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1. INTRODUCTION

The relative Chern character was defined by Atiyah and al. in [E, ﬂ] as a map
(1) Chyy : K'(X,Y) — H*(X,Y).

Here Y C X are finite CW-complexes, K°(X,Y) is the relative K-group and
H*(X,Y) is the singular relative cohomology group.

The relative Chern character enjoys various functorial properties. In particular,
Ch is multiplicative: the following diagram

(2) K'(X,Y) x KOX,V) —2> KOX,YUuY’)

\LChX\Y lChx\Y/ ChX\YuY’ \L
H*(X,Y) x H*X,Y) —2= H*(X,YUY’)

is commutative. Here Y,Y’ C X are finite CW-complexes. and @ and ¢ denote
the products. This property was extended to the case where X is a paracompact
topological space and Y any open subset of X by Iversen in [@] (see also [D,
[3)). Iversen deduces the existence of the local Chern character from functorial
properties, but his construction is not explicit.

Date: 20 February 2007.
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In this article, we work in the context of manifolds and differential forms. In-
deed, in this framework, Quillen [@] constructed a very natural de Rham relative
cohomology class associated to a smooth morphism between vector bundles, that
we call the relative Quillen Chern character. Let N be a manifold (not necessarily
compact), and let o : ET — £~ be a morphism of complex vector bundles over N.
Let Supp(c) be the support of o : it is the set of points n € N where o(n) is not
invertible. We do not suppose that Supp(o) is compact. Quillen [E] associates to
o a couple («, ) of differential forms, where « is given by the usual Chern-Weil
construction, and 3 is also constructed a la Chern-Weil, via super-connections. The
form « is a closed differential form on N representing the difference of Chern char-
acters Ch(€T) —Ch(£~) € H*(IV), and 3 is a differential form on N \ Supp(c) such
that

a|N\Supp(U) = dﬂ
The couple (o, 3) defines then an explicit relative de Rham cohomology class

Chyel(0) € H*(N, N \ Supp(0)).

The main purpose of this note is to show that Quillen’s relative Chern character
Ch,e is multiplicative. If o1, 09 are two morphisms on IV, then the product o1 ® o9
is a morphism on N with support equal to Supp(o1) N Supp(o2). We prove in
Section Ethat the following equality

(3) Chrel(al © 02) = Chrel(al) <o Chrel(UQ)
holds in H*(N, N \ Supp(c1 © 03)).

Our proof of this equality is direct. Denote by [«, 3] the class of («,3) in the
de Rham relative cohomology. In order to prove the formula [aq, 81] ¢ [ag, B2] =
[a1 A a, B12], we give an explicit equality (Equality (@)) between the forms 31, B2
and (12 attached by Quillen to 01,02 and o1 ® g5. We give an explicit example of
the equalities involved in Subsection . Intuitively (and true in many analytic
cases), the relative Chern class could also be represented as a current supported on
Supp(o), but currents do not usually multiply. Thus another procedure, involving
a choice of partition of unity, is needed to define the product ¢ of relative classes
in de Rham relative cohomology.

The multiplicativity property (E) can also be deduced from the fact that Quillen’s
Chern character gives an explicit representative of Iversen’s local Chern character,
due to Schneiders functorial characterization of Iversen’s class (see [IJ]). Our proof
does not use Iversen’s construction. As we need the same argument for more general
situations, we feel worthwhile to present this down-to-earth proof.

When Supp(o) is compact, there is a natural homomorphism from H*(N, N \
Supp(o)) into the compactly supported cohomology algebra H* (V) and the image
of the Quillen relative Chern character Chyei(0) is the Chern character Ch. (o) with
compact support. The equality (E) implies the relation

(4) Che(01 ® 03) = Che(o1) A Che(oz) in HI(N).

This last relation is well known and follows also from the fact that Ch.(o) is the
Chern character of a difference bundle on a compactification of N.

In Theorem @, we refine this relation to the case where Supp(oy) and Supp(o2)
are not necessarily compact by associating to the relative class Chye(o) a closed
differential form on N supported very near the closed set Supp(c). Here the product
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is given by the natural wedge product of forms, but it is at the expense of fattening
the support of o.

Acknowledgements: We are grateful to M. Karoubi, J. Lannes, P. Schapira
and J.P. Schneiders for enlightening discussions on these topics.

2. COHOMOLOGICAL STRUCTURES

Let N be a manifold. We denote by A*(N) the algebra of differential forms on
N and by H*(N) the de Rham cohomology algebra of N with complex coefficients.
We denote by H%(N) its compactly supported cohomology algebra. There is a
natural map H(N) — H*(N).

2.1. Relative cohomology. Let F' be a closed subset of N. To a cohomology
class on N vanishing on N \ F, we associate a relative cohomology class. Let us
explain the construction (see [[J]). Consider the complex A*(N, N \ F) with

A¥(N,N\ F) := A*(N) @ A1 (N \ F)
and differential d,q (o, 3) = (da, aly\F — dﬁ).

Definition 2.1. The cohomology of the complex (A*(N, N\ F),dye1) is the relative
cohomology space H*(N, N \ F).
The class defined by a dyei-closed element («, 8) € A*(N, N\ F) will be denoted
[, B]. We review the basic facts of the relative cohomology groups :
e There is a natural map H*(N,N \ F) — H*(N).
e If F C F’ are closed subsets of N, there is a natural restriction map
H*(N,N\F)— H*(N,N\ F).
e If F7 and F5 are closed subsets of IV, there is a natural product
(a , b)) — aob.

We will use an explicit formula for ¢ that we need to recall.

Let Fy, F» be two closed subsets of N. Let Uy := N \ F1, Uy := N \ F» so that
U:=N\(FiNFy) =U;UU;. Let @ := (D1, P2) be a partition of unity subordinate
to the covering Uy U Us of U. As &1 + &5 = 1, we have d®; + dPs = 0. With the
help of ®, we define a bilinear map

op : A(N, N\ F1) x AY(N, N\ F5) — A*(N, N \ (F1 N F3))

as follows.
Let a; == (a;, B;) € A¥(N) @ A¥~L(N \ F;), i = 1,2. Define

a1 o G 1= (041 Az, ®181 Az + (=) ag A DBy — (—1)"dDy A By A 52)-

Remark that all forms @181 Aas, ag APoe and dP; A 1 A (2 are well defined on
U1 UUs. Indeed the support of the form d®; is contained in Uy NUs, as d®1 = —d®Ps.
So a1 0 az € AMFF2(N, N\ (Fy N Fy)).

The following relation is immediate to verify:

drer(a1 09 a) = (dre1a1) 00 az + (=1)"a; 0 (dreraz).

Thus g defines a map H*(N, N \ F1) x H*(N, N\ F3) — H*(N,N \ (F1 N Fy)).
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Let us see that this product do not depend of the choice of the partition of unity.
If we have another partition ® = (®},®5), then &1 — @] = — (P2 — ®)). It is
immediate to verify that, if dye1(a1) = 0 and dye1(az) = 0, one has

a1 e 2 — a1 O’ A = drel (0, (71)’61 (@1 — (I)ll)ﬂl A 52)
So the product on the relative cohomology spaces will be denoted by .

2.2. Inverse limit of cohomology with support. Let F' be a closed subset of
N. We consider the set Fr of all open neighborhoods U of F' which is ordered
by the relation U < V if and only if V C U. For any U € Fp, we consider the
algebra Aj;(N) of differential forms on N with support contained in U (that is
vanishing on a neighborhood of N \ U): this algebra is stable under the de Rham
differential d, and we denote by Hy; (V) the corresponding cohomology algebra. If
U <V, we have then an inclusion map A}, (N) — A} (N) which gives rise to a
map fU,V : H*{/(N) — H(*](N)

Definition 2.2. We denote by Hi(N) the inverse limit of the inverse system
(Hy(N), fuv:; U,V € Fr).

When F' is compact, we have another system. For U € Fr, we take the vector
space H:(U) and for U < V, we take the canonical map hyy : Hi(V) — HE(U).
We denote by H3(N) the inverse limit of the inverse system (H:(U), hyy; U,V €
Fr). Let us recall the following basic facts :

e When F is compact, Hi(N) ~ Hp(N).

o HiL(N)={0}if F =0.

e There is a natural map Hi(N) — H*(N). If F is compact, this map factors
through H3(N) — HE(N).

o If FF C F’ are two closed subsets of N, there is a natural map H}.(N) —
H}" (N)a

e If F and R are two closed subsets of N, there is a natural product
* * A *
(6) Hi(N) X Hp(N) — Hpagr(N).
The operation () is defined via the wedge product on forms. It is well defined

since for any neighborhood W of F'N R, we can find neighborhoods U of F' and V'
of R such that UNV C W.

Now we define a natural map from H*(N, N \ F) into H}(N).

Let g € A*(N\ F). If x is a function on N which is identically 1 on a neighbor-
hood of F, note that dx( defines a differential form on NV, since dy is equal to 0 in
a neighborhood of F.

Proposition 2.3. For any open neighborhood U of F, we choose x € C*(N) with
support in U and equal to 1 in a neighborhood of F.
e The map

(7) py (. B) = xa + dxf3
defines a homomorphism of complezes p : A*(N,N \ F) — Ay, (N).

In consequence, let a € A*(N) be a closed form and 3 € A*(N \ F) such that
a|y\r = dB, then pg(a, B) is a closed differential form supported in U.

e The cohomology class of p5 (e, B) in Hi;(N) does not depend of x. We denote
this class by py (o, B) € Hi(N).
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e For any neighborhoods V. C U of F', we have fyy opy = py-

Proof. The equation p} o dye1 = dop; is immediate to check. In particular pS(a, 3)
is closed, if dye1 (v, ) = 0. Directly: d(xa + dx8) = dxa — dxdp = 0. This proves
the first point. For two different choices x and x’, we have

py(a, B) =pgy (. 8) = (x—xX)a+dx—x)B

d((x —x)B).

Since x — X’ = 0 in a neighborhood of F, the right hand side of the last equation is
well defined, and is an element of Aj;(N). This proves the second point. Finally,
the last point is immediate, since pS(a, 3) = pyr(a, 8) for x € C°°(N) with support
inVcU. O

Definition 2.4. Let a € A*(N) be a closed form and § € A*(N \ F) such that
aly\rp = dB. We denote by pp(a, 3) € Hi(N) the element defined by the sequence
pu(e, B) € Hi(N), U € Fp. We have then a morphism

(8) P HY(N,N\ F) — Hp(N).
The following proposition summarizes the functorial properties of p.

Proposition 2.5. e If ' C F’ are closed subsets of N, then the diagram

Pr

9) H*(N, N\ F) Hi(N)

| |

PF/

H*(N,N\ F') 22 M5, (N)

18 commutative.
o If F1, F5 are closed subsets of N, then the diagram

(10) M (N,N\F) x HN,N\F)—% H(N,N\(FNF))

lppl lPFZ lpFlﬁFg

H;‘l (N) X H;‘z (N) — H;—‘lﬁFQ (N)
18 commutative.

Proof. The proof of the first point is left to the reader. Let us prove the second
point. Let W be a neighborhood of F1NF5. Let Vi, V5 be respectively neighborhoods
of Fy and F such that Vi N Vo C W. Let x; € C°(N) supported in V; and equal
to 1 in a neighborhood of F;. Then xjx2 is supported in W and equal to 1 in a
neighborhood of F} N Fy. Let &1 4+ @5 = In\(minm) be a partition of unity relative
to the decomposition N \ (Fy N Fy) = N\ F1 UN \ Fb.

Then one checks easily that

py: (a1) A py;(az) — py ™ (a1 o9 a2)

is equal to

d((*1>k1+1X1dX2(@15152) + (*1)k1XQdX1(61q)262>)
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for dye1-closed forms a; = (ay, 3;) € A¥ (N, N\ F;). Remark that ®; /33, is defined
on N \ Fy, so that dx2(®15132) is well defined on N and supported in V2. Thus
the form (71)k1+1X1dX2((I)16152) + (71)k1)(2d)(1 (61(1)262) is well defined on N and
supported in V; NV, C W. Since p%‘,i (a1) A p%‘,z (a2) and pi** (a1 0@ az) represent
respectively the W-component of py. (a1) Apg,(az2) and pp, Ap, (a1 ©az), this proves
that pp, (a1) A Pp,(a2) = Prap, (a1 © a2).

O

If we take F' = N in (f]), we see that the map pp : H*(N,N \ F) — Hi(N)
factors the natural map H*(N, N \ F') — H*(N).

2.3. Integration. We consider now the case where F' is a compact subset of N.
We have then a map
(11) p.: H'(N, N\ F) — H(N)

which is equal to the composition of pp with the natural map H5(N) — HE(N).
If a € H*(N,N \ F) is represented by the d,q-closed differential form (o, 3) €
A*(N,N \ F), the class p.(a) € H:(N) is represented by the differential form
pg (o, B) = xa + dx where x is a function with compact support.

Definition 2.6. Suppose that N is oriented. If a € H*(N,N \ F), the integral of

a is defined by
/ a:= / p.(a).
N N

Suppose that N is oriented and compact. The elements « and p_(a) coincide

in H*(N), hence
foe= e
N N

if N is compact.

Suppose now that N is non-compact. Let a = [«, ], and assume that the form
« is integrable. The two sides of the equality above are defined. However, it is
usually not true that | NG = / ~y @ An interesting case is the relative Thom form
ty of a vector space V: then ty = [0, 8], with § a particular closed form on V'\ {0}.
Here the integral of o = 0 is equal to 0, while [, ty = 1. See Example F.3.9

In some important cases studied in Subsection p.2.9, we will however prove that
the integral of p.(a) is indeed the same than the integral than . As we have

py(e,B) —a = (x—Da+dxs
a((x-1)8),

the comparison between the integral of p,(a) and the one of « will follow from the
careful study of the behavior on N of the form (x — 1)0.

(12)

3. QUILLEN’S RELATIVE CHERN CHARACTER

3.1. Chern form of a super-connection. For an introduction to the Quillen’s
notion of super-connection, see [ﬂ] If E = Et @ E~ is a Zo-graded space, we set
lv| =0,ifve ET and |[v| =1ifv e E~.

If £ is a complex vector bundle on a manifold N, we denote by A*(N,End(£))
the algebra of End(€)-valued differential forms on N.
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Let V be a connection on €. The curvature V2 of V is a End(€)-valued two-form
on N. Recall that the Chern character of £ is the de Rham cohomology class of
the closed differential form Chern(€) := Tr(exp( _QZYQ )). Here we simply denote by
Ch(€) € H*(N) the de Rham cohomology class of Tr(exp(V?)). We will call it the
(non normalized) Chern character of €.

More generally, let £ = ETGE™ be a Zs-graded complex vector bundle on a man-
ifold N. Taking in account the Zsy-grading of End(£), the algebra A*(N,End(£))
is a Zy-graded algebra: A*(N,End(£)) = [A*(N,End(&))]T @ [A*(N,End(£))] ™,
where for example [A*(N,End(£))]" = AT(N,End(£)*) ® A~ (N,End(£)~). The
super-trace on End(€) extends to a map Str : A*(N,End(£)) — A*(N).

Let A be a super-connection on £ and F = A? its curvature, an element of
[A*(N,End(&))]". The Chern form of (£,A) is the closed differential form

Ch(A) := Str(eF).

More precisely, in local coordinates, let £ = N x E be a trivial Zs-graded complex
vector bundle with fiber a finite dimensional Zs-graded complex vector space E.
A super-connection on £ is an operator A on A*(N) ® E of the form d + A where
A € [A*(N) ® End(E)]~ . Then the operator A? is given by the multiplication by
the element F = dA + A? of [A*(N) ® End(E)]T (that we may sometimes denote
also by A%). More explicitly, if A = Y A,w, where A, are endomorphisms of £
and w, forms on N, then

(13) F =) (D) Agdw, + Y (~1)elll 4, Apwawn,.
a a,b

We will use the following transgression formulaes.

Proposition 3.1. e Let A;, for t € R, be a one parameter family of super-
connections on E, and let A, € [A*(N,End(£))]~. Let Fy be the curvature of Ay.
Then one has

(14) % Ch(A) = d (sw ((%At)el‘”t)) .

o Let A(s,t) be a two-parameter family of super-connections. Here s,t € R. We
denote by F(s,t) the curvature of A(s,t). Then:

g (L Fen) _ L (4 F(s.)
T Str ((th(s, t))e ) g Str ((dSA(s,t)) e )

—a( [ "Str (L A5, )60 (L A5, 1)) 0P )
0 ds ’ dt ’ )

Proof. These formulae are well known, and are derived easily from the two identi-
ties: F = A2, and d Str(a) = Str[A, o] for any a € A*(N,End(£)).

We give for example the proof of the second point. We write A instead of A(s,?),
and F = A(s, t)? instead of F(s,t). By Volterra’s formula (Bg),

d,  d d,  d

el el N _ Y2 F —_
ds((th)e) dt((dSA)e)
Ld d Ld d
| Gm e TR [ () e, S a0
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Now

d (Str ((%A)e“F(%A) e(l—u)F)) — Str ([A, (%A)e“F(%A) e(l—u)F])

d d d d
— A —A uF —A (1-uw)FY\ _ —A uF A —A (1—u)F )
Str ([, oAl () e F) = Str (o) T[4, AN F)

We can commute the even element [A,-LAle"F of A*(N,End(€)) with
(L A)e=F under the super-trace. Integrating from 0 to 1, we obtain our lemma.

dt
O

In particular, the cohomology class defined by Ch(A) in H*(N) is independent
of the choice of the super-connection A on £. By definition, this is the Chern

. vt 0
character Ch(€) of £. By choosing A = 0 v-

on £* this class is just Ch(€T) — Ch(£7). However, different choices of A define
very different looking representatives of Ch(&).

> where V* are connections

3.2. Quillen’s relative Chern character of a morphism. Let £ =T ®E™ be
a Zo-graded complex vector bundle on a manifold N and o : £ — £~ be a smooth
morphism. At each point n € N, a(n) : £ — &, is a linear map. The support of
o is the closed subset of N

Supp(c) = {n € N | o(n) is not invertible}.

Remark 3.2. It may look strange to define the support of o at the closed set of
points where det(o(n)) = 0, the support of a function (differential form, etc) being
the closure of the set of points where this function is not zero. But this is indeed
very natural: the fact that det(o(n)) = 0 is equivalent to the fact that the vector
space CoKer(o(n)) ® Ker(o(n)) is not zero.

Definition 3.3. The morphism o is elliptic if Supp(o) is compact.

Recall that the data (€1,€7,0) defines an element of the K-theory K°(INV) of
N when ¢ is elliptic.

In the following, we do not assume o elliptic. We recall Quillen’s construction
of a cohomology class Chyei(o) in H*(NV, N \ Supp(c)). The definition will in-
volve several choices. We choose Hermitian structures on £* and a super-connection
A on £ without 0 exterior degree term.

We associate to the morphism o the odd Hermitian endomorphism of £ defined
by

(15) vg<2 Uo)

o*o 0

0 oo
The support of o coincides with the set of elements n € N where the spectrum of

v2(n) contains 0.

Then v2 = is a non negative even Hermitian endomorphism of £.

Definition 3.4. If H is an Hermitian endomorphism of V and h € R, we write
H > h when (Hw,w) > hl|jw||? for any w € V. Then H > h if and only if the
smallest eigenvalue of H is larger than h.
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Consider the family of super-connections
(16) A%(t) =A+itv,, teR
The curvature of A°(t) is the even element F (o, A, t) € [A*(N,End(€))]" defined
by :
(17) F(o, A t) = (itv, + A)? = —t202 +it[A, v,] + A%
Here —t%v2 is the term of exterior degree 0. As the super-connection A do not
have 0 exterior degree term, both elements it[A,v,] and A? are sums of terms with

strictly positive exterior degrees. For example, if A = V¥ @ V™ is a direct sum of
connections, then it[A,v,] € A'(N,End(£)~) and A% € A%(N,End(€)T).

Definition 3.5. We denote Ch(o, A,t) the Chern form of (£,A°(t)), that is

Ch(o, A, t) := Str (eF(U’A’t)) .
We define n(o, A, t) := — Str (ivg eF(‘T’A’t)), and we call it the transgression form.

As iv, = £A9(t), we have & Ch(o,A,t) = —d(n(o, A, t)). After integration, it
gives the following equality of differential forms on NV

(18) Ch(A) — Ch(o,A,t) =d (/0 n(o, A, s)ds) ,
since Ch(A) = Ch(o, A, 0).

Proposition 3.6. Let K be a compact subset of N and let h > 0 such that v2(n) > h
when n € KC. There exists a polynomial Py of degree dim N such that, on K,

(19) |

In particular, when K is contained in N \ Supp(c), then Ch(o, A, t) and n(o, A, t)
tends to 0 exponentially fast when t tends to infinity.

Proof. We work on End(E)® A, where A = @HmN AF(N). To estimate ||eF (@A) ||,
we employ Lemma of the Appendix, with H = t?v2, and R = —it[A, v,] — A%
Here R is a sum of End(F)-valued differential forms on N with strictly positive
exterior degrees. Remark that R is a polynomial in ¢ of degree 1. Lemma
gives us the estimate [|eF(@AD| < P(||R|)e~" with P an explicit polynomial
with positive coefficients of degree dim N. Using the fact that |R|| < at + b on K,
we obtain the estimate (L) on N.

If K is contained in N \ Supp(c), we can find h > 0 such that v2(n) > h when
n € K. Thus we see that ||eF(@4)|| decreases exponentially fast, when t tends to
infinity.

FoA0)

‘ < PK(t)e_htZ for all ¢t > 0.

O

The former estimates allows us to take the limit ¢ — oo in ([[§) on the open
subset N \ Supp(c). There, the differential form Ch(c, A, t) = Str (eF(©4)) tends
to 0 as t goes to oo, and we get the following important lemma due to Quillen.

Lemma 3.7. [l§] We can define on N \ Supp(c) the differential form

(20) Blo,A) = / " (o A, e
0
and we have Ch(A)|n\supp(s) = d (B(0,A)).
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We are in the situation of Definition P.1. The closed form Ch(A) on N and the
form (o, A) on N\Supp(o) define an even relative cohomology class [Ch(A), 5(c, A)]
in H*(N, N \ Supp(0)).

Proposition 3.8. e The class [Ch(A), 5(0,A)] € H*(N,N \ Supp(c)) does not
depend of the choice of A, nor on the Hermitian structure on £. We denote it by
Chyei(0) and we call it the Quillen Chern character.

o Let F be a closed subset of N. For s € [0,1], let 05 : ET — £~ be a family of
smooth morphisms such that Supp(os) C F. Then all classes Chye(0s) coincide in
H*(N,N\F).

Proof. Although the proofs are standard, we give the details, since we will use them
in a forthcoming article in a more general context. Let us prove the first point. Let
Ag, s € ]0,1], be a smooth one parameter family of super-connections on £ without
0 exterior degree terms. Let A(s,t) = A, + itv,. Thus £A(s,t) = LA, and
4 A(s,t) = ivy. Let F(s,t) be the curvature of A(s,t). We have

%%mpm%wmyﬁﬁdﬁ&ﬁwy

and (o, Ag,t) = — Str ((%A(s, t))e¥(=t)). We apply the double transgression for-
mula of Proposition @, and we obtain

d d d
21 — (0, Ay, t) = —— —A Fls.t))
(21) dsn(a, sst) dtStr((ds (s,t))e ) dv(s,t)
with
1
- d uF(s,t) 4 (1—u)F(s,t)
v(s,t) = AsnﬁﬁA@wE (A 1)e )m

1
d
= /0Str((EAS)e“F(S’t)(ivg)e(l“)F(S’t))du.

For u, s € [0,1] and t > 0, we consider the element of A*(N,End(£)) defined by
d
I(u,s,t) = (d—As)e“F(s’t)(ivg)e(l_“)F(s’t).
s
On a compact subset K of N \ F, o is invertible and we can find h > 0 such
that v2(n) > h when n € K. We have uF(s,t) = —t?uv2 — uRy s, with Ry =
—it[Ag,v,] — A2 which is a sum of terms with strictly positive exterior degrees.

Remark that R; s is a polynomial of degree 1 in ¢. By the estimate of Lemma @
of the Appendix, we obtain

HI(u,s,t)H < }diAs HU‘TH euF(S,t)H He(l—u)F(s,t)H
S
d
= }EAS V| e PP (]| Ry o)) e TPEP((1 = )| Ry )
d
< | as| o] e P RLDPA = W)l R

where P is a polynomial of degree less or equal to dim INV. So, we can find a constant
C such that |[I(u, s,t)|| < C(1+2)3mNe=ht* for allu, s € [0,1] and ¢ > 0. Thus we
can integrate Equation (1)) in ¢, from 0 to oo. Since — OOO % [Str((disA(s, t))eF ) at
= 7, it follows that

d d
( ) ds C ( s) drs, dsﬁ(o-, s) Vs — des
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where .
€s = / v(s,t)dt, and wv(s,t) = / I(u, s, t)du.
0 0

The first equality in Equations (R2) holds on N, and the second on
N \ Supp(c). These equations (RF) exactly mean that

% (Ch(AS)7ﬂ(O', AS>) = dyel (75; 65) .

So the cohomology class [Ch(A), 8(o, A)] in H*(N, N \ Supp(o)) does not depend
of the choice of A.
With a similar proof, we see that the cohomology class of [Ch(A),8(o,A)] €
H*(N, N \ Supp(o)) does not depend on the choice of Hermitian structure on €.
We now prove the second point. We consider the super-connection A(s,t) =
itvy, + A. Thus disA(s,t) = it%vgs and %A(s,t) = iv,,. Let F(s,t) be the

curvature of A(s,t). Let n(os, At) = —Str((LA(s,t))eFY). By the double
transgression formula,
d d d
(23) (0w A t) = = Str (it(gvgs)eF(s’t)) —du(s, 1)
with

1
v(s,t) = [ Str (iA(s t))e“F(S’t)(iA(s t))et—WFED ) gy
’ . ds -\

' d
/O Str ((z‘t£vgs)eu1?(s,t)(ivgs)e(ku)F(s,t))du.
2

On a compact subset of N \ F, the Hermitian endomorphisms v, are strictly
positive and we can find A > 0, uniformly in s € [0,1], such that v2 > h. The

estimate of Lemma [.1 of the Appendix shows that we can integrate Ecsluation ®3)
in ¢ from 0 to co. Here the first term of the right hand side integrates to 0. This
gives the relation %B(O’S,A) = de; on N \ Supp(o) with €5 = fooo v(s,t)dt. Thus
we obtain

d
=5 (Ch(4), B(os, A)) = drer (0, ¢5)
so that the class of (Ch(A), 5(os,A)) does not depend of s. O

We have defined a representative of the relative Chern class Chyej(o) using the
one-parameter family A“(t) of super-connections, for ¢ varying between 0 and oc.
We can define another representative as follows. We have Ch(c, A, t) = d(8(0, A, t))
with

(24) B(o, A1) = /t (0, A, 5)ds

Lemma 3.9. For any t € R, the relative Chern character Chyq (o) satifies
Chye(0) = [Ch(o,A, t), (o, A, t)] in H*(N, N\ Supp(c)).

Proof. It is easy to check that

(25) (Ch(a), 5(0,4)) = (Chio, A1), B0, A,1)) = drea(5(2), 0),

with 8(t) = [5 n(o, A, s)ds. O
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Remark 3.10. Quillen relative Chern character seems to be very related to the
“multiplicative K -theory” defined by Connes-Karoubi (see [L], [L6]). For ezample,
even if ET,E7 are flat bundles, the Quillen Chern character is usually non zero, as
it also encodes the odd closed differential form w = (o, A).

4. MULTIPLICATIVE PROPERTY OF Ch,q

Let &1, &, be two Zs-graded complex vector bundles on a manifold N. The space
&1 ® & is a Zy-graded complex vector bundle with even part & @ & @ & @ &5
and odd part & ® & @ EF @ &5 .

Remark 4.1. If E1 and E5 are super vector spaces, the super-algebra End(E) ®
End(Es) is identified with the super-algebra End(Ey ® Es) via the following rule.
For vy € Ey,v2 € E3, A € End(E1), B € End(E3) homogeneous

(A ® B)(Ul ® ’1}2) = (—1)|BHUI‘A’U1 ® B’Ug.

The super-algebra A*(N,End(&; ® &2)) can  be identified with
A*(N,End(&)) @ A*(N,End(&;)) where the tensor is taken in the sense of super-
algebras. Then, if A € A°(N,End(&;)~) and B € A°(N,End(&;)~) are odd endo-
morphisms, we have (A ® Idg, + Idg, ® B)? = A? @ Idg, + Idg, ® B2

Let oy : & — & and 02 : & — &5 be two smooth morphisms. With the help
of Hermitian structures, we define the morphism

01 ®og: (51 ®52>+ — (51 ®52)7
by 01 ©® 09 1= 01 ®Id52+ +Id51+ ® o9 —I—Idg; ® o5 + o] ®Id5;.

Let v,, and v,, be the odd Hermitian endomorphisms of &1, £, associated to o1
and o3 (see (). Then vy, 0o, = Vo, ®1de, +Idg, ® vy, and V2 o, = U2, ®1de, +
Ide, ® v2,. Thus the square v2 o, is the sum of two commuting non negative
Hermitian endomorphisms ’Ugl ®Idg, +1Ide, ® ng. It follows that

Supp(o1 ® o2) = Supp(o1) N Supp(oa).

Remark 4.2. Exterior product

When N1 and Ny are two distinct manifolds and o : Ef' — &, 02 5;‘ — &5
two smooth morphisms respectively over N1, Na, the exterior product 01 Oegpt 02 i
the product of o1 ® Idg, and of Idg, ® o2 over N1 x Na. In this case, which will
be especially important in our forthcoming article on index theory of transversally
elliptic operators,

Supp(01 @eat 02) = Supp(o1) x Supp(oz).
We can now state the main result of this paper.

Theorem 4.3. (Quillen’s Chern character is multiplicative) Let 01,02 be
two morphisms over N. The relative cohomology classes

e Chyel(ox) € H*(N, N \ Supp(ok)), k=1,2,

e Chye(o1 ®02) € H*(N, N \ (Supp(o1) N Supp(o2))),
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satisfy the following equality
Chrel(al © 02) = Chrel(01> < Chrel(02>
in H*(N, N \ (Supp(o1) NSupp(oz))). Here < is the product of relative classes (see

@)-

Proof. For k = 1,2, we choose super-connections Ay, without 0 exterior degree
terms. We consider the closed forms ¢ (t) := Ch(og, Ag,t) and the transgression
forms ng(t) := n(o, Ag,t) so that %(ck(t)) = —d(ni(t)). Let B =[5 mu(t)dt. A
representative of Chyei(o) is (¢ (0), Br).

For the symbol o1 ® o3, we consider A(t) = A + itvs, 00, Where A = A1 ®
Ide, + Idg, ® Ag. Then Ch(A) = ¢1(0)c2(0). Furthermore, it is easy to see that
the transgression form for the family A(t) is n(t) = m(t)ca(t) + c1(t)n2(t). Let
B2 = fooo n(t)dt. A representative of Chyel(01 ®@ 02) is (¢1(0)c2(0), f12)-

We consider the open subsets U = N \ (Supp(o1) N Supp(oq)), and Uy =
N \ Supp(og). Let &1 + ®3 = 1y be a partition of unity subordinate to the
decomposition U = Uy U Us. We need the following lemma.

Lemma 4.4. The integrals

B, = / D11 (s) A ma(t)ds dt,
0<t<s

B2 = / @27}1 (S) A 12 (t)dS dt
0<s<t

are well defined differential forms supported on U.

Proof. The function (s,t) — ®1m1(s) A n2(t) is a function on R? with values in
A*(U). We have to see that the integral By is convergent on the domain 0 < ¢ < s.
This fact follows directly from the estimates of Proposition @ Indeed, let K be
a compact subset of U. Since ®; is supported on U; = N \ Supp(oq), there exists

h > 0, and a polynomial P; in s such that, on IC,
[@1m1(s)]| < Pr(s)e™™" for s> 0.

On the other hand, there exists a polynomial P, in ¢ such that, on /C,
[m2(t)]| < Pa(t) for t>0.

Then, when 0 < t < s, we have, on K: [|®17:1(s) A n2(t)|| < Pi(s)Pa(t) e~ and
the integral B is absolutely convergent on 0 < ¢ < s. Reversing the role 1 < 2, we
prove in the same way that Bs is well defined.

We now prove
(26)  Chyei(01, A1) 03 Chyel (02, Ag) — Chyel(07 ® 079, A) = diey (0, By — Bg).
Indeed
Chrai(o1, A1) 00 Cheat(02, A2) = (e1(0)c2(0), 11e2(0) + 1 (0) @205 — A1z,
so that the first member of Equality (P6) is

(07 ®181¢2(0) + ¢c1(0) DBz — dPy 1 B2 — 512)-



14 PAUL-EMILE PARADAN AND MICHELE VERGNE

Thus we need to check that dBs — dB; = ®151¢2(0) + ¢1(0)®2f2 — dP1 5152 — Sia-
We have dB; = Ry + 57 with

R = d®; A / 771(8)7’]2 (t) dsdt,
0<t<s
S, = @/ @m@m@fm@@ﬁoww
0<t<s
Now we use dn;(s) = —4L¢;(s), so that we obtain
d d
s0= o [ (- ahm negan) da
0<t<s s dt

= oy qmm@ﬁ+/ mi(s)ea(s)ds) = c2(0)@1
0 0
that is S1 = @112 — ¢2(0)®151. Similarly, we compute dBy = Ry + Sa, with

Ry = d@g/\/ M (s)n2(t) ds dt,
0<s<t

Sy = —®yf12 +¢1(0)P2f3;
So finally as d®; = —d®o

dBy —dB1 = —d®; / / 771(8)772 (t)dsdt — B2+ 02(0)(13151 + (0)@252
0 0

which was the equation to prove.

5. CHERN CHARACTER OF A MORPHISM
We employ notations of Section @

5.1. The Chern Character. Let ¢ : £ — £~ be a morphism on N. Follow-
ing Subsection .3, we consider the image of Chyei(c) through the map H*(N, N \
Supp(o)) — ngpp(a) (N). Applying Propositions E and @, we obtain the fol-
lowing theorem.

Theorem 5.1. e For any neighborhood U of Supp(c), take x € C®(N) which is
equal to 1 in a neighborhood of Supp(c) and with support contained in U. The
differential form

(27) c(o, A, x) = x Ch(A) + dx S(c,A)

is closed and supported in U. Its cohomology class cy (o) € H{;(N) does not depend
of the choice of A, x and the Hermitian structures on E*. Furthermore, the inverse
family cy (o) when U runs over the neighborhoods of Supp(o) defines a class

CthOd(U) € ngpp(a) (N)

The image of this class in H*(N) is the Chern character Ch(E) of £.

o Let F be a closed subset of N. For s € [0,1], let o5 : ET — £~ be a family of
smooth morphisms such that Supp(os) C F. Then all classes Chgood(0s) coincide
in Hi(N).

Using Lemma @ we get



QUILLEN’S RELATIVE CHERN CHARACTER IS MULTIPLICATIVE 15

Lemma 5.2. For any t > 0, the class Chgooa(o) can be defined with the forms
c(o,A, x,t) = x Ch(o, A, t) +dx B0, A, 1).

Proof. Tt is due to the following transgression
(28) c(o, A, x) = clo, A, x, t) = d(x5(t)),
which follows from (3). O

In some situations the Chern form Ch(o, A, 1) enjoys good properties relative
to the integration. So it is natural to compare the differential form ¢(o, A, x) and
Ch(o, A, 1).

Lemma 5.3. We have
1
c(0,A,x) — Ch(o, A, 1) = d <x / n(o, A, s)ds> +d((x = 1)B(o. A, 1)).
0

Proof. This follows immediately from the transgressions ([[J) and (§).

Definition 5.4. When o is elliptic, we denote by
(29) Che(o) € Ho(N)
the cohomology class with compact support which is the image of Chgood(o) €
Supp(o) (V) through the canonical map Hg, o\ (N) = HZ(N).
A representative of Ch.(o) is given by ¢(o, A, x), where x € C*°(N) is chosen
with a compact support, and equal to 1 in a neighborhood of Supp(o) and ¢(o, A, x)
is given by Formula (7).

We will now rewrite Theorem Q for the Chern classes Chgooq and Ch.. Let
o1 : & — & and 09 1 & — &5 be two smooth morphisms. Let o1 ® o2 :
(&1 ® &) — (£ ® &) their product.

Following (), the product of the elements Chgooa(0y) € HS upp(op) (V) for k =
1,2 belongs t0 Hg, o )nsupp(os) (V) = Hupp(or @es) (V)

Theorem 5.5. o We have the equality
Chgood(01) A Chgood(02) = Chgooa(o1 @ 02) in ngpp(m@az)(]\f).
e [f the morphisms 01,09 are elliptic, we have
Che(01) A Che(o2) = Che(op ©®oa) in HE(N).

Proof. The second point is a consequence of the first point. Theorem @ tells
us that Chye (o1 @ 02) = Chyer(o1) © Chyer(o2) holds in H*(N, N \ (Supp(o1) N
Supp(o2))). We apply now the maps “p” and use the diagram ):

Chgood (Ul ®© 02) = P12 (Chrel(al © 02))

= P12 ( Chrel(Ul) <o Chrel(O'Q))

P1(Chyer(01)) A po(Chyel(02))
= Chgood (Ul) A Chgood (02);

where p, := pp, with F}, = Supp(ox) and pyy = Pp, A, -
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The second point of Theorem @ has the following interesting refinement. Let
01,02 be two morphisms on N which are not elliptic, and assume that the product
o1 ® o9 is elliptic. Since Supp(o1) N Supp(o2) is compact, we consider neighbor-
hoods U}, of Supp(cy,) such that Uy N Uy is compact. Let xx € C(N) supported
on Uy and equal to 1 in a neighborhood of Supp(cy). Then, the differential form
c(o1,A1,x1) A c(o2,Ag, x2) is compactly supported on N, and we have

Che(o1 © 02) = [0(01,A17X1) Ac(oz, Az, x2)| In HZ(N).
Note that the differential forms c(oy, Ag, ) are not compactly supported.
5.2. Comparison with other constructions.

5.2.1. Trivialization outside Supp(c). Outside the support of o, the complex vector
bundles £ and £~ are “the same”, so that it is natural to construct representatives
of Ch(£) = Ch(ET) — Ch(E~) which are zero “outside” the support of o by the
following identifications of bundle with connections. For simplicity, we assume in
this section that o is elliptic.

A connection V = VT @ V™ is said “adapted” to the morphism o when the
following holds

(30) Vioo+ooVT = 0,
Vtoo*+0*oV™ = 0,

outside a compact neighborhood of Supp(c). An adapted connection is denoted by
vadap.

A construction of an adapted connection can be done as follows. First we choose a
Hermitian structure on £ and a Hermitian connection V¥ on £ — N. Let U,V be
compact neighborhoods of Supp(c) such that V' C U. Since ¢ is invertible outside
V, there exists a Hermitian structure on £~ such that o is a unitary isomorphism
between £ and £~ outside V, so that 0* = o~!. Define the connection V,,, =
—o00oV*T oo™ on £7. Then the connection Ve = VT @V, , satisfies Relations
(BY) on N\ V. We consider now any connection V;, = Vi & V;  defined on U.
Let ¢ € C*(N), supported in U and equal to 1 in a neighborhood of V. Finally
the following connection is adapted to o:

(31) vadap = 1/}Vzn + (1 - 1/})Vout-

Proposition 5.6. Let V% be a connection adapted to o : E¥ — E£~. Then
the differential form Ch(V®r) is compactly supported and its cohomology class
coincides with Ch.(c) in HE(N).

Proof. Suppose that V?d2P satisfies (B(]) outside a compact neighborhood C' of
Supp(c). We verify that the forms Ch(V?*4P) as well as the form §(o, V*3P) are
supported on C. Thus if x € C*(N) is equal to 1 on C, we see that the differential
forms c(o, V24P y) and Ch(V242P) coincide. O

Remark 5.7. If F is compact, the closed differential form Ch(V ) represents
the Chern character of a difference bundle [DV] — [D~], where [DT] and [D~] are
complex vector bundles (isomorphic outside F') on a compactification Np of N (see
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for example [{]). Thus Ch(V?) is a representative of the Chern character as de-
fined by Atiyah and al. in [E, E] In this case, Theorem @ 18 just the multiplicativity
property of the Chern character in absolute theories.

5.2.2. Gaussian look. In [@], Mathai-Quillen gives an explicit representative with
“Gaussian look” of the Bott class of a complex vector bundle N — B. The purpose
of this paragraph is to compare the Mathai-Quillen construction of Chern characters
with “Gaussian look” and the Quillen relative construction.

Let N be a real vector bundle over a manifold B. We denote by 7 : N — B the
projection. We denote by (z,¢) a point of N with z € B and £ € N,. Let £ — B
be two Hermitian vector bundles. We consider a morphism o : 7*€T — 7*E~.

We choose a metric on the fibers of the fibration N — B. We work under the
following assumption on o.

Assumption 5.8. The morphism o : 7*ET — 7*E~ and all its partial derivatives
have at most a polynomial growth along the fibers of N — B. Moreover we assume
that, for any compact subset Kp of B, there exist R > 0 and ¢ > 0 such that!
vi(x, &) > c||¢]|* when ||€]| > R and x € K.

We may define the sub-algebra Aj.. ., (IV) of forms on N such that all partial
derivatives are rapidly decreasing along the fibers. Let H;ec_wp(N ) be the corre-
sponding cohomology algebra. Under Assumption @, the support of ¢ intersects
the fibers of m in compact sets. We have then a canonical map from Hg, (N)
into Hjjeerap (V). We will now compute the image of Chgood (o) under this map.

Let V = VT ® V™ be a connection on £ — B, and consider the super-connection
A = 7*V so that A7 (t) = 7*V +itv,. Then, the form Ch(o, A, 1) has a “Gaussian”
look.

Lemma 5.9. The differential forms Ch(o, A, 1) and 3(o, A, 1) are rapidly decreas-
ing along the fibers.

Proof. The curvature of A% (t) is

F(t) = m'F — t?02 4 it[1*V, v,].
Here F € A2(B,End(€)) is the curvature of V. Assumption p.§ implies that
[1*V,v,] € AY(N,End(7*€)) has at most a polynomial growth along the fibers.

Furthermore, for any compact subset Kp of the basis, there exists R > 0 and ¢ > 0
such that v2(z, &) > c||€]|? when ||€]| > R and x € Kp.

To estimate eF(), we apply Lemma of the Appendix, with H = t?v2, and
R = —7*F — it[n*V,v,]. The smallest eigenvalue of H is greater or equal to
t2c||€]|?, when ||| > R, and R is a sum of terms with strictly positive exterior
degrees. Remark that R is a polynomial in ¢ of degree 1 and is bounded in norm
by a polynomial in ||£|| along the fibers. It follows that from Lemma @ that, for
t > 0, we have

FOl\(z, ) < P(|R|)etelEl’,

Our estimates on the polynomial growth of R in ¢ and [|£|| implies that there
exists a polynomial Q such that, for ¢ > 0,

(32 7@ @) < tlleleretel”,

IThis inequality means that ||o(z, &)w||2 > ¢||£||2]||w]? for any w € &,.
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for (z,€) € N,z € Kp, ||&]| > R.

This implies that Ch(o, A, 1) = Str(eF™M) is rapidly decreasing along the fibers.
Consider now 8(a, A, 1) = —i [ Str(v,e¥®)dt which is defined (at least) for ||| >
R. The estimate (BJ) shows also that 3(c, A, 1) is rapidly decreasing along the
fibers. We can prove in the same way that all partial derivatives of Ch(o, A, 1) and
B(o, A, 1) are rapidly decreasing along the fibers: hence Ch(o, A, 1) € Al . (V)
and B(0, A, 1) € Aj, ,ap (N \ Supp(0)). O

Proposition 5.10. The differential form Ch(o, A, 1) € Alj,.,.,(N) represents the

image of the class Chgood(0) € Hg, 0 (0) (V) i1 Hige rap(V)-

Proof. Choosing x supported on ||£]] < R+ 1 and equal to 1 in a neighborhood
of HSH < R, the transgression formula of Lemma (.3 c¢(o, A, x) — Ch(o,A,1) =
Xfo o,A,s)ds) + d((x —1)B(0,A, 1)) implies our proposition, since the form

c(o, A, x) represents Chgood(0) in Hige pap (V)
(I

When the fibers of 7 : N — B are oriented, we have an integration morphism
Ty - H:iec—ra,p(N) —H* (B>
Corollary 5.11. We have 7. Ch(o, A, 1) = 7, Chgood(o) in H*(B).

Remark 5.12. Very simple examples of Mathai-Quillen classes with “Gaussian
look” as well as relative Quillen classes are given in Examples 5.3.2 - and -

5.3. Examples. If £ is a trivial bundle N x V' on a manifold N, an endomorphism
of End(€) is determined by a map from N to End(V'). We employ the same notation
for both objects, so that if o is a map from N to End(V'), we also denote by o the
bundle map o[n,v] = [n,o(n)v], for n € N and v € V. We sometimes denote by
[V]] the trivial vector bundle with fiber V.

We will use the following convention. Let V = VT @ V™~ be a Zy-graded finite
dimensional complex vector space with V¥ = C. Let A be a super-commutative
algebra (the ring of differential forms on a manifold for example). The elements of
the super-algebra A® End (V') will be represented by 2 x 2 matrices with coefficients
in A. This algebra operates on the space A® V. We take the following convention:
the forms are always considered as operating first: for example, if VT = C and

~ = C, the matrix < g g ) represents the operator

()1
on A® V.

5.3.1. The cotangent bundle T*S*. We consider T*S! := S x R the cotangent
bundle to the circle S'. The group K°(T*S!) of K-theory is generated, as a Z-
module, by the class [o] of the following elliptic symbol.

Take £T = £~ the trivial bundles T*S! x C over T*S*. Let u be a function on
R satisfying u(§) = 1 if [¢] > 1 and u(§) = 0 if [¢| < 1/2. The symbol o : ET — £~
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is defined by a smooth map o : T*S! — End¢(C) = C satisfying

T :
O_([eie,g]) _ {u(§>e ’ lf 52 0,
u(§), if ¢£<0.
Here Supp(c) is the set {[e??,¢]; u(¢) = 0} and is compact. Note that the class
[0] € K°(T*S!) does not depend on the choice of the function wu.
We choose on £F the trivial connections V¥ = V™ = d and we let A = VT @V~
on & & E~. Then Ch(A) = 0.
For £ > 0, the curvature F(o, A, t) of the super-connection

c0-(1 )+ (a5

is represented by the following matrix (see Equation [L and convention (B3)) F(c, A, t)):

(—t2u<s>2 0 )t( 0 e-w(u’(s)d«s—iu(s)de))
0 —tPu(©)? ¢ (u (€)dE + iu(€)do) 0 '

For ¢ <0, we have
_ [ —tPu(©)? 0 : 0 w'(£)d€
Flo.A1) = ( 0 —tu(e)? ) i ( SO 0 ) '
For £ > 0, eF(@A1) is represented by the matrix
1) etuer (1Pl ()dg D —ite™ (' (E)dE — iu(€)ds)
—ite® (u' (€)d¢ + iu(€)dh) 1 — it?u(&)u’ (€)dE do ’
while for ¢ <0
(35) GFloht) _ —t2u()? ( —itu’l(é)dg *itull(f)dé ) _
Thus 7(o, A, t) = — Str (iv, eF (@41 is given by

—2ite= Oy (£)2dl, if €< 0;

n(a, A, t)([e,€]) = {0’ if £>0.

Finally, integrating n(c, A, t) in ¢ from 0 to oo, we find that 3(o, A)([e?,&]) = —idf
when ¢ > 0 and u(¢) # 0, and (o, A)([e?,£]) = 0 in the other cases.

Proposition 5.13. The relative Chern class Chyel(0) is the class [0, 5(o, A)].

For a function xy € C*(R) compactly supported and equal to 1 on [—1,1], we
have then
c(o, A, x) = —ilsodx N do
where 150 is the characteristic function of the interval [0, oof.
We take the orientation df A d¢ on T*S'. The differential form c(o, A, x) is
compactly supported and of integral equal to —2im on T*S™.

Remark 5.14. From Formulae @) and @), we see that the Chern character
of the super-connection A°(t) is thus the differential form supported on & > 0 and
equal for € >0 to

Ch(A, o, t) = 2it2e" Oy (&) (€)dE A do.
For any t > 0, the integral of Ch(A,o,t) on T*S! is equal to —2ir.
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Assume that the function u is identically equal to 0 on [a,b] witha < 0 and b > 0
and strictly positive when £ > b, so that the support of o is the interval [a,b]. It is
easy to see then that the limit when t tends to co of Ch(A, o,t) is the current on

St xR given ¢ — —i 0277 (0,b)do.

5.3.2. The space R%. Now we consider the case where N = R%2 ~ C. Take £T = £~
the trivial bundles N x C over N. We consider Bott’s symbol o}, : £E¥ — £~ which
is given by the map op(z) = z for z € N ~ C. The support of o3 is reduced to the
origin {0}, thus o}, defines an element of K(IR?). Recall that the Bott isomorphism
tells us that K°(R?) is a free Z-module with base oy.

We choose on £F the trivial connections V¥ =V~ =d. Let A=Vt @&V~ on

ET @ E~. The curvature F(op, A, t) of the super-connection A% (t) = ( E)l 2 ) +

0 itz .
( itx 0 ) has the matrix form (see (B3))
2R 0 (0 dz
F(op, A1) = ( 0 e ) a0 0 )

(Flont) _ 2z [ 1= Fdzdz  —itdz )
—itdz 1+ %dzd?

Thus

Thus n(t) = — Str (ivgb eF("b’A’t)) is equal to
et g 0 iz \ ([ 1-Ydedz  itdz
—e tr . 0 ) 2 .
1z itdz 1+ Sdzdz
Thus

(36) n(t) = —t(zdz — sz)e_tzlzlz.
When z # 0, we obtain
Sond)z) = [ e
0
T,
= W(zdz —Zzdz) = —id(arg z).

Thus we have
(37) Chyel(op) = [0, —i d(arg 2)].

It is easy that H*(C,C — {0}) = C Chyei(0p).

Take f € C*°(R) with compact support and equal to 1 in a neighborhood of
0. Let x(2) := f(||z]|?>). Then the class Ch.(0y) € H?(R?) is represented by the
differential form c(op, A, x) = x Ch(A) + dxS(op, A). Here the differential form
Ch(A) is identically equal to 0. We obtain

c(ov, A x) = d(f(|2*) A Blow, A)
—f'(|1z]*)dz A dz.
Remark that ¢(op, A, x) is compactly supported and of integral equal to 2im on

R? (with orientation dz A dy). Thus ﬁc(ab, A x) is a representative of the Thom
form of R?.
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Remark 5.15. For t > 0, the Chern character of the super-connection A% (t) is
the degree 2 differential form with “Gaussian look”

Ch(oy, A, t) = —e " 1* 2dzdz.
For any t > 0, Ch(op,A,t) and c(op, A, x) coincide in the cohomology
H;ec_wp(RQ), as follows from Proposition . In particular they have the same
integral.

We also see that the limit, when t tends to oo of Ch(oy, A, t) is the Dirac distri-
bution (2im)dg.

5.3.3. The multiplicativity property on C2. Following the notations of preceding
example, we consider C? with coordinates z = (21, z2) and morphisms o1 = z; and
02 = z2. Then the tensor product morphism is

21 —Z22
01®J2<22 zZ1 )

The morphism o1 ® g2 has support z; = z9 = 0. A calculation similar to the
calculation done in the preceding section gives the following

Proposition 5.16. The relative chern class Chye (01 ® 02) € H*(C?,C?\ (0,0)) is
represented by (0, f12), where

-1
Pz = 5 ((z_ldzl — 20 dZT) A dEg A dzy + (Fadze — 20d73) A dET A dzl)
is a closed form on C? )\ (0,0).

Remark that ;2 is invariant under the symmetry group U(2) of C2.

Recall that Chyei(ox) = [0, 8], with 8, = fId—Qﬁw—I The wedge product
B1 A (o is not defined on C?\ (0,0). Introduce a partition of unity ®;,®, with
respect to the covering U; U Uy of C? \ (0,0), with Uy = {z,2r # 0}. Then the

relative product Chyei(oy) ¢ Chye(o2) has representative (0, 3), with

B =—d®i A B A Po.

We now compute the forms By, By of the equation (f]). The form 7 (t) have been
computed (EquationB{). From this it is easy to compute B; = ®; Jo<scr m(t)n2(s)ds dt
and Bs. We obtain
(Z1dz1 — z1d77) A (Zadzo — 22dZ3)

Alz12(21]? + [22) ’
(z_ldzl — zldz_l) N (56[2’2 — ZQdE)
Afza* (|21 + [22[?)

Here B; — By is a two form which is well defined on C? \ (0,0) and the relation

¢ + &5 =1 imply

By = ®(z1,2)

By = ®o(z1,29)

P12 — B = d(B1 — Ba).
This shows that the class Chye(01 @ 02) is the product [0, 51] ¢ [0, 2]

We can now look at the different representatives of the Chern class with compact
support Ch.(o1 ® 02) € H:(C?).

Let f € C°°(R) with compact support and equal to 1 in a neighborhood of
0. We consider the functions x(z) = f(|]21]® + |22|?) and xx(2x) = f(|zx]?). Let
O =dzi Ndzy Ndza N dzs.
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Proposition 5.17. The Chern class Ch.(o1 ® 02) € H}(C?) is represented either
by
f' (121 + |22?)

6(0—160'27A5X):7 |21|2+|22|2

or by
clo1, A1, x1) Ac(oz, Az, x2) = ' (|21%) f/ (Jz2]?) Q.

Clearly the first representative is “better”, as it is invariant by the full symmetry
group SO(4) on C? = R*.

In a forthcoming article, for any oriented Euclidean vector bundle N — B, we
will give “canonical” explicit representatives of the relative Bott class and of the
Thom class in H*(N, N \ B), similar to the one given in Proposition f.16.

6. APPENDIX

We give a proof of the estimate used in this article. It is based on Volterra’s
expansion formula: if H and R are elements in a finite dimensional associative
algebra, then e(#+8) = e 15" [, (H, R) where

(38) I.(H,R) = / e T Res2H R ... Re*vH Resi+1H sy ... ds),
Ag

Here Ay is the simplex {s; > 0; s1+s2+ -+ sk + Sk+1 = 1} which has the volume

% for the measure dsy - - - dsy.

Now, let A = & A; be a complex finite dimensional graded commutative
algebra with a norm || - || such that ||ab|| < ||al|[|b]|. We denote by A, = ®&E | A,.
Thus wft! = 0 for any w € A,. Let V be a finite dimensional Hermitian vector
space. Then End(V) ® A is an algebra with a norm still denoted by || - ||. If
H € End(V), we denote also by H the element H ® 1 in End(V) ® A.

We denote Herm (V') € End(V') the subspace formed by the Hermitian endomor-
phisms. When H € Herm(V'), we denote sm(H) € R the smallest eigenvalue of H :
we have

efHH =emM  forall He Herm(V).

Lemma 6.1. Let P(t) = ZkR:O Z—k, Then, for any R € End(V) ® Ay, and H €
Herm(V'), we have

67(H+R)” < efsm(H)fP(HRH)

Proof. Let ¢ = sm(H). Then [e=%| = e7u¢ for all u > 0. The term I;(H,R)
of the Volterra expansion vanishes for & > R since the term e*' R ... Rest+1H
belongs to End(V) ® Ax. The norm of the term I (H, R) is bounded by e[| R|".
Summing up in k, we obtain our estimate. [

The preceding estimates hold if we work in the algebra End(F) ® A, where E is
a super-vector space and A a super-commutative algebra.
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