
H (J&(ti) . g + iAaVZ) as ()

]LQ < OA% + ONP?,
which proves the first part of the lemma. Similarly,
I(H(t5) = ieVa) a* ()| 2 < C(Ae) lwa®(t5,2) || 2 + C(Ae)?[[eVaa(£5)]] 2
< C(Ae) + C(Ae)2.
This completes the proof of the lemma. O

Now we prove that in (B.23), we can replace sin(A¢) and tan(Ae) with As up to
a small error term. Denote
5 (t, ) LI ( v ) iz
0 ,x) = R CTEEDN
app (%7t)n/2 %715
Lemma 3.13. Assume f € X.. For any A > 1,

lim Sélp H (’ngp - ﬁzpp)(ti) HL2 = lim Sélp HEVI (’ngp - ’Dgpp)(ti)HLQ =
e— e—s

=0.

— limsup H (g - Z'Asvz) (Vpp — Do) )]
L

e—0

Proof of Lemma . Write A = Ae. For fixed A, X is a small parameter when ¢
goes to zero, and

1 T . Ja)? 1 T |2
e -~e € _ “3ctan X — — — e 2e
(Vi = Pape) (6 2) = (5557 (sin)\) et =t ()\) ¢

- ((sini\)"ﬂf (sii)\) - A,}/Qf (;)) e_i%

Voo (@ [ migdely  —ilel?
+)\"/2f<)\) € —° '
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Taking the L? norm yields,
1 . 1 .
(sinA)n/Zf (smA) ~ et (X)

f(z) < - )
: H((Simi)”/2 - Ajﬂ) / (siﬁ,\)
e () - (5)

+ Hf(:c) <ei§:(%/\) - 1>

in n/2
s|(SAA) 17+ (
et

The first term of the right-hand side clearly goes to zero with A\. So does the second
one: if f € C§°(R), it is O(A?), and by density, it is o(1) when X goes to zero for
any f € L2. Recalling that A = Ae, we have

1/ N A
- —-A)=A —-1).
€ (tan)\ ) (tan/\ )

Thus, for any fized A > 1, this term goes to zero when ¢ goes to zero. Therefore,
from dominated convergence, for any fixed A > 1,

’f(m (ﬁ“ﬁf(%A) - 1>

Computations for ||V, (vg,, — ﬁgpp)(ti)HL2 and || (£ —iAeVy) (v5,, — ﬁgpp)(ti)HL2
are similar and essentially involve one more derivative or one more momentum. In-
deed, vy, and v, behave well with respect to the operators eV, and £ —iAeV,,
thus we can use the same density argument as above. O

M@w—ﬁ;guauzs]
L2

+

L2

L2

L2

LZ

) -0

S11

L2

L2

=0.

L2

lim sup
e—0

The next step to prove Prop. consists in comparing o5, and the rescaled
free evolution of the asymptotic state _.

Lemma 3.14. Assume f € 3. The following limits hold, uniformly with respect to
e €]0,1],

1 .
i[9 - sz @) ()], -
1 .
:Al—i>r-ir-1<>o Ve (ﬁgpp(ti) en/? Co(=A)w-) (E)) 2

=0.

= lim H (g - z‘AsVI) <f/§pp(ti) - Sn% (Uo(=A)y-) (g)>

A—+o00 L2

Proof of Lemma . From the Fourier Inversion Formula, we have

1 T i lel? 1 1 i =)? zy o~
vE € = — — "32e2A = Y32 VA
thon(t5:7) = ! (32) €77 = G e f e fwan
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On the other hand, the expression of the free Schrodinger group Uy implies, along
with definition (E),

. n/2
1 x 1 _;l=)? jzu g lvl?
SO0 (5) = () e H o way

1 1 71'% iM_iU_‘ZA
= Gy e [ SR

Thus the remainder we have to assess writes

1 1 _il=? w2\ o
(2m)n (AE)H/Qe 2e2A /e B3 (1 —e 24 ) f(y)dy,

wgme (=) ) ()

The lemma then follows from the strong convergence in L?, e?® p—s 1. (I

Lemmas B.19, and imply Prop. B.11] g

3.6. Description of the solution near the focus. Propositions and
imply that

g o (5 - 4e.) = (5 - 4,
+ limj(t)lp HEVI (ue (g — Ae, ) — (— — Ae, )) H

i (2 - 07.) (4 (5 e ) - (5 - 42)

This means that taking A large enough, and ¢ small enough, the difference u® — o
is small at time ¢t = 7/2 — Ae, which is the “initial” time in the boundary layer
where nonlinear effects take place (and where the potential is negligible). Since the
role of 7 is negligible, we first assume ¢ = 0.

which is also,

+

— 0.
L2 A—+cc

e

Proposition 3.15. Assume f € H, and that the nonlinearity is C2, that is, o >
1/2, which is possible only if n < 5. Then the difference u® — ¢ is small around
the focus.

lim sup sup |A®(t) (us(t) — () ||l;2 — O,
e—=0 F—Ae<t<I+Ae A—+oco

where A®(t) is either of the operators 1d, Je(t) or H(t).

Remark. The assumption o > 3 is needed to prove Lemma B.17 below. It seems
purely technical, and one expects Lemma, B.17 to hold Wlthout this assumptlon If
n = 2, the nonlinearity is automatically 02 thanks to the assumption o > —=5. If

n = 3, then we have to restrict our study to the case 5 < oc<2 In partlcular, the
value o = 1, which corresponds to a cubic nonlinearity, is accepted.

Proof. Propositions and imply that
(§-ne) v (-ae)
(2 Ae, 5 Ae, Lo
+ lim sup HEV (uE (I — Aeg, ) —0° (— — Aeg, ))H
e—0 2

Flima (S =iaev) (v (5~ o) =7 (5 - 0e))

lim sup [|u +

e—0

N .
L2 A—+oo
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Define the remainder @w° = u® — ©°, and keep the notation t¢ = 7/2 — Ae. From

Prop. ,

limsup || B ()@ (t)]| 2 — 0,
PR A—+o0

where B®(t) is either of the operators Id, £ +i(t—m/2)V or eV. From Lemma .19,
this implies
lim sup || A= (%)@ (#)[| -, — 0,
e—0 A—+o0

where A®(t) is either of the operators Id, J¢(t) or H(t).
From the conservation of energy (), we have

leVu(®)llz2 < C.

From the conservation of energy for (L),
% (FIVU0R: + =) =o

we have

|eVE (8)]1 1 < C.
Therefore, since w* = u® — ¢,

leVaE (®)llz- < C.
From Sobolev inequality,

l@° (1)l 2= < Ol (1)1 12°* |V (1)1,

and there exists C such that for any ¢t € R,

e C1
(3.25) lo*@Ollzs < =55

This estimate will be useful for |t — 7/2| < Age, where Ag is given by Cor. B.g.
For |t — w/2] > Aoe, sharper estimates are provided by J¢, along with Sobolev
inequality (.14).

The first step of the proof consists in showing that the harmonic potential can
be truncated near the origin without altering the asymptotics. Let x € C§°(R™) be
a cut-off function, with

suppx C B(0,2), 0<yx<1land Vze B(0,1), x(z) =1.
For R > 0, define
up(t,2) = x (F) vt ).
Lemma 3.16. Assume f € H, o > % and take R = e®. Then for any 0 < a < 1,

lim sup sup [|A% (&) (u®(t) — um(E)||lL2 — O,
=0 T -Ae<t<ZI4Ae A—oo

where A®(t) is either of the operators Id, J¢(t) or H®(t).
Proof of Lemma |3.14. The function u% satisfies,

2 | |2 e _ .no|,E|20,¢E _2 z €
(zs@Jr —e“A — 2)“125 |uf |7 u +2RVX(R) -Vu® +(R) Ax(R)u,
therefore the difference w% := u® — u% solves,
2 2
(158 4N |””2| ) why = " PP, — —vx (%) Vs — (%) Ax (%) ue.

From Lemma P.1|, and because the term "|uf|?* can be considered as a real
potential,

rllwsy®)lle < CS eV @)z +C (2) u @Iz,
¢ R R
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which implies, from (B.13) and (B.16),
€ €\2
coulw ] < O +C(5) -

Integrating this inequality on [g —Ae, 5+ As} gives

€ €\2
sup_ [wk®)llzs < Jwh(r/2 - As)|e + CAZ + A (5)
F—Ae<t<Z+Ae
Taking R = ® with 0 < o < 1 yields,
lim sup sup lwk ()| L2 < limsup [|[wg(7/2 — Ae)|| 2.

e—=0 F—-Aet<Z+Ae e—0

Now since 1_ € L2, 0 < a < 1 implies, along with the dominated convergence
— 0.

theorem,
[0 () = e ()], =

From Prop. B.11], the first part of Lemma (with A® = Id) follows.

To estimate J°w§%, notice that

JE()wy(t, ) = (1 ¢ (%)) JE(t)us (¢, x) + i%flfVX (%) u®(t, ),

and for § — Ae <t < § + Ae,

SUNEE

Therefore to prove Lemma when A® = J¢, it is enough to prove,

(1-4(3) v

The function J¢(¢)u® satisfies, from the commutation property (),

|cost|<C£-
.-""R "R

=0.

lim sup sup )
L

e—=0 F—-Aelt<F+Ae

1 2
(3.26) (is@t + §€2A - %) JE(t)u® = e7J(t) (|u6|2‘7u6) .
Notice that from Prop. @ and (), Sobolev inequality implies that there exists
C = C(A) such that for any ¢ € [0,7/2 + Ag],

C

9 e € ——————
(3.27) [u ()L < (| cost| +€)6(§)

At this stage, C' might depend on A (even though we will know it does not, after-
ward). Therefore, Cor. @, applied to (B.2¢) a finite number of times to cover the
interval [Z — Age, T + Ae], implies that for any A > Ag, J=(¢)u® is bounded in L?
for t € [0,7/2 + Ae]. Next, commuting the cut-off function x with (B.26) yields,

(e 32 (a () s = (o (5) o e

— iAX ( ) J(t)u® — E—RQVX (

2R?

xT

R

xT

R) IO



SEMI-CLASSICAL NLS WITH HARMONIC POTENTIAL 23

From Cor. B.6 and (B.27), if we denote t = 7/2 — Ae, t5 = /2 + Ae, we have

o - € e < o o €(4€ \,,E

[ =3 @) 7Oy < N =X () 7700
e

+C o |5 (O 2o e 12) + CRIVITOull L gn2)

2R?
<[[(-x(z)) el

2
13
+CA2—R2||J8( Ull oo igsn2) + CAZ IVIH U I poeie 15 i12) -

We can conclude with the following lemma, whose proof is postponed to Sect. E

Lemma 3.17. Assume f € H and 0 > 1/2. Let A > 1. There exists C = C(A)
such that for any t € [w/2 — Ae, /2 + Ag],

leVIE()u || 2 + [[eEVHE ()u|| 2 < C.

L2

This completes the proof of Lemma , the computations with H¢ being sim-
ilar. O

To prove Prop. , we now have to compare v° and the truncated exact solution
Uu%g.
Lemma 3.18. Assume f € H and take R =¢®. Then for any 0 < a < 1,

lim sup sup 1A= (t) (uz (t) — 0°(t))|| L2 — O,
e—0 Z—Ae<t<Z+Ae A—+o0

where A®(t) is either of the operators 1d, Je(t) or H(t).
Proof of Lemma |3.1§. Denote w5 = u$ — °. Recall that u$, solves

(ie01+ 5ea - '”;' )u%=e””|ua|2”u%+—vX( ) v+ (£) an (L) w

and notice that with our choice for the cut-off function Y,

(%) = xR (%)
therefore

1
<i€3t + §€2A) uf =Vr(@)ug + " [uf[*Tug

() e () )

Ve(@) = x (23;%) le

where

The remainder w% solves

1
(7:58,5 =+ §€2A) ’LZ}% :VR(ZL')’LL% + Pk (|u8|20 € |vg|20- 8)

g2 x R £\? T\ .
+ 5=V () Ve + (5) Ax(F) v
Apply Prop. @, with now U* = Uj, F° = 0 and h® = h§ + h5, where

=it - g (3) 70+ (5) ¢ (3)1

h; — gno (|u6|20' £ |,Ua|2<7 a) )

(3.28)

and
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This yields, for 7/2 — Ae <tg < t; < 7/2+ Ae,

1
1 0R gty ;00 < C 2 [[WR (o)l 2 + Ce

_1_,
- Hh ||L1(to7t17L )

—1-

+ Ce —Hhs

et 81500)

1

_1 _q_1 t £ e 2
< Ce 2 ||wRk(to)| ;2 + Ce 2/ <R2+—+ — )dt
R\"0/]l L2 ‘o R (R)

t— o) 277k
1— b ~
+ (B0 (1l ey + Il )

from Holder inequality. Taking

we have

c (tl to)%/ﬁ < l,
- € 2

5 1 _1 € £\2
il < O el + €74 (R4 5+ (5))

+C ||w€RHL2(t07t1;Ll) .

Repeating this manipulation a finite number of times covers the whole interval
t € [r/2— Aoe, /24 Ape]. Doing this, we get a possibly large, but finite, constant,
which can be seen as the analogue of the exponential term in Gronwall lemma. For

Ape < |t — /2]

< Ae, we use time decay estimates provided by J¢; bearing the

comparison with Gronwall lemma in mind, this means that the operator J¢ provides
some integrability for Age < |t — /2|, which is stated in (B.§), and implies the first

condition in Cor.

. This integrability is needed to get a bound independent of

A > Ag. When A° = H¢, from (R.13),

£ . 1 2 £ |:L'|2 . .
H (t),258t+§€ Al =|H (t)’T = jexsint,

and H°u% satisfies,

1
(ie@t + 552A) Hfu% =iex(sint)ufy + €™ H® (|u8|20u%)

+ Vr(x)H ug + ic(sint) VVg(2)ug

+%VX (;) H®0,u® +iesint ; AX( )Vu
+ (%)QAX (%) Hfus—f—zssmt—vAX (R) ue.

It follows that the remainder H®w§ satisfies,
(is@t + %E2A) Hewg =e" H® (Juf[*7uf — [5°]*70°)
+ixex (%) (sint)u® + ic(sint) VVg(z)ugk
+ Vr(z)x (%) Heu® + i%VR(x)(sint)Vx (%) u
+ EVX (R) HeVu® + zssthR Ay (:C

= \%
+ (%)2Ax (%) Heuf JrzesmtR VAy (R)

€

2

us
us
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We can estimate the term in H*d,u because we can estimate 9, Hu® (Lemma [3.17)
and the following holds,

[HE(t),V] = —cost = O(e) for m/2 — Ae <t < 7w/2+ Ae.

The proof then proceeds as above. O
Lemmas and clearly imply Prop. B.13. g

The assumption f € H turns out to be unnecessary. Indeed, we can use a density
argument for v¢, and approach f € ¥ by functions in H up to a small error in the
norms that are considered in Prop. ; this stems from global well-posedness of
(LA (see e.g. B, [I7). We can mimic the proof of this result for u®, thanks to J¢
and H°®.

Proposition 3.19. Proposition still holds if we assume f € ¥ and r© # 0.
3.7. Proof of Lemma . We first use the following remark.
Lemma 3.20. Assume a function u®(z) satisfies
(A + | ufll 2 + Va2 + [low 2 < C,
where C' does not depend on €. Then
le2A0 22 + llaf?ufll 52 < C.

Now the idea is to differentiate (@) with respect to time. This is classical for
the case of the nonlinear Schrodinger equation ([L.7), see e.g. [§], Sect. 5.2. Thanks
to the above lemma, we can adapt the mentioned results to prove the following
proposition.

Proposition 3.21. Assume f € H. Let A > 1. Then
W e (o, g +As H2N f(H?)) not (o, g +Ae; L?) ,
and there exists C = C'(A) independent of € such that

sup o e+ swp  [EAu B2+ sup  lePus(t)z: < C.
0<t<T4Ae 0<t<T4Ae 0<t< T 4Ae
Idea of the proof. Asin [E], the idea of the proof consists in differentiating the equa-
tion satisfied by u® with respect to time, and estimate e0;u®. Since the harmonic
potential commutes with the time derivative, one can mimic the proof given in ],
Sect. 5.2. When there is no potential, like in ([[.7), the control of the nonlinear
term and the time derivative give some control on e2Au®. In our case, this controls
e2Auf — |z|?uf. From the above lemma, this means that we can estimate each of
these two terms. O
Notice that the following algebraic identity holds point-wise, for any j, k,
(3.29)
|zk5Jj(t)u€|2 + |€28kJ;(t)uE|2 + |:E;€Hj(t)u€|2 + |€8kHj(t)u5|2 =

= lzjaeu () + exrdiu® (0) + [edjpus () + ex;0pu (1) + |20 us (),

where ;1 stands for the Kronecker symbol. From Prop. , the right-hand side
is bounded in L., uniformly for 0 < ¢ < 5 + Ae. This implies the boundedness of

x?

eVH®(t)u® stated in Lemma , and even a little more, that is,
(3.30) vt € [0, g + As} . eVHE(#)u|| 2 < C.

At this stage, we have not assumed that the nonlinearity was twice differentiable.
On the other hand, we just have
C

JeV e (Bl < =
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The idea is that for this term, () is far from giving a sharp estimate. Indeed, for
|t—7/2] = O(e), we guess that the main contribution of u¢ lies in || = O(e) (semi-
classical Schrédinger equations are morally hyperbolic). This is precisely what we
have to prove. With the additional remark that near ¢t = 7/2, one can replace H¢
with eV up to a small error term, this suggests that the leading order term of the
left-hand side is €., H5 (t)u®|?, and the leading order term of the right-hand side
is |zs20§ﬂkuE (t)]?. Thus there is nothing more to hope from this identity.

This in fact must not be surprising. The only additional estimates we obtained
are those stated in Prop. ,

sup oz +  swp  [EAu(B) 2+ sup  lePus(t)z: < C.
0<t<Z4Ae 0<t<Z4Ae 0<t<Z4Ae

The boundedness of the first two terms means that u® is e-oscillating, and the
boundedness of the last term means that the solution remains confined. This is
due to the fact that we work with an unbounded potential, but not to the fact that
we consider the harmonic potential in particular. Therefore, there is no precise
geometric information in this estimate. As a matter of fact, away from the focus,
this kind of information is given by the operator J°.

We assume that the nonlinearity is twice differentiable. Recall that for 1 < j < n,
J5 (t)u® satisfies

. 1 2
(ze@t + §€2A — %) J5 (t)uf =" J5 (1) (|u5|2“u5) .
Differentiating this equation with respect to xj yields
1 2
(3.31) (is@t + 552A - %) 0 J; (t)u® = 5""+18kJ;(t) (Juf?7u®) +exyJs (t)us.

The last term comes from the commutation of the harmonic potential with 0, .
From (2.17), the following point-wise estimate holds,

(3.32) |05 () (JusP7u®)| S Ju P77 Hedku| | TS (H)us| + [u®[*7 €0 IS (t)u).

The idea is that the last term is well prepared to apply Gronwall lemma. For the
first term of the left-hand side, we have to work a little more. Apply Cor. @ to

(B-31)), with
|F2 (200 J5 (H)u)| S [uf 70y 5 (t)us],
|hf] < 5”U|u5|2”_1|58ku8|.|J;(t)u8| + |5:I:kJ;(t)u8|.
We already know that F< satisfies (B.g). Cor. B.q yields,
||€akl];(t)ugHL°°(t0,t1;L2) < H{-jak(zjf)||L2 +C "xkjj(t)ugHLl(tU,tl;Lz)
no—1-1% 20—1
+Ce g |||u8| sakuajf(t)ueHLgf(toytl;Li,) .
For fixed ¢, Holder inequality yields,

[|[u® 7~ edpu J5 (t)u |

< el 7o lednus ([ zee 15 (B)uf| =

L
with
20 —1 1 2
ai a_z B ;
We can take for instance a; = ay = s. This implies, along with (R.16), since
|ledxHE (t)uf]| 12 is uniformly bounded
C

[ 27~ e JE (£)uc |

= e|0(az) e el
1 S oot o (70 Y + 1) 150 e
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Now apply Holder inequality in time, with

[\

g
== 4

T -

Q=

1
00

| =

This yields

(3.34) H |u8|20_158ku6‘]; (t)uaHLﬂl(to,tl;Li') S A(o, tl)"‘];(t)uaHLi(tovtl;Lﬂ)
: 5 a
A (to, 1) | JE (H)edhu® | 1% (10,,:1@2) 15 (O)us | Lacto,tr: 1)

where A€ is defined in Prop. @ We also know that
||J;(t)us||L3(to,t1;Ll) S 0571/g7

therefore (B.33) yields,

(B GI < 103 fllzz + C ||z J5 (¢

Ju|
to,t13L2) L (to,t15L2)

FCE"TTITEA (f, 1) (1 || JE () edpus ]| 02) ) .

Lo (to,t1;L2)

But from Lemma @,

2 1
n01§20<5(§)g),

and we find the same quantity as in Prop. .3, that is £20(50)-1) ge (to, t1). With
the remarks that
[Eak, J;(t)} = djk sint,

and d(az) < 1, we have also,

ek (0| 1oy < 10BNz + C w0

(3.35) v
+Ce A% (to, 1) (1 + [|€0k T (80 || oo 1 :22) ) -

Now it is natural to study zyJ5 (t)u®. It satisfies,

1 2
(is@t + §€2A - %) apJs (u® = e J5 (t) ([u']*7us) + 20 J5 (t)u’.
The same computation as above, minus the three terms estimate which is not
needed here, yields

ka‘];(t)ueHL"O(tO,tl;LQ) < llerd; flle +C H‘Ea’c‘];(t)ueHLl(to,tl;N)

(3.36)

+ O™ T TR AR (to, t) | JE (80 || Lo (1,01512)-
Summing (B.35) and (B.3€) over j and k, Lemma follows from the Gronwall

lemma. O

3.8. Past the first focus. After the first focus, we can proceed like before the
focus, and iterate this process. Notice that if n > 3, then % > op(n), and we always
have o > o¢(n). Next, we can prove the analogous of Prop. @, using Prop.
and Corollary E

Proposition 3.22. The following asymptotics holds for m/2 <t <,

lmsup  sup A — D) (Bl — O,
e—0  w/24+Ae<t<m A—+oo

where AS(t) is either of the operators 1d, J¢(t) or HE(t).
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Finally, vz, 1 approximates vf like in Corollary E Corollary E, Prop. E,

and @Dthen imply Theorem B
When ¢t = 7, the problem is almost the same as at time ¢ = 0. The initial data
f is replaced by f1, and

[u(mr,.) = fills = o(1).
Therefore, Theorem @ can be iterated, which yields Corollary @, because of the
property, . '
VO eR, Yy_ €%, Sy ) =e?S().
4. WHEN THE NONLINEARITY IS FOCUSING

In this section, we assume n = 1 for simplicity. The first remark to guess the
result of Prop. E is that in the proof of Prop. @, the sign of the nonlinearity in
unimportant. One needs local existence results to start the “so long” argument,
and general estimates on the nonlinear term that do not involve its sign. Therefore
Prop. B.9 still holds when u° is the solution of ([.§).

Next, assume for a moment that the matching argument can be used as in
Prop. , and that afterward, the harmonic potential can be neglected because of
concentration. The behavior of u® should then be the same as the solution of

1
10 + 55285 £ = 2|t
Resuming the scaling ), we have to understand the behavior of the solution of
the same equation with ¢ = 1. It is well known (see [j]) that for small initial data,

the solution exists globally. The critical mass is the L?-norm of the ground state
R defined in Prop. . Recall what happens in this critical case.

Theorem 4.1. (R4], case n = 1) Let ¢ € ¥, with ||¢||12 = ||R||p2. Let ¢ be the
solution of the initial value problem,

00+ 3020 = ~o1'y,

1/1\15:0 = .
Assume that ¢ blows up at time t = t,. Then there exist 0, w, &, r1 € R such that

fort < t,,
r—x 2
Y Rlw zixl*fo ei<6+t*w—:7(2(t*ig)).
te — 1 te —t

The second important remark is that such profiles as in @I) are dispersed when
t goes to —oo. If w =1, 1 =&y = 0, then
1 -~
t——o0

’Uo(t* —t)(t) — Mot .

From the uniqueness in the first part of Prop. , if ¢ solves the critical nonlin-
ear Schrodinger equation and behaves asymptotically when ¢ — —oo like the free
evolution of

(41)  wlta) =

(4.2) — 0.

oo L Uo(—t.)R
- m 0 * )
then ¢ is given by ([.1]) with w = 1 and z; = & = 0. Back to the scaling (B.29),
this yields the definitions f(z) = R(z)e! 7 1*I* (from (I.§) and the definition of 1)
and ([.12).
Now sketch the proof of Prop. E As we noticed, Prop. @ describes the
behavior of u€ up to ¢t = /2 — Ae for large A. What prevents us from mimicking
the proof of Prop. ? The limit () still holds, as well as Lemmas and

. However, one cannot apply Lemma so easily to u® and vg,, for estimate
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(B.16) is not true when the nonlinearity is focusing. On the other hand, (B.16) is
true up to time ¢t = 7/2 — Ae for large A, from Prop. @ and the algebraic identity
(B-19). Therefore Prop. still holds.

Finally, one can adapt Prop. by replacing the time interval [7/2 — Ae, /2 +
Ae] by [7/2 — Ae, w/2+ t.e — Ae], for any positive A. The method of our proof does
not allow to go further. Indeed, we have the following estimates,

o (3 +ee 2], =B o (i), =52

Therefore, one cannot hope that (B.2) holds beyond t = 5+ tee — Xe (with C4
proportional to A~1/2). On the other hand, if our final tlme ist =3 +tee— Ae
with A > 0, we can prove the analogue of Prop. B.15 - by a “so long” argument (that
is, (B.25) with C; proportional to A='/2). As a result, we have the first part of
Prop. [L.J. The last part follows from the remark we made above, that we know ¢
explicitly, therefore in particular its value at time £ = 5 +t.e — Ae.

5. ANISOTROPIC HARMONIC POTENTIAL
Consider the general harmonic potential in R™,

2,2

(5.1) V(z) = = (w22 + wizd + ... +wia?),

5
with w; > 0 for all j. It is isotropic when all the w;’s are equal, anisotropic
otherwise. We suppose that the w;’s take exactly d distinct values (2 < d < n),
and renaming the space variables if necessary, we can assume that

O<w <ws < ... < wgy.

We denote 4; the multiplicity of w;, 1 < j < d (i1 + ... +iq = n). At least two
possibilities occur, as for the result one can hope for, correspondmg either to Th. E
or to Cor. @ In the former case, one would be interested in the Cauchy problem

iedpu® —|— 2Au = V(z)u® + " uf?uf,  (t,z) € Ry x R™,
Ufimo = [(@) + 75 (@),

(5.2)

and in the latter, in

1
ie0u® + §€2Au€ = V(2)u® + " uf*us,  (t,x) € Ry x R",

1 T 1 T
£ _ - €[
u‘t2075”/2f(5)+5"/2r (5)’

where f,r® € ¥ and ||7¢||s —>00. We briefly discuss Eq. (p.d), and explain more
£E—

(5.3)

precisely what happens for Eq. (5.9).
For (@), the same method as in Sect. E leads to the following phase, profile and
operators,

ijz tan(w;t),

(5.4)

H ( 1 Ty )
V/cos(w;t) cos(wit)” " cos(wpt) )

TE(t) = “’J;J sin(w;t) — i cos(w;t)d;,

H5(t) = wjz;j cos(wjt) + ie sin(w;t)0;.
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The first focusing occurs for t = 2’:}—(1; the solution u® focuses on the i4-dimensional
vector space defined by

Ey={z; =0, Vj such that w; = wq}.

Therefore, the critical index for the nonlinear term to be relevant in (f.4) would
be k = dim Ey = i4. If kK > i4, then the nonlinear term remains negligible up to
time t = ﬁ and before the next focusing, where the same discussion is valid. If

k> max 15, then the nonlinear term is everywhere negligible, provided that no
<5<

simultaneous focusings occur; indeed, the w; part of the harmonic potential will
cause focusing at times
™ KT
—+ —, KEZ.
20)]' wj
Two (or more) distinct w;’s can cause cumulated focusing if they are rationally
related. To simplify the discussion, we now assume n = 2 and that w; and ws are

irrationally related. In that case, u® focuses at time ¢ = 57— on the line {22 = 0}.
If k = 1, then the nonlinear term becomes relevant near {(t,22) = (5%.,0)}. The

case of a focusing on a line was treated in @] without potential, with an initial os-
cillation that forces such a geometry for the caustic. With an anisotropic oscillator,
the situation is technically much harder to handle. In [@], no oscillation was present
in the other space variable, and this variable could be considered as a parameter.
In the present case, oscillations are always present in both space variables, so it
is harder to measure the dependence of u® with respect to x; when it focuses on
{za = 0}. We leave out the discussion at this stage.

On the other hand, it is possible to understand (and prove) what happens for
Eq. (@) Because we altered the time origin, the operators we now use write,
WiT,
J5(t) = “LL cos(wjt) + isin(w;t)0;
55 (6) = 2 cos(wyt) + isin(w;0)0

H; (t) = wjr; sin(w;t) — ie cos(w;t)d;.

We also have an explicit formula for the linear solution (the analogue of Eq. ()),
which yields in particular Strichartz estimates. The solution of

1
ied® + §€2A’U€ = V(x)v®,
’Uft:() = f(x)a

is given by

n 1/2
wj ;
(4. 2) = H J iS(t,x,y)/e d
vi(t:7) (Qiﬂssinwjt) /]Rn ¢ f)dy,

Jj=

—

where
n

2, .2
S(t,z,y) :Zsinc]ujt ( / 5 J coswjt—xjyj>.

j=1

It is not hard to see that one can mimic the proof of Th. to get the following,

Theorem 5.1. Assume 2 <n <5, % <o < %, and let 2 < r < % If n =2,
there exists & > 0 such that in either of the two cases,
e 0> 00(2), or

o Iflls <9,
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the following holds (if 3 < n < 5, no additional assumption is needed). Denote

Yy = WItf, and
1 < 2

w;xs
wlt ) = 2 Z tan(wjjt)'
j=1
Let u® be the solution of (5.3). Then for |t| < 2= (that is, before refocusing), and
in L2N LT,
o IfO<t<

n ) 1/2
us(t,z) ~ H Y Oy (AT Yt ) cig(ta)/e
e—0 - i sinw;t sinwt sin w,t
j=

. If—wld<t<0,

n 1/2
Wi —_ w1 WnTn, .
u(t,x) ~ — _ . ele(t)/e
( )EHOj]‘:‘[l (insinwjt) ¥ (sinwlt sinwnt)

At time t = wld, the solution focuses on E;, and the nonlinear term is negligible
(use the operators HS for all indexes j such that w; = wg, and J}, for the others).
The nonlinear term will be relevant again only if there exists a time where the
focusings caused by the different w;’s (1 < j < d) occur simultaneously, that is if

there are positive integers k1, ..., kg such that
KT KqT
t1=—=...= —.
w1 Wd

This means that the w;’s are pairwise rationally related. Therefore, at time ¢ = ¢,
the caustic crossing will be described again by the scattering operator. Notice
that when ¢ approaches t;, the asymptotics given in Th. @ has been modified in
terms of Maslov indexes (for instance, since the crossing of E, is linear, only linear
phenomenon occur at leading order, that is precisely a phase shift measured by the
Maslov index). More precisely, for (kq — 1)m/wqg < t < t1, every w; (1 < j < d)
part of the harmonic potential has caused x; — 1 (linear) caustic crossings, and

d —i(ky—1)m 4/2
. J — .
uE(t,x) ~ H wie 7 by (AT Dnn ) ie(ta)/e
e=0 -\ 2im|sinw;t| sinwqt sinwy,t
j=

For t; <t < (kq + 1)7/wg, one has,

d —iKT ij/2
(¢ wje 7 Sf'\ w11 WnTp io(t,x)/e
u ( ,.’L') ~ YT 1/1-‘1- f peeey T € ’
e=0 -+ \ 2im| sinw;| sinwqt sinwy,t
j=

and so on.
If the w;’s are not pairwise rationally related, then only linear phenomena occur
near caustics, and they are measured by Maslov indexes.
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