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QUILLEN’S RELATIVE CHERN CHARACTER IS
MULTIPLICATIVE

PAUL-EMILE PARADAN AND MICHELE VERGNE

ABSTRACT. In the first part of this paper we prove the multiplicativ property
of the relative Quillen Chern character. Then we obtain a Riemann-Roch
formula between the relative Chern character of the Bott morphism and the
relative Thom form.
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% 1. INTRODUCTION
8 The relative Chern character was defined by Atiyah and al. in [E, ﬂ] as a map
= (1) Chy\y : K°(X,Y) — H*(X,Y).
E Here Y C X are finite CW-complexes, K°(X,Y) is the relative K-group and

H*(X,Y) is the singular relative cohomology group.

Date: April 2008.
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The relative Chern character enjoys various functorial properties. In particular,
Ch is multiplicative: the following diagram

(2) K'(X,Y) x KOX,V) —2> KOX,YUuY’)

\LChX\Y lChX\Y/ ChX\YUY/\L
H*(X,Y) x H*X,Y) —2= H*(X,YUY’)

is commutative. Here Y,Y’ C X are finite CW-complexes. and @ and ¢ denote
the products. This property was extended to the case where X is a paracompact
topological space and Y any open subset of X by Iversen in [@] (see also [B,
E]) Iversen deduces the existence of the local Chern character from functorial
properties, but his construction is not explicit.

In this article, we work in the context of manifolds and differential forms. Indeed,
in this framework, Quillen [@] constructed a very natural de Rham relative coho-
mology class associated to a smooth morphism between vector bundles, that we call
the relative Quillen Chern character. Let N be a manifold, and let o : £ET — £~ be
a morphism of complex vector bundles over N. Let Supp(c) be the support of o :
it is the set of points n € N where o(n) is not invertible. We do not suppose that
Supp(o) is compact. Quillen [L] associates to o a couple (a, 3) of differential forms,
where « is given by the usual Chern-Weil construction, and ( is also constructed
a la Chern-Weil, via super-connections. The form « is a closed differential form on
N representing the difference of Chern characters Ch(€T) — Ch(£™) € H*(NV), and
3 is a differential form on N \ Supp(o) such that

| N\supp(s) = dF-
The couple («, 3) defines then an explicit relative de Rham cohomology class
Chyei(0) € H*(N, N \ Supp(0)).

The main purpose of this note is to show that Quillen’s relative Chern character
Chye is multiplicative. If o1, 02 are two morphisms on N, then the product o7 ® o9
is a morphism on N with support equal to Supp(ci) N Supp(c2). We prove in
Section Ethat the following equality

(3) Chrel(ol © 02) = Chrel(al) <o Chrel(UQ)
holds in H*(N, N \ Supp(c1 © 02)).

Intuitively (and true in many analytic cases), the relative Chern class could
also be represented as a current supported on Supp(o), but currents do not usually
multiply. Thus another procedure, involving a choice of partition of unity, is needed
to define the product ¢ of relative classes in de Rham relative cohomology. The
multiplicativity property (E) can also be deduced from the fact that Quillen’s Chern
character gives an explicit representative of Iversen’s local Chern character, due to
Schneiders functorial characterization of Iversen’s class (see [R]). Our proof does
not use Iversen’s construction, and our explicit argument can be extended to the
case of equivariant Chern characters with generalised coefficients (see [Lg]).

When Supp(c) is compact, there is a natural homomorphism from
H*(N, N\ Supp(c)) into the compactly supported cohomology algebra H*(N) and
the image of the Quillen relative Chern character Chye (o) is the Chern character
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Ch,(c) with compact support. The equality () implies the relation
(4) Che(o1 ® 02) = Che(o1) A Che(og) in HE(N).

This last relation is well known and follows also from the fact that Ch.(o) is the
Chern character of a difference bundle on a compactification of V.

As an important example, we consider o, the Bott morphism on a complex
vector bundle o; : ATV — ATV over V, given by the exterior product by v € V.
This morphism has support the zero section M of V. It leads to a the relative
class Chyei(op) in H*(V,V\ M). One can give a similar construction of the relative
Thom form The(V) € H*(V,V\ M) of the vector bundle V — M, using the Berezin
integral instead of a super-trace. The explicit formulae for Chye(op) and The(V)
allows us to derive the ‘Riemann-Roch” relation between these two relative classes
at the level of differential forms. Our proof follows the same scheme than the proof
of the relation between the Chern character and the Thom class with Gaussian
looks constructed by Mathai-Quillen [[L7).

Acknowledgements: We are grateful to M. Karoubi, J. Lannes, P. Schapira
and J.P. Schneiders for enlightening discussions on these topics.

2. COHOMOLOGICAL STRUCTURES

Let N be a manifold. We denote by A*(INV) the algebra of differential forms on
N and by H*(N) the de Rham cohomology algebra of N with complex coefficients.
We denote by H:(N) its compactly supported cohomology algebra.

2.1. Relative cohomology. Let F' be a closed subset of N. To a cohomology
class on N vanishing on N \ F, we associate a relative cohomology class. Let us
explain the construction (see [[]]). Consider the complex A*(N, N \ F) with

A¥(N,N\ F) := A*(N) o AY(N\ F)
and differential dye (o, 8) = (da7 aln\F — dﬁ).

Definition 2.1. The cohomology of the complex (A* (N, N\ F), d.c1) is the relative
cohomology space H*(N, N \ F).

The class defined by a dyei-closed element («, 8) € A*(N, N\ F') will be denoted
[a, B]. There is a natural map H*(N, N\ F) — H*(N).

If F} and F5 are closed subsets of N, there is a natural product
(5) H (N, N\ F1) x H*(N,N\ F5) — H*(N,N\ (F1NF))

(a , b)) — aob.

We will use an explicit formula for ¢ that we recall. Let Uy := N\ Fy, Uy := N\ F
so that U := N\ (F1 N Fz) = U; UUs. Let ® := (P, P2) be a partition of unity
subordinate to the covering U; U Uy of U. With the help of ®, we define a bilinear
map og : A*(N,N \ F1) x A*(N,N \ Fz) — A*(N,N \ (F1 N Fy)) as follows. For
a; :== (o, B;) € A (N, N\ F}), i = 1,2, we define

a1 0 A9 = (a1 ANag, P81 N as + (—1)’“@1 A Doy — (—1)k1dq)1 AB1 A ﬁg)

Remark that all forms @131 Aas, gy APos and dPy A By A B2 are well defined on
U1 UUs. Indeed the support of the form d®; is contained in Uy NUs, as d®1 = —dPs.
So a1 0¢ az € AM1TE2(N N\ (Fy N Fy)). Tt is immediate to verify that dye(a; o¢ az)
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is equal to (dreia1) oo az + (—1)%1 a1 0¢ (drelaz). Thus o defines a bilinear map
H*(N,N\ F) x H*(N,N\ Fb) — H*(N, N\ (F1 N F)).

Let us see that this product do not depend of the choice of the partition of unity.
If we have another partition ® = (&, ®}), then &1 — &) = —(Py — D). It is
immediate to verify that, if dye1(a1) = 0 and dye1(az) = 0, one has

a1 ¢ s — a1 O3’ A3 = drel (0, (—1)k1 ((I)l — (I)Il)ﬁl 74\ ﬁg)
So the product on the relative cohomology spaces will be denoted by .

2.2. Inverse limit of cohomology with support. Let F' be a closed subset of
N. We consider the set Fr of all open neighborhoods U of F' which is ordered
by the relation U < V if and only if V C U. For any U € Fp, we consider the
algebra Aj;(N) of differential forms on N with support contained in U (that is
vanishing on a neighborhood of N \ U): this algebra is stable under the de Rham
differential d, and we denote by Hy; (V) the corresponding cohomology algebra. If
U <V, we have then an inclusion map A}, (N) — A} (N) which gives rise to a
map fU,V : H*{/(N) — H(*](N)

Definition 2.2. We denote by Hi.(N) the inverse limit of the inverse system
(Hi(N), fuv; U,V € Fr).

If Fy, F5 are two closed subsets of N, there is a natural product
* * N *
(6) HE(N) x Hi(N) — Hpar(N).

which is defined via the wedge product on forms.

Now we define a natural map from H*(N, N \ F) into H%.(N).

Let g € A*(N\ F). If x is a function on N which is identically 1 on a neighbor-
hood of F, note that dx( defines a differential form on NV, since dy is equal to 0 in
a neighborhood of F'.

Proposition 2.3. For any open neighborhood U of F, we choose x € C*(N) with
support in U and equal to 1 in a neighborhood of F.
e The map

(7) py (. B) = xa + dxf3
defines a homomorphism of complezes py; : A*(N,N \ F) — A} (N).

Let o € A*(N) be a closed form and 8 € A*(N\ F) such that o|n\p = df3, then
py (v, B) is a closed differential form supported in U.

e The cohomology class of pj(a, B) in Hy;(N) does not depend of x. We denote
this class by py (o, B) € H(N).

e For any neighborhoods V. C U of F', we have fyy opy = py-

Proof. The equation pJ5 o dye1 = dop(; is immediate to check. In particular pj(«, 3)
is closed, if dye (o, 8) = 0. This proves the first point. For two different choices
x and x’, we have p)(a,3) — p’g(a,ﬁ) = d((x —x')B). Since x —x' =0 in a
neighborhood of F, the term (x — x’)3 is a well defined element of Aj;(NN). This
proves the second point. Finally, the last point is immediate, since pj(a, ) =
py(a, B) for x € C*°(N) with support in V C U. O
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Definition 2.4. Let a € A*(N) be a closed form and § € A*(N \ F) such that
aly\rp = dB. We denote by pp(a, 3) € Hi(N) the element defined by the sequence
pu(e, B) € Hi;(N), U € Fp. We have then a morphism

(8) pr: H'(N,N\ F) — Hp(N).
The map pr is an homomorphism.
Proposition 2.5. If I, 5 are closed subsets of N, then we have

9) Prnr, (a1 ©a2) =pp (a1) A pp,(a2)
for any ay, € H*(N, N \ Fy).

Proof. Let W be a neighborhood of F; N Fy. Let Vi, Vs be respectively neighbor-
hoods of F7 and Fy such that Vi NV C W. Let x; € C*(N) supported in V; and
equal to 1 in a neighborhood of F;. Then xix2 is supported in W and equal to 1
in a neighborhood of F1 N Fy. Let &1 + ®2 = 1n\(;nr,) be a partition of unity
relative to the decomposition N \ (F1 N Fy) = N\ F1 UN \ F5.

Then one checks easily that

py (a1) A Pyt (az) — pip** (a1 s az)

is equal to

d((—l)k1+1X1dX2(@15152) + (—1)k1X2dX1(ﬁ1‘19252))

for dye1-closed forms a; = (ay, 3;) € A¥ (N, N\ F;). Remark that ®; /33, is defined
on N\ Fy, so that dx2(®16102) is well defined on N and supported in V5. Thus
the form (71)k1+1X1dX2((I)16152> + (71>k1)(2d)(1 (61(1)262) is well defined on N and
supported in V1NV, C W. This proves that py, (a1)App,(a2) = Pp,nr,(a10a2). O

The map pp : H*(N, N\ F) — H}(N) factors the natural map H*(N, N\ F) —
H*(N).

2.3. Integration. We consider first the case where F' is a compact subset of an
oriented manifold N. Let 7 : N — {e} be the projection to the point. We will
describe an integration morphism 7, : H*(N,N \ F') — R.

We have a map
(10) P H(N, N\ F) — HZ(N)
which is equal to the composition of pp with the natural map H5(N) — HE(N).
If a € H*(N,N \ F) is represented by the d,q-closed differential form (o, 3) €

A*(N,N \ F), the class p.(a) € HE(N) is represented by the differential form
py (e, B) = xa + dx where x is a function with compact support.

Definition 2.6. If a € H*(N,N \ F), then m.(a) € R is defined by

n(@= [ pa.

If N is compact, the elements o and p,.(a) coincide in H*(N), hence 7. (a) = [ a.
When N is non-compact, an interesting situation is the case of a relative class
a = [, 8] where the closed form « is integrable. The two terms . (a) and [, o are
defined. However, it is usually not true that they coincide. An interesting case is
the relative Thom form Th,e (V) of an oriented vector space V (see Section @)
Here N =V, F = {0}, and the relative class Thy. (V) is represented by [0, 5] with
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B a particular closed form on V \ {0}. Here the integral of @ = 0 is equal to 0,

while 7, (Thye(V)) = 1. See Example .3.9.
In some important cases studied in Subsection , we will however prove that

the integral of p.(a) is indeed the same than the integral than . As we have
py(a,f)—a = (x —Da+dxps
(1) a((c-18),

the comparison between the integral of p,(a) and the one of « will follow from the
careful study of the behavior on N of the form (x — 1)0.

We consider now the case of an oriented real vector bundle 7 : V — M. We will
describe a pushforward morphism 7, : H*(V,V\ M) — H*(M).

Let Afper opi(V) be the subalgebra of A*(V) formed by the differential forms
which have a compact support in the fibers of 7. Let Hfy, (V) the correspond-
ing cohomology space. We have a morphism | fiver © Heber ept (V) — H*(M) of
integration along the fibers.

We define a map

(12) Psber cpt : H*(V5 vV \ M) - H;-:lber cpt (V)

by setting that pgpe, opt([c; 8]) is the class represented by xa + dx/3, where x is a
function on V with compact support in the fibers, and equal to 1 in a neighborhood
of the zero section.

Definition 2.7. If a € H*(V,V\ M), the class m.(a) € H*(M) is defined by

T (a’> = / Pfiber cpt(a’)'
fiber

In Section @, we will describe a relative Thom class Th,e (V) which is charac-
terized by the fact that m.(Thye(V)) =1 in H*(M).

3. QUILLEN’S RELATIVE CHERN CHARACTER

3.1. Chern form of a super-connection. For an introduction to the Quillen’s
notion of super-connection, see @]

If £ is a complex vector bundle on a manifold N, we denote by A*(N,End(£))
the algebra of End(€)-valued differential forms on N.

Let V be a connection on €. The curvature V2 of V is a End(€)-valued two-form
on N. Recall that the Chern character of £ is the de Rham cohomology class of
the closed differential form Chern(€) := Tr(exp(_QTv:)). Here we simply denote by
Ch(€) € H*(N) the de Rham cohomology class of Tr(exp(V?)). We will call it the
(non normalized) Chern character of €.

More generally, let £ = ET®E™ be a Zo-graded complex vector bundle on a man-
ifold N. Taking in account the Zs-grading of End(£), the algebra A*(N,End(£))
is a Zy-graded algebra: for example [A* (N, End(€))]T is equal to AT (N, End(E)1)®
A~ (N,End(€)7). The super-trace on End(€) extends to a map
Str : A*(N,End(£)) — A*(N).

Let A be a super-connection on £ and F = A? its curvature, an element of
[A*(N,End(&))]*T. The Chern form of (£,A) is the closed differential form

Ch(A) := Str(e¥).
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We will use the following transgression formulaes.

Proposition 3.1. e Let A;, for t € R, be a one parameter family of super-
connections on E, and let %A, € [A*(N,End(£))]~. Let Fy be the curvature of A;.
Then one has

(13) % Ch(Ay) = d (Str ((%At) oF )) .

o Let A(s,t) be a two-parameter family of super-connections. Here s,t € R. We
denote by F(s,t) the curvature of A(s,t). Then:

4 4 Fisn) _ 4 4 F(s.t)
—Str ((th(s,t)) e ) = Str ((dsA(s,t)) e )
1
_ 4 uwF(s) 4 (1—w)F(s.0)
=d </0 Str ((dSA(s,t))e (A1) e )du :

Proof. These formulae are well known, and are derived easily from the two identi-
ties: F = A%, and dStr(a) = Str[A, o] for any o € A*(N,End(&)) (see [{]). O

In particular, the cohomology class defined by Ch(A) in H*(N) is independent
of the choice of the super-connection A on £. By definition, this is the Chern

+
character Ch(€) of £. By choosing A = VO VO7 ) where V* are connections

on £* this class is just Ch(€T) — Ch(£7). However, different choices of A define
very different looking representatives of Ch(&).

3.2. Quillen’s relative Chern character of a morphism. Let £ = ET® £~ be
a Zs-graded complex vector bundle on a manifold N and o : £ET — £~ be a smooth
morphism. At each point n € N, o(n) : & — &£ is a linear map. The support of
o is the closed subset of N

Supp(o) = {n € N | o(n) is not invertible}.

Recall that the morphism o is elliptic when Supp(c) is compact : in this situation
the data (£7,£7,0) defines an element of the K°-theory of N.

In the following, we do not assume o elliptic. We recall Quillen’s construction [[L9]
of a cohomology class Chyei(o) in H*(N, N \ Supp(c)). The definition will involve
several choices. We choose Hermitian structures on £* and a super-connection A
on £ without 0 exterior degree term.

We associate to the morphism ¢ the odd Hermitian endomorphism of £ defined
by

(14) %z(g ?).

*

0 . . . .
Then v2 = 000 oo ) is a non negative even Hermitian endomorphism of £.
The support of ¢ coincides with the set of elements n € N where the spectrum of

v2(n) contains 0.

Definition 3.2. If H is an Hermitian endomorphism of V and h € R, we write
H > h when (Hw,w) > hl|jw||? for any w € V. Then H > h if and only if the
smallest eigenvalue of H is larger than h.
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Consider the family of super-connections
(15) A%(t)=A+itv,, teR

The curvature of A7(t) is the even element F(o, A t) € [A*(INV,End(£))]T defined
by :

(16) F(o, A t) = (itv, + A)? = —t202 +it[A, v,] + A%

Here —t%v2 is the term of exterior degree 0. As the super-connection A do not

have 0 exterior degree term, both elements it[A,v,] and A% are sums of terms with
strictly positive exterior degrees. For example, if A = VT @ V™ is a direct sum of
connections, then it[A, v,] € A'(N,End(£)~) and A? € A%(N,End(€)™).

Definition 3.3. We denote Ch(o, A,t) the Chern form of (£,A°(t)), that is
Ch(o, A, t) := Str (er—,A,t)) _
As v, = %Ad(t), we have the trangression formula % Ch(o, A, t) = —d(n(o, A, 1))
with
(17) n(o, A, t) := — Str (iva eF(”*A*t)) _

After integration, the trangression formula gives the following equality of differential
forms on N

(18) Ch(A) — Ch(o, A, t) = d </Ot n(o, A, s)ds> ,

since Ch(A) = Ch(o, A, 0).

Proposition 3.4. Let K be a compact subset of N and let h > 0 such that v2(n) > h
when n € K. There exists a polynomial Px of degree dim N such that, on K,

(19) H eF(U,A,t)

‘ < Px(t) e M for all t > 0.

In particular, when K is contained in N \ Supp(c), then Ch(o, A, t) and n(o, A, t)
tends to 0 exponentially fast when t tends to infinity.

Proof. We work on End(E)®.A4, where A = &$mN AF(N). To estimate || eF (@4 ||,
we employ Lemma of the Appendix, with H = t?v2, and R = —it[A, v,] — A%
Here R is a sum of End(F)-valued differential forms on N with strictly positive
exterior degrees. Remark that R is a polynomial in ¢ of degree 1. Lemma EI gives
us the estimate || eF(@40 || < P(|R||)e ™" with P an explicit polynomial with
positive coefficients of degree dim N. Using the fact that ||R|| < at + b on K, we
obtain the estimate ([[9) on N.

If K is contained in N \ Supp(c), we can find h > 0 such that v2(n) > h when
n € K. Thus we see that || eF (741 || decreases exponentially fast, when ¢ tends to
infinity. ([

The former estimates allows us to take the limit ¢ — oo in (|L§) on the open
subset N \ Supp(c). There, the differential form Ch(o, A, ¢) = Str (eF(©4)) tends
to 0 as t goes to oo, and we get the following important lemma due to Quillen.

Lemma 3.5. [@] We can define on N \ Supp(c) the differential form

(20) B(o,A) = /OOO n(o, A, t)dt
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and we have Ch(A)|n\supp(s) = d (B(0, A)).

We are in the situation of Definition P.I. The closed form Ch(A) on N and the
form (o, A) on N\Supp(o) define an even relative cohomology class [Ch(A), 3(c, A)]
in H*(N, N \ Supp(0)).

Proposition 3.6. e The class [Ch(A), 5(0,A)] € H*(N,N \ Supp(c)) does not
depend of the choice of A, nor on the Hermitian structure on €. We denote it by
Chyei(0) and we call it the Quillen Chern character.

o Let F be a closed subset of N. For s € [0,1], let o5 : ET — £~ be a family of
smooth morphisms such that Supp(os) C F. Then all classes Chyel(0s) coincide in
H*(N,N\ F).

Proof. Let us prove the first point. Let Ag, s € [0, 1], be a smooth one parameter
family of super-connections on £ without 0 exterior degree terms. Let A(s,t) =
Agtitv,. Thus LA(s,t) = LA, and £ A(s,t) = iv,. Let F(s,t) be the curvature of

S

A(s,t). We have L Ch(A,) = dv, with 7, = Str ((disAs) eF<SvO>) and (0, Ay, ) =

— Str ((%A(s, 1)) eF(Svt)). We apply the double transgression formula of Proposition
, and we obtain

d _d d F(s,t)
(21) Zi)(0, A 1) =~ St ((dSA(s,t))e ) dv (s, 1)
with
1
_ d uF(s,t) 4 (1—uw)F(s,t)
v(s,t) = /OStr((dSA(s,t))e (th(s,t))e )du

S

1
d
/0 Str ((d_AS> euF(s’t)(ivg) o(1=wF(s,1) )du.

For u, s € [0,1] and t > 0, we consider the element of A*(N,End(£)) defined by
I(u,s,t) = (£A,) e"FEH) (jv,) el -WF (D),

On a compact subset K of N\ F, ¢ is invertible and we can find h > 0 such
that v2(n) > h when n € K. We have uF(s,t) = —t?uv? — uRy s, with Ry s =
—it[As,v,] — A2 which is a sum of terms with strictly positive exterior degrees.
Remark that R; s is a polynomial of degree 1 in ¢. By the estimate of Lemma m
of the Appendix, we obtain

e P(u]| Ry )P((1 — )| Resl)

uF(s,t)

Hl(u,s,t)H e

IN

d
—A,
H ds

H o(1=WF(s,t)

Vo

Vo

d
—A,
H ds

where P is a polynomial of degree less or equal to dim INV. So, we can find a constant
C such that ||I(u, s,t)|| < C(1+t2)3mN =1 for all u, s € [0,1] and ¢ > 0. Thus we
can integrate Equation () in ¢, from 0 to co. Since — [~ £[Str((LA(s, t)) eF(=)]dt
= 7, it follows that

d d
22 — Ch(A,) = . — A) = —
( ) ds C ( s) drs, dsﬁ(o-, s) Vs — des

where €, = fooo v(s,t)dt and v(s,t) = fol I(u, s,t)du. The first equality in Equations
(B2) holds on N, and the second on N \ Supp(c). These equations (29) exactly
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mean that d
E (Ch(As)aﬁ(U; As)) = drel ('YS; 63) .

So the cohomology class [Ch(A), B(o, A)] in H*(N, N \ Supp(o)) does not depend
of the choice of A. With a similar proof, we see that this cohomology class does
not depend on the choice of Hermitian structure on £.

The proof of the second point is similar. O

We have defined a representative of the relative Chern class Chye (o) using the
one-parameter family A?(t) of super-connections, for ¢ varying between 0 and oco.
We can define another representative as follows. We have Ch(o, A, t) = d(5(0, A, 1))
with

(23) B(o,At) = /00 n(o, A, s)ds
t
Lemma 3.7. For anyt € R, the relative Chern character Chye (o) satifies Chye (o) =
[Ch(o, A, t), B(c, A, t)] in H*(N, N \ Supp(0)).
Proof. 1t is easy to check that
(24) (Ch(a), 4o, 4)) — (COh(o,4,), B0, 4.1)) = dra(3(2),0),
with §(t) = fot n(o, A, s)ds. O

Remark 3.8. Quillen relative Chern character seems to be very related to the
“multiplicative K -theory” defined by Connes-Karoubi (see [LF], [L6]). For ezample,
even if ET,E7 are flat bundles, the Quillen Chern character is usually non zero, as
it also encodes the odd closed differential form w = (o, A).

4. MULTIPLICATIVE PROPERTY OF Chye

Let &1, &5 be two Zs-graded complex vector bundles on a manifold N. The space
&1 ® &y is a Zy-graded complex vector bundle with even part & ® & @ & @ &
and odd part & ® & @ & @ &5 .

The super-algebra A*(N,End(&; ® &2)) can  be identified with
A*(N,End(&;)) ® A*(N, End(&;)) where the tensor product is taken in the sense of
super-algebras. Then, if vy € A°(N,End(£;)~) are odd endomorphisms, we have
(11 @ Idg, + Idg, ® 12)? = (v1)? ® Idg, + Idg, @ (v9)?.

Let 01 : & — & and 03 : & — &, be two smooth morphisms. With the help
of Hermitian structures, we define the morphism
o100y (E1®E)T — (E1®@ &)
by 01 ® 09 :== 01 ® Idg; + Idgl+ ® oo + Idgf ®0os+0]® Idg;.
Let v,, and v,, be the odd Hermitian endomorphisms of &1, £, associated to o1

and o5 (see ([14)). Then vy, 00, = Vo, @ Ide, +1dg, ® vy, and v2 o, = v2, @ 1dg, +
Ide, ® v2,. Tt follows that

Supp(o1 ® o2) = Supp(o1) N Supp(o2).
We can now state one of the main result of this paper.

Theorem 4.1. (Quillen’s Chern character is multiplicative) Let 01,02 be
two morphisms over N. The relative cohomology classes



QUILLEN’S RELATIVE CHERN CHARACTER IS MULTIPLICATIVE 11

e Chye(ox) € H*(N, N \ Supp(ox)), k=1,2,
e Chye(o1 ®02) € H*(N, N \ (Supp(o1) N Supp(o2))),

satisfy the following equality
Chrel(al © 02) = Chrel(gl) < Chrel(02)
in H*(N, N \ (Supp(o1) NSupp(oz))). Here < is the product of relative classes (see

@)

Proof. For k = 1,2, we choose super-connections Ay, without 0 exterior degree
terms. We consider the closed forms ¢ (t) := Ch(og, Ag,t) and the transgression
forms ng(t) := n(ok, Ak, t) so that & (ck(t)) = —d(n(t)). Let Bp = [;° ne(t)dt. A
representative of Chye (o) is (¢ (0), Br).

For the symbol o1 ® 02, we consider A(t) = A + itvs, 00, Where A = A1 ®
Idg, + Idg, ® Az, Then Ch(A) = ¢1(0)c2(0). Furthermore, it is easy to see that
the transgression form for the family A(¢) is n(t) = ni(t)ca(t) + 1 (¢)n2(t). Let
Bia = fooo n(t)dt. A representative of Chye(o1 ® 02) is (c1(0)c2(0), B12).

We consider the open subsets U = N \ (Supp(ci) N Supp(oz)), and U, =
N \ Supp(ox). Let &1 + &3 = 1y be a partition of unity subordinate to the
decomposition U = Uy U Us. The proof will be completed if one shows that

(25) (c1(0), B1) 0@ (2(0), B2) — (€1(0)c2(0), Br2)
is dye1-exact. We need the following lemma.

Lemma 4.2. The integrals

Bl = // @17}1(5) /\7]2(t)d8 dt,
0<t<s

By, = // Doy (s) A ma(t)dsdt
0<s<t

are well defined differential forms supported on U.

Proof. The function (s,t) — ®17m1(s) A n2(t) is a function on R? with values in
A*(U). We have to see that the integral By is convergent on the domain 0 < ¢ < s.
This fact follows directly from the estimates of Proposition @ Indeed, let K be
a compact subset of U. Since ®; is supported on U; = N \ Supp(oq), there exists
h > 0, and a polynomial P; in s such that, on IC,

[@1m1(s) < Pl(s)e_hs2 for s>0.
On the other hand, there exists a polynomial P, in ¢ such that, on IC,
[n2(t)]| < Pa(t) for t>0.

Then, when 0 < ¢ < s, we have, on K: ||®171(s) A m2(t)]| < P1(s)Pa(t) e " and
the integral B is absolutely convergent on 0 < ¢ < s. Reversing the role 1 < 2, we
prove in the same way that Bs is well defined. (I

We now prove that (@) is equal to dye) (0, B; — Bg). Indeed

(c1(0), B1) 0o (c2(0), B2) = (Cl (0)c2(0), @151¢2(0) + ¢1(0) D232 — d¢15152),
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so that (@) is equal to (0,(1)16102(0) + 01(0)(1)262 - d@lﬂlﬂg — 612). Thus we

need to check that dBQ — dBl = @15102(0) “+c1 (0)@262 — dq)lﬂlﬂg - 512. We have
dBl = R1 + Sl with

R = d<I>1/\//<t<ém() o(t) ds dt,
S = cpl//«é diy ()72 () — 1(s)dn2(t))dsdt.

Now we use dn;(s) = ¢;(s), so that we obtain

s o= o // _(gemo + mogam) ) da
= o[ ams [ mes) - a0,

that is S = ®1012 — ¢2(0)®1 5. Similarly, we compute that dBs is equal to
dq)g A ffogsgt 7’]1(5)7]2(t> dsdt — @2512 + 01(0)(1)262. So ﬁnally, as d(I)l = 7d(1)2,
we get

By — dBy = —d®, / / 01 (3)n (£)dsdt — Bra + c2(0)®1 1 + c1(0)Ba55
0 0

which was the equation to prove. (I

5. CHERN CHARACTER OF A MORPHISM

We employ notations of Section @

5.1. The Chern Character. Let o : £t — £~ be a morphism on N. Follow-
ing Subsection P., we consider the image of Chyei(0) through the map H*(N, N \
Supp(o)) — HSupp(a)( ). Applying Propositions é and @, we obtain the fol-
lowing theorem.

Theorem 5.1. o For any neighborhood U of Supp(c), take x € C®(N) which is
equal to 1 in a neighborhood of Supp(o) and with support contained in U. The
differential form

(26) c(o, A, x) = x Ch(A) +dx (o, A)

is closed and supported in U. Its cohomology class cy (o) € H{;(N) does not depend
of the choice of A, x and the Hermitian structures on E*. Furthermore, the inverse
family cy (o) when U runs over the neighborhoods of Supp(o) defines a class

CthOd(U) € ngpp(a) (N)

The image of this class in H*(N) is the Chern character Ch(E) of £.
o Let I be a closed subset of N. For s € [0,1], let o5 : ET — £~ be a family of

smooth morphisms such that Supp(os) C F. Then all classes Chgood(0s) coincide
in Hi(N).

Using Lemma @ we get

Lemma 5.2. For any t > 0, the class Chgooa(o) can be defined with the forms
6(0—7 A, X7 t) = X Ch(o—, A? t) + dx /8(0—7 A, t)'
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Proof. Tt is due to the following transgression

(27) C(Uv Aa X) - C(Ua A’ X5 t) = d(X(S(t)),
which follows from (@) O

In some situations, Quillen’s Chern character Chg(c) = Ch(o, A, 1) enjoys good
properties relative to the integration. So it is natural to compare the differential
form c(o, A, x) and Chqg(o).

Lemma 5.3. We have
1
c(o, A, x) — Chq(o) =d <X/ n(o, A, s)ds> + d((x —1)8(c, A, 1))
0

Proof. This follows immediately from the transgressions ([1]) and (7). O

Definition 5.4. When o is elliptic, we denote by
(28) Che(o) € HE(N)
the cohomology class with compact support which is the image of Chye (o) through
the map p, : H*(N, N \ Supp(c)) — H:(N) (see ([[d)).
A representative of Ch.(o) is given by ¢(o, A, x), where x € C*°(N) is chosen

with a compact support, and equal to 1 in a neighborhood of Supp(o) and ¢(o, A, x)
is given by Formula ().

We will now rewrite Theorem D for the Chern classes Chgooqa and Ch.. Let
o1 : & — & and 09 1 & — &5 be two smooth morphisms. Let o1 ® o2 :
(&1 © &) — (£ ® &) their product.

Following (), the product of the elements Chgooa(ox) € Hupp(op) () for k =
1,2 belongs to Hj (N)="H N).

ES
Supp(o1)NSupp(o2) Supp(01®62)(

Theorem 5.5. o We have the equality
Chgood(01) A Chgood(02) = Chgooa(o1 @ 02) in H;upp(m@@)(l\f).
e [f the morphisms o1,09 are elliptic, we have
Chc(01) A Che(o2) = Che(op ©® o) in HE(N).
Proof. The second point is a consequence of the first point. Theorem @ tells
us that Chye(o1 @ 02) = Chyel(01) © Chyel(o2) holds in H*(N, N \ (Supp(o1) N

Supp(o2))). We apply now the morphism “p” and use the relation () to get the
first point. (]

The second point of Theorem @ has the following interesting refinement. Let
01,02 be two morphisms on N which are not elliptic, and assume that the product
o1 ® o9 is elliptic. Since Supp(o1) N Supp(o2) is compact, we consider neighbor-
hoods Uy of Supp(oy) such that U; N Uy is compact. Let x; € C*(NN) supported
on Uy and equal to 1 in a neighborhood of Supp(cy). Then, the differential form
c(o1,A1,x1) A c(o2,Ag, x2) is compactly supported on N, and we have

Cho(o) ® 09) = [c(a—l,Al,xl) Ac(oz,Ag,x2)| in HE(N).
Note that the differential forms c¢(ok, Ak, X&) are not compactly supported.

5.2. Comparison with other constructions.
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5.2.1. Trivialization outside Supp(c). Outside the support of o, the complex vector
bundles £ and £~ are “the same”, so that it is natural to construct representatives
of Ch(£) = Ch(ET) — Ch(E~) which are zero “outside” the support of o by the
following identifications of bundle with connections. For simplicity, we assume in
this section that o is elliptic.

A connection V = VT @ V™ is said “adapted” to the morphism ¢ when the
following holds

(29) V oo+ocoVt = 0,
Vtoo*+0*oV™ = 0,

outside a compact neighborhood of Supp(c). An adapted connection is denoted by
V24aP_ Tt is easy to construct an adapted connection.

Proposition 5.6. Let V* be a connection adapted to o : EY — E~. Then
the differential form Ch(V®¥?) is compactly supported and its cohomology class
coincides with Che(o) in HE(N).

Proof. Suppose that V24P gatisfies (E) outside a compact neighborhood C' of
Supp(c). We verify that the forms Ch(V®1?P) as well as the form 3(o, V*32P) are
supported on C. Thus if x € C*° (V) is equal to 1 on C, we see that the differential
forms c(o, V24P y) and Ch(V242P) coincide. O

Remark 5.7. If F is compact, the closed differential form Ch(V®?) represents
the Chern character of a difference bundle [DY| — [D~], where [DV] and [D~] are
complex vector bundles (isomorphic outside F') on a compactification Np of N (see
for example [{]). Thus Ch(V?) is a representative of the Chern character as de-
fined by Atiyah and al. in [E, E] In this case, Theorem @ 18 just the multiplicativity
property of the Chern character in absolute theories.

5.2.2. Gaussian look. In [@], Mathai-Quillen gives an explicit representative with
“Gaussian look” of the Bott class of a complex vector bundle N — B. The purpose
of this paragraph is to compare the Mathai-Quillen construction of Chern characters
with “Gaussian look” and the Quillen relative construction.

Let N be a real vector bundle over a manifold B. We denote by 7 : N — B the
projection. We denote by (z,¢) a point of N with x € B and £ € N,. Let £ — B
be two Hermitian vector bundles. We consider a morphism o : 7*€T — 7*E~.

We choose a metric on the fibers of the fibration N — B. We work under the
following assumption on o.

Assumption 5.8. The morphism o : n*ET — 7*E~ and all its partial derivatives
have at most a polynomial growth along the fibers of N — B. Moreover we assume
that, for any compact subset Kp of B, there exist R > 0 and ¢ > 0 such that!
v2(x,€) > cl|€]|? when ||€]| > R and x € K.

We may define the sub-algebra Aj,. . (V) of forms on N such that all partial
derivatives are rapidly decreasing along the fibers. Let H;ec_wp(N ) be the corre-
sponding cohomology algebra. Under Assumption @, the support of ¢ intersects
the fibers of 7 in compact sets. We have then a canonical map from Hg, ()
into Hiee rap(N). We will now compute the image of Chgood(0) under this map.

IThis inequality means that ||o(z, &)w||2 > ¢||£||2]||w]? for any w € &,.
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Let V= VT@®V™ be a connection on & — B, and consider the super-connection
A = 7*V so that A7(t) = 7*V + itv,. Then, the Quillen Chern character form
Chq(o) := Ch(o, A, 1) has a “Gaussian” look.

Lemma 5.9. The differential forms Ch(o, A, 1) and (o, A, 1) are rapidly decreas-
ing along the fibers.

Proof. The curvature of A?(t) is
F(t) = °F — t*02 4 it[r*V, v,).

Here F € A%(B,End(£)) is the curvature of V. Assumption p.§ implies that
[1*V,v,] € AY(N,End(7*€)) has at most a polynomial growth along the fibers.
Furthermore, for any compact subset K of the basis, there exists R > 0 and ¢ > 0
such that v2(z, &) > ¢||€]|? when ||€]| > R and x € Kp.

To estimate eF(¥), we apply Lemma of the Appendix, with H = t?v2, and
R = —7*F — it[r*V,v,]. The smallest eigenvalue of H is greater or equal to
t2c||€]|?, when ||¢]] > R, and R is a sum of terms with strictly positive exterior
degrees. Remark that R is a polynomial in ¢ of degree 1 and is bounded in norm
by a polynomial in ||£|| along the fibers. It follows that from Lemma EI that, for
t > 0, we have

|7 @, &) < PRI o= lel”.

Our estimates on the polynomial growth of R in ¢ and ||£|| implies that there
exists a polynomial Q such that, for ¢ > 0,

(30) [ (.6) < Quelieny el

for (z,€) € N,z € Kp, ||&]| > R.

This implies that Ch(o, A, 1) = Str(e¥(1)) is rapidly decreasing along the fibers.
Consider now (o, A, 1) = —i [ Str(vg e eF () dt which is defined (at least) for ||¢]| >
R. The estimate () shows also that ((o,A,1) is rapidly decreasing along the
fibers. We can prove in the same way that all partial derivatives of Ch(o, A, 1) and
B(o, A, 1) are rapidly decreasing along the fibers: hence Ch(o, A, 1) € A3, ., (V)
and B(o, A, 1) € Aj,ap (N \ Supp(0)). O

Proposition 5.10. Quillen’s Chern character form Chq(o) € Al ., (N) repre-
sents the image of the class Chgood(0) € Hg, 00 (V) i1 Hiee rap (IV)-

Proof. Choosing x supported on ||| < R+ 1 and equal to 1 in a neighborhood
of ||§|| < R, the transgression formula of Lemma f.3: c(c, A, x) — Ch(o, A, 1) =

Xfo o,A,s)ds) + d((x —1)B(0,A,1)) implies our proposition, since the form
c(o, A, x) represents Chgood (o) in Hijee pap (V) O

When the fibers of 7 : N — B are oriented, we have an integration morphism
ffiber : H;ec—rap(N) - H*(B)

Corollary 5.11. We have ff er Chq(o fﬁber Chgood (o) in H*(B).
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5.3. Examples. If £ is a trivial bundle N x V' on a manifold N, an endomorphism
of End(€) is determined by a map from N to End(V'). We employ the same notation
for both objects, so that if o is a map from N to End(V'), we also denote by o the
bundle map o[n,v] = [n,0(n)v], for n € N and v € V. We sometimes denote by
[V] the trivial vector bundle with fiber V.

We will use the following convention. Let V = VT @ V™~ be a Zy-graded finite
dimensional complex vector space with V* = C. Let A be a super-commutative
algebra (the ring of differential forms on a manifold for example). The elements of
the super-algebra A® End (V') will be represented by 2 x 2 matrices with coefficients
in A. This algebra operates on the space A® V. We take the following convention:
the forms are always considered as operating first: for example, if VT = C and

V~— =C, the matrix < 2 Cg ) represents the operator

(51
on A® V.

5.3.1. The cotangent bundle T*S'. We consider T*S! := S x R the cotangent
bundle to the circle S'. The group K°(T*S!) of K-theory is generated, as a Z-
module, by the class [o] of the following elliptic symbol.

Take ET = £~ the trivial bundles T*S! x C over T*S*. Let u € C*°(R) satisfying
w(€) =1if [§] > 1 and u(§) = 0if |¢] < 1/2. The symbol ¢ : E* — £ is defined
by the map o : T*S? — End¢(C) = C :

i0 o u(€)e?, if ¢>0;
7(e ’5){u<s>, it €<,

Here Supp(c) = {(e'?,€); u(€¢) = 0} is compact. Note that the class [¢] € K°(T*S?!)
does not depend on the choice of the function wu.

We choose on £F the trivial connections V' = V- =d and welet A = VT @V~
on EY @ E~. Then Ch(A) = 0. The curvature F(o, A, t) of the super-connection

o [ d 0 0 itu(&) e
AOf)(o d>+<z‘tu(§)ei9 0
is represented by the matrix ( Z _ab ) where a(t, (€, ¢)) = —t2u(£)? and

0 <ei9,s>>:{itew(w(§)dfiu(&)de), it >0,

—itu’(£)d¢, if £€<0.
F(o,At) ; v o—tPu(€)? A b
Then e*'\7*?") is represented by the matrix e by A ) where
i 1+ it?u(&)u’ (&)dEdf, if € > 0;
At (e,€)) = et
1, if £€<0.

Thus (o, A, t) = — Str (iv, eF@41) is given by

—2ite= O y(£)2d, if £ <0;

6 _
n(o, A, t)(e”, &) = {0, if ¢€>0.
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Finally, integrating n(o, A, t) in ¢ from 0 to oo, we find that

if £>0and u(&) #O0;
in the others cases.

(32) 5o )", €) = { S

We have then proved the following

Proposition 5.12. e The relative Chern class Chye (o) is represented (0, 3(o, A)).

e The Chern class with compact support Che (o) is represented by the differential
form —ilsodx A dO where x € C™(R) is compactly supported and equal to 1 on
[—1,1], and 1>¢ is the characteristic function of the interval [0, co[

Note that the differential form —i 1> dx Adf is of integral —2im on T*S! (which
is oriented by df A df).

5.3.2. The space R?. Now we consider the case where N = R? ~ C. Take £t =&~
the trivial bundles N x C over N. We consider Bott’s symbol o}, : £t — £~ which
is given by the map o(z) = z for z € N ~ C. The support of o3 is reduced to the
origin {0}, thus o}, defines an element of K(IR?). Recall that the Bott isomorphism
tells us that K°(R?) is a free Z-module with base oy.

We choose on £* the trivial connections V' =V~ =d. Let A=Vt @V~

ET @ E~. The curvature F(op, A, t) of the super-connection A% () = ( d 0 ) +

0 d
0 itz has the matrix form ( ))
itx 0 as the ma o see
[ —tz)? 0 . 0 dz
F(Ub,A,t) = < 0 —t2lz|2 —t dz 0 .

Flovht) _ 2o [ 1= Fdzdz  —itdz )
—itdz 1+ Sdzdz

and (o, A, 1) = — Str (ivy, eF@A) is equal to

Thus

(33) n(op, A, t) = —t(Edz —zdz)e —t*l2l*

When z # 0, we obtain that 5(op, A fo (0w, A, t)dt is equal to W(zdz
zZdz) = —id(argz). Thus we have

(34) Chyel(op) = [0, —i d(arg 2)].

It is easy to see that Chyel(0p) is a basis of the vector space H*(C,C\ {0}).

Take f € C*°(R) with compact support and equal to 1 in a neighborhood of
0. Let x(2) := f(||z]|?). Then the class Ch.(0y) € H?(R?) is represented by the
differential form c(op, A, x) = x Ch(A) + dxS(op, A). Here the differential form
Ch(A) is identically equal to 0. We obtain

c(ov, A x) = d(f(|2*) A Blow, A)
= —f'(]z|*)dz A dz.
Remark that c(op, A, x) is compactly supported and of integral equal to 2im on

R? (with orientation dz A dy). Thus s—c(0p, A, ) is a representative of the Thom
form of R?.

2171'
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Remark 5.13. For t > 0, the Chern character of the super-connection A% (t) is
the degree 2 differential form with “Gaussian look”

Ch(op, A t) = — e 17" 24z a7,

For anyt > 0, Ch(oy, A, t) and c(op, A, X) coincide in the cohomology H(*jec_rap(RQ),
as follows from Proposition . In particular they have the same integral.

5.3.3. The multiplicativity property on C2. Following the notations of preceding
example, we consider C? with coordinates z = (21, z2) and morphisms o1 = z; and
02 = z2. Then the tensor product morphism is

z1 —2Z2
01 ®og = _ .
z2 21

The morphism o1 ® o9 has support z; = 22 = 0. A calculation similar to the
calculation done in the preceding section gives the following

Proposition 5.14. The relative chern class Chye(01 ® 03) € H*(C?,C%\ (0,0)) s
represented by (0, f12), where

-1
Bz = 5 ((z_ldzl — 21dFT) A dZ3 A dz + (Fadzs — 20d%3) A dFT A dzl)

is a closed form on C?\ (0,0).

Remark that (15 is invariant under the symmetry group U(2) of C2.

Recall that Chye(ox) = [0, 8], with g = —#%h=2E The wedge product
(1A Bs is not defined on (CQ\ (0,0). Introduce a partition of unity ®;, ®5 with respect
to the covering U; U Uy of C? \ (0,0), with Uy = {2, 2, # 0}. Then the relative
product Chye(01) ¢ Chyei(o2) has representative (0, 3), with 8 = —d®; A 81 A Ba.

We now compute the forms By, By of the equation (). The form 7 () have
been computed (Equation @) From this it is easy to obtain

(z_ldzl — zldz_l) N (56[2’2 — ZQdE)
Az12 (|21 + [22[?) ’
(Z1dz1 — z1d77) A (Zadza — 22dZ3)
Az (|21 + [22[?)
Here B; — By is a two form which is well defined on C? \ (0,0) and the relation
& + &5 =1 imply

By = ®y(z1,29)

By = ®o(z1,29)

P12 — B =d(B1 — Bz).
This shows that the class Chye(01 @ 02) is the product [0, 51] ¢ [0, B2].
We can now look at the different representatives of the Chern class with compact
support Ch, (o1 ® 02) € H:(C?). Let f € C*°(R) with compact support and equal

to 1 in a neighborhood of 0. We consider the functions x(z) = f(|z1|? + |22/?) and
k(zk) = f(|21]?). Let Q = dz1 Adzy A dzs A dzs.

Proposition 5.15. The Chern class Ch.(o1 ® 02) € H(C?) is represented by any
of the following differential forms

I (|21 + |22)?)
|21]% + |22]?
clor, A, x1) Aoz, Az, x2) =/ (|z1?) £/ (122]?)

C(Ul ®025Aax) = -
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Clearly the first representative is “better”, as it is invariant by the full symmetry
group SO(4) on C? = R*.

6. RIEMANN ROCH FORMULA IN RELATIVE COHOMOLOGY

6.1. Thom class in relative cohomology. Let M be a manifold. Let p :=V —
M be a real oriented Euclidean vector bundle over M of rank d. In this section, we
give a construction for the relative Thom form, analogous to Quillen’s construction
of the Chern character. Here, we use the Berezin integral which is the “super-
commutative” analog of the super-trace for endomorphisms of a super-space.

Recall the sub-space Afy,, (V) C A*(V) of differential forms on V which have
a compact support in the fibers of p : V — M. We have also defined the sub-
space A, (V). The integration over the fiber, that we denote p., is well defined
on the three spaces A*(V,V \ M), Afy ., . (V) and A5, . (V) and take values
in A*(M). A Thom form on V will be a closed element which integrates to the
constant function 1 on M.

Let V be a unitary connection on V with curvature F = V2 € A%(M, A?V).
Let T : T'(M,AV) — C*(M) be the Berezin integral that we extend to a map
T : A*(M,AV) — A*(M). The pfaffian of an element L € A*(M, A%V) is defined
by: Pf(L) := T(el).

Definition 6.1. Let V be a unitary connection one form on V, with curvature form
F. The Euler form Eul(V,V) € A*(M) of V — M is the closed differential form
on M defined by Eul(V,V) := Pf (—%) The class of Eul(V, V), which does not
depend of V, is denoted Eul(V) € HI(M).

Remark 6.2. Since the pfaffian vanishes when the rank of V is odd, the Euler class
Eul(V) € HY(M) is identically equal to 0 when the rank of V is odd.

Let us consider the vector bundle p*V — V equipped with the pull-back con-
nection p*V. Let x be the canonical section of the bunlde p*V. We consider
the Z/27Z graded algebra A*(V, Ap*V) which is equipped with the Berezin integral
T : A*(V, Ap*V) — A*(V).

Let fY € A(V, Ap*V) be the element defined by the equation

(35) £Y = ~PIxP + tp Vx + 5p'F.
We consider the differential forms on V defined by

(36) ct = T (ef7 ) ,

(37) nh o= -T (xeftv) .

Here the exponentials are computed in the super-algebra A*(V, Ap*V).

Lemma 6.3. The differential form CY is closed. Furthermore,
d
(39) 2.0l = ()

Proof. The proof of the first point is given in [{f] (Chapter 7, Theorem 7.41). We re-
call the proof. We denote by tx(x) the derivation of the super-algebra A*(V, Ap*V)
such that ts(x)s = (x,s) when s € A°(V, Alp*V). We extend the connection p*V
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to a derivation V/ of A*(V, Ap*V). We consider the derivation V" — 2t1,(x) on
A*(V, Ap*V). Tt is easy to verify that

(39) (VA =2ta(x))fY = 0.

Then, the exponential /s satisfies also (VN =2t (x) (eftv) = 0. The Berezin inte-
gral is such that T(ta(x)a) = 0 and T(V" a) = d(T(«)) for any a € A*(V, Ap*V).
This shows that d (T(eftv)) = 0.

Let us prove the second point. We have doT (x ft ) = To (V" =2tip(x))(x eft ),
and since (VA — 2tux(x)) efs =0, we get

(VA —2tp(x))(xe/ ) = (V" =26n(x)) - x) e/
= (V'x—2t|x|?) el
d v
= Lo
dt ©

O

When ¢ = 0, then C9 is just equal to Pf(£) = (—m)¥2Eul(V, V). When t = 1,
then CL = T(ef1)) = e~ IXI* @ is a closed equivariant form with a Gaussian look
on V : @ a differential form on V with a polynomial growth on the fiber of V — M

(we will be more explicit in a short while). This differential form was considered
by Mathai-Quillen in [[L7].

We have i, = e’ IXI* Q(¢) where Q(t) is a differential form on V with a poly-
nomial growth on the fiber of V and which depends polynomially of ¢ € R. Thus, if
x # 0, when t goes to infinity, n’, is an exponentially decreasing function of . We
can thus define the following differential form on V\ M :

(40) B Z/ 1 dt.
0

If we integrate (Bg) between 0 and oo, we get C% = d(8,) on V\ M. Thus the
couple (C9, 31) defines a canonical relative class

(41) [PE(%),87] € H*(V,V\ M)

of degree equal to the rank of V.
Consider now the cohomology with compact support in the fiber of V. Let Cy, be
the image of [Pf(%),8x] through the map pgpe; epe : H*(V, V\ M) — Hjjpo, ept(V)

Proposition 6.4. Let x € C*(V) be a function with compact support in the fibers
and equal to 1 in a neighborhood of M. The form

CY = xPI(5) + dxBa

is a closed differential form with compact support in the fibers on V. Its cohomology
class in HE,, Cpt(V) coincides with Cy : in particular, it does not depend of the

. 1 X\ . . d(d—1) d/2 1 X -
choice of x. We have Zp. (Cy)) = 1, with eg = (=1) = 7%, Thus Z.C5, is a
Thom form in Afyep epe(V)-
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Proof. The first assertions are consequence of the definition of Cy. To compute
p« (C3), we may choose x = f(||x||?) where f € C>°(R) has a compact support and
is equal to 1 in a neighborhood of 0. We work with a local oriented orthonormal
frame (e1,--- ,eq) of V : we have x = ) xe;, and p*Vx = ), dxie; + x;p*Ve;.
The component of maximal degree in the fibers of the differential form 7% is
(— 1)d(d 2 =1 o= t%llo? doe(=1) kapdry - dag - - dag (see Proposition [6.7). Then,
the component of maximal degree in the fibers of the differential form dy A n% is

T ()2 |22 e

Hence, using the change of variables z — %z,

112

—2(71)(1( dxy - - dxg.

p(CY) = —2(-p" [T < /. f’(lsc||2>|xllzet2'x'2dx) dt
0
. [e'e] 2 92 2 5
_ (71)%/ ( f(”zH )( 1‘3:6” )e*HIH d1'> dt.
0
I(t)
Since for t > 0, I(t) = % (fRd I dx) we have p, (C)) =
(—1) d(d e Joue™ fl]|? dxf(, )d(dz l)ﬂd/z. O

Using the differential form C}, it is possible to construct representatives of a
Thom form with Gaussian look.
Proposition 6.5 (Mathai-Quillen). The differential form CL is a closed form
A . . d(d—1)
which belongs to Aj.. ..,(V). We have ép* (CX) =1, with eq = (1)~ = 7/2,
Thus =C} is a Thom form in A% ., (V).
Proof. We know after Proposition @ that the component of maximal degree in the

fibers of the differential form CY is the term (—1)“% " e~ I=I® dy - - dz. O
We summarize Propositions .4 and .5 in the following theorem.

Theorem 6.6. Let p : V — M be an oriented Fuclidean vector bundle of rank d

. . . . . dd=b 4/
equipped with an unitary connection V, with curvature F. Leteq := (—1)" =z 7%=,

Let T : A*(V, A\p*V) —: A*(V) be the Berezin integral. Let,

1
/= =)+ tp"Vx + Sp°F,
nf\ -7 (xeffv) ,

0

e Thy(V,V) = 51 (P£(%),8) is a Thom form in A*(V,V\ M). It defines a
Thom class

Thya (V) € H*(V,V\ M).
e Th.(V,V,x) = éC%‘, = é (xPf(E) + dxBr) is a Thom form in A%(V). Here
X € C*(V) is a function with compact support in the fibers of V and equal to 1 in
a neighborhood of M. It defines a Thom class

Th.(V) € Hi(V).
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o The Mathai-Quillen form Thyq(V, V) = éc; = é T (eflv) is a Thom form
i Aleerap(V). It defines a Thom class

ThMQ (V) € H:iec—rap (V) .

Thus the use of the Berezin integral allowed us to give slim formulae for Thom
forms in relative cohomology, as well as in compactly supported cohomology or in
rapidly decreasing cohomology.

Let us give more explicit formulae for the Thom forms we have constructed.

6.2. Explicit formulae for the Thom forms of a vector bundle. Given a
local oriented orthonormal frame (eq, -+, eq) of the vector bundle V, we work with
the identification (m,z) — >, ;e;(m) from M x R? into V. The element p*Vx is
then equal to ), nie; with n; = dx; + ), zr(Ver, €;).

If I = [i1,i,...,1p) (with i1 < iy < -+ < ip) is a subset of [1,2,...,d], we
use the notations e; = e;; A--- Aey, and ny = n;; Ao+ A 77Z The curvature F
decomposes as F := 37, . Fjje; Ae;j. For any subset I of [1,2,...,d], we consider

the two form Fj := ZKJ i1 jer Fijei Nej with values in /\VI, where V; is the
subbundle generated by the e;,i € I. Let Pf(F;) be its pfaffian. One sees easily
that

F

(42) ez pr% in  A*(M,AV).

Only those I with || even will contribute to the sum (i), as otherwise the pfaffian
of Fy vanishes.

If I and J are two disjoint subsets of {1,2,...,d}, we denote by €(I, J) the sign
such that ey Aey =€e(I,J)eruy.

Proposition 6.7. ¢ We have Thyq (V) = Ei [ BA] with
T
Bn = Zm ) PE(5 )%,
i1y ]
with )
L1 141)
Yty =51 T (L5 et Dye({k}, 10 ).

Here for 1 < k < d, the sets I,J vary over the subsets of {1,2,...,d} such that
{k}UTUJ is a partition of {1,2,...,d}. Only those I with |I| even will contribute
to the sum.

e The class The(V) is represented by the closed differential form

= (#lal PECE) + 21 (o) (3 widas) 31 )

where [ is a compactly supported function on R, identically equal to 1 in a neigh-
borhood of 0.
o We have

Thyiq(V) = (ﬁ)ld/z e oW S (1) F e(1, ) PECEE )iy

Here I runs over the subset of {1,2,...,d} with an even number of elements, and
I’ denotes the complement of I.
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Proof. Tt follows from the explicit description of our forms and from the formula

[ et todt = 1r(atL).
O

6.3. Riemman-Roch relation. Let p : V — M be an oriented Euclidean vector
bundle of even rank d = 2n with spin structure, and let S — M be the correspond-
ing spin super-bundle. Let C'(V) — M be Clifford bundle. We denote by

c: C(V) — Endc(S)

the bundle map defined by the spinor representation. The vector bundle § is
provided with an Hermitian metric such that c(v)* = —c(v) for v € V. Consider
the morphism oy : p*ST — p*S~ defined by
oy = —ic(x)

where x :— V — p*V is the canonical section. Then the odd linear map v, :
p*S — p*S is equal to —ic(x).

Let V be a unitary connection on V : it induces a connection VS on S (see
Lemma @) We work with the family of super-connections on p*S:

AY := p*V® + te(x)
We see that the curvature of the super-connection Ay is the even element F; €
A*(V, p*Endc(S)), given by
Fy = —2||x||* + te(p* Vx) + p"F®

where FS € A?(M,Endc(S)) is the curvature of V.

If (e1, - ,eq) is a (local) orthonormal frame of the bundle V, the curvature of
Vis given by F := 3", Fije; Aej (here we use the identification of A2V ~s0(V)).
Let ¥ : C(V) — AV be the symbol bundle map. We consider F := X71F:

f‘ = ZFijeiej S A2(M; CQ(V))

i<j
Lemma 6.8. e The following relation holds in A*(M,Endc(S)):
1 ~
F° = 5¢(F).

e We have Fy = c(f;), where fi € A*(V,p*C(V)) is given by
fo = —t2||x||> + tp*Vx + %p*f.
e The image of f; by the bundle map ¥ is equal to the map f¥ € A*(V,p* A V)
defined in @)
We consider now in parallel the closed differential forms
Ch(oy, V¥, t) = Str (exp(Fy)),  C) =T (expp(£)) -

In the first case the exponential is computed in the super-algebra A*(V, p*Endc(S)),
and in the second case, the exponential is computed in the super-algebra
A*(V,p* A V). We also consider in parallel the differential forms

ne = Str (c(x) exp(Fy)), ) =T (x-expr(fy)) -
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Definition 6.9. We associate to the vector bundle V, equipped with the connection
V, the closed differential form on M defined by

A\(V) := det 1/2 <#> .

ez —e 2

Its cohomology class A(V) € H*(M) is the A-genus of V.

Proposition 6.10. We have the following equalities of differential forms on V:
Ch(oy, VY, t) = (=20)" A(V)~' C!,
and
ne = (=20)" A(V)~" n.

Proof. The proof of the first relation is done in [[f], Section 7. The same proof works
for the second equality. Let us gives here a brief idea of the proof. Let Str¢ be
the super-trace on A*(V,p*C(V)) such that Strg(a) = Str(c(a)) for any element
a € A*(V,p*C(V)). We have then to show that

(43) Strc: (expe(fy)) = (~20)" AV)™" T (expa ()
and
(44) Stre (x : eXpC(ft)) = (20" A(V)"! T (x : epr(Eﬁ)) .

If V' is an oriented Euclidean vector space of even dimension 2n, we have the
following fundamental relation between Stre(expea(a)) and T(exp,(Xa)) for a €
C3(V):

7(a)
2 —e

T(a)
(45)  Stre(expe(a)) = (~20)" det /2 (T) T(exp, (Sa))

(see [, Section 3). We see then that (i) is an extension of (i) to the case where
a€ Al®@ CY(V)+ A2 ® C?(V) (here A is a super-commutative super-algebra).

O
We can now conclude with the
Theorem 6.11. e We have the following equality in H*(V,V\ M):
(46) Chra(ow) = (2im)" AV)™! Tha (V).
o We have the following equality in H:(V):
(47) Che(oy) = (2im)" A(V)™! The(V).
e We have the following equality in H;ec_wp(V):
(48) Chg(ov) = (2im)" A(V)™" Thuq(V)-

Remark that these identities holds at the level of the reprsentatives.
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7. APPENDIX

We give a proof of the estimate used in this article. It is based on Volterra’s
expansion formula: if H and R are elements in a finite dimensional associative
algebra, then e(1+1) = ofl + S°7° [, (H, R) where

(49) I.(H,R) = / eStH Re2 R ReSH ResriH gy . ds),
A

Here Ay is the simplex {s; > 0; s1+s2+ -+ sk + Sg+1 = 1} which has the volume

% for the measure dsg - - - dsy.

Now, let A = & A; be a complex finite dimensional graded commutative
algebra with a norm || - || such that ||ab|| < ||al|[|b]|. We denote by A, = @& | A,.
Thus wft! = 0 for any w € A,. Let V be a finite dimensional Hermitian vector
space. Then End(V) ® A is an algebra with a norm still denoted by || - ||. If
H € End(V), we denote also by H the element H ® 1 in End(V) ® A.

We denote Herm (V') C End(V') the subspace formed by the Hermitian endomor-
phisms. When H € Herm(V'), we denote sm(H) € R the smallest eigenvalue of H :
we have

H o H H =e ™M forall H € Herm(V).

Lemma 7.1. Let P(t) = Ef’:o tk!.

- Then, for any R € End(V) ® Ay, and H €
Herm(V'), we have

H e—(H+R) H < e—sm(H) P(”R”)

Proof. Let ¢ = sm(H). Then |e *H || = 7% for all u > 0. The term I(H,R)
of the Volterra expansion vanishes for k > R since the term e R... Resx+1H
belongs to End(V)® Ag. The norm of the term I, (H, R) is bounded by & e~¢ || R||".
Summing up in k, we obtain our estimate. (I

The preceding estimates hold if we work in the algebra End(F) ® A, where F is
a super-vector space and A a super-commutative algebra.
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