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Abstract:

In this paper one consider semi-infinite 1D and 2D coupled structures in order to
find conditions under which coupling effects can induce hypersensitive vibrating
behavior. The approach is based on classical wave decomposition, and the first
point is to show that high sensitivity can exist in such simple systems. Then, for
the beams case, it is shown that two critical coupling angles can be defined, and
that their values depend only on waves numbers ratio. A similar study is then
performed on semi-infinite coupled plates, and existence of critical coupling angle
is shown. Its value can be determined using three structural parameters. Results

are finally compared to finite coupled structures



1 Introduction

Uncertainty can be a major questioning source as soon as manufacturing processes
are used to build structures. Many reports have been presented [1], [2], in which
people show that sensitivity causes can be numerous in complex systems, and
are not easily detectable. In our recent works [3], a method that could help one
to predict which structural zones are responsible for hypersensitive behavior [4]
has been presented. In references [5] and [4], a study concerning coupled plates
has been used to show that a small shift of coupling angle could induce very
large variations of response, when the nominal coupling angle has a particular
value. This value depends on the characteristics of the structure, and has been
determined for only a few specific cases. In the present paper we would like to
present a much basic study to find values of coupling angles which are in many
cases responsible for vibration sensitive behavior. This work is based on a wave
approach in semi-infinite coupled structures (coupled beams and coupled plates),
in order that the number of structural parameters remains low.

The first part deals with semi-infinite coupled beams. Wave approaches on
this kind of structures are well-developed, because of their simplicity, and then
use is common in the field of joints between structures studies. Horner and White
[6] have presented equations corresponding to coupling effects between bending
and in-plane movements due to connecting angle, in terms of transmitted and
reflected powers. They shown that for particular joint angle values, transmitted
or reflected power could be very sensitive to this angle. Guo [7]| has shown results
about models for joint behaviors, using masses and stiffnesses, and even if its
results are not interpreted in terms of sensitivity, equations that he developed

are used here to find conditions under which the coupled structure is sensitive.



These conditions are derived using a single structural parameter, and linked to
results concerning eigenvalues sensitivities of finite coupled beams.

The second part is comparable to the previous one, except that structures
are semi-infinite coupled plates. Coupling effects have been described by Langley
and Heron [8], while sensitive behavior has been observed for in-plane waves by
Park et al. [9] for small values of joint angle. Even if structural parameters are
more numerous than coupled beams cases, conditions under which coupled plates
can have sensitive behavior are described in this paper and linked to finite plates

responses variability.

2 Study of two coupled semi-infinite beams

The considered structure is built with two coupled semi-infinite identical beams,
presented on figure 1. Constitutive materials are supposed to be homogeneous
and isotropic, and Bernoulli’s formulation is used to describe the vibrating behav-
ior of the structure. Both bending and longitudinal movements are considered,
and are not independent because of coupling angle a. Bending movements are
belonging to (O, 71, y{) plane, longitudinal displacements are along (O, Z{) and
(O, 73%) axis, while coupling point is O.

The notations used for the forced waves decomposition are detailed on ap-

pendix A.

bending movement:

e Beam number 1 (corresponding to x; < 0) is supposed to be the one in
which there is an incident bending wave of unit amplitude, traveling toward

the coupling point:



w;(z,) = eIk (1)

1
where j2 = 1 and k = Jw (%‘j)ﬂs the bending wave number of the beam.

One should note that this choice of unit amplitude will bring large values of
quantities if they are interpreted as MKS values, that is why units corresponding
to displacements and powers are not labelled on figures.

Another wave exists in this beam, because of reflection effects on the coupling

line. One can distinguish its evanescent and propagative parts:

wy (1) = At 4 B et (2)
where A and B are not known.

e Beam number 2 (x5 > 0) movement is imposed by the coupling. Then, the

transmitted bending wave can be written as:
wy(z9) = C e ™2 4 D e Ih2 (3)

where C' and D are not known.

As far as longitudinal vibrations are concerned:

e In beam 1 a traveling reflected longitudinal wave is generated by coupling

effects:
up(z,) = F e (4)

in which F is unknown and A = w\/% is the longitudinal wave number of the

beam.

e In beam 2, a transmitted traveling wave is generated by the coupling:



uy(z5) = G e (5)

where G is not known.

2.1 Equations

Once displacements fields are known, generalized forces can be determined using
constitutive laws linking forces and displacement fields, which can be written for

bending moment M, shear force 7" and longitudinal force N:

d?w
M(z) = EI@ (6)
T(z) = —E[% (7)
du
N(z) = ESﬁ (8)

These relations are valid if they are used to define cohesion forces correspond-
ing to an external normal oriented toward increasing x. It is also possible to

define the rotation of the beam cross section:

) = 2 9

Then, one can determine each of the six unknowns, using continuity equations

at coupling point z =0 :
e Displacement continuity:

we(0) = (w;(0) + w,(0)) cosa + u,(0) sina (10)



u(0) = — (w;(0) + w,(0)) sina + u,(0) cosa (11)

e Rotation continuity:

d'UJt

(0) (12)

e Bending moment continuity:

d2wt d2(wz + Wr)
El——(0) = FEl————(0 13
0 0 (13)
e Shear and normal forces continuity:
dPw, d®(w; + w,) du, ,
—EI e (0) = —EIT(O) cosa + ESd—xl(O) sino (14)
duy d3(w; + w,) , du,
ESd—:cg(O) = EIT(O) sina + ESdI1 (0) cosa (15)

These six equations can be written in the following terms:

cose.  cosav —1 —1 sinao 0 A —cosa
stina sino 0 O —cosx 1 B —sino
1 J 1 g 0 0 C J
= (16)
1 —1 -1 1 0 0 D 1
cosa. —jcosae 1 —j —jusina 0 F —J cosa
stnae —jsimae 0 0 jucosae  Ju G —7 sina
In which « is the coupling angle and nondimensionnal variable 1 = % is the

only structural parameter, presented by Park [9] as a nondimensionnal frequency,

which can also be expressed as the wave numbers ratio:

S\ ES\' &
”—m—(pm> = (17)
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This problem has an analytical solution:

(1+5p2)sin’a
K(a,p)
(1—p?)sin®a—ju(l—cosa)
K(o,p)
(—=1+jpu?)sin?a—p(1—7)(1—cosa)?
— Kleon) (18)
j(1—p?)sin?a+2u(1+cosa)?
K(a,p)
(p(B=j)=3—j)cosat(1+j)(u+7)
K(o,p)

Sinoy (1+j)(—u+j)f?zzau—)u(3—j)—3—j

2

sino

Q =37 O Q - =

With:

K(a, 1) = (3 + 2cosa + 3cos’a) + (4 + 5)(1 — j)sin’a (19)

2.2 Application

In this section it will be shown that the behavior of the structure can be classified
in two categories, highly sensitive to connecting angle or not. The first point is to
find an indicator that could be able to determine in which category the considered
structure should be classified.

A particular case is considered. Chosen beams have the same characteristics:
square sections (1c¢m by 1em), Young’'s modulus £ = 2.1 x 10! Pa, density
p = 7800 kg/m?, and the calculation is performed at frequency f = 100 Hz.
Thus the value of the nondimensionnal parameter p is 53.5 . Let’s point out
the evolution of amplitude of propagative wave, which is responsible for far field
structural vibration behavior. Figure 2 shows amplitudes of propagative waves
versus coupling angle a. According to equation 3, the continuous line is ob-
tained by plotting modulus of amplitudes of transmitted propagative bending

wave (||D]|). One should note that this value corresponds to the choice of using



unit amplitude impinging wave.

On this figure, one can define distinct zones when coupling angle increases:
if coupling angle is equal to zero, incident wave is fully transmitted, since the
beam is an infinite one without any discontinuity. As soon as the value of a has
a non-null value, amplitude of transmitted wave quickly decreases, and for this
case, sensitivity of response to coupling angle has a large value on 0-20 degrees
range. Then, if coupling angle is still growing, one can define a large angle range
on which the sensitivity is very low. Beyond, another high sensitivity behavior
zone can be observed, and finally the amplitude of propagative transmitted wave
is null when coupling angle reaches its maximum theoretical value 180 degrees.

A similar analysis can be made considering bending reflected wave, and results
are comparable, excepted opposite zones corresponding to total transfer or null
transfer, which are reversed compared with transmitted waves analysis, like shown
on figure 2.

Calculation also allows one to obtain amplitudes of transmitted and reflected
longitudinal waves. These curves present again high sensitivity zones when cou-
pling angle is close to zero or 180 degrees (see fig. 2). However, in a vibro-acoustic
process, we are mainly interested by bending movements, which are responsible
for sound radiation.

Since the considered problem can be formulated using only one variable which
is the wave numbers ratio u, it could be interesting to obtain an expression of
a critical angle versus pu, for which response sensitivity would be maximum. In
order to choose the way this critical angle should be defined, let us plot the
derivatives of bending propagative waves amplitudes with respect to coupling
angle o. This is done on figure 3.

High sensitivity zones can be found again on this figure. The first one is



centered on an angle of approximately 12 degrees, while the second one is centered
on an angle of about 170 degrees. Unfortunately, it is not possible to define a
precise value for critical angles that would be a characteristic information for high
sensitivity zones, since both transmitted and reflected waves do not reach their
maximum sensitivity for the same coupling angle. A way to break this limit, is

to consider a power analysis of the structure.

2.3 Power flow balance

It is possible to obtain analytical expressions for powers, but for sake of simplicity
we won’t detail complete expressions here. Considered power flows are defined on
the basis that incoming wave w; is an input power of a part of the beam of which
normal vector is oriented in z; < 0 direction, which involves signs inversions in
constitutive laws 6 to 8. This sign convention is also valid for both transmitted
and reflected power flows. Let’s distinguish the different transmission paths:

Power transmitted by shear force:

Pr(as) = 3 e (1)) (20)

1 o
Pr(y) = 5 ETwk® (IDI? + e7**2 Re (jC D> + CDe7*2) ) (21)

Power transmitted by bending moment:

Py(zo) = %Re (@Mt) (22)

1 . — .
Pas(2) = 5 EIwk? (|| D|* — e7*2Re (CDe’™ — jODe ™)) (23)
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Thus powers transmitted by shear force and bending moment depend on the
point of calculation, the total bending transmitted power (equation 24) is inde-

pendent of x and remains constant all along beam 2:

Pbending - PT(I2) + PM(x2) = EIWkg ||D||2 (24)

As far as the total transmitted power is concerned, one must first take into

account the third path of transmission, which is due to longitudinal waves:

1 — 1
Piongi = 5 Re (@) = SWAES |G| (25)

Then, total transmitted power does not depend on the point chosen for its

evaluation:

1
Purans = BIWK* | D|I* + S ESwA |G| (26)

Let’s note that this power, which is plotted versus coupling angle on figure
4, allows one to find again which angles ranges are highly sensitive. One should
note that the values of power, which are of the order of 107, correspond to the
use of a unit impinging wave.

As far as incident power is concerned:

1 1 (=
P = 5 Re (1) + S Re <QM) (27)
1 —dPwy; 1 — d*w;
Pine = ~Re | EI==! ) + ~Re | -, ET——" 2
ne = 5 Ite <wz 7 ) + 5 Re ( Bl ) (28)
Pine = BElwk? (29)

11



And, finally, reflected power can be written as:

Pres1 = %Re (@,T;) + %Re (Q_TMT> + %Re (@) (30)

1
Prept = —EIwk* ||B|* — SESwA | F||* (31)

The three ways of reflection are illustrated on figure 5, on which one can find
sensitive coupling angles ranges.
Thus, power flow balance applied to the considered part of the structure can

be easily written since our model does not take into account any losses:

Pinc + Prefl - Ptrans (32)

where Py, > 05 Prepi <05 Pigps > 0, which is in accordance with propaga-
tion direction of each considered wave.

The interest of the power analysis is that transmitted and reflected waves sen-
sitivity to coupling angles are identical, thanks to power balance, since incoming
power does not depends on coupling angle value. On figure 6, power derivative
curve is presented, allowing one to define two angles for which the sensitivity is
very high. The first angle has a value of 10 degrees, where as the second one is
172 degrees. These results are in accordance with those concerning displacements
analysis, and the interest is that one can characterize the structure by two “crit-
ical” angles, around which transmitted (or reflected) power sensitivity is large.
These critical angles characterize structure sensitivity to coupling angle, which is

due to rapid changes of power flow.

12



2.4 Critical angles values

It has been shown that the formulation could be made using only one variable,
which is the wave numbers ratio. Thus it is possible to calculate critical angles
versus parameter p. Figure 7 shows numerical results: critical angles values are
plotted versus p, which belongs to classical structures ranges.

One should note that the small critical angle does not always exist. Indeed,
when % < p < 3, there is only one maximum on sensitivity curve, which is above
90 degrees. The limit case between existence and non-existence of the first angle

is shown on figure 8.

2.5 Conclusion on coupled semi-infinite beams

Finally, it has been shown that for semi-infinite coupled beams, only one struc-
tural parameter was enough to characterize the sensitivity of the structure with
respect to coupling angle. The existence of critical angle is due to rapid changes
of power flow. The parameter used here is the waves numbers ratio. In most of
envisaged cases, two critical angles can be defined, around which sensitivity is
strong. One of these has a value lower than 45°, while the other is greater than
130°. Critical angles values have been evaluated as functions of waves numbers

ratio.

2.6 Analysis of finite coupled beams

Previous results have been obtained using power flow analysis of semi infinite
coupled beams, so one can wonder if critical angles which have been defined in
this way can be linked with results concerning finite structures.

Two finite beams, which are described on figure 9, are coupled with an angle

13



«, and simply supported on both ends. Notations for this structure are detailed
in appendix A. A modal analysis of these coupled beams is presented here.
Motion equations for beams 1 (z1 € [0, L] ) and 2 (x9 € [—L2,0]) are (i =1
and 2):
pZSZw2wZ(x,) — EZ]ZCKLLEL%) =0

piSwui(wi) + EiS; Lu) = ¢

This is a very classical problem, its general solution can be written using this

form:

wi(x;) = aycosk;x; + Bisink;x; + vichkx; + d;shk;x; (34)

ui(x;) = g;cos8\ix; + & sin\;x; (35)

In which wave numbers are:

:S.w?
pd = Pioi
= BIL (36)
A2 = W22
T (37)

Boundary conditions on points z; = 0 can be used in order to simplify above
equations by canceling «; , 7; and &; coefficients. Coupling conditions at points
x1 = Ly and z9 = — Lo are similar to equations 10 to 15, and allow one to obtain

this linear system:

TX =0 (38)

14



: T __
In which X* =1 8, 6, B 0 & &
and:
sinki L1 shkiLq sinks Locosa
0 0 —sinkgLosina
cosky L chkiLq —%coskng
T = )
—Sink1L1 Shlel —%SinkQLQ
1
cosk1L —chk1L _Ealaky cosko Locosa
111 111 EihR 2 L2
0 0 %ﬁcoskngsina

shkoLocosa
—shko Losina
—2chka Lo

k3
52 Shkg L2

1
Ex Ikl
E1 11 ]i}‘;’

_ BxIk3
E1S51

chkoLocosa

chkoLosina

0
cos\1 L
0
0
0

—Sin/\1L1

—cosha Losina
—cosAa Locosa
0

0
FE3S52A2
Ey Ilk?

FE2S52)2
E1S1

(39)

sinAaLosina

sinAaLocosa

Eigenvalues of the structure are finally obtained with a numerical resolution

of non linear equation det(1') = 0.

2.7 Numerical application

The chosen characteristics are: E; = 2,1.10' Pa, p; = 7800 kg.m =3, L; = 35cm,

Ly = 27cem. Beams rectangular sections are identical (3em by 1cem). Then,

numerical resolution of det(7") = 0 allows one to obtain figure 10, on which the

ten first eigenfrequencies of the structure are plotted versus coupling angle «.

Some of these frequencies are very sensitive to coupling angle, in particular those

corresponding to modes 4, 6, 8 and 10. One can note that these situations are

generally local modes of one beam or correspond to in-phase vibrating beams.

2.8 Relationship between critical angle and eigen frequency

sensitivity

On figure 10, inflexion points are indicated, corresponding to angle for which

sensitivity of considered eigenfrequency with respect to coupling angle reaches its
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maximum value. Each of these points can be used in order to define a “critical
angle” associated to an eigenfrequency , allowing one to calculate the correspond-
ing wave number ratio using equation 17. This set of points can be plotted on
figure 7, which characterizes critical angles for semi-infinite beams. This is done
on figure 11, on which one can observe that critical angles defined using energy
considerations of coupled semi-infinite beams are close to the ones defined using
sensitivity of eigenfrequencies of coupled finite beams. The only point which is
not really close to the original curve is the one associated with the first mode, but
as far as this particular mode is concerned, one can observe on figure 10 that the
variation of its eigenfrequency is quite slow when coupling angle grows: in this
kind of situation, the use of a so defined critical angle has less meaning compared

with a more sensitive mode, like the fourth one.

2.9 Conclusions on coupled beams

An analysis of coupled beams has been done in order to show that the behavior of
such a simple structure could be very sensitive to coupling angle. This phenomena
has been described using semi-infinite beams, for which it has been shown that
critical coupling angle was defined using only one parameter, which is the wave
numbers ratio. This analysis has been done considering power flows, and can
be validated considering finite coupled beams, for which it has been shown that
eigenfrequencies variations versus coupling angle could linked to results obtained

with semi-infinite beams.
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3 Coupled plates study

In this section, a similar study is presented, based on semi-infinite coupled iden-
tical plates. Hypersensitivity phenomenon have been observed on coupled plates
[4], that’s why one can wonder if some simple rules like the ones presented above
for beams exist for coupled plates.

Notations used for the forced waves decomposition are detailed on appendix B.

3.1 Bending movement

One suppose that an incident bending wave of incidence angle # is traveling in

plate number 1, like shown on figure 12. This incident wave is denoted:

w; = e IkerIkuy (40)

in which &k, = kcost , k, = ksinfl and bending wave number k satisfies the
dispersion equation:
ph

2 _ -
E*=w o) (41)

This wave is partly reflected on plate 1, while another part is transmitted
on plate 2. Connecting angle couples bending and in-plane vibrations because
of boundary conditions on joint line. Taking into account spatial coincidence
along coupling line and denoting k. = kv/1 + cos26 the near-field wave number,

reflected bending wave w, and transmitted one w; can be written:

w, = e Ik (Aejkyy + Bekey)

w, = e~ Ikez (He—jkyy + Ke—key)

17



3.2 In-plane vibrations

Continuity conditions along joint line introduce coupling effects between bending
and in-plane vibrations. Details are given in annex C, and complete equations
and derivations can be found in reference [9].

One should distinguish two types of in-plane waves, the longitudinal ones
(which are parallel to propagation direction), with a wave number A, and the
in-plane shear ones (which are perpendicular to propagation direction), corre-
sponding to another wave number .

The nature of in-plane waves depends on corresponding wave numbers values
in comparison with imposed bending one. The most frequent situation is the case
numbered 3 in annex C, when x component of imposed bending wave number is
greater than in-plane stress wave number: k, >

In this situation, all existing in-plane waves are vanishing ones, corresponding

to y components of wave numbers:

ki, = jy/ — N2+ k2
ksy =7y —p? + k3
Reflected in-plane waves u,. , v, and transmitted ones u; , v; can be expressed
as follows:
U, = 6—]161-'5 k_cvc’ e_jklyy — kﬂp 6—jksyy
; (% : ) ”
U’f‘ — e_JkaCx (%C 6_jkl’yy _'_ %P e_jksyy)
ut — 6_]kx1' (%F ejklyy + k%y@ ejksyy)

_ ke Ky ik k ik
v =e€ IRz (_TyFe.] lyy_‘_erJ syy)

18



3.3 Constitutive laws along (O,x) axis :

Constitutive laws can be written along (O, z) axis to obtain expression of gen-
eralized forces, rotation and bending moment using displacement fields that will

be used for continuity relations expressions:

Fo = gty (5 + 3)

_ Eh ou ov
Fy = o (v + 5) (46)
3’!1} 3’!1}
F.——D (?)7 +(2- u)agzay)

F,, F, and F, are line force densities in x, y and z directions.

R=%
o (47)

=D (g o8

R is the rotation angle and M is the bending moment.

3.4 Continuity relations

Eight continuity relations can be written on the junction line, in order to identify
wave amplitudes. These relations are:

a) Continuity of components of displacement: w, = w; ; v, — vicosa —
wesina =0 ;5 w; +w, + vgsina — wicosa = 0

b) Continuity of components of force: Fy = F} ; F; —Fjcosa— F.lsina =0
; F!+ FI + Flsina — Flcosa =0

c¢) Continuity of rotation: R; + R, — R, =0 and

d) Continuity of bending moment: M; + M, — M, =0
These equations can be developed from waves in both plates and lead to the

19



linear system of waves amplitudes that can be expressed with only four indepen-
dent structural parameters: Poisson ratio v, incidence angle of bending wave 6,

coupling angle o and a nondimensionnal parameter:

h2w?
12F

E=p (48)

Finally inversion of the system allows one to obtain displacement field on both

plates, and lastly to study behavior sensitivity as previously done for beams.

3.5 Numerical application:

Considered structure is made of steel plates (E = 2.1 x 10! Pa; p = 7800 kg/m?;
h = 2mm ; v = 0,3), while frequency chosen for calculation is 500 Hz and
incident angle is § = 40°. Thus nondimensionnal parameter is 1.2 x 1077. Let
us observe bending response of the structure, which is responsible for sound
radiation, on several points of the structure, in order to observe near and far fields.
The corresponding curves are plotted using on one hand a point on the coupling
line, since on this point evanescent and traveling waves contribute significantly to
the displacement, and on the other hand another point will be used, chosen far
from the junction in order that only propagative waves effects can be observed.

Figure 13 shows that bending displacement is very sensitive to coupling angle
up to 10 degrees. For greater angles, bending response is not sensitive to angle
variation. These observations are made for coupling angles belonging to 0-90
degrees range. Beyond, one can observe similar results to those obtained for
coupled beams. These cases will be studied in section 3.6.

As far as in-plane movements are concerned, their evolutions are plotted on

figure 14, on which one can see that sensitive behavior exists also for lower cou-
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pling angles. But in the present case, these waves are evanescent, and their
amplitudes are decreasing fast when observation point moves away from coupling
line.

To define connecting angle of maximum sensitivity, a similar remark as the one
done for beams can be made: angles for which sensitivity is maximum depends
on the considered wave. In order to rid of this difficulty, let’s study transmitted
and reflected powers. On figure 15, one can observe that power is mainly trans-
mitted by transverse velocity, whatever coupling angle value may be, while the
second transmission path is due to rotation velocity. In-plane movement does
not carry any power since associated waves are evanescent. High sensitivity val-
ues which have been observed for small coupling angles can be found again on
powers evolutions, since for flat angle, reflected power is null, and grows up fast
with coupling angle. In a complementary way, transmitted power is maximal for
flat coupling angle, then decreases until coupling angle is 5.5 degrees, for which
power is fully reflected. Beyond, for larger angles, an equilibrium is established,
and power variation is very weak when coupling angle grows up.

One should precise that chosen parameters correspond to case number 3 (
k. > ), and for all structures belonging to that case, evolutions of displacements
and powers versus coupling angles are similar to those presented above. This

behavior is observed for most of structures: indeed, k, > p corresponds to:

1—v 3E cos*d

. 1 4
1+ vdpr? h2f? ~ (49)

If one consider steel material (E = 2,1.10" Pa, p = 7800 kg.m™3, v = 0, 3)
or aluminum one (F = 7,2.10'° Pa, p = 2700 kg.m™3, v = 0,34) , the previous

relation can be written:
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% > 107° (50)

Thus, let’s consider the case of many incident waves, coming from each pos-
sible incident angles, one can see on equation 50 that the only waves that will
induce propagative in-plane waves will have almost normal incidence. If we apply
the above equation on the considered case (h = 2mm, f = 500 Hz), incidence
angle value beyond which in-plane far-field waves will appear is 88.2°. Then, if
we consider an almost normal incident angle (89°), transmitted power will be
mainly transported by in-plane waves. For all coupling angles with values below
88.2°, transmission will always be done by bending motion.

In order to characterize hypersensitivity, one can evaluate the critical angle
when structural parameters are varied. Like for beams, the critical angle is defined
by the angle «, for which the derivative of transmitted (or reflected) power with
respect to coupling angle, reaches its maximum absolute value. This calculation
is performed using the three structural parameters 6, £ and v. Chosen ranges
are 10713 < £ <1073, 0,2 < v < 0,4 and 0° < 6 < 90°, in order to represent
most of “classical” structures and materials ranges. Results are shown on figure
16 and 17. One can observe that in general critical angles are lower than 10
degrees, only normal incident waves, high frequencies calculations or plates with
large thicknesses bring to larger critical angles. In addition, influence of Poisson
ratio is very weak. If one try to extrapolate these results to coupled finite plates,
one can suppose that incident waves will come from many directions, and that
globally there will be a range of angles for which sensitivity is important. For
many situations, this will result in one particular angle that will be more sensitive

than the others, and this angle is likely to be lower than 10 degrees, which is in
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accordance with observed results [4].

3.6 Behavior of coupled plates around a = 180°

A similar study can be performed for angles around 180 degrees, even if results
should be interpreted with precautions, since such structures could be impossible
to built. Nevertheless, the mathematical model allows one to obtain figure 18, on
which transmitted and reflected powers are plotted versus coupling angle. A high
sensitivity zone can be observed near 180 degrees, which can be interpreted as
the symmetric effect of the one studied in the previous section. A remark can be
made about the particular value e = 180°. In this situation, results observed for
beams are no longer valid, since power is partly transmitted, because of effects
along x line, due to incidence angle €, which is 40 degrees in the considered
case. Thus, z component of incident wave is not blocked by the geometry of the
junction and movement is partly transmitted on plate 2.

This figure should be compared with figure 19, in which incidence angle is
close to 90 degrees. In this situation, behavior is close to the one observed for
beams: when coupling angle is 180°, transmitted power is close to zero.

The high sensitivity zone can be characterized by angle for which derivative
of transmitted (or reflected) power with respect to connecting angle is maximum.
This “critical” angle is plotted versus incident angle # and non dimensional pa-
rameter £ , for v = 0.3 on figure 20. The gap observed around 6 = 35° is due to
the chosen definition of critical coupling angle, and can be explained using figures
18 and 19. On figure 18, critical angle is localized around 176 degrees, on the left
part of the minimum of reflected power, while as far as the picture plotted with
6 = 85° is concerned, critical angle is about 173 degrees, but it is localized on

the right part of the minimum of reflected power. Transition between these two
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situations implies the existence of the gap observed on figure 20.

3.7 In-plane incident waves

In order to obtain a complete description of coupled plates sensitivity phenomenon,
one should wonder if previous results are valid for in-plane incident wave. That
could be important, since as far as finite coupled plates are concerned, all kinds
of exciting waves can exist. Let’s first study effects of an incident in-plane longi-
tudinal wave:

w; = by p—jkex—jkiyy

! (51)

k s 4
v; = %e Jkar—jkiyy

This wave is supposed to reach coupling line with an incident angle 6:

k., = Acost
(52)
ki, = Asint

Complete derivation of equations is not presented here, but the principle is
exactly the same as in sections 3.1 and 3.2. Corresponding systems are presented
in annex E. All in-plane waves are propagative ones, but as far as bending waves

are concerned, one should distinguish two cases:

e k > k, in which k is the bending wave number: k? = w %. In that case,

propagative bending waves exist.

e k < k, then bending waves are only evanescent ones.

Let’s note that the first case can be considered only if:

h? f2cos*6 < 9.10° (53)
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which means that most of structures do not satisfy this criterion, and that
bending reflected and transmitted waves are generally partly far-field ones.

Then, continuity conditions at plates junctions allow one to solve the problem,
and to find transmitted and reflected powers expressions associated to incident
in-plane longitudinal wave, like shown on figure 21. The main transmission path
is in-plane waves. One can observe that sensitive coupling angles exist, even if
sensitivity values are lower than in the previous part.

Research of critical angle corresponding to maximum sensitivity allows one to
plot figure 22. One can observe that incident angle has a very low influence on
critical angle value, except for low-angled waves, for which critical angle is lower
than 10 to 20 degrees (as far as “classical” structures are concerned), which is in
accordance with results concerning incident bending wave (section 3.5).

A similar analysis can be performed to obtain figure 23, which shows corre-

sponding results based on incident in-plane shear wave details on annex F):

8 (54)
v; = k_ze_jkxx_jksyy
I
with:
k., = pcost
(55)
ksy = pusind

One can observe that results are close to those noted above, except for very
low incident angles. In those cases, there is no maximum on sensitivity curve.

This phenomenon is comparable to the one observed for coupled beams (figure

8).
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3.8 Conclusion on semi-infinite coupled plates and exten-

sion to finite coupled plates

As far as results linked to coupling of semi-infinite plates are concerned, there is
no configuration guaranteeing the structure not to be hypersensitive for a given
excitation. Nevertheless, the general tendency is that structures with coupling
angles close to zero or 180 degrees are most likely to be hypersensitive, since a
lot of configurations for which critical angle belongs to these ranges exist. In
a general case, the three described kinds of waves can exist simultaneously, but
since most of the time bending waves have generally more power than in-plane
ones, the behavior of the structure will be close to the first described one (incident
bending wave).

The interesting point is that most of critical angles are lower than 10 degrees,
and it means that for finite structures, on which incident waves are coming from
all directions, there should exist a mean angle for which the structure is very
sensitive to coupling angle. This mean angle depends on structure characteris-
tics, but it is possible to affirm that in many cases it will be on the 0-10 degrees
range. Of course this result is a general trend and particular values of struc-
tural parameters or excitation could imply that critical angle is greater than ten
degrees.

This can be verified using results obtained by Rébillard et al. [5], concerning
the analysis of two finite plates, which are coupled with an angle ¢. Dimensions
of the structure are given on figure 24. A sensitivity indicator is defined using
transfer mobility between two points (A and B). The mobility Y (A, B, ¢) is the
normal velocity at point B to normal force at point A ratio. Its variation is de-

noted 0Y (A, B, d¢) when coupling angle varies. The sensitivity indicator a/(¢, d¢)
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is then defined:

(56)

a6, 60) = |w’

Y (A, B, ¢)

Figure 25, reproduced from [5], represents variation of a at 500 Hz when the
value of d¢ is one degree. In this case, maximum sensitivity is obtained for a
coupling value of 7.5 degrees.

If one try to compare this result to the one obtained for semi-infinite plates,
one should consider the non dimensional parameter 48, whose value is in the
considered case £ = 1.23 x 1077, Figure 26 represents a cut of figure 16 for such
a value of &: it is not easy to infer from it a particular value for critical angle,
since it depends on incident angle.

A simplified approach can be performed assuming that there is a direct com-
bination of waves coming directly from A point to the coupling line, resulting in

a global critical angle which is the mean of critical angles taken into account:

1
Qerit mean = E ~/A0 acrit(e)de (57)

In the considered case:

1 v 0)do ” 0)do
Keritmean — m ([11 acrit( ) + ~/49,6 acrit( ) ) (58)

Indeed, the estimated critical angle for the considered plate has a value of 6.9
degrees, which is close to the real one (7.5 degrees). This allows one to justify

the previous analysis performed on semi infinite plates.
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4 Conclusion

For both considered structures (semi-infinite coupled beams and plates), a critical
angle can be defined, for which sensitivity of transmitted (and reflected) power
with respect to coupling angle is maximum. Its existence is related to rapid
changes in the transmission paths, which are clearly identified by a power flow
analysis. The value of this angle depends on the characteristics of both structure
and excitation, but is often smaller than 10 degrees, or close to 180 degrees. As
far as the case of beams is concerned, wave numbers ratio is sufficient to know
the critical angle value, where as three parameters are necessary in the case of
coupled semi-infinite plates. These results can be used in order to understand
behaviors of finite structures, in which various kinds of waves exist, with many
incidences, and above results indicates that it often results in the existence of a

critical angle whose value is lower than ten degrees.
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Appendices

A Notations for section 2

(O, x1): neutral axis of beam 1

1. flexural axis of beam 1

=

O, 73): neutral axis of beam 2

—~

?5: flexural axis of beam 2

(O, 7): common normal axis to (O, 71, %{) and (O, 75, 73
a: coupling angle

wy: flexural displacement of beam 1

wy: flexural displacement of beam?2

k: flexural wave number

w: frequency of excitation (rad/s)

S: beams sections

E: Young modulus

I: moment of inertia of the beam

uy: longitudinal displacement of beam 1
uo: longitudinal displacement of beam 2
A: longitudinal wave number

p: density

M: bending moment

T : shear force

N: longitudinal force

2: rotation of the beam cross section

J: wave numbers ratio
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f: frequency of excitation (Hz)

Pr: power transmitted by shear force

Py : power transmitted by bending moment
Pyendging: power transmitted by bending movement
Piongi: power transmitted by longitudinal movement
Prans: total transmitted power

P;,.: incident power

P,cpi: reflected power

Qerigs critical angle value

L;: length of beam ¢

B Notations for section 3

7 coupling line axis
(7, 73): first plate plane
Z¢: normal axis to plate 1
(7, 91): second plate plane
Zi: normal axis to plate 2
a: coupling angle
f: incident angle of exciting wave
u, v and w: displacement components
k : flexural wave number
w: frequency (rad/s)
p: density of material

E: Young modulus of material

h: common thickness of plates
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ER3

D: flexural rigidity of plates: D = 20179

v: Poisson ratio of material
A: in-plane longitudinal wave number
p: in-plane shear wave number

h2w?
12F

&: nondimensionnal parameter £ = p

C In-plane vibrations

Continuity conditions along joint line introduce coupling effects between bending
and in-plane vibrations. In-plane equations have been developed in [9], corre-

sponding to governing equations:

82u+1—V02u+1—|—1/ I 2 (59)
o2 2 oyr ' 2 ozoy  E 0F
v 1—vd*w 14+v 0%u I 7
02 2 a2 ooy B ™V (60)

General solution, using variable separation, can written in the following terms:

U = U] + Ug

V= + Vs

Where one can distinguish two types of in-plane waves, the longitudinal ones
(which are parallel to propagation direction)

u = kyp (Al e TRzt —jkyy _ B, eIkt —jkiyy C, e~ IRzt +ikiyy _ D, ejkle‘-i-jklyy)

v = kly (Al e IRzt —jkiyy + B eIkier—ikiyy _ C, eIk tiky _ D, ejklccm‘l’jklyy)

with k7, + kj, = \* = pw?izt

And the in-plane shear ones (which are perpendicular to propagation direc-

tion):
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Uy = kyy (_ A, e Iksar=iksyy _ B_eikssv—iksyy 1 O e=iksartikesy 1 D ejksx:cﬂksyy)
vy = Ky ( A, e~ iksar—ksyy _ B_eikssr—iksyy | O, p—dkssrtiksyy _ D ejksz:mksyy)
in which k2, + k2, = p* = 2pw® -

These expressions can be simplified by taking into account the fact that con-
sidered plates are semi-infinite, and that displacement fields should be spatially
coincident along x axis with bending fields:

kiy = k, and ks, = ky

Then, one should distinguish three cases:

First case, longitudinal wave number value is greater than xr component
of imposed bending wave number: A\ > £k, Let us suppose that considered
materials are such as Poisson’s ratio v is lower than 0.5, thus in-plane stress pu
wave number is always greater than longitudinal wave number A, and for the
considered case, it leads to u > k, since p=2(1 —v)A .

Then, y components of in-plane waves numbers values are fixed and are real

and positive.

ki = 02 — k2
ksy =/ p? — k2

Corresponding waves are propagative ones, and taking into account spatial
coincidence, reflected in-plane waves can be expressed:

u, = e e (%‘C’ eThuy I%P ejksyy)

v, = e Tk (—%C eTkwy 4 %‘P ejksyy)

And as far as transmitted in-plane waves are concerned:

uy = e~k (%Fe_jklyy _ "%Q e_jksyy)

— o—jkex (F1 —jk k —jks
v, = e (TyFe Ty 4 ke () ¢~ yy)
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Second case, r component of imposed bending wave number is greater
than longitudinal wave number and smaller than in-plane stress wave
number: y > k, > A This implies that longitudinal wave is a close-field one,

while in-plane stress wave is a propagative one:

by T
ksy = \/p* — k2

Reflected waves can be expressed like this:
— o—jkaz (F1 —jk, k ks,

/UT =€ JRzT (TyCe J lyy_'_fpej 6yy)

And as far as transmitted in-plane waves are concerned:
— o=k kz ik, ks, —ijks,

Uy = e ika® (7}7’6] wy — L) e~ wy)

_ —jkax (_Ku 13 k —jks

Third case, * component of imposed bending wave number is greater
than in-plane stress wave number: k, >y All existing in-plane waves are
close-field ones.

kiy = j\/—A2+ k2

ksy = /=1 + k3

Reflected waves can be expressed like this:

u, = k=T (%C’ L ’f%p e—jksyy)

v, = e~ ikeT (%C’ e—Tky 4 %p e_jksyy)

And as far as transmitted in-plane waves are concerned:

wy = e~Ikam (% F ety 4 Foug ejksyy)

_ —jkzx ky ik k. iks
v, = e Ika (_TyFeJ wy 4 ke i yy)
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D Linear system for incident bending wave

In this annex linear systems according to the three considered cases are presented.
e Case I: u>\>k,
o Case 2: >k, > A\

o Case 3: k> pu> A\

Linear system is denoted 7.X = b, in which X' = [ABC F H K P (@), corre-
sponding to waves amplitudes defined on section 3.1 and 3.2. T is a 8 by 8

matrix, its expression depends on considered case:

Ty Tio
T =
Ty Ty
First case:
ka ks
0 0 2 -
k Ky,
0 0 = FHcosa
Ty = A
1 1 0 L sino
kuk kuk
0 0 2 kz“’ 2 szy
ksy ksy
0 0 - -
SNy SNy —% %cosa
T =
—CcoSx  —CoSx 0 %sina
k2, —k2  k2-k2
0 0 6yk2 T xkz Y
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T21 =

Too

, klzy+uk2

. kl2 +vk?2
J—Lt5—s1

k2

Y
k2

0

ckpksy(v—1)
J= 22

k2 4uk?
kK 2
0 0 J ykz
 D(=14v)ky (k2+(2-1)k2)  D(—1402)ke (k2+(2—1)k2) 0
J Ehk Ehk
.k
It be 0
kg-ﬁ-l/k)g —k‘z-i-l/k:?c 0
k2 k2
C1412)ky (2 V2 _ 2 1.2 k2 on (v —
jD( 1+ )ké(hkky+(2 V)km)sma D(—14v )keE(}kae+(2 )kfsina jkmkbzé 1)
_ 2 2 _ 2 2 2 2
. D(—14v )k}éfs“z v)kz)wsa D(—14v )kcé;:ﬁ(%u)kz)wsa 0
0 i 5
0 —k2—vk2 k2 —vk?2
kR &2
Second case:
00k L
ly kly
0 0 —= —cosa
Ty = .
1 1 0 —=2sina
kok kok
00 -2 -2
Esy Esy
0 0 % A
. . kz kz
S S —% pcosa
Ty =
—CcoSx  —CoSx 0 %sina
k2 —k2  k2—k2
i 0 0 ska x xkz.sy |
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ckgpksy(v—1)
J k2

0
0

x
cosu

no

cosx

stno




k2 4uk? k2 4uk?
0 0 Je— e cosa
D(=140)ky (kj+(2-1)kZ)  D(=14v2)ke(k2+(2—1)k2) .k?y+vk%8 n
T — J Ehk Ehk J = St
21 =
iy ke
7 = 0 0
k2+vk?2 —k24uk2
ka x e]:g'/ T 0 0
jD(71+u2)ké(}Lk§+(27u)ki) no D(71+u2)keE(;kk3+(27u)kisina jkmksygu—l) jkmksyéuq)cosa
7 v k k
_ 2 2 N2 2 2 2
. .D(—1+v )kz(:sﬂz V)kZ)COSCY D(—1+4v )kEE(;:eJﬁ(qu)kI)cosa 0 jkzkszgu—l)sina
22 = .
0 jhu ke 0
7k271’k§ k2 —vk2
0 gt e 0
Third case:
ko _ka
0 k k
k k
0 — —Fcosa
Ty =
ki, -
1 0 — L sina
kok kok
0 —22—2“’ —2 ”;gzly
 ksy  ksy
0 0 B -
. . ke ko
T SN sino —F  Feosa
12 =
—CcoSx  —CoSx 0 %sina
k2, k2 k2—k2
0 0 ska x xkz sy
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0 0
 D(=14v)ky (k2+(2-1)k2)  D(—1402)ke (k2+(2—1)k2)
T — J Ehk Bhk
2 k k
) My Fe
J k k
kg-ﬁ-uk% —k?-ﬁ-ukﬁ
k2 k2
 D(=14v%)ky (k2 +(2—1)k2) . D(—14+v2)ke (k2 +(2-v)k2 .
J Ehk Stha Ehk Stnha
 D(—1402)ky (k2+(2—1v)k2) D(—14v%)ke (k2 +(2—1)k2)
Fhk CosSx Ehk Cosx
Tho = &
0 T
k2 k2
0 e

And b is the term corresponding to incident wave:

0

 D(—1402)ky (k2+(2—1)k2)
J Ehk
ke
I3
—kj+vk:
k2

. kl2y+ch2c 'kl2y+uk“"2”
j 2 — 72 COSx
k2 +vk2
0 Jrsina
0 0
0 0
_j kzkszgufl) —j kmkszél’fl) cosa
0 _j%g”’l)sina
ke
ke 0
k2 —vk2
P k;f z 0

One can easily show that this linear system can be written using only four

. . 2,2 . . .
parameters:, a non-dimensional parameter £ = pfiz—“j@, Poisson ratio v, connecting

angle o and incident angle 6. Expressions of variables used above are:

=

z — cosH

&
ky -
?—smﬁ
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4 4

B 4 N _ 14

kEt T (1-v)? K4 _41 1/6

k‘2

5 =1+ cos*0

k 2 2

y A ks 2
= =7z 3 =1 =1v?)¢ —cosd
k2 2K I+v 2
W = 2156 cos™d
Dk% __

Eh — 1—v2

E In-plane incident wave
The considered incident wave is an in-plane longitudinal one of unit amplitude:

w; = ’sze—ka:c—szyy

k . .
v; = %e Jkor—jkiyy

Its incidence angle is denoted 6:

k., = Acosf

ki, = Asinf

In which A is the longitudinal wave number: \? = pwz%

Reflected and transmitted in-plane waves are:

v, = L <_%Cejklyy + ?Pe‘]ksyy>
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. ky . ks .
up = e ke (?Fe IRy _ ?er Jksyy>

Uy = e_jkcc(ﬂ (%Fe_jklyy + %Q 6—jksyy>

Considered materials are such as in-plane shear wave number p = 2(1 — v)A
is greater than A, then all in-plane waves are propagative.

As far as bending waves are concerned, one should distinguish two cases:

e First case: k > k, in which % is the bending wave number: k% = w,/ %

Thus k, = \/k? — k2 and k. = /k + k2 correspond to traveling and near field

parts of reflected and transmitted bending waves:
w, = e Ik (Aejkyy + Bekey)

wy = 6—jkx1‘ (He—jkyy + Ke—key)

Linear system obtained using continuity relations along coupling line is denoted
T.X = b, in which X* =[ABC F H K P @Q), corresponding to waves amplitudes

defined above. T is a 8 by 8 matrix:
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ky ks
0 0 = 5
k k
00 —5 —cosa
T =
k .
1 1 0 =Lsino

ko ki, ko kiy,

i 0 0 2= 2= |

ksy k?sy

0 0 3 5

—stna —Ssina %’” —%’”cosa
Ty =
—CcosSx  —Coso 0 %sina
k2 —k2 k2_k2
sy x T sy
i 0 0 EX [3) |
[ k2 k2 k2 k2 ]
0 0 J5 —j g cosa
. Dhy(k2+(2—v)k2)  Dko(—k2+(2—1)k2) 0 . kj AvkD sina
T _ J Ehk Ehk NV )
21 =
k
i 3 0 0
k2 + vk: —k? + vk? 0 0

 D(=14v%)ky (k2 +(2-1)k2) . D(—1412)ko (—k2+(2—1)k2) kakay(V—1) . Kakey(v—1
J ( ) ;JE(hky 2-) ’”)szna (Z14v7) eléhke+( k) sina == g;ﬂ ) j== Szg\u ) cosax
 Dhy (k2 +(2=v)k2) Dhe(—k2+(2—1)k2) kakey
_ J—fpr— _cosx —eEhk L= cosa 0 —jmsma
.k
i ke 0 0
2 2 2 2
—ky — vk3 ki — vkz 0 0

and the vector b is:
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& T

kcvkly
b o 2 Ak
- 2 2
e o
—9 Y
kX

e Second case: k < k,

All bending waves are near field ones, with wave numbers k, = /k2 — k? and

ke =k + k2 :

w, = e Ika® (Aekyy + Bekey)
wy = e Ikt (He_kyy + Ke_key)

Linear system obtained using continuity relations along coupling line is de-

noted T.X = b, in which X7 = [ABC F H K P ()], corresponding to waves

amplitudes defined above. T" is a 8 by 8 matrix:

Ty, T
o | I T
Ty Ty

Components of T7; and Ti, are similar to those given in case 1.
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[ k2 +uk? k2 +uk? 1
0 0 J—  —J g cosa
Dky(=k3+(2-v)k2)  Dke(—k2+(2—v)k2) 0 Kiytvke .o
— +V
T — Enhk Ehk J Xk (—1702
21 —
k
2 b 0 0
—k? + vk —k? + vk? 0 0
C14+02)ky (— k2 k2 14V ke (— K2 2 — o (v—
D(—1+ )kJ}éh:y+(2 V)km)sma D(—1+ )keéhllzeJr(z )kf)sina jkmkbgiy 1) kmkzg\ 1)cosa
Dky(—k2+(2—v)k2) Dke(—k24+(2—v)k? . kaks .
Toy — %cosa %cosa 0 _JWJ:L)SZ"O‘
Ky, ke
?J 7 0 0
kg — vk2 k2 — vk2 0 0

F In-plane shear incident wave
The imposed wave is a traveling in-plane shear one:

U; = _%6—jkzm—jksyy

v; = %Ee_jkmx_jksyy

Its incidence is denoted 0:
k., = pcost

ksy = psind

In which z? = 2pw?2 ; k? = w\/% and k., = \/k + k2

3 cases can be distinguished:

o First case: k> >k,

Then k, = \/k? — k2 and k;, = /A\? — k%

Reflected waves are:

w, = e Ikt (Aejkyy + Bekey)
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u, = eIk (%‘C eIty 4 Fou p ejksyy)

v, = e~ dkeT (—%C e ejksyy)

Transmitted waves are:

wy = e ke (He‘jkyy + Ke_key)

wy = e~Ikam (%F@‘jklyy e, e—jksyy)

v, = eIkt (leyF L %Q e—jksyy)

All existing waves are traveling ones.

Linear system obtained using continuity relations along coupling line is de-
noted T.X = b, in which X* = [ABC F H K P @), corresponding to waves am-
plitudes defined above. T"is a 8 by 8 matrix:

Ty Tio
T =
Ty Ty
ko _ ke
0 0 = =
kly ly
0 0 — —TCOSOZ
Ty =
11 0 %sz’na
kok kzk
0 0 2 ”;62“’ 2 ’;ﬁzly
ksy kﬁ
0 0 - -
—Stna  —Stno % —%cosa
Ty =
—CO0SQx  —COSK 0 %sz’na
k2, —k2 k2—k2
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I k2 4uk? k2 4uk? 1
0 0 Jm— e cosa
. Dky(k24+(2—v)k2)  Dk.(—k2+(2—1)k2) 0 k7 vk sina
To — Ehk Ehk N ey
21 —
-k
it i3 0 0
k2+vk2 — k24 k2
ka z e]:;j T 0 0
D(=14v2)ky (k24+(2—v)k2 14V ke (—k2 4 (2— 1) K2 o (v— ke (—
j (=14 )é(h]g+(2 v) m)sma D(—1+ )keE(hk{ce+(2 u)kmsma jkmkbzg 1) jktkszg 1)cosa
Dky (k24+(2—v)k2) Dkeo(—k2+(2—1)k2)  kpkey
Ty — J——g———cosa — g %fcosa 0 —J W sino
j F 0 0
—k2 — vk2 k2 — vk2 0 0
and the vector b is:
ksy
.7
o
0
k
b= a
- ksyks (v—1)
kp
0
0
0

e Second case: k >k, > A

Then k, = \/k? — k2 and kj, = j\/k2 — A%

Reflected waves are:
w, = e‘jkww (Aejkyy + Bekey)

u, = e ke (%C eIk 4 K p ejksyy)
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v, = e ke (%C e~dkuy 4 b p ejksyy)

Transmitted waves are:

wy; = e Ike (He_jkyy + Ke_key)

wy = e~Ikam (%F@jklyy _ ’%Q e—jksyy)

v, = e Ikan (—%F ety 4 k() 6—jksyy)

All waves are traveling ones, except in-plane longitudinal ones.

Linear system obtained using continuity relations along coupling line is de-
noted T.X = b, in which X* = [ABC F H K P @), corresponding to waves am-

plitudes defined above. T'is a 8 by 8 matrix:

VATRAY
T =
To1 T
ks ke
0 0 0 A
k k
00 - —Lcosa
Ty = B
1 1 0 —=2sina
kok kok
0 0 —27’?’ 2 k;y
Esy ksy
0 0 B -
. . ko ko
—stna —Ssina = —JEcosa
T =
—CcosSax  —Coso 0 %‘sina
k2 —k2 k2 —k2
0 0 .sykz x xk2 sy
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[ K2 vk2 k2 k2 T
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- Dky(ky+(2-1)k3)  Dhke(—k2+(2—-1)k2) 0 .kfy+uk;§s, N
To — Ehk Ehk J =1 St
21 — A
JT ke 0 0
kytvk? —k24vk2

Y = ek—gu - 0 0

 D(=1+v>)ky (k3 +(2—v)k3)
J Ehk
Dy (k2+(2—v)k2)
J Ehk
by
k

—k2 — vk2

sina

COoSx
Tho =

e Third case: k, >k > A

Then k, = \/k2 — k? and k;, =

Reflected waves are:

w, = e Ik (Aekyy + Bekey)

D(=14+v) ke (k2 +(2—1)k2
Ehk

cosx

. ckaks —1 kg k —1
sina j x \Zg’/ ) j T szg’/ )

42 2
Dhe(zk +(27v)ky) kCEZf V)kz)cosa 0 _j—(fi];z? sino
ke 0 0
k2 — vk2 0 0

g/ k2 — A%

u, = ek (’%C e hwy 4 B p ejksyy)

v, = e Iha® (%C e~dkuy 4 ka

Transmitted waves are:

x P ejksyy)

wy; = e Iket (He_kyy + Ke_key)

— o—dkew (ko I oikiy _ Fsy
U = e (kFe Y 2

Q e_jksyy)

_ —gkax (_ ki ik k —jks

All waves are near-field one

s, except in-plane shear ones.

Linear system obtained using continuity relations along coupling line is de-

noted 7.X = b, in which X! =

[ABC F H K P @), corresponding to waves am-

plitudes defined above. T'is a 8 by 8 matrix:
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Figure 1: Two coupled semi-infinite beams
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Figure 2: Modulus of amplitudes of propagative waves versus coupling angle.
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Figure 3: Derivate of modulus of propagative bending waves with respect to
coupling angle «, versus this angle. —Transmitted wave, - - -Reflected wave.
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Figure 6: Sensitivity of power versus coupling angle.
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Figure 9: Coupled finite beams
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Figure 10: Ten first eigenfrequencies (Hz) versus coupling angle (degrees). Sym-
bols o denote inflexion points of curves.
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beams; o values obtained for modes of finite coupled beam
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Figure 12: Two semi-infinite coupled plates.
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Figure 14: Modulus of in-plane response, vs. coupling angle. a) response on
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Figure 16: Critical angle (degrees) vs. incident angle 6 and nondimensionnal
parameter £. v = 0.3

64



80 80
70 70
60 60
50 50
D
40 40
30 30
20 r -20
10 r 110
0
-1z -10 -8 -B -4
10 10 10 10 10
4

Figure 17: Critical angle (degrees) vs. incident angle 6 and nondimensionnal
parameter £. v = 0.4
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Figure 18: Powers evolution vs. coupling angle. Incident angle § = 40°. a)
reflected powers b) transmitted powers - - Moment; —-Shear force; --In-plane
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Figure 19: Powers evolution vs. coupling angle. Incident angle § = 85°. a)
reflected powers b) transmitted powers - - Moment; —-Shear force; --In-plane
(always zero since these are close field waves); —Total

67



80 80
70 70
60 60
50 50
@
40 40
30 r - 30
20 r 20
10 r 110
0
-1z =10 -a -6 -4
10 10 10 10 10
4

Figure 20: Critical angle (belonging to 90-180 degrees, plotted value is 180°— ;)
vs. incident angle 6 and nondimensionnal parameter £. v = 0.3.
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Figure 21: Powers evolution vs. coupling angle. a) reflected powers b) transmit-
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Figure 22: Critical angle (degrees) for incident in-plane longitudinal wave vs.
incident angle # and nondimensionnal parameter £. v = 0,3
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Figure 23: Critical angle (degrees) for incident in-plane shear wave vs. incident
angle 6 and nondimensionnal parameter £. v =0, 3
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Figure 24: Size (mm) of the coupled finite plates
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Figure 25: Sensitivity of transfer mobility. After ref [5].
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Figure 26: Cut of figure 16, for £ = 1,23.107": critical coupling angle versus
incidence angle
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